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Price Formation - Introduction
In a series of papers J.-M. Lasry and P.-L. Lions introduced coarse
grained models for economical equilibria in markets with a large
number of rational players.

Basic setup:
Consider N players, whose investment strategies follow stochastic
differential equations with Brownian diffusion and drifts, determined as
Nash equilibria of an appropriate cost functional.
When N — oo tends to infinity: systems of highly non-linear PDEs are
obtained, e.g.

» Viscous Hamilton-Jacobi-Bellmann systems

» One-dimensional parabolic equation with a free boundary

[§ J.-M. Lasry and P-L. Lions
Mean field games.
Jpn. J. Math., 2(1):229-260, 2007.

Jan-Frederik Pietschmann
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Price Formation

Large group of buyers (f8) and vendors (fV), formation of the agreed
price x = p(t) € R described by

of8 52 92f8
S~ 5 o = MDI(x—p(t)+a), forx <p(t)

f8>0, B(x,t) =0 forx < p(t)

8fV 2 82f‘/
S % 52 =MD (x—p(t) —a), forx > p(1)

Y >0, fY(x,t) =0 forx > p(t),

where  fB(p(t),t) = fY(p(t),t) = 0,

0.2 B 0.2 v
)=~ 0 (P00 =55 (b(0).0)

is transaction rate, o > 0 randomness, 2a bid-ask spread.

Jan-Frederik Pietschmann
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Boltzmann Model (Burger et al. 2013)

Alternative approach: Start from a kinetic model of the form
2

O fB(x, 1) = %axxfB(x7 1) — kfB(x, 1)V (x, 1) + kfB(x + a, t)fY(x + a, 1),
2

otV (x, 1) = %6xva(x, t) — kfB(x, )Y (x, t) + kfB(x — a, t)fV(x — a, )

Main difference: Agent trade at all prices. Volume of transactions at
price x and time t:

w(x, t) = kfB(x, )V (x, 1).

This converges to the Lasry and Lions Model as k — oo (infinite
transaction rate)

5
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Price Formation
Large group of buyers (f8) and vendors (fV), formation of the agreed
price x = p(t) € R described by

of8 o2 9?fB

S~ 5 gz =MD (x—p(t) +a), forx <p(t)
8 >0, B(x,t) =0 forx < p(t)

ofrv o2 92fv

TR A(1)d (x — p(t) — a), forx > p(t)

fY' >0, f(x,t) =0 forx > p(t),

2 afB 2 8fV
where  A() = — % S (p(1). 1) = % (p(1), 1)

is transaction rate, ¢ > 0 randomness, 2a bid-ask spread.

Jan-Frederik Pietschmann
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Price Formation

p(t) —a

v
Bt T £ (1)

p(t) x

fB(x,t=0) > 0forx < py, fB(x,t =0) = 0 forx > py
fY(x,t=0) > 0forx > po, fV(x,t = 0) = 0 forx < py.

Jan-Frederik Pietschmann
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Price Formation
Introduce f = 8 — fV

A

p(t) —a

j B,y = Via.t)

p(t)

System reduces to single equation
f(x,t=0) > 0forx < po, f(x,t=0) < 0forx > pp.

Jan-Frederik Pietschmann
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Global existence

p(t) —a f(xa t)

Jan-Frederik Pietschmann
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Global existence

Af(fwf)

Jan-Frederik Pietschmann
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Global existence

Jan-Frederik Pietschmann
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Global existence

» Apply construction to positive and negative part, i.e.
*,fB(x+nat), x<p(t)
— n=0 9 9 )
Fix.0) = { Yo fY(x—nat), x> p(t).
= Then, F fulfills, in the sense of distributions
oF  9°F
- R
i X2 XxXeR, t>0,

with initial datum

B Yo fB(x+na), x < po,
FI(X) B { - Z;“;O fIV(X - na)7 X > Po,

The free boundary p = p(t) is the zero-level set of the solution F
of the heat equation

10
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Global existence

» Let F be the solution of the heat equation with initial datum F; as
constructed above.

» Then f = f(x,t) given by

_ | F(x,t)—F(x+a), x<p(t),
fx.1) —{ CF(x, )+ F(x—a), x> plt)

is a solution to the FBP.

Theorem (Global Existence)

There exists a unique smooth solution f = f(x, t) of the FBP for
t € [0,00). Furthermore, p € C(|0, >)).

11
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Bounded domain
» Additional boundary conditions (non-local):

OxF(—L,t) = 0xF(—L+ a,t),
OxF(L, t) =0xF(L—a,t)
» Existenceaslongas —L+a<p(t) < L—a:

Data assimilation applied to a model for price formation 12

The BVP has global solution conserving total mass of buyers and
vendors iff p(t) € (—L+ a,L — a) for allt > 0. Then p(t) converges to
Poo € (—L+ a,L — a) ast — oo. Furthermore

Ip(t) = p(0)] < C(A, FO)V't

— Not a restriction for inverse approach: p(t) given !

Jan-Frederik Pietschmann
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Bounded domain
» Additional boundary conditions (non-local):
OxF(—L,t)=0,

OF(Lt)=0
» Existenceaslongas —L+a<p(t)<L—a:

Data assimilation applied to a model for price formation

The BVP has global solution conserving total mass of buyers and

vendors iff p(t) € (—L+ a,L — a) for allt > 0. Then p(t) converges to
P € (—L+ a,L— a) as t — oo. Furthermore

Ip(t) = p(0)] < C(A, FO)V't

— Not a restriction for inverse approach: p(t) given !
— Approximate by Neumann bonditions in this talk

12
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Outline

Inverse Problem / Data assimilation
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Data assimilation

Inverse Problem

Given measurements of the price p(t) and the transaction rate A(f) for
some interval [0, T], can we predict the price fort > T ?

» Classical data assimilation approach:
Use the measurements to reconstruct F(x,0). Then, use the
model to predict p(t) for t > T

» Puel': Use the measurements to recontruct F(x, T). Then, use
the model to predict p(t) for t > T
Main ingredient: Duality estimate + optimal control problem

'J.P. Puel, A nonstandard approach to a data assimilation problem and Tychonov
regularization revisited, SICON, 48(2), 2009

14
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Duality estimate

Duality estimate

L L T
/ F(T, x)¥(x) ox = / Fo(X)®(0, X) dx + / A(V(t) dit
L 0

L _
For® s.t. (x e [-L, L], t €[T,0])
=0 P(X, 1) — D (X, ) = dp(ryU(t) + Iy V(1)
d(x, T) = V(x).

Backward in time, u, v: controls

Note: Measurement of the price p(t) does not appear

15
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Duality estimate

Duality estimate

L L T
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Duality estimate
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Adjoint equation

Theorem (Adjoint equation)

For any + € L?([-L,L]), u, v e L3(0,T) and any T > 0, the exists a
weak solution

® € L%(0, T; H'/2~*([-L, L]))
fo the equation
=0 (X, 1) — Oxx®(X, 1) = dpryU(t) + Iy V(1)
¢(X7 T) = 1/}(X), X< [_Lv L]

Note: &' € H-%/2-([~L, L]) (1d)

Jan-Frederik Pietschmann
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Duality estimate
Duality estimate

L L T
/ F(T,x)¥(x) dx = / Fo(x)®(0, x) dx —1-/ A(t)v(t) dt
L —L 0

Chose u, v such that (0, x) = 0 (or at least (0, x) ~ 0) - optimal
control problem

Issues

» Regularity of quantities involved
» Analysis of optimal control problem

17
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Optimal control problem

Structure: Heat operator and control on a curve p = p(t):

—0tD — O ® = Sppu(t) + 6. V(1),
O(x, T) =V(x)

Controls can only act on p(t) by means of § and ¢’

Exact null-controllability

For every T > 0 and every W ¢ L?(—L, L) there exist u, v € L?(0, T)
such that ®(x, T) satisfies the equation above and that

®(x,0) = 0.

Jan-Frederik Pietschmann
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Sketch of proof

» Similar to proofs of boundary controllability (e.g. Fattorini and
Russel, '71)

» Assume p(t) = po for all ¢

» Expand everything in terms of eigenfunction of Laplace operator
(w/ Neumann b.c.):

Vix) = iancpn(X) = 0(x, 1) = eIV by(1)gn(x), ba(0) = a
n=1

» Exponential moment equation (similar to duality estimate)

T T
e*”"aznz/0 e Son(po)u(s) ds+/0 e Sdypn(Po)v(s) ds

with A, = nm/(2L) and ¢n(x) = cos( 57 X).

Jan-Frederik Pietschmann
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Regularized optimal control problem

. 1 & 2 « U 2 2
u(rtr;’|‘p(t)§/_L¢(x,0) dx+§/o [u(t)® + v(t)?] dt,
subject to (Adj)
Denote by u, v solutions to exact problem:
T
J(u,v) < J(, v :/ Xh0)? + L],
(0v) < J@.9) = | [Z00° + 570

. /_ LL (x,0)2dx < C(W)a

Jan-Frederik Pietschmann
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Stability / Convergence

Given two measurements p;(t), p2(t) and A1 (1), Ax(t),
— estimate differences in p1(t > T) and po(t > T) ?

L L
[ (R T = Fatoe Tt o= [ (FG01(x,0) — F(0)¢2(x.0)) o

)
+ / A (B)va (t) — As(t)va(t) dit
0

» Red term: Handle by exact controllability
» Question: What happens to the other term?

Jan-Frederik Pietschmann
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Stability / Convergence

Given two measurements p;(t), p2(t) and A1 (1), Ax(t),
— estimate differences in p1(t > T) and po(t > T) ?

L L
[ (R T = Fatoe Tt o= [ (FG01(x,0) — F(0)¢2(x.0)) o

)
+/0 A ()t (1) — va(8)) + vo(B)(Aq (£) — Aa(1)) dlt

» Red term: Handle by exact controllability
» Question: What happens to the other term?

Jan-Frederik Pietschmann
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Stability of optimal controls

For two different prices p1(t) and po(t) such that p;(0) = p2(0), we
have the following stability estimate for the controls uy > and vy o,
respectively:

L
/ (¢1(x,0) — ¢a(x,0))? dx

L
.

+ a/o (ur(t) — ua(8))? + (vi(t) — va(1))? dt

< C(Nlpr - P2||1C§(Yo,n)||1/J||H—3/2—s([—L,L])

for every v > 0

Proof: Use optimality system.
Technical issue: Regularity of solutions ®

22

Jan-Frederik Pietschmann



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT o X X .
MONSTER Data assimilation applied to a model for price formation 23

Work in progress

L L
/_ (R T) = Falx, T di = / (FP()21(x.0) = F2()g2(x.0)) e
T -
+/0 A (B)(vi(t) — va(t)) + va(B) (A1 (E) — Ao(t)) dt
S(ﬂ*v <

ey

— Obtain almost v/ rate

— Source condition: Implicit in regularity needed for optimal control
problem

Jan-Frederik Pietschmann
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Outline

Numerical examples

Data assimilation applied to a model for price formation

24
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Numerical examples

» Discretize direct and adjoint problem by P1-FEM in 1d
» Time discretization using implicit Euler scheme
» Approximate § and ¢’ distributions
» Solve optimal control problem by means of conjugate gradients
(CG)
10
2
8
1 6
0 4
2
-1
0
-10 -5 0 5 10 -10 -5 0 5 10

25

Jan-Frederik Pietschmann



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT o X X .
MONSTER Data assimilation applied to a model for price formation 26

Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples
Above ®(x,0) with and without control, below: u and v

Data assimilation applied to a model for price formation
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Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples

Data assimilation applied to a model for price formation

Above ®(x,0) with and without control, below: u and v
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Numerical examples

Data assimilation applied to a model for price formation

Above ®(x,0) with and without control, below: u and v
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Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples

Data assimilation applied to a model for price formation
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Numerical examples

Data assimilation applied to a model for price formation
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Numerical examples
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Numerical examples
Above ®(x,0) with and without control, below: u and v
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Numerical examples

final states prices
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Numerical examples

final states prices
2 3.5
—true
——recon 3t
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Thank you very much for your attention
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