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The differential operator

@ We consider the following operator with smooth coefficients:
d /9 2
Lay = —Z(ax FiA()) Q0. (O
where x = (x1,...,x4) € D,

A= (AL, A), Ai(x) € My(C), Q) € Ma(C),
D is an open bounded domain in RY with boundary 8D

o L, o acts on C"-valued functions in D
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The Dirichlet-to-Neumann map

d 2
Lag=— Z(@i + iAj(X)) + Q(x), (OP)
j=1 >

@ Suppose that E € Cis not a DE for L4 ¢ in D:

Laqgy =Evy inD,
Ylop =1,

is uniquely solvable for any sufficiently regular f on 9D.

o The Dirichlet-to-Neumann map A4 ¢ = A4 q(E):

d
8 .
Aaqf = ijl vi(gs + Ao (DN)
where v = (v1,...,1vy) is the unit exterior normal to 9D.
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Gauge invariance of the DN map

d 2
0 .
Lag—- Z(axj n ,A,-(x)) +Q(x), (OP)
j=1
d
/\Any: ijl Vj(aixj +IAJ)¢‘8D’ (DN)

o Conjugation of La ¢ by a smooth GL,(C)-valued function g:

8laqg™" = Las,gs,

_ .9z )
Af:gAjg1+/8—§;g 1o j=1,...,d, (GT)
Q8 :gQg_l_

@ The following formula holds:
Nas s = glonMaq(glon) -
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The IDN problem

d .
Lag=— ijl(a%j + IA_,')2 + Q, (OP)
d
Ma(Wlop) =D vi(ag +i4))¥]sp: Lagy = Ev,  (DN)

gLA’Qg_l = LAg,Qg,
Nag,gs = Naq: (GT)
g is smooth GL,(C)-valued, glogp = Id

The inverse Dirichlet-to-Neumann problem

Given A4 @ at fixed E, find L4 ¢ modulo (GT).

inverse conjugacy class
—— Dirichlet-to-Neumann —> | of Schrddinger
problem operators
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The IDN problem: scalar case

o Aj, Q are scalar functions, d € {2,3}, A= (A1,...,Aq)

Lag=—(V+id)’+Q, (OP)
MQf = (V- (V+iA)Y],p, (DN)
ePLage™? = Lac qe,
A? = A+ Vo, (GT)
Q¥ =Q

@ F =curl A and Q are gauge invariant and are uniquely
determined by Aa v(E), see [9] (d > 3) and [8] (d = 2)

o (A—(A-v)v)|sp is uniquely determined by As v(E), see [5]
o If A, V are real-valued and D is simply connected, Ag v (E)
uniquely determines A and V/, see [2]
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Acoustic scattering: main equation

Lag=—(V+iA)?+Q (OP)

@ Time-harmonic acoustic pressure 1) in moving fluid with sound
speed ¢ = ¢(x), density p = p(x), velocity v = v(x) and
absorption coefficient a = w<™ag(x) at fixed frequency w
satisfies L,y = 0, where

: 2
[ wVv 1 w .
Lw:—A—21<C2+QV|np>'V—C2—Qlwc (AC)

@ For simplicity, v, ¢ — ¢y, Vp and « are supported in D, where
¢p is the background sound speed. The DN map:

Ao(¥lop) = 22, Lo =0.
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Acoustic scattering: measurable data

Swv o w? e
Lw:—A—2/<C2—|—2V|np>-V—C2—2/wC (AQC)

eeepton Data from point sources: Gu|xxy, w €
v Q) where X, Y C 0D, Q C Ry,

L,Gu(x,y) = =6,(x), xR,
G,, satisfies radiation condition,

e Acoustic tomography problem

Scattering int
poin

region

Given G,|xxy for w € Q and ¢, find ¢,
(illustration from [6]) v, Vpand ain D

dota f acoustic fod
ata from ul
point sources tomography parameters

problem
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Acoustic scattering: reduction to the IDN problem

Using the second Green formula, one can obtain (see [6]):

Gu(x,y)—G2(x,y) //GO x,2) (A =N2)(z, W) G, (w, y)dy dw

oD oD

where Gg, /\8) correspond tov =0, Vp=0, c = ¢y, a = 0.

data f acoustic fod

ata from ul

. — tomography >

point sources parameters
problem

second Green formula

‘ D-to-N map(s) ‘
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The IDN problem: once more

o Aj, V are M,(C)-valued functions in D
d . 2
Lag= 721':1(5%1' +iAi(x))” + Q(x), (OP)
d .
MaWloo) =D vi(ag +i4))¥]op: Lagy = Ev,  (DN)

8Lag ! = Las,qs,
Nae.qs = Na @, (GT)
g is smooth GL,(C)-valued, glogp = Id

The inverse Dirichlet-to-Neumann problem

Given Ay q at fixed E, find La v modulo (GT).
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Gauge fixing

@ Question. Suppose that we know how to solve the IDN
problem. How to complete the following diagram?

acoustic

data from fluid
point sources parameters
| problem A
second Green formula ?
\
inverse conjugacy class(es)
‘ D-to-N map(s) ‘7 Dirichlet-to-Neumann ——= |  of Schrodinger
problem operators
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Gauge fixing

: 2
Jwv w e
e functions F and g, are invariants of the conjugacy class:

F = curl %,
o = h — Wb+ iwh = 2iw*ag,

1 1
ﬁ:pEAp_i’ f:c2+c2c2’ f3:V<CVT)_7 V|n,0

@ The fluid parameters can be recovered as follows:

conjugacy classes
Awl""’AWN% Jg y %’F:qwlr---rqw,\,‘
of Ly, -y Luy

AXAXTN
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Gauge fixing: an example

Example. Consider the case ap = 0.

o A, at fixed w uniquely determines F and g, where

F =curl %,
qw:ﬂ—wzfé—i-l.szJ,,
1 1
h=pilbp72, b=+ =V (%)% Vinp

62 627

Finding parameters

Q Find f1, f, f3, separating real and imaginary parts of g, and
solving a linear system (requires two frequencies)

@ Find p from f
© Find 5 from curl 5, p and f3
Q Find ¢ and v from % and £
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Gauge fixing: summary

[ wv i w2 . Q

/\w(w‘BD) = % oD L,y =0.

@ p=pg, g =0 = A, at fixed w determines v, ¢
@ ap =0 = A, at 2 w’s determines v, ¢, p
@ (#0 = A, at 3 w's determines v, ¢, p, (, ag

@ There is an explicit example of non-uniquenes when ( =0

For more general results of these types see [2] and [4]
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Solving the IDN problem

@ So far we have the following scheme with vertical arrows being
explicit algorithms:

acoustic -
data from fluid
point sources parameters
| problem A
second Green formula gauge fixing
\
inverse conjugacy class(es)
‘ D-to-N map(s) ‘7 Dirichlet-to-Neumann ——= |  of Schrddinger
problem operators

@ Question. How to solve constructively the inverse
Dirichlet-to-Neumann problem?
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Solving the IDN problem

acoustic -
data from fluid
i _— tomography _———>
point sources parameters
‘ problem
second /r
Green gauge fixing
forlwula ‘
inverse conjugacy class(es)
’ D-to-N map(s) ‘7 Dirichlet-to-Neumann ————= |  of Schrédinger
A problem operators
REY
({% \s;;%/ . 7

O’Q/) /‘/’7/' . e"c)e $ -

Q \\S\ /le .(\4 {\(\

9{,‘9 .0411,./;0 A &

f/oo 7)) (9% ‘9("% \0\2
S . %O
A - Q
scattering

amplitude(s)
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Direct and inverse scattering

_ d 9 e 2
LA’Q o ijl(ax,- + IAJ) + Q’ (OP)
Aj, Q are smooth M,(C)-valued in D

o Set A, @ equal to zero outside of D
o Consider functions ¥ (-, k), k € 51 ={keRY|K?=E}:

Lot (x, k) = EpF(x, k), x€R?,

w+(x k) _ elkXIdn_‘_w (X k)

(E_l\/»)wsc(xa k):O( —(d— 1)/2), r= |X| — 0.
@ The scattering amplitude f4 o on Mg = S\l/E X 5\1/?

L1252 GilxIK
i) = C@H T () (o), el o

x|2
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Direct scattering problem

d .
Lag == (o +iA)"+Q (OP)

Direct scattering problem

Given Ly @, find f4 o.

e ¢t (-, k) satisfies the Lippmann-Schwinger equation:

P (x, k) = e*1d, + /D G (x =y, k)(La@ — Loo)v ™ (y, k) dy, (LS)

i{xd 1
+ — —(2m)7¢ I
G"(x, k) =—(2m) /Rd§2_k2—i0_E—L0,0

© The scattering amplitude f4 ¢ can be found from:

faq(k, 1) = (2m)~@ /R e ™ (Lag — Loo)v™(x, k) dx (SA)
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Gauge invariance

d .
Lao=—2_ (a% +4) +Q. (OP)

faQ(k,1) = (2m)~¢ / e ™(Lag — Loo)t(x,k)dx  (SA)

R4
o Conjugation of La ¢ by a GL,(C)-valued function g:

glaqg™" = Las,qs,

_ .9z )
Af:gAjgl—Ha—ﬁ;g Lo j=1,...,d, (GT)
Q8 :gQg_l

@ The amplitude is gauge invariant:

ng,Vg(ka /) - fA,V(ka /)7
if g — Id at oo sufficiently fast
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The inverse scattering problem

d
Lag=— ijl(a%j + iAj)2 + Q, (OP)
fag(k. ) = (2m) / e ™(Lag — Loo)dt(x.K)dx  (SA)
Rd

8lag ™" = Las,s,

f, =f

Ag.7Qg A,Q? (GT)
g is smooth GL,(C)-valued,

g — Id at oo sufficiently fast

The inverse scattering problem
Given f4 @ at fixed E, find L4 ¢ modulo (GT).

@ In scalar case an explicit algorithm for solving the ISP was
proposed in [3]
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Solving the IDN problem

acoustic -
data from fluid
i _— tomography _———>
point sources parameters
‘ problem
second /r
Green gauge fixing
forlwula ‘
inverse conjugacy class(es)
’ D-to-N map(s) ‘7 Dirichlet-to-Neumann ————= |  of Schrédinger
A problem operators
4 "S5y
Dp,.
Y & /
o &b
f’q ) % Y O
Uy, Ch, SN <
St ", B\
s, o °
S &
\A /
scattering

amplitude(s)
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From D-to-N map to scattering amplitude

d AN
Lag=— ijl(a% +iAj)" + @, (OP)
d .
MaWlop) =D vilgy + 4|50, Laqy = EV,

Aj, Q are M,(C)-valued with compact support in D (DN)

o Alessandrini identity. Let ug satisfy Loguo = Eup and u satisfy
Laqu = Euin D. Then the following formula holds:

/uo(x)(LA,Q—Lo,o) u(x)dx = / uo(x)(Aa,@ — Noo)u(x)dx  (Al)

D oD
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From D-to-N map to scattering amplitude

P (x, k) = e* + /D GH(x—y,k)(Lag — Loo)v (v, k) dy (LS)
faq(k, 1) = (27f)7d/Def"'X(LA,o — Loo)¥ " (x, k) dx (SA)
/ uo(x)(La,o — Loo)u(x)dx = /uo(x) (Aa,o — Moo) u(x)dx (Al

b oD

o (LS) + (Al) imply

O (x, k) = e™ + : G (x —y, k) (Aag — Noo) ¥ (x, k) dx
D

@ (SA) + (Al) imply
fA7Q(k, /) = (27r)_d /5D e_ilx(/\AQ — A0’0)¢+(X7 k) dx

o For more general case of non-zero background potentials see [1]
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