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Exterior Problems v.s. Interior Problems

C': Measurement surface/curve.

(1) Exterior problems. (2) Interior problems
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o Problem setting
o The factorization method for cavities
o Uniqueness by a single measurement

e Summary and outlook
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The simplest case: Dirichlet boundary condition

Mathematical model:

Au® 4+ k*u® =0 in D,
u=u'(-,z)+u* in D\{z},
u=0 ondD.

@ D: bounded
simply connected domain
with Lipschitz boundary dD;

@ (': measurement surface
with its interior denoted by D¢;
Figure: Cavity D and the curve C'

o k: .
where measurements are taken. k: wave number
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Direct Problem and Inverse Problem

Mathematical model:
Au® +kE*u® =0 inD,
u=u'(,z)+u* in D\{z},
=0 ondD.

o Incident field: for z € C,
i i (1 .
(-, 2) = LHSD (K] - —z2));

Figure: Cavity D and the curve C'
where measurements are taken.
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Mathematical model:

Au® +kE*u® =0 inD,
u=u'(,z)+u* in D\{z},
u=0 ondD.

@ Incident field: for z € C,
ui(,2) = §HGV (k] =)

@ Direct problem: Give D, look for
the scattered fields u® € H(D);

Figure: Cavity D and the curve C'
where measurements are taken.
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Direct Problem and Inverse Problem

Mathematical model:

Au® +kE*u® =0 inD,
u=u'(,z)+u* in D\{z},
u=0 ondD.

@ Incident field: for z € C,
ui(,2) = §HGV (k] =)

@ Direct problem: Give D, look for
the scattered fields u® € H(D);

@ Inverse problem: Reconstruct
0D from u*(z), z € C.

Figure: Cavity D and the curve C'
where measurements are taken.
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Assumption on the wave number £

Assume that k? is neither a Dirichlet eigenvalue of —A in D nor in
Dc.
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Assumption on the wave number £

Assume that k? is neither a Dirichlet eigenvalue of —A in D nor in
Dc.

Remark:

@ © The assumption that k2 is not a Dirichlet eigenvalue of —A in D¢
is NOT essential:
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is essentiall!l
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Assumption on the wave number £

Assume that k? is neither a Dirichlet eigenvalue of —A in D nor in
Dc.

Remark:

@ © The assumption that k2 is not a Dirichlet eigenvalue of —A in D¢
is NOT essential:

@ © The assumption that &2 is not a Dirichlet eigenvalue of —A in D
is essentiall!l
One may solve this by adding an artificial obstacle with impedance

boundary condition into the scattering system, see e.g.,
H. Qin and X. Liu, The interior inverse scattering problem for cavities with
an artificial obstacle, Appl. Numer. Math. 88, (2015), 18-30.
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How and why did | enrolled in the research on cavities

Before leaving Karlsruhe in 2013, Prof. Kirsch draw my attention to the
interior problem and showed me one paper about it.

Xiaodong Liu (IAM, CAS) Inverse scattering by impenetrable cavities Apr. 10th, 2015 8 /44



How and why did | enrolled in the research on cavities
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interior problem and showed me one paper about it.

@ The Linear sampling method: Qin and Colton 2120 Zeng, Cakoni
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How and why did | enrolled in the research on cavities

Before leaving Karlsruhe in 2013, Prof. Kirsch draw my attention to the
interior problem and showed me one paper about it.

@ The Linear sampling method: Qin and Colton 2120 Zeng, Cakoni
and Sun'!, Cakoni, Colton and Meng!? ;
© Surprisingly, the quality of the numerical reconstructions are
notably poorer than that obtained by using the same method for the
analogue exterior problem.
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How and why did | enrolled in the research on cavities

Before leaving Karlsruhe in 2013, Prof. Kirsch draw my attention to the
interior problem and showed me one paper about it.

@ The Linear sampling method: Qin and Colton 2120 Zeng, Cakoni
and Sun'!, Cakoni, Colton and Meng!? ;
© Surprisingly, the quality of the numerical reconstructions are
notably poorer than that obtained by using the same method for the
analogue exterior problem.

@ © The classical Factorization method fails to work for the exterior
problem with near field measurements. As shown in Guanghui's talk
yesterday, some modification has to be considered.
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The Factorization Method

Whether the Factorization Method works for the interior problems?
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The Factorization Method

Whether the Factorization Method works for the interior problems?

Yes
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Near field operator

Define the near field operator N : L?(C) — L?(C) by

(Ng)(x) ::/ u’(x,2)g(2)ds(z), ze€C.

c
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Near field operator

Define the near field operator N : L?(C) — L?(C) by

(Ng)(x) ::/ u’(x,2)g(2)ds(z), ze€C.

c

Real and imaginary parts of V:

N+ N* N — N*
:L and $(N)= ——.
2 21

R(N)
Positive self-adjoint operator:

Ny = [R(N)| + [S(N)]
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The factorization method: mathematical basis

Theorem: (Liu, IP015006, 2015)
For any z € R?\ D¢ define ¢, € L?(C) by

¢.(z) == H (k|lz — 2), z€C.
Then

:eRAD  iff  ¢.€2(N?)

Xiaodong Liu (IAM, CAS)

Inverse scattering by impenetrable cavities

Apr. 10th, 2015 11 / 44



The factorization method: mathematical basis

Theorem: (Liu, IP015006, 2015)
For any z € R?\ D¢ define ¢, € L?(C) by

¢.(z) == H (k|lz — 2), z€C.
Then

:eRAD  iff  ¢.€2(N?)

it N/%g. = 6.

p is solvable
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The factorization method: mathematical basis

Theorem: (Liu, IP015006, 2015)
For any z € R?\ D¢ define ¢, € L?(C) by

b.(z) = HO (klz — 2), z€C.
Then
ceRAD  iff . € BN
iff Nﬁl/zgz = ¢, is solvable
Remark: For the points z € D¢, we are not clear about the relation

between the function ¢, and operator N1/2. However, since Do C D, we
are not interested in those points located in Dg¢.
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The factorization method: Indicator function

W(z) = [i |<¢Z’¢”>L2<C>‘2] ,

n=1 |0'n|

where {(cy,y,)} is an eigensystem of the operator Ny : L?(C') — L?(C)).
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The factorization method: Indicator function

W(z) = [i |<¢Z’¢”>L2<C>‘2] ,

n=1 |0'n|

where {(cy,y,)} is an eigensystem of the operator Ny : L?(C') — L?(C)).

Behavior:

e W (z) is much smaller for the points belonging to D\ D¢ than for
those lying in the exterior R?\ D;
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The factorization method: Indicator function

W(z) = [i |<¢Z’¢”>L2<C>‘2] ,

n=1 |Un|

where {(cy,y,)} is an eigensystem of the operator Ny : L?(C') — L?(C)).

Behavior:

e W (z) is much smaller for the points belonging to D\ D¢ than for
those lying in the exterior R?\ D;

e W(z2):=0in Dc.
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The factorization method: Indicator function

|‘7n|

[e'e) 2 -1
W(z) = [Z etz ] ,
n=1
where {(cy,y,)} is an eigensystem of the operator Ny : L?(C') — L?(C)).

Behavior:

e W (z) is much smaller for the points belonging to D\ D¢ than for
those lying in the exterior R?\ D;

e W(z2):=0in Dc.
Features:
@ Makes no use of boundary conditions of D;

@ Simple to computational implementation;
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An explicit example in 2D: ¢ =08B,, D= Bz withr <R

W(z) := [i ’<¢z’w”>L2(0)‘2] 1,

n=1 |Un|

with

2
{62 ¥n) L2(0)| :W(R)Q” <1+0<1)>, n — oo.
n

|om] ANE]
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An explicit example in 2D: ¢ =08B,, D= Bz withr <R

W(z) := [i ’<¢z’w”>L2(C)‘2] 1,

n=1 |Un|

with

2
{62 ¥n) L2(0)| :W(R)Q” <1+0<1)>, n — oo.
n

|om] ANE]

The series converges if, and only if, |z| > R, i.e., z is in the exterior of D.
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The factorization method: Scheme

1) Collect the scattered fields on C' by sending point sources located on
the same curve C.

2) Select a mesh G of sampling points in a region Q which contains D.

3) Calculate the indicator function W (z) for each sampling point z of .
Here we deliberately set W (z) = 0 for the sampling points z € D¢.

4) Plot W (z), e.g., by using the MATLAB routine contour(z, zy, W(z)).
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Numerical results: ©w = 0 on 0D

8 8
6 6 6

4 4 4

2 2 2

0 0 0

-2 -2 -2

4 -4 -4

-q -4 -g

T s 0 5 T s o 5 N 0 5
e \ s — B <
6 \ ol \ 6 \
4 \ 4 ( \ 4

2 2/ 2

0 0 0

-2 ; 72\ 1 -2

-4 (‘ -4 \\ / 4

4 RN 4

N 3 5 7 s [ 5 N 0 5

Different circle C' = {x € R? : |z| = r.}. Left: = 0.5; Middle: r = 1; Right:
r = 1.5.
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Numerical results: ©w = 0 on 0D
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Different curves C'. Left: ellipse with axes 0.8,0.6; Middle: ellipse with axes
0.6,0.8; Right: kite parameterized by x(t) = (cost + 0.65 cos 2t — 0.65, sint).
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Numerical results: ©w = 0 on 0D
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Numerical results: du/dv + Au = 0 on 0D
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Different impedance boundary conditions. Left: A = 0; Middle: A\ = ¢; Right:
A=1+1.
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Remark on the FM for the impedance boundary conditions

Let A € L*>°(9D) be the impedance function with (\) > 0 and I(\) > 0.

vV 1%

Exterior Problems: Coated outside Interior Problems: Coated intside
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Remark on the FM for the impedance boundary conditions

Let A € L*>°(9D) be the impedance function with (\) > 0 and I(\) > 0.

vV 1%

Exterior Problems: Coated outside Interior Problems: Coated intside

(1) %—I—Au =0on 0D
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Remark on the FM for the impedance boundary conditions

Let A € L*>°(9D) be the impedance function with (\) > 0 and I(\) > 0.

vV vV
Exterior Problems: Coated outside Interior Problems: Coated intside
ou _ ou _
(1) g5+ u=0o0n 0D (2) §5—Au=0o0n 9D
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Remark on the FM for the impedance boundary conditions

Let A € L*>°(9D) be the impedance function with (\) > 0 and I(\) > 0.

vV vV
Exterior Problems: Coated outside Interior Problems: Coated intside
ou _ ou _
(1) g5+ u=0o0n 0D (2) §5—Au=0o0n 9D

The FM for the impedance boundary condition (2) is still not justified.
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Remark on the FM for the impedance boundary conditions

Let A € L*>°(9D) be the impedance function with (\) > 0 and I(\) > 0.

vV vV
Exterior Problems: Coated outside Interior Problems: Coated intside
ou _ ou _
(1) g5+ u=0o0n 0D (2) §5—Au=0o0n 9D

The FM for the impedance boundary condition (2) is still not justified.
One may solve this mathematically by using nonphysical incident point

source HéQ)(k| - —z|).
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Further remarks on the FM for cavities

@ The FM gives quite good reconstructions.
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Further remarks on the FM for cavities

@ The FM gives quite good reconstructions.

@ The mathematical basis of the FM provides a constructive proof of
the uniqueness on the inverse problems.
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Further remarks on the FM for cavities

@ The FM gives quite good reconstructions.

@ The mathematical basis of the FM provides a constructive proof of
the uniqueness on the inverse problems.

@ The implementation of the FM needs full data, i.e., the
measurements u*(-, z) are taken for all z € C.
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Inverse scattering by a single measurement
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Uniqueness by a single point source

Whether the cavity D is uniquely determined by a single point
source u'(-, z) at fixed z € C?
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Uniqueness by a single point source

Whether the cavity D is uniquely determined by a single point
source u'(-, z) at fixed z € C?

Two related papers:

@ H. Qin and F. Cakoni, Nonlinear integral equations for shape
reconstruction in the inverse interior scattering problem, Inverse
Problems, 27 (2011), 035005.

Uniqueness is given if D is small enough.
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Uniqueness by a single point source

Whether the cavity D is uniquely determined by a single point
source u'(-, z) at fixed z € C?

Two related papers:

@ H. Qin and F. Cakoni, Nonlinear integral equations for shape
reconstruction in the inverse interior scattering problem, Inverse
Problems, 27 (2011), 035005.

Uniqueness is given if D is small enough.

@ X. Liu, The factorization method for cavities, Inverse Problems, 30,
(2014), 015006.

Uniqueness is given if D is ball with given center.
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Uniqueness by a single point source

Can we also uniquely determine a ball without knowing the center?
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Uniqueness by a single point source

Can we also uniquely determine a ball without knowing the center?

Yes
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Symmetric point with respect to a sphere

ly=zlx|y —zl=r°
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Reflection principle with respect to a sphere

Lemma 1. (Hu and Liu, IP065010, 2014) Let u(-;y) be a solution to
the boundary value problem

Au(z) + Ku(z) = —6(z—y) in RM\B,,
u = 0 on 0B,

where 7 is a fixed point in RN\ B,. Then u(-;y) can be analytically
extended into the interior of B, except for the point y* := (r/|y|)? y.
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Reflection principle with respect to a sphere

Lemma 1. (Hu and Liu, IP065010, 2014) Let u(-;y) be a solution to
the boundary value problem

Au(z) + Ku(z) = —6(z—y) in RM\B,,
u = 0 on 0B,

where 7 is a fixed point in RN\ B,. Then u(-;y) can be analytically
extended into the interior of B, except for the point y* := (r/|y|)? y.
Furthermore, the extension of u(-;y) in B, solves the following interior
boundary value problem

Au(@) + k(@) = (/ly')V 2@ —y") i B,
u = 0 on O0B,.
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Uniqueness by a single point source

Theorem 1. (Hu and Liu, IP065010, 2014) Both the center z and the

radius 7 of a ball are uniquely determined by a single measurement u*(, y)
taken on the curve C.
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Uniqueness by a single point source:

Notations:
e D;:= By, (%), l =1,2 are two sound-soft balls;
e y € (' is the source point; y; is the symmetric point w.r.t. the sphere
oDy, 1=1,2;
e u'(-;y) denotes the point source at fixed y € C.
@ uj(-;y) denotes the scattered fields due to D;.

Aim:  ui(sy) =usf(y)on C implies Dy = Da.
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By the reflection principle, the total field w;(;y) = u™(;y) + ui(+;y) can
be analytically extended into D; except for the point

7”2

* l
y =2+ ———=(y—2z), [=1,2.
: ly — Zl|2( )
We claim that yi = y5 = y* and therefore
2 —yl|z — vyt =7, 1=1,2.

In addition, one can readily conclude that 21, 22,y and y* are collinear
points and y* is located between z; (j = 1,2) and y.
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u®(-;y) : far-field pattern of the scattered field u°(-;y);
uf®(-; —%) : scattered field corresponds to the inc. plane wave u{™(-; —%).

Since uf“(-;y) = u3°(-;y) on C, we know ug®(Z;y) = us®(Z;y) and thus
by the well-known mixed reciprocity relation we conclude that

ui(y; —&) = uy’(y; —2) for all & € SN=1 The explicit representation of
in 3D is given by

SC

ui( ZZ (2n+1) ,f(i)(f:)) WD (k|2 — yl) Pa(cos ), 1=1,2.

Here, ¢y is the angle between (y — 2;) /|y — z;| and —Z. 1 = o !!!

n(kr k™ rantt
](1)( ) A (k|2 — y)) T ! 1 A n oo
) (2n+ D! [z —y|
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Hence, it follows from ui¢(y; —2) = u5°(y; —2) and 1 = ¢4 for all
& € SN that

2n+1 2n+1
Tl T‘2 . .
T = 7 for sufficiently large n €N,
|21 —yl" =yt

from which we conclude that
2 2

21—yl |2 —yl

(3.1)

Recalling that |z; — y| |z — y*| =, 1 =1,2, we obtain
ly* — z1| = |y* — 22|, implying that z; = z5. Finally, the relation | = ro
follows immediately.
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Uniqueness by a single point source:

Notations:
e D;:= By, (), 1 =1,2 are two sound-soft balls;

e y € (' is the source point; y; is the symmetric point w.r.t. the sphere
oD, 1=1,2;

e u'(-;y) denotes the point source at fixed y € C.
@ uj(-;y) denotes the scattered fields due to D;.

Recall that k? is neither a Dirichlet eigenvalue of —A in D nor in D¢.

Aim:  ui(y) = usf(y)on C implies Dy = Da.
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Uniqueness by a single point source:

Proof.
Radiating solution w;(-;y/):

Awl—i—k:2wl = —(5(-—yl*) inRN\E,
w; = 0 OnaDl.

By Lemma 1, we have the analytically extension:
2 1 .
Aw; + k*w; = ——6(-—y) in Dy,
o
w = 0 on J0Dj.
Here, a; := —(|ly — 2|/r;)N 1?2 is a constant.

By the assumption that k2 is not a Dirichlet eigenvalue of —A in D;, we
have
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Uniqueness by a single point source:

Define
u(z) = quy(z;yp) —u'(vyy), = e RV\{y;}, =12

Then, v; is a radiating solution of the Helmholtz equation in RV \{y}.
On the measurement curve C, we have

v1 = aqwi (5 y1) — U (5y) = wi(zsy) — u'(z5y) = ui(y) = us(5y) = va.

Since k? is not a Dirichlet eigenvalue of —A in D¢, we obtain
V1 = V2 in DC

and therefore in RV\{y#, y3} by analytic continuation. We claim that

* *

Yy =ys =y
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Uniqueness by a single point source:

The relation vy = vy in RV\{y*} implies that
aywy = agwy in RM\{y*, y}.

We claim that a1 = «g. Actually, if a; # ao, it follows from and the
relation w;(+;yf) = u' (- yf) + wi (- yf) that

(a1 — )’ (5 y") = agws (5 y%) — aqwi(5y*)  InRV\{y*, y}.

Clearly, wi(-;y*) = wi(-; y*) on OBpg, where B is a large ball containing
D1 and Dg.
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Uniqueness by a single point source:

A lot of works on uniqueness by a single plane wave, e.g.,

o J. Cheng and M. Yamamoto, Uniqueness in an inverse scattering problem with non-trapping polygonal obstacles with at
most two incoming waves, Inverse Problems 19 (2003): 1361-1384 (Corrigendum: Inverse Problems 21 (2005): 1193).

e G. Alessandrini and L. Rondi, Determining a sound-soft polyhedral scatterer by a single far-field measurement, Proc.
Amer. Math. Soc. 133 (2005): 1685-1691 (Corrigendum: arXiv: math/0601406v1).
H. Liu and J. Zou, Uniqueness in an inverse obstacle scattering problem for both sound-hard and sound-soft polyhedral
scatterers, Inverse Problems 22 (2006): 515-524.
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Uniqueness by a single point source:

A lot of works on uniqueness by a single plane wave, e.g.,

o J. Cheng and M. Yamamoto, Uniqueness in an inverse scattering problem with non-trapping polygonal obstacles with at
most two incoming waves, Inverse Problems 19 (2003): 1361-1384 (Corrigendum: Inverse Problems 21 (2005): 1193).

e G. Alessandrini and L. Rondi, Determining a sound-soft polyhedral scatterer by a single far-field measurement, Proc.
Amer. Math. Soc. 133 (2005): 1685-1691 (Corrigendum: arXiv: math/0601406v1).

H. Liu and J. Zou, Uniqueness in an inverse obstacle scattering problem for both sound-hard and sound-soft polyhedral
scatterers, Inverse Problems 22 (2006): 515-524.

Basic ideas:
@ Using reflection principle for the Helmholtz equation to construct a
Dirichlet line extending to infinity.

@ The scattered wave tends to 0 uniformly at infinity, while the incident
plane wave has modulus 1 everywhere.
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Uniqueness by a single point source:

Can we establish the corresponding uniqueness by a single point source?
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Uniqueness by a single point source:

Can we establish the corresponding uniqueness by a single point source?

Yes
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Symmetric point w.r.t. a hyperplane

Xiaodong Liu (IAM, CAS) Inverse scattering by impenetrable cavities Apr. 10th, 2015 37 / 44



Reflection principle w.r.t. Dirichlet planes

Lemma 2: (J. Cheng & M. Yamamoto, 2003) Suppose that 2 C R¥ is a
symmetric connected domain with respect to an (N — 1)-dimensional
hyperplane II and that A = QN 1II # (). Denote by QT and 2~ the two
connected subdomains of €2 separated by A. If Au+ k*>u =0 in QO and
u =0 on A, then u can be analytically extended into 2~ by the formula

w(@) = —u(Ru(z), =eQ,

where Ry stands for the reflection with respect to II.
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Dirichlet set of the total field

Let IT be a (N — 1)-dimensional hyperplane in RY. A non-void open
connected component A C IT will be called a Dirichlet set of u if uw =0 on
A.

Corollary 1. With the notations used in Lemma 2, we suppose that « is a
solution to the Helmholtz equation in €2 vanishing on A.

@ If A is a Dirichlet set of u in Q7, then Ry(Ag) C Q7 is also a
Dirichlet set of w.

@ If w is singular at y € €, then w is also singular at R (y).
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Uniqueness by a single point source:

Notations:

e D, 1l =1,2 denotes two polygons;
Dg denotes the connected component of D1 N Dy containing D¢;
u'(+;y) denotes the point source at fixed y € C.

wi(-;y) and uj(-;y) denote the total field and scattered field due to
Dy, respectively.
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Uniqueness by a single point source:

Proof. Assume that uj(-;y) = u3(-;y) on C, we aim at proving

Dy = D5. By the assumption that k2 is not a Dirichlet eigenvalue of —A
in D¢ and the unique continuation of solutions to the Helmholtz equation,
we see

ui(5y) =u2(5y) in Do\{y}
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Uniqueness by a single point source:

Proof. Assume that uj(-;y) = u3(-;y) on C, we aim at proving

Dy = D5. By the assumption that k2 is not a Dirichlet eigenvalue of —A
in D¢ and the unique continuation of solutions to the Helmholtz equation,
we see

ui(5y) =u2(5y) in Do\{y}

If 0Dy # 0D5, without loss of generality we may always assume there
exists a Dirichlet set A of u; in D;.
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Uniqueness by a single point source:

Proof. Assume that uj(-;y) = u3(-;y) on C, we aim at proving
Dy = D5. By the assumption that k2 is not a Dirichlet eigenvalue of —A

in D¢ and the unique continuation of solutions to the Helmholtz equation,
we see

ui(5y) =u2(5y) in Do\{y}

If 0Dy # 0D5, without loss of generality we may always assume there
exists a Dirichlet set A of u; in D;.
Define

@ D:={A: Ais a Dirichlet set of u; in D;};

@ 7(t): continuous injective curve connecting yo = v(0) € A and
y =(T);
o M={y,:3IAN, € D&ty >0s.t. Ay Ny(tn) = yn}-
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Uniqueness by a single point source:

M is bounded, closed in the sense that v, — 3’ implies 4/ € M.
Therefore we can find some t* > 0 such that there exists A* € D
intersecting with ~(t) at ¢t = t* and that

~y(t) N M =10, V T >t>t".

Xiaodong Liu (IAM, CAS)
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Uniqueness by a single point source:

M is bounded, closed in the sense that v, — 3’ implies 4/ € M.
Therefore we can find some t* > 0 such that there exists A* € D
intersecting with ~(t) at ¢t = t* and that

~y(t) N M =10, V T >t>t".

The proof is finished by constructing a connected symmetric domain
) C Dy with respect to the hyperplane containing A* such that

(Dup =0 ondy and (2)y € Q.
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Summary and outlook

Summary:
@ The factorization method gives quite good reconstructions;

@ Unique determination of a sound-soft ball or polygon by a single
measurement;
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Summary and outlook

Summary:
@ The factorization method gives quite good reconstructions;

@ Unique determination of a sound-soft ball or polygon by a single
measurement;

Outlook:

© Uniqueness of the inverse problems for other boundary conditions and
Maxwell’s system;

@ More "direct” sampling methods;
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Summary and outlook

Summary:
@ The factorization method gives quite good reconstructions;

@ Unique determination of a sound-soft ball or polygon by a single
measurement;

Outlook:

© Uniqueness of the inverse problems for other boundary conditions and
Maxwell’s system;

@ More "direct” sampling methods;
© It is time for coffee break!
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X% xdliu@amt.ac.cn

Thanks for your attention

@ X. Liu, The factorization method for cavities, Inverse Problems 30, (2014),
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@ G. Hu and X. Liu, Unique determination of balls and polyhedral scatterers
with a single point source wave, Inverse Problems 30, (2014), 065010.

@ H. Qin and X. Liu, The interior inverse scattering problem for cavities with
an artificial obstacle, Appl. Numer. Math. 88, (2015), 18-30.

Xiaodong Liu (IAM, CAS) Inverse scattering by impenetrable cavities Apr. 10th, 2015 44 / 44



	Introduction
	The factorization method for cavities
	Uniqueness by a single point source
	Summary and outlook

