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Inverse obstacle problem (Dirichlet)

e O @D (bounded) C R?
e Q(0) =D\ O connected
e ' C ID (open I' s.t. [I'| > 0)

For (go, 1), find O s.t. for some u € H'(Q) with Q = Q x (0,7

)
Ofu—Au = 0 in 2x(0,7)  Remark :
u = go on T x (0,7) H'(Q)=L*0,T; H(2)) N
! au = g aarxr HOTINQ)=HY(Q)
u = 0 on 00 x (0,7) — Boundary and Initial
(u,0u) = (0,0) on Q x {0} Conditions are well-defined
\




Outline of the talk

State of the art : no identified contribution for one single

measurement, partial lateral Cauchy data, finite time domain...

1. Unique continuation for the wave equation

2. The method of quasi-reversibility

3. The “exterior approach” for the inverse obstacle problem
4. Numerical experiments in 1D

5. Conclusion and perspectives



(zeodesic distance

We consider a connected open domain 2 C R and " C 99

(Geodesic distance:

do(z,y) = inf{lg|, g : [0,1] = Q, g(0) = =, g(1) = y},

g: continuous path in ) of length |g|

Remark: for bounded (2 we may have

D(z0,Q) := sup da(xo,z) = +00
x el

but D(xo, () is finite if 2 is Lipschitz.

For Lipschitz (), we define

D(T',Q) = sup inf do(zo,x) < +00
A=Y :1:061"



The wave equation with lateral Cauchy data

Notation : Q =Q x (0,7) and X =1 x (0,7, Ty = D(I",2)
For (go,g1), find v € H'(Q) such that

(

Ofu—Au = 0 in
\ u = ¢go onx
o,u = g1 onX

\

Uniqueness theorem: assume that 7" > 27y and (go, g1) = (0,0), then
u=01n ) X (TQ,T—T()).

Proof: Holmgren’s theorem + sequence of balls following (Robbiano, 91)

I1l-posed problem: neither uniqueness, nor existence

— a regularization is required: method of quasi-reversibility



Classical method of quasi-reversibility
Original idea of Lattes & Lions (67) : for € > 0, solve

(P:) inf J.(u)

ue K
with
Q

K ={u € H**(Q), uls = go, dvuls = g1}
H**(Q) = L*(0,T; H*(Q)) N H*(0,T; L*(Q))

—— optimality implies a weak formulation — Finite Element
Method

Drawbacks :
o regularity H?%*(Q) is required for the exact solution

e a fourth-order problem: Hermite type finite elements



Mixed formulation

Open domains of 9Q: ¥ =1 x (0,7), ¥ =0Q \ &

Functional spaces in Q: V,, = {u € H' (Q), u|ls = go}, Vo = V,, for
go = 0, VOI = {)\ c Hl(Q), )\‘E’ = O}

Mixed Q.R. formulation: for (go,¢1) € H'/?(2) x H'/?(%), find
(ue, Ae) € Vi, X Vi such that

y

/ — 0V Oe N dxdt + 5/ Orue Orv daxdt

/Vv Ve dxdt+5/Vu€ Vuvdaedt =0, Vve V)

/N

/(?tug(?t,udmdt—/ Ot Ae 8t,uda:dt—|—/ Vue - Vudadt

Q >




Mixed formulation (cont.)

Proposition (well-posedness)

Define : U € V,, and 4. = u. — U — find (4., A\-) € Vo x Vj s.t.
A((tie; Ae), (v, 1)) = L(v, 1), ¥(v,p) € Vo x Vg

A((a, N), (v, ) = —/ O v@t)\dxdt—i—/cgﬁtﬁatudazdt
/ Vv - VAdadt —/ Vi - Vyudadt

—|—5/ (%uatvda:dt—l—e/ Vu - Vodxdt

/8t)\8tud:cdt—|—/V)\-Vudxdt
Q Q

\

A((a, N, (@, N) = ellall> +1INP, 1112 =118 - 1220 + 11V - 13200



Mixed formulation (cont.)

Proposition (convergence): data (go, g1) associated with
e the exact solution u

e the solution % of nimimal norm | - ||

lim (ue, Xe) = (4,0) € HY(Q) x H'(Q)

e—0
Uniqueness result — for 7" > 27

’&,:uinQX(To,T—To)

Lemma : u satisfies the wave equation with lateral Cauchy data
(g0, g1) iff uw € V,, and Vu € Vg

—/ &guﬁtudxdt—l—/ Vu-V,udacdt:/gl,udsdt
Q Q by



Mixed formulation (cont.)
Proof of the proposition: one subtracts to the weak formulation —
4
— / OtV O Ae dadt + 5/ Orue Orv dadt
Q Q
—I—/ Vv - V)\gd:cdt—l—&:/ Vue - Vodadt =0, Yv e V)
Q Q

—/ 8t(u5—?2)8t,udacdt—/ Ot Ae Orpp dadt
Q Q

+/V(u€—ﬂ)-v,udwdt—/V)\g-Vuda:dt:O, Yy € Vg
Q Q

\

We choose v = u. — @ € Vo and o = \. € Vp, and subtracting the two

equations:
e((ue = @,ue)) + [ Ae]]* = 0

We obtain
Juel| < || et [|A<|] < Vellall



Mixed formulation (cont.)
End of the proof:
e \. - 0in H'(Q)
o There exists a subsequence u. — w € H'(Q), with w € V,

Passing to the limit in the second equation of QR form.: Yu € Vo

—/ 8tw8tudxdt—|—/ Vw-V,ud:cdt:/gl,udsdt
Q@ Q )y

From the lemma w is a solution to the problem. In addition

[|lw]| < Timinf [|uc || < {|al
—0

Hence w = u, that is u. — u dans Hl(@)

Jue —al|* = ((ue, ue — @) = (@, ue — @) < —((a, us — @))

Hence u. — @ in H'(Q) B



An alternative problem : lateral Cauchy data +
initial condition

For (go, g1), find v € H'(Q) such that

( Oiu—Au = 0 in Q x (0,7)
< u = 9o on I' x (0,7)
ou = qi on I' x (0,7)

\ (u,0:u) = (0,0) on Q2 x {0}

Uniqueness theorem: assume that 7" > Ty and (g0, g1) = (0,0), then
u=0in Q x (0,7 — Tp).

I1lI-posed problem again: neither uniqueness, nor existence

— the method of quasi-reversibility can be adapted : change functional

spaces !



Back to the inverse obstacle problem: the
“exterior approach”

An iterative method coupling the quasi-reversibility method and a level

set method — no optimization

® Step 1: given the obstacle O,,, we (90 1)

find an approximation u,, of u in =
Q% (0,7 —Tp) (2, =D\ O,) with a
method of quasi-reversibility \
® Step 2: given the approximate v @
\ \ @
solution wu,, in €2,, x (0,7 — Tp), we 4

update the obstacle O,, with a level

set method

Avantages : partial data (I' # D), the number of connected

components of O is unknown



The 1D case

The wave equation with lateral Cauchy data

For (go,g1), find u € H'((0,1) x (0,7)) such that

(

Oiu—0zu = 0 dans (0,1) x (0,T)
\ u = go sur {0} x(0,7T)
—0zu = g1 sur {0} x(0,7)
\

Sharp unique continuation (7, = 1): for 7" > 2, u is uniq. defined in
LC :={(x,t), 0<z<l,z<t<T—2}D(0,1) x (1, T —1)

D’alembert formula: © coincides in LC' with
1 t+x

ua(w, 1) = 2 (golt +2) + golt — 7)) — 3 / g1 (s) ds

— The problem is well-posed in the light cone!



The 1D case

Lateral Cauchy data and initial condition

For (go,g1), find u € H'((0,1) x (0,7)) such that

’

Ofu—0u = 0 dans (0,1) x (0,7T)
: u = qo sur {0} x (0,7
— 0z u = g sur {0} x (0,7)
\ (u,0pu) = (0,0) on (0,1)x {0}

Sharp unique continuation (7, = 1): for 7" > 1, u is uniq. defined in

LCy :={(z,t), 0<z<1,0<t<T —2}D(0,1) x (0,7 —1)



The inverse obstacle problem in 1D

The obstacle is an interval (a, 1) for a € (0,1) !

For (go,¢g1), find a € (0,1) such that for uw € H'((0,a) x (0,T)):

f OZu—0*u = 0 dans (0,a) x (0,7T)
u = g sur {0} x (0,7
\ —0u = 0 sur {0} x (0,7
u = 0 on {a} x (0,7)
\ (u, ) = (0,0) on (0,a) x {0}




The inverse obstacle problem in 1D (cont.)

Uniqueness theorem: consider

ay,as € (0,1) such that uq,us are

compatible with data (gg, g1) with
assumption (H): o

e for all ty >0, (g09,91) # (0,0) on
(0, %0)
o ['>2
—— Then a1 = a9

Remark: initial condition is crucial



Level set method in 1D
Velocity field V € H'(0,1) such that

/

V= ( OT_l u? (-, t) dt)% on (0,a)

V<0 sur (a, 1)

\

One defines a sequence (a,,) in (0,1) by ag € (0,a) and
ani1 =infO,, O, ={x € la,,1), o¢,(x) <0}
with ¢,, € H'(a,,, 1) solution to

)
—¢, = f in (an,1)
¢, = V forax=a,

\

and f € L#(0,1) s.t. f > max(0,—V")



Level set method in 1D (cont.)

Theorem (convergence of level sets): assuming (H )
e for all ty > 0, (g0,91) # (0,0) on (0, %)
o ['>72

then (0,1)\ O,, = (0,a,.1) and the sequence (a,,) converges to a.

Remark: V' is computed with the help of u, which is unknown ! In

practice, with approximate u by the quasi-reversibility method



Back to the “exterior approach”

Algorithm:

1. Initialisation ag € (0, 1) such that ag < a

2. First step : for given a,,, compute the QQ.R. solution u,, in
(0,a,) x (0,T) for some &

3. Second step : for given u,, in (0,a,) x (0,7 — 1), solve
equation —¢/, = f in (a,, 1) with
Onlan) = ||y (an,)||r20,7—1) for some f and define

apa1 = inf{x € |ap, 1), dp(z) <0}

4. Go back to first step with stopping criteria



Level set method: extension to dimension d > 1

Velocity field V € H'(D) such that

’

1
V:(fT_TOuQ(-,t)dt)Q in O

0

V <0 in O

\

For f > 0and f > AV in H (D)

y

OcCcOycD
\ Ont1 ={z € O, on(x) <0}

with ¢,, given by
)

A, =f in O,
¢n — V on 30n




Level set method for d > 1 (cont.)

Theorem (convergence of level set): assuming (H)
e uc L*0,T;C°0N))
e Jxy € I' such that for all tg > 0, go(xg,-) # 0 on (0,1)
o T'> D(I',Q) + D(x0,)

If in addition D \ Oy is connected and ¢, € C°(0,,) Vn,
— then the D\ O,, are connected

If in addition d = 2 or the O,, are unif. Lipschitz,
— then in the sense of Hausdorfl distance

(1O =0

n



Numerical experiments in 1D

QR method with lateral Cauchy data: u(z,t) = 2? +t° and T = 3
— noisy data (0% and 5%) given by [|g5 — gollz2 < & ||gol| 12
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Numerical experiments in 1D (cont.)

Inverse obstacle problem: ¢;(t) = sin(7t/T") for T'= 3 and a = 0.8
— influence of f (f =1.2, f = 1.3 and [ = 2)




Numerical experiments in 1D (cont.)

Inverse obstacle problem: ¢,(t) = sin(7t/T") for T'= 3 and a = 0.8
— mnoisy data (0%, 5% and 10%)




Perspectives

Main features of the “exterior approach” :
e No optimization
e Number of obstacles unknown a priori
e Partial lateral Cauchy data
Extensions :
e 2] case : to be done
e Backward heat equation

e Heat equation and inverse obstacle problem with lateral Cauchy
data

e Other boundary conditions on the obstacle

THANK’S FOR YOUR ATTENTION !



