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General Inverse Problems

» F: X — Y forward operator, f (noisy) data. Determine u from
F(u)=f
> Variational regularization
J(u) = [|F(u) = 5, + ellu — ulx

with g, r > 1, u, a prior for u.
» Diffuse interface variational regularization

J(u) = [[F(u) = £S5 + allu — |y

» e-dependence on F€ : X — )¢
> e-dependence on f
» e-dependent topologies
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Sharp Interfaces

Typical terms in variational regularization

/h(x, u, Vu) dx, / h(x,u, Vu)do
D oD

» Domain D has complex geometry, but with C'' boundary
> [, dxand [,, do need resolution of D and OD

> Idea: replace fD dx and fao do by more convenient expressions

Matthias Schlottbom
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Phase-Field Function

Idea: “Smooth” OD via weighted averaging
Oriented distance function dp(x) = dist(x, D) — dist(x, R" \ D)
S(t) = t/|t| for |t| > 1, S(t) = tfor |t]| < 1
S(t/€) — sign(t) as e — 0

Set ¢°(x) = S(—dp(x)/€)),

vV vYyyvyy

1 xeD ’
goe(x)—>{ ’ ase—0

o.8

-1 x¢D

Phase-field (masking) function

v

0.3

1
we = 5(1 +¢°) = Xo

v

€ ~ width of diffuse layer
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Diffuse Approximation of Integrals

» Diffuse volume integral’

1 €
/hdx:/hxgdx%/hwedx:/ / hdxdt
D Q Q 2€ J_e J{dp<t}

> Error=0(e'**=%) for h € W*P(Q), k € {0,1}
» Diffuse boundary integral

/ hda%/h|Vw5]dx:1/ / hdo dt
oD Q 2¢ J e J{dp=t}

> Error=0(¢" %77 ) for h € W'thP(Q)

ond

! Burger Elvetun MS: Analysis of the diffuse domain method for order elliptic boundary value problems. Found Comp Math (2015)
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The ECG Problem

Electric currents on the surface of the heart
and on the surface of the body give rise to a
body-potential.

» Quantity of interest: electric current on the surface of the heart

» Measurable quantity: potential on the surface of the body

Matthias Schlottbom
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Forward Problem: F : u — v|gp

Given u € L?(OH), determine the potential vj»5 where v € H}(D) satisfies

/MVV-dex:/ uwdo VWEH;(D)Z{WEH1(D):/ wdo = 0}.
D OH OH

Matthias Schlottbom
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Forward Problem: F : u — v|gp

Given u € L?(OH), determine the potential vj»5 where v € H}(D) satisfies

/MVV-dex:/ uwdo VWEH;(D)Z{WEH1(D):/ wdo = 0}.
D OH OH

» Complex geometry (time-dependent/implicit)
» Extend the problem to “simple” domain Q (~ “simple” grids)

B D

<

Q Schematic model of the heart and the torso
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Diffuse Forward Problem

New functions spaces
> [2(OH) ~ U = {u e *(Q) : [ |ufPym|Vw|ax < oo}
> L2(0B) ~> M ={v e [3(Q) : [q|v[P18|Vw|dx < oo}
» H!(D) ~

HE = {we L2(Q)|/(]VW]2+]W]2)w€ dx < oo,/ W[V = 0}
Q Q
Given u € U, determine Vigupp(y5) € M where v € HS satisfies

/MVV-wa6 dx = / uwyy|Vwe|dx Yw € Hg. (FP®)
Q Q

Matthias Schlottbom
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Extension of Data and Perturbation Analysis
» Forward operator
FE U — M, F(U) = Visupp(ys|Vewr|) St v solves (FPF)
» Extension of data Eg : L2(0B) — M°®

» 7(x) := Epf(x) = f(x — dp(x)n(x)), x € supp(7s)
> ||Esf — Egf||aae < C(e)||f — £l i2(98), C(€) — 1ase — 0.

> Let v* solve (FP°) for data Eyuf, then?

IvF = vellgee < Ce/2 [V [l wae ()

2Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)
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Diffuse Inverse Problem and Tikhonov Regularization

Diffuse Inverse Problem

Given f° € L2(0B), determine u§ € U° s.t. F*(u§) ~ Egf°.
» Tikhonov regularization

1 5 « .
() = LIF () ~ Eof e + S ulfe — min

Matthias Schlottbom



-
— — Vst fiilische
— Wilhelms-Universitit
Miinster Diffuse Interfaces for Inverse Problems

Diffuse Inverse Problem and Tikhonov Regularization

Diffuse Inverse Problem

Given f° € L2(0B), determine u§ € U° s.t. F*(u§) ~ Egf°.
» Tikhonov regularization
J(0) = S[IF(u) — Eof e + Sullfe — min!
2 2 uey«

» Topologies depend on €! Standard theory is not applicable.

» How to obtain compactness of minimizers {u, 5}?

Matthias Schlottbom
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Diffuse Inverse Problem and Tikhonov Regularization

Diffuse Inverse Problem

Given f° € L2(0B), determine u§ € U° s.t. F*(u§) ~ Egf°.
» Tikhonov regularization
() = 2 FE(u) — Eafose + S ullEe — min
2 2 ueuUe
= PDE-constrained Tikhonov regularization

- 1
J(u,v) = §||v — Epf |3 + %HuHae — ungziye! s.t. v solves FP*

Matthias Schlottbom
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Lagrangian Formulation of the Regularized Problem

Consider Lagrangian

L(u,v,p) = J(u, v) + (MVv, V) we — (U, p)yse-

» Saddle-point problem: Find (u, v, p) € U x HE x HS sit.

a(u,vigw) + b(qwip) = f(qw) V(gw) el xH
b(u, v;r) =0 VreHs

> a s (UXHE) x (U xHS) =R

a“(u,v;q,w) = (v, w) pme + a{u, q)ye
b b (U X HS) x HE — R

b (u, v; p) = (MVv,Vp)ue — (U, p)ue

Matthias Schlottbom
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Existence of Saddle-Points: Properties of a° and b°

> (DG = alllullize + 1V VIEey) + VIR
Lemma (Continuity®)
Let0 < o < . Then dC; > 0 independent of € and « such that
|a"(u, v g, W)l < Cell(u, v)llall (g W)lla
6(u,vip)] < —=

\/aCcll(u, llallpllze

for (u,v),(q,w) € U x HS, p € HE.

3Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)
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Lemma (Kernel ellipticity*)

Let0 < a < «g. 3C, > 0 independent of € and « such that
ae(u7 v, u, V) Z CeH(U, V)Hi

for all (u,v) € U x HS such that b*(u, v; v) = 0.

Technical ingredients®:
> Poincaré-Friedrichs inequality

IVIBe < CUIT VI + IVIRe) ¥y € e

> Trace inequality
[Vllue < Cllv]ae

4Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)
5Burger Elvetun MS: Analysis of the diffuse domain method for 2" order elliptic boundary value problems. Found Comp Math (2015)
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Existence of Saddle-Points: Properties of a° and b°
Lemma (Inf-sup stability®)
Let0 < a < avg. IC; > 0 independent of € and « such that

be(u, v;
sup (u,v;p)

> Cllpllue ¥ p € HE.
(u,v)eUexHS ||(U, V)Ha : ¢

Construction in the proof: For p € HS, choose u = —p and v = p.

6Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)
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Existence of saddle-points

Theorem (Existence’ (Brezzi'74))

Let0 < o < . Then for each f€ € (U x HS)' there exist a unique
saddle-point (u, v¢, p¢) € U x HS x HS of L and a constant Cg
independent of € and « such that

allluliZe + 1V VeI Eae) + 1V I + 1P e < Cell#Nfpreass -

7Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)
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Regularization Properties

Lagrangian L(u, v, p) = J(u, v) + (MVv, Vp)we — (u, pye
» Existence of saddle-points fora > 0and e > 0
» Stability: For« > 0 and f;, b, € M€

C
lluy = tallue + [lvi — vallae < ﬁllﬁ = Bl e

» Convergence for 6, a(d), €(d) — 0 with 62/ and €3 /a bounded
Jim [|uf 5 — Ent'[lpagy =0

Iv.5 — Esf'lme < CVa

Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)
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Key Ingredient for Convergence

Consider a sequence {(u¢, v)} C U x HS s.t.
» b(u,vEr) =0forallr € HS
> ||u]|yse < Cforsome C >0
Then there exists a seq. ¢4 — 0and v € H'(Q) s.t.

Vws Vv, — xpVv in 13(Q)as k — oo

v — v inH'(D)as k — oo

Matthias Schlottbom
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Source Condition and Existence of Saddle-Points

v

Recall: u' is the H.Hfz(aH)-minimizing solution of Fu = f
Associated Lagrangian

L(u,v, A, p) = ||ullfeany — (v — 1T, Ao + b(u, v; p)
Optimality system: Saddle-points (u, vf, AT, pT) satisfy

(ul, hYon — (hy,p Yoy =0 forall h, € L2(BH) (1)

—(hy, \")og + (MVh,,Vp')p =0 forallh, € H}(D)  (2)

(vI — 1 h\)as =0 forall hy € 2(DB) (3)

b(u',vi;h,) =0 forallh, € HI(D)  (4)

v

v

Eq. (1) = ul =plonOH = uf = F*AT
ul = FFAT = (1)=(2), and (u, vI, AT, p7) is a saddle-point

vy

Matthias Schlottbom
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Convergence Rates

» Source condition: ut = F*AT
» A-priori parameter choice: o ~ § and € ~ §2/3
= Convergence rate®
|ty 5 — Bt + 1V v 5 — VI |20y = O(V5)
0]

V5.6 = VI llve = 0(0)

8Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)
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Convergence Rates

» Source condition: uf = F*\T
» A-priori parameter choice: o &~ § and € ~ §2/3

= Convergence rate®
G5 = Enti"lue + Ve 5 — VVI |2y =
Ives = viime =

» Estimate the error

—
N—r

(uhs — Enu', Voo — VT7PZ,5 —ap

via saddle-point formulation

8Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)
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Convergence Rates

» Source condition: ut = F*AT
» A-priori parameter choice: o ~ § and € ~ §2/3

= Convergence rate®

lug.s — Enulluee + 1Vva 5 = Vv [l iz

Il
9 o

Iv6,5 = vl =

> « can be chosen as in the sharp interface case

» Same rates as in the sharp interface case

8Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)
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Heart H = By 3(0). Body B = B;(0)
1 0.3x2 + y? —0.7xy

» Conductivity tensor M = ——1—
y XEHy2 | —0.7xy x4 0.3)2
» Solution: uf := F*w for some function w
» Data: 0 = Ful + n
> Preconditioned KKT-system
i . .
RZ/{E 0 0 aﬂug 0 [Q ]/ Ug s ~O ]
0 Ry O o T [P |vas| =B |Tr
0 o AglLao P0 ] e 0
A

» Numerical method®: FEM and preconditioned MINRES'®

9Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)

" Nielsen Mardal: Analysis of the minimal residual method applied to ill-posed optimality systems. SIAM J. Sci. Comput. (2013)
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e\ [ 1 [.1 [.01 | .001] .0001 |
272 | 57 | 100 | 143 | 186 | 238
27315791 | 126 | 157 | 195
2=* | 64 | 102 | 126 | 144 | 183
275 |57 183 | 115 | 143 | 159
2765579 | 105 | 123 | 155

# iterations = O(In(a™")). No increase w.r.t. e.

Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)

Nielsen Mardal: Analysis of the minimal residual method applied to ill-posed optimality systems. SIAM J. Sci. Comput. (2013)
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Convergence rates

70(5”7)‘ ‘
—F—e=0
= 2551/
€= 2581°
—F— e = 25023
107 q
5
5
ﬂ;“ 10‘4 10"3 10‘4 10"‘ u;4 10"'
5 5
(@) a5 — U] 20m) (b) [|ug, 5 — Ertr®[luse, with € = 67 /4,

where v = {1/3,1/2,2/3}

ax~e

Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)
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Convergence rates 2

10
)
——c=0
—H— e =2841/3

10° ] |

107" q

10 1

10° . - - - - -

10° 107 10° s 10° 107 10° 10° s 107

(@) [[tas — u'[l2(om) (o) [|ug, 5 — Ertr"[luse, with € = 6 /4,

where v = {1/3,1/2,2/3}
o~ §2/3

Burger Elvetun MS: Diffuse Interface Methods for Inverse Problems: Case Study for an Elliptic Cauchy Problem. Inv Prob (2015)
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Conclusions & Extensions

» Introduced a diffuse interface method for Inverse Problems

> Implicit treatment of boundaries/interfaces

» Diffuse Tikhonov regularization constitutes a regularization method

» Under usual source condition, we obtain convergence rates O(\/g)
with a-priori choice € = §2/3

» Method works for non-smooth data, but approximation (w.r.t. €) is
worse

» Extension to time-dependent problems

> Extension to perturbed distance functions/geometries

> Extension to geometries described by finitely many detector locations

Matthias Schlottbom
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