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Disclaimer AT

Karlsruhe Institute of

non-scattering media — cloaking, Harry Potter’s cloak, ...

This talk: not about making things invisible

but about things that are invisible to 1st order

Questions:

® What can we say about non-scattering media?
@ How diverse are such media?

a How can we construct them mathematically?
® ...in Born approximation

Not all questions will be answered.
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The Setting ﬂ(“.

VxE—ikpyH=0
VxH+ikeE=0

anisotropic medium: (E9, H)
. R3 3x3 i 22
m g u:R° — C°*° symmetric

m both are smooth, compactly
supported perturbations:

in RS (1)

supp(l3 —¢), supp(l—u) C B € 1

Fields separate into entire and scattered part:
E=E)+E5 H=H)+HS

Question: Can we characterize ¢, i such that far field pattern of (E3, H3)
is zero for all (E9, H3)?
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Far fields, Scattering Kernel ﬂ(“'

The scattered fields are supposed to satisfy the Silver-Miiller Radiation
condition:

ES(x) — H5(x) xf(:0<’):’2> : Hs(x) + E5(x) xf(:0<|):|2>

Asymptotic expansion gives far field patterns

-2 eooll))
X| — o0

x|
s elklx| 1
Hs(x) = & — <x < I2(%)+0 (>>
? x| ? x|
Assume incident plane wave with direction § € 5% and amplitude I € C3
EQ(x) = Be* %, HY(x) =0 x ek,

Scattering kernel: I5°(%) = S(%,0) 19
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Transformation optics ﬂ(“'

Consider solution (E, H) of
VxE—ikH=0, VxH+ikE=0. 2)

Let @ : R® — RR® denote a diffeomorphism with supp(id — ®) compact
transformed fields E, H:

E(x) = (@'(x)) E(@(x)),  H(x) = (¥'(x) A®(x))

Then
@' (x) V x E(x) = det(®'(x)) (V x E) (®(x))

Thus

det(@'(x)) (V x E) (@(x)) — ik @' (x) (¥'(x)) " H(®(x)) = 0
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Transformation optics ﬂ(“'

Consider solution (E, H) of

VxE—-ikH=0, VxH+ikE=0. 2)
If
oy D)@ (x)T 3
5()’)—#(}’)—W i , y e R”.
x=0=1(y)
then y y
VxE—ikﬁH:O, VxH+ikéE=0. (3)

Note: (E,H) = (E,H) outside supp(id —®)
—  (E, H) have zero far field pattern
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The Born approximation ﬂ(“'

Consider family of media:
m ¢, u smoothly depend on some parameter T € R

m ¢(1), u(t) — K (t — 0)

e=l+7Ter+0(7) u=1Ihk+7tus+o(1) (t—0)

Born approximation of fields: Linearization of fields with respect to T

0 s 0 B 0 dE3
E=EJ+ES~EQ+TEf =B+t °
=0

Similarly for H field.
V x B —ikHP =ikus HY,  V x HY+ik EE = —ike, E9.
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The Born Approximation (2)

Linearize S in the same way:

ds(x,8)
dr

S(x,0)=r1

No scattering in Born approximation: B =0

AT

(t—0)
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The Example from Transformation Optics AT

Suppose that there is w € C?>(IR%;R®), suppw C B

O (y)=y—Tw(y)
Then

_ P P(N)T [ls—tw' ()] [l —Tw'(y)] "7

VT T |, T sl W] )

Geometric series:
[ls—tw/ (y)] " =h+Ttw(y)+0O (72)
Simple calculation

’
det ([l —Tw/(y)]")

:1—Ttrw/(y)+0(72)
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The Example from Transformation Optics AT

Suppose that there is w € C?(R3; R®), suppw C B

O (y)=y—Tw(y)
Then

_ PP (x)"

3 b=t w () —tw ()] "
) = ~geta(x) : p

oy, detl—Tw ()T

Linearization:

éy)=ply)=h+t (W/(y) +w(y)" —tr w’(y)lg) +0 (rz)
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A characterizing equation ﬂ(“'

Consider plane wave
E%(x) = I° eiké-x’ HO(x) =0 x I° kX
amplitude /° € C83, direction of incidence § € S2, °-0 =0
Setting e = ¢ — I3, oy = p — I3, from (1) we obtain
/B (HO-V x E—ikH® jH)dx =0
/B (E°V x H+ikE®-eE)dx =0

Integrate by parts and use (2)

1

0 0 . = 0- — 0.
o | (Ex HO o+ Hx E%) - vds(x) /B[E 6¢ E— HO - 8 H| dx.
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A characterizing equation (2) ﬂ(“'

With
/BB(Eg x HO + HY x E®) - vds(x) =0,

we obtain
1 ' S 0 S 0
ﬁ/as(Ez x HO 1+ HS x E®) - vds(x)

- /B [E°-6e (B9 + E§) — HO - o (H2 + H§) | dx
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A characterizing equation (3) ﬂ(“'

Use far field asymptotics:

ES o
20 = (500 +0 (72
) |X| — o0
HS (x) = ﬂ ()? X I’ (%) +0O <1>>
2 |x| ° |2
Replacing B by Bg(0):
47ri "
lim ESx HO + HS x EY) -vds(x) = ——— (—0) - I°
R—>0<>aBR(O)(2 + M ) - vds(x) kz( )
Thus
4

—F/?(—é)-IO:/B{E°~58(ES—|—E§)—Ho-éy(Hg—FHg)} dx
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A characterizing equation (4) ﬂ(“'

7T A
——5 5(=0)-P = /B |E° - 6e (B9 + E§) — HO - oy (H§ + H§)| dx
Use plane incident wave
ES(x) = BV, HY(x) = x BV, B.§=0
and apply Born approximation ((de = Tey + O(t2),0u = Ty + O(Tz)) :
0)1

B~
[ ey EQ — HO. y1H0}dx
o

Je
Je

er e ik(0+1)-x — (0 x Ty ( x lg)eik(§+tf7)-x} dx
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A characterizing equation (5)

Define the Fourier transforms

de = Flellemkiory)

to obtain

(2m)'2
k2

PTB(G, —0) 1 =

ou = Flulle—xo

Karlsruhe Institute of Technology

+9)

P78l — (8 x 2T o (% I2)

No scattering
in Born
approximation

—

with 2.9 = 0,

TGl — (B x °) o (X 8) =0
for all , § € S2,

P8 ecs
R-p=0

IWaP 2015



Rewrite the result

T~ A - A
1 6el —(0x ) ou(px9)=0
andalso (B x °)Toe(px 0) — 12 501 =0

0="P"dE+ (@ xP)Td(px )

0=1"80—(6xP°) 5% x 19)

AT
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A classification theorem A\‘(IT

Theorem

For each 8, § € S?, there exists an orthogonal matrix M
and numbers s1, Sp, S3, d € C such that

S1 So S3
MT SM = Sy —84 0

S3 0 —S1
2 0 0
I+{0 —-r2 0 ,
o 0 -r2
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MTaM = d

wherery = |(0+$)|/2




Proof of the classification theorem

Define M = (b' b? b%) with

>
>

_|_
10+

=
=

b1 — b2 — b3

>
RSN

<

Recall .
0=1"0 80— Ox1°)"8x8)
Choosing I° = b3, I = § x b3 gives

0=--.=—2r. b? 8b°

S1 S 83
MsM=[s, % 0
s3 0 *

=b' x b?

Karlsruhe Institute of Technology

IWaP 2015



Proof of the classification theorem ﬂ(“.

Define M = (b' b? b%) with

>
>

RSN
<

pt = I+ b2 — b8 — b x b2
0+

>
=

<

Recall -
0=1 80— (Ox10)"5¢xB)

Choosing I° = I3 = b® gives
0= =53 363+2b" sb' — 2 b2 612
where r_ = |(6 — §)|/2

But § is invariant under rotations around the b'-axis!
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Proof of the classification theorem ﬂ(“.

Define M = (b' b? b%) with

Recall -
0=1 80— (Ox10)"5¢xB)

Choosing I° = I3 = b® gives
0= =53 363+2b" sb' — 2 b2 612

and - - -
0=---=b 3b°+r2b" 5b' —r2b% 5b°
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Proof of the classification theorem ﬂ(“.

Define M = (b' b? b%) with

Recall -
0=1 80— (Ox10)"5¢xB)

Choosing I° = I3 = b® gives

b''sb' = b2 5p2 = —p® 5p°

Sq So S3
MTéM =\|S2 —$5 0

S3 0 —S1
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Simpler Representation Q(IT

Corollary

There is a vector v € C3 and a number d € C depending only on
&=k (0+¢) such that

s=v& +Evi —tr(evh)I

d {(1—&)/—#21{265]

1 St
Vv=——1M So
k(6 + | s3

51
M (32) = MM T 5Me; = sb'
S3

d

Proof:
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A simple consequence ﬂ(“'

Corollary
ée =0 ifandonly iféu =0

Proof: Suppose éu = 0 = ou=0, &=d
From classification theorem:
si=d(1+r2) —sy=d(1-r2).

Thusd =0
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Representations in real space (1) Q(IT

Theorem
Suppose B = 0. Set

w:\/§(81+ﬂ1)*<v|1x|> :

er +pr=w +w'l —tr(w) ;.
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Representations in real space (1)

Theorem
Suppose B = 0. Set

W:\/§(£1+y1)*<v|1x|> .

e+ =w +w'l —tr(w) Iz

Then

Remarks:

® w = Vu with Au = 0 outside supp e1 U supp 4
@ Aw=0and V- w = 0 outside supp &1 U supp 1
® we may add wto wwithAw=0and V-w =20
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Representations in real space (2) Q(IT

Theorem
Suppose B = 0. Set

_ A
f= 1 (e1 — 1) *H<|X| hg (2k]x])) :
Then
e1 — iy = 2H(f) — (A — 4K?)f Is.
Proof similar to previous theorem.

Remarks:
m fis uniquely determined
m fis dependent on frequency
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The case d = 0 AT

206(8) = 8(5) = v(&) & +Ev(O)T —tr(Ev(®) ) k

Define w as in the representation theorem in real space (divide by 2)
Then -
Se=su=w+w —tr(w)h

We have seen this before!
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The case d = 0 AT

206(8) = 8(5) = v(&) & +Ev(O)T —tr(Ev(®) ) k

Define w as in the representation theorem in real space (divide by 2)
Then -
Se=su=w+w —tr(w)h

We have seen this before!

Remarks:

m in general w does not have compact support

m optics transformation: there exist W with w = w outside
Supp €4 U supp i1
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Open Questions

e+ =w 4w —tr(w)h
g1 — i1 = 2H(F) — (A — 4k?)f I3

a Can we interpret ?
Note that if w = Vu then

€1+ =2H(u) —Auls
But:

— f does not have compact support
— fis frequency dependent

Karlsruhe Institute of Technology
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Open Questions ﬂ(“.

e+ =w +w' —tr(w) I3
g1 — i1 = 2H(F) — (A — 4k?)f I3

a Can we interpret ?
Note that if w = Vu then

€1+ =2H(u) —Auls
But:

— f does not have compact support
— fis frequency dependent

m Can we relate further properties of w, f to €4, #1 and vice versa?
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Open Questions ﬂ(“.

e+ =w +w' —tr(w) I3
g1 — i1 = 2H(F) — (A — 4k?)f I3

a Can we interpret ?
Note that if w = Vu then

€1+ =2H(u) —Auls

But:
— f does not have compact support
— fis frequency dependent

m Can we relate further properties of w, f to €4, #1 and vice versa?
m Can we characterize w, f further?

Tilo Arens - Cl izil ittering ir ities for lic waves IWaP 2015



23

The End (for now)

Karlsruhe Institute of Technology



