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non-scattering media −→ cloaking, Harry Potter’s cloak, . . .

This talk: not about making things invisible

but about things that are invisible to 1st order

Questions:
What can we say about non-scattering media?
How diverse are such media?
How can we construct them mathematically?
. . . in Born approximation

Not all questions will be answered.
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∇× E − i k µ H = 0

∇×H + i k ε E = 0
in R3 (1)

anisotropic medium:
ε, µ : R3 → C3×3 symmetric
both are smooth, compactly
supported perturbations:

supp(I3− ε) , supp(I3−µ) ⊆ B ε µ

(E0
2 ,H

0
2 )

Fields separate into entire and scattered part:

E = E0
2 + Es

2 H = H0
2 + Hs

2

Question: Can we characterize ε, µ such that far field pattern of (Es
2 ,H

s
2)

is zero for all (E0
2 ,H

0
2 )?



Far fields, Scattering Kernel
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The scattered fields are supposed to satisfy the Silver-Müller Radiation
condition:

Es
2(x)−Hs

2(x)× x̂ = O
(

1
|x |2

)
, Hs

2(x) + Es
2(x)× x̂ = O

(
1
|x |2

)
Asymptotic expansion gives far field patterns

Es
2(x) =

eik |x |

|x |

(
l∞
2 (x̂) + O

(
1
|x |

))
Hs

2(x) =
eik |x |

|x |

(
x̂ × l∞

2 (x̂) + O
(

1
|x |

)) |x | → ∞

Assume incident plane wave with direction θ̂ ∈ S2 and amplitude l02 ∈ C3

E0
2 (x) = l02 eik θ̂·x , H0

2 (x) = θ̂ × l02 eik θ̂·x .

Scattering kernel: l∞
2 (x̂) = S(x̂, θ̂) l02



Transformation optics
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Consider solution (E,H) of

∇× E − i k H = 0 , ∇×H + i k E = 0 . (2)

Let Φ : R3 → R3 denote a diffeomorphism with supp(id−Φ) compact

transformed fields Ẽ, H̃:

E(x) =
(
Φ′(x)

)> Ẽ(Φ(x)) , H(x) =
(
Φ′(x)

)> H̃(Φ(x))

Then
Φ′(x)∇× E(x) = det(Φ′(x))

(
∇× Ẽ

)
(Φ(x))

Thus

det(Φ′(x))
(
∇× Ẽ

)
(Φ(x))− ik Φ′(x)

(
Φ′(x)

)> H̃(Φ(x)) = 0



Transformation optics
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Consider solution (E,H) of

∇× E − i k H = 0 , ∇×H + i k E = 0 . (2)

If

ε̃(y) = µ̃(y) =
Φ′(x)Φ′(x)>

det Φ′(x)

∣∣∣∣∣
x=Φ−1(y)

, y ∈ R3 .

then
∇× Ẽ − i k µ̃ H̃ = 0 , ∇× H̃ + i k ε̃ Ẽ = 0 . (3)

Note: (E,H) =
(
Ẽ, H̃

)
outside supp(id−Φ)

−→
(
Ẽ, H̃

)
have zero far field pattern



The Born approximation
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Consider family of media:

ε, µ smoothly depend on some parameter τ ∈ R

ε(τ), µ(τ) −→ I3 (τ → 0)

ε = I3 + τ ε1 + o(τ) µ = I3 + τ µ1 + o(τ) (τ → 0)

Born approximation of fields: Linearization of fields with respect to τ

E = E0
2 + Es

2 ≈ E0
2 + τ EB

2 = E0
2 + τ

dEs
2

dτ

∣∣∣∣
τ=0

Similarly for H field.

∇× Eb
2 − i k Hb

2 = ikµ1 H0
2 , ∇×Hb

2 + i k Eb
2 = −ikε1 E0

2 .



The Born Approximation (2)
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Linearize S in the same way:

S(x̂, θ̂) = τ
dS(x̂, θ̂)

dτ

∣∣∣∣∣
τ=0

+ o(τ) = τ B(x̂, θ̂) + o(τ) (τ → 0)

No scattering in Born approximation: B = 0



The Example from Transformation Optics
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Suppose that there is w ∈ C2(R3;R3), supp w ⊆ B

Φ−1(y) = y − τ w(y)

Then

ε̃(y) =
Φ′(x)Φ′(x)>

det Φ′(x)

∣∣∣∣∣
x=Φ−1(y)

=
[I3 − τ w ′(y)]−1 [I3 − τ w ′(y)]−>

det ([I3 − τ w ′(y)]−1)

Geometric series:

[I3 − τ w ′(y)]−1 = I3 + τ w ′(y) + O
(

τ2
)

Simple calculation

1
det ([I3 − τ w ′(y)]−1)

= 1− τ tr w ′(y) + O
(

τ2
)
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Suppose that there is w ∈ C2(R3;R3), supp w ⊆ B

Φ−1(y) = y − τ w(y)

Then

ε̃(y) =
Φ′(x)Φ′(x)>

det Φ′(x)

∣∣∣∣∣
x=Φ−1(y)

=
[I3 − τ w ′(y)]−1 [I3 − τ w ′(y)]−>

det ([I3 − τ w ′(y)]−1)

Linearization:

ε̃(y) = µ̃(y) = I3 + τ
(

w ′(y) + w ′(y)> − tr w ′(y)I3
)
+ O

(
τ2
)



A characterizing equation
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Consider plane wave

E0(x) = l0 eik θ̂·x , H0(x) = θ̂ × l0 eik θ̂·x .

amplitude l0 ∈ C3, direction of incidence θ̂ ∈ S2, l0 · θ̂ = 0

Setting δε = ε− I3, δµ = µ− I3, from (1) we obtain∫
B

(
H0 · ∇ × E − i k H0 · µ H

)
dx = 0∫

B

(
E0 · ∇ ×H + i k E0 · ε E

)
dx = 0

Integrate by parts and use (2)

1
i k

∫
∂B
(E ×H0 + H × E0) · ν ds(x) =

∫
B

[
E0 · δε E −H0 · δµ H

]
dx .



A characterizing equation (2)
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With ∫
∂B
(E0

2 ×H0 + H0
2 × E0) · ν ds(x) = 0 ,

we obtain

1
i k

∫
∂B
(Es

2 ×H0 + Hs
2 × E0) · ν ds(x)

=
∫

B

[
E0 · δε (E0

2 + Es
2)−H0 · δµ (H0

2 + Hs
2)
]

dx



A characterizing equation (3)
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Use far field asymptotics:

Es
2(x) =

eik |x |

|x |

(
l∞
2 (x̂) + O

(
1
|x |2

))
Hs

2(x) =
eik |x |

|x |

(
x̂ × l∞

2 (x̂) + O
(

1
|x |2

)) |x | → ∞

Replacing B by BR(0):

lim
R→∞

∫
∂BR(0)

(Es
2 ×H0 + Hs

2 × E0) · ν ds(x) = −4π i
k

l∞
2 (−θ̂) · l0

Thus

−4π

k2 l∞
2 (−θ̂) · l0 =

∫
B

[
E0 · δε (E0

2 + Es
2)−H0 · δµ (H0

2 + Hs
2)
]

dx



A characterizing equation (4)
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−4π

k2 ls2(−θ̂) · l0 =
∫

B

[
E0 · δε (E0

2 + Es
2)−H0 · δµ (H0

2 + Hs
2)
]

dx

Use plane incident wave

E0
2 (x) = l02 eik ψ̂·x , H0

2 (x) = ψ̂× l02 eik ψ̂·x , l02 · ψ̂ = 0

and apply Born approximation
(
(δε = τ ε1 + O(τ2) , δµ = τ µ1 + O(τ2)

)
:

−4π

k2 l0
>

B(ψ̂,−θ̂)l02

=
∫

B

[
E0 · ε1 E0

2 −H0 · µ1 H0
2

]
dx

=
∫

B

[
l0
>

ε1 l02 eik(θ̂+ψ̂)·x − (θ̂ × l0)>µ1 (ψ̂× l02 ) eik(θ̂+ψ̂)·x
]

dx



A characterizing equation (5)
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Define the Fourier transforms

δ̂ε = F [ε1]|ξ=k(θ̂+ψ̂) , δ̂µ = F [µ1]|ξ=k(θ̂+ψ̂)

to obtain

− (2π)1/2

k2 l0
>

B(ψ̂,−θ̂) l02 = l0
>

δ̂ε l02 − (θ̂ × l0)> δ̂µ (ψ̂× l02 )

No scattering
in Born

approximation
⇐⇒


l0
>

δ̂ε l02 − (θ̂ × l0)> δ̂µ (ψ̂× l02 ) = 0

for all θ̂, ψ̂ ∈ S2, l0, l02 ∈ C3

with l0 · θ̂ = 0, l02 · ψ̂ = 0



Rewrite the result

14 Tilo Arens - Characterizing non-scattering inhomogeneities for electromagnetic waves IWaP 2015

KIT

l0
>

δ̂ε l02 − (θ̂ × l0)> δ̂µ (ψ̂× l02 ) = 0

and also (θ̂ × l0)> δ̂ε (ψ̂× l02 )− l0
>

δ̂µ l02 = 0

Set ŝ = δ̂ε + δ̂µ d̂ = δ̂ε− δ̂µ

Then

0 = l0
>

d̂ l02 + (θ̂ × l0)>d̂(ψ̂× l02 )

0 = l0
>

ŝ l02 − (θ̂ × l0)>ŝ(ψ̂× l02 )



A classification theorem
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Theorem

For each θ̂, ψ̂ ∈ S2, there exists an orthogonal matrix M
and numbers s1, s2, s3, d ∈ C such that

M>ŝM =

s1 s2 s3
s2 −s1 0
s3 0 −s1


and

M>d̂M = d

I +

r2
+ 0 0
0 −r2

+ 0
0 0 −r2

+

 ,

where r+ = |(θ̂ + ψ̂)|/2



Proof of the classification theorem
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Define M = (b1 b2 b3) with

b1 =
θ̂ + ψ̂

|θ̂ + ψ̂|
, b2 =

θ̂ − ψ̂

|θ̂ − ψ̂|
, b3 = b1 × b2

Recall
0 = l0

>
ŝ l02 − (θ̂ × l0)>ŝ(ψ̂× l02 )

Choosing l0 = b3, l02 = ψ̂× b3 gives

0 = · · · = −2 r+ b2>ŝ b3

M>ŝM =

s1 s2 s3
s2 ∗ 0
s3 0 ∗





Proof of the classification theorem
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Define M = (b1 b2 b3) with

b1 =
θ̂ + ψ̂

|θ̂ + ψ̂|
, b2 =

θ̂ − ψ̂

|θ̂ − ψ̂|
, b3 = b1 × b2

Recall
0 = l0

>
ŝ l02 − (θ̂ × l0)>ŝ(ψ̂× l02 )

Choosing l0 = l02 = b3 gives

0 = · · · = b3>ŝ b3 + r2
− b1>ŝ b1 − r2

+ b2>ŝ b2

where r− = |(θ̂ − ψ̂)|/2

But ŝ is invariant under rotations around the b1-axis!



Proof of the classification theorem
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Define M = (b1 b2 b3) with

b1 =
θ̂ + ψ̂

|θ̂ + ψ̂|
, b2 =

θ̂ − ψ̂

|θ̂ − ψ̂|
, b3 = b1 × b2

Recall
0 = l0

>
ŝ l02 − (θ̂ × l0)>ŝ(ψ̂× l02 )

Choosing l0 = l02 = b3 gives

0 = · · · = b3>ŝ b3 + r2
− b1>ŝ b1 − r2

+ b2>ŝ b2

and
0 = · · · = b2>ŝ b2 + r2

− b1>ŝ b1 − r2
+ b3>ŝ b3



Proof of the classification theorem
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Define M = (b1 b2 b3) with

b1 =
θ̂ + ψ̂

|θ̂ + ψ̂|
, b2 =

θ̂ − ψ̂

|θ̂ − ψ̂|
, b3 = b1 × b2

Recall
0 = l0

>
ŝ l02 − (θ̂ × l0)>ŝ(ψ̂× l02 )

Choosing l0 = l02 = b3 gives

b1>ŝ b1 = −b2>ŝ b2 = −b3>ŝ b3

M>ŝM =

s1 s2 s3
s2 −s1 0
s3 0 −s1





Simpler Representation
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Corollary

There is a vector v ∈ C3 and a number d ∈ C depending only on
ξ = k (θ̂ + ψ̂) such that

ŝ = v ξ> + ξ v> − tr(ξ v>) I

d̂ = d
[
(1− r2

+) I +
1

2 k2 ξ ξ>
]

Proof:

v =
1

k |θ̂ + ψ̂|
M

s1
s2
s3


M

s1
s2
s3

 = MM>ŝMe1 = ŝb1



A simple consequence
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Corollary
δε = 0 if and only if δµ = 0

Proof: Suppose δµ = 0 =⇒ δ̂µ = 0, ŝ = d̂

From classification theorem:

s1 = d (1 + r2
+) − s1 = d (1− r2

+) .

Thus d = 0
=⇒ d̂ = 0 =⇒ δ̂ε = δ̂µ = 0



Representations in real space (1)

19 Tilo Arens - Characterizing non-scattering inhomogeneities for electromagnetic waves IWaP 2015

KIT

Theorem
Suppose B = 0. Set

w =

√
2
π
(ε1 + µ1) ∗

(
∇ 1
|x |

)
.

Then
ε1 + µ1 = w ′ + w ′> − tr(w ′) I3 .

Proof:

F (w) =

√
2
π

ŝF
(
∇ 1
|x |

)
= −i

√
2
π

ŝ ξ F
(

1
|x |

)
= i

ŝξ

|ξ|2 = i v



Representations in real space (1)
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Theorem
Suppose B = 0. Set

w =

√
2
π
(ε1 + µ1) ∗

(
∇ 1
|x |

)
.

Then
ε1 + µ1 = w ′ + w ′> − tr(w ′) I3 .

Remarks:
w = ∇u with ∆u = 0 outside supp ε1 ∪ supp µ1

∆w = 0 and ∇ ·w = 0 outside supp ε1 ∪ supp µ1

we may add w̃ to w with ∆w̃ = 0 and ∇ · w̃ = 0



Representations in real space (2)

20 Tilo Arens - Characterizing non-scattering inhomogeneities for electromagnetic waves IWaP 2015

KIT

Theorem
Suppose B = 0. Set

f =
1

4k2 (ε1 − µ1) ∗H
(

1
|x | − h(1)

0 (2k |x |)
)

.

Then
ε1 − µ1 = 2H(f )− (∆− 4k2)f I3.

Proof similar to previous theorem.

Remarks:
f is uniquely determined
f is dependent on frequency



The case d̂ = 0
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2 δ̂ε(ξ) = ŝ(ξ) = v(ξ) ξ> + ξ v(ξ)> − tr(ξ v(ξ)>) I3

Define w as in the representation theorem in real space (divide by 2)
Then

δε = δµ = w ′ + w ′> − tr(w ′) I3

We have seen this before!



The case d̂ = 0
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2 δ̂ε(ξ) = ŝ(ξ) = v(ξ) ξ> + ξ v(ξ)> − tr(ξ v(ξ)>) I3

Define w as in the representation theorem in real space (divide by 2)
Then

δε = δµ = w ′ + w ′> − tr(w ′) I3

We have seen this before!

Remarks:
in general w does not have compact support
optics transformation: there exist w̃ with w̃ = w outside
supp ε1 ∪ supp µ1



Open Questions
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ε1 + µ1 = w ′ + w ′> − tr(w ′) I3

ε1 − µ1 = 2H(f )− (∆− 4k2)f I3

Can we interpret f?
Note that if w = ∇u then

ε1 + µ1 = 2H(u)− ∆u I3

But:
– f does not have compact support
– f is frequency dependent
Can we relate further properties of w , f to ε1, µ1 and vice versa?
Can we characterize w , f further?
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The End (for now)


