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Exterior Problems v.s. Interior Problems

C : Measurement surface/curve.

D

D

C

D

D

(2) Interior problems(1) Exterior problems.

C
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The simplest case: Dirichlet boundary condition

D

C

CD
D

Figure: Cavity D and the curve C
where measurements are taken.

Mathematical model:

∆us + k2us = 0 in D,
u = ui(·, z) + us in D\{z},
u = 0 on ∂D.

D: bounded
simply connected domain
with Lipschitz boundary ∂D;

C: measurement surface
with its interior denoted by DC ;

k: wave number.
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Direct Problem and Inverse Problem

D

C

CD
D

Figure: Cavity D and the curve C
where measurements are taken.

Mathematical model:

∆us + k2us = 0 in D,
u = ui(·, z) + us in D\{z},
u = 0 on ∂D.

Incident field: for z ∈ C,
ui(·, z) = i

4H
(1)
0 (k| · −z|);

Direct problem: Give D, look for
the scattered fields us ∈ H1(D);
Inverse problem: Reconstruct
∂D from us(x), x ∈ C.
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Assumption on the wave number k

Assume that k2 is neither a Dirichlet eigenvalue of −∆ in D nor in
DC .

Remark:

1 © The assumption that k2 is not a Dirichlet eigenvalue of −∆ in DC

is NOT essential;

2 § The assumption that k2 is not a Dirichlet eigenvalue of −∆ in D
is essential!!!
One may solve this by adding an artificial obstacle with impedance
boundary condition into the scattering system, see e.g.,
H. Qin and X. Liu, The interior inverse scattering problem for cavities with
an artificial obstacle, Appl. Numer. Math. 88, (2015), 18-30.
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Summary of the research on the interior problems

1 P. Jakubik and R. Potthast, Testing the integrity of some cavity-the Cauchy problem and the range test, Appl. Numer.
Math. 58 (2008) 899-914.

2 H. Qin and D. Colton, The inverse scattering problem for cavities, Appl. Numer. Math. 62 (2012) 699-708.

3 H. Qin and D. Colton, The inverse scattering problem for cavities with impedance boundary condition, Adv. Comput.
Math. 36 (2012) 157-174.

4 H. Qin and F. Cakoni, Nonlinear integral equations for shape reconstruction in the inverse interior scattering problem,
Inverse Probl. 27 (2011) 035005.

5 H. Qin and J. Liu, Reconstruction for cavities with impedance boundary condition, J. Integral Equ. Appl. 25 (2013)
431-454.

6 F. Zeng, F. Cakoni and J. Sun, An inverse electromagnetic scattering problem for a cavity, Inverse Probl. 27 (2011)
125002.

7 F. Zeng, P. Suarez and J. Sun, A Decomposition method for an interior inverse scattering problem, Inverse Probl. Imag.
7 (2013) 291-303.

8 Y. Hu, F. Cakoni and J. Liu, The inverse scattering problem for a partially coated cavity with interior measurements,
Appl. Anal. 93 (2014) 936-956.

9 H. Qin and X. Liu, The interior inverse scattering problem for cavities with an artificial obstacle, Appl. Numer. Math.
88, (2015), 18-30.

10 G. Hu and X. Liu, Unique determination of a polyhedron or a ball by a single point souce, Inverse Probl. 30 (2014)
065010.

11 X. Liu, The Factorization Method for cavities, Inverse Probl. 30 (2014) 015006.

12 S. Meng, H, Haddar and F. Cakoni, The factorization method for a cavity in an inhomogeneous medium, Inverse Probl.
30 (2014) 045008.

13 Many others · · ·
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How and why did I enrolled in the research on cavities

Before leaving Karlsruhe in 2013, Prof. Kirsch draw my attention to the
interior problem and showed me one paper about it.

1 The Linear sampling method: Qin and Colton 12a,12b, Zeng, Cakoni
and Sun11, Cakoni, Colton and Meng13 ;
§ Surprisingly, the quality of the numerical reconstructions are
notably poorer than that obtained by using the same method for the
analogue exterior problem.

2 § The classical Factorization method fails to work for the exterior
problem with near field measurements. As shown in Guanghui’s talk
yesterday, some modification has to be considered.
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The Factorization Method

Whether the Factorization Method works for the interior problems?

Yes
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Near field operator

Define the near field operator N : L2(C) → L2(C) by

(Ng)(x) :=
∫

C
us(x, z)g(z)ds(z), x ∈ C.

Real and imaginary parts of N :

<(N) =
N +N∗

2
and =(N) =

N −N∗

2i
.

Positive self-adjoint operator:

N] := |<(N)|+ |=(N)|
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The factorization method: mathematical basis

Theorem: (Liu, IP015006, 2015)
For any z ∈ R2\DC define φz ∈ L2(C) by

φz(x) := H
(1)
0 (k|x− z|), x ∈ C.

Then

z ∈ R2\D iff φz ∈ R(N1/2
] )

iff N
1/2
] gz = φz is solvable

Remark: For the points z ∈ DC , we are not clear about the relation

between the function φz and operator N
1/2
] . However, since DC ⊂ D, we

are not interested in those points located in DC .
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The factorization method: Indicator function

W (z) :=

[ ∞∑
n=1

|〈φz, ψn〉L2(C)|2

|σn|

]−1

,

where {(σn, ψn)} is an eigensystem of the operator N] : L2(C) → L2(C).

Behavior:

W (z) is much smaller for the points belonging to D\DC than for
those lying in the exterior R2\D;

W (z) := 0 in DC .

Features:

Makes no use of boundary conditions of D;

Simple to computational implementation;
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An explicit example in 2D: C = ∂Br, D = BR with r < R

W (z) :=

[ ∞∑
n=1

|〈φz, ψn〉L2(C)|2

|σn|

]−1

,

with

|〈φz, ψn〉L2(C)|2

|σn|
=

4r2

nπ

( R
|z|

)2n
(

1 +O

(
1
n

))
, n→∞.

The series converges if, and only if, |z| > R, i.e., z is in the exterior of D.
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The factorization method: Scheme

1) Collect the scattered fields on C by sending point sources located on
the same curve C.

2) Select a mesh G of sampling points in a region Ω which contains D.

3) Calculate the indicator function W (z) for each sampling point z of G.
Here we deliberately set W (z) = 0 for the sampling points z ∈ DC .

4) Plot W (z), e.g., by using the MATLAB routine contour(zx, zy,W (z)).
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Numerical results: u = 0 on ∂D
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Different circle C = {x ∈ R2 : |x| = r.}. Left: r = 0.5; Middle: r = 1; Right:

r = 1.5.
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Different curves C. Left: ellipse with axes 0.8, 0.6; Middle: ellipse with axes
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Different wave numbers k. Left: k = 0.5; Middle: k = 1; Right: k = 1.5.
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Numerical results: ∂u/∂ν + λu = 0 on ∂D
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Different impedance boundary conditions. Left: λ = 0; Middle: λ = i; Right:

λ = 1 + i.
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Remark on the FM for the impedance boundary conditions

Let λ ∈ L∞(∂D) be the impedance function with <(λ) ≥ 0 and =(λ) ≥ 0.

Exterior Problems: Coated outside Interior Problems: Coated intside 

 

(1) ∂u
∂ν +λu = 0 on ∂D (2) ∂u

∂ν−λu = 0 on ∂D

The FM for the impedance boundary condition (2) is still not justified.
One may solve this mathematically by using nonphysical incident point

source H
(2)
0 (k| · −z|).
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Further remarks on the FM for cavities

The FM gives quite good reconstructions.

The mathematical basis of the FM provides a constructive proof of
the uniqueness on the inverse problems.

The implementation of the FM needs full data, i.e., the
measurements us(·, z) are taken for all z ∈ C.
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Inverse scattering by a single measurement

D

C

CD
D
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Uniqueness by a single point source

Whether the cavity D is uniquely determined by a single point
source ui(·, z) at fixed z ∈ C?

Two related papers:

1 H. Qin and F. Cakoni, Nonlinear integral equations for shape
reconstruction in the inverse interior scattering problem, Inverse
Problems, 27 (2011), 035005.

Uniqueness is given if D is small enough.

2 X. Liu, The factorization method for cavities, Inverse Problems, 30,
(2014), 015006.

Uniqueness is given if D is ball with given center.
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Uniqueness by a single point source

Can we also uniquely determine a ball without knowing the center?

Yes
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Symmetric point with respect to a sphere

. 
z r





y

y

2| | | |y z y z r   
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Reflection principle with respect to a sphere

Lemma 1. (Hu and Liu, IP065010, 2014) Let u(·; y) be a solution to
the boundary value problem

∆u(x) + k2u(x) = −δ(x− y) in RN\Br,
u = 0 on ∂Br,

where y is a fixed point in RN\Br. Then u(·; y) can be analytically
extended into the interior of Br except for the point y∗ := (r/|y|)2 y.

Furthermore, the extension of u(·; y) in Br solves the following interior
boundary value problem

∆u(x) + k2u(x) = (r/|y∗|)N+2δ(x− y∗) in Br,
u = 0 on ∂Br.

Xiaodong Liu (IAM, CAS) Inverse scattering by impenetrable cavities Apr. 10th, 2015 25 / 44



Reflection principle with respect to a sphere

Lemma 1. (Hu and Liu, IP065010, 2014) Let u(·; y) be a solution to
the boundary value problem

∆u(x) + k2u(x) = −δ(x− y) in RN\Br,
u = 0 on ∂Br,

where y is a fixed point in RN\Br. Then u(·; y) can be analytically
extended into the interior of Br except for the point y∗ := (r/|y|)2 y.
Furthermore, the extension of u(·; y) in Br solves the following interior
boundary value problem

∆u(x) + k2u(x) = (r/|y∗|)N+2δ(x− y∗) in Br,
u = 0 on ∂Br.

Xiaodong Liu (IAM, CAS) Inverse scattering by impenetrable cavities Apr. 10th, 2015 25 / 44



Uniqueness by a single point source

Theorem 1. (Hu and Liu, IP065010, 2014) Both the center z and the
radius r of a ball are uniquely determined by a single measurement us(·, y)
taken on the curve C.

C

D

. z

r

measurements 

y

C

D

. z

r

measurements 
y
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Uniqueness by a single point source: exterior problem

Notations:

Dl := Brl
(zl), l = 1, 2 are two sound-soft balls;

y ∈ C is the source point; y∗l is the symmetric point w.r.t. the sphere
∂Dl, l = 1, 2;

ui(·; y) denotes the point source at fixed y ∈ C.

us
l (·; y) denotes the scattered fields due to Dl.

Aim: usc
1 (·; y) = usc

2 (·; y) on C implies D1 = D2.
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Proof: y∗1 = y∗2 = y∗

By the reflection principle, the total field ul(·; y) = uin(·; y) + usc
l (·; y) can

be analytically extended into Dl except for the point

y∗l := zl +
r2l

|y − zl|2
(
y − zl

)
, l = 1, 2.

We claim that y∗1 = y∗2 = y∗ and therefore

|zl − y| |zl − y∗| = r2l , l = 1, 2.

In addition, one can readily conclude that z1, z2, y and y∗ are collinear
points and y∗ is located between zj (j = 1, 2) and y.
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Proof: Connection with the scattering of plane waves

u∞l (·; y) : far-field pattern of the scattered field usc
l (·; y);

usc
l (·;−x̂) : scattered field corresponds to the inc. plane wave uin

l (·;−x̂).

Since usc
1 (·; y) = usc

2 (·; y) on C, we know u∞1 (x̂; y) = u∞2 (x̂; y) and thus
by the well-known mixed reciprocity relation we conclude that
usc

1 (y;−x̂) = usc
2 (y;−x̂) for all x̂ ∈ SN−1. The explicit representation of

usc
l in 3D is given by

usc
l (y;−x̂) = −

∞∑
n=0

in (2n+ 1)
jn(krl)

h
(1)
n (krl)

h(1)
n (k|zl − y|)Pn(cosϕl), l = 1, 2.

Here, ϕl is the angle between (y − zl)/|y − zl| and −x̂. ϕ1 = ϕ2!!!

jn(krl)

h
(1)
n (krl)

h(1)
n (k|zl − y|) ∼ kn

(2n+ 1)!!
r2n+1
l

|zl − y|n+1
as n→∞.
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Proof: r1 = r2, z1 = z2

Hence, it follows from usc
1 (y;−x̂) = usc

2 (y;−x̂) and ϕ1 = ϕ2 for all
x̂ ∈ SN−1 that

r2n+1
1

|z1 − y|n+1
=

r2n+1
2

|z2 − y|n+1
for sufficiently large n ∈ N,

from which we conclude that

r21
|z1 − y|

=
r22

|z2 − y|
. (3.1)

Recalling that |zl − y| |zl − y∗| = r2l , l = 1, 2, we obtain
|y∗ − z1| = |y∗ − z2|, implying that z1 = z2. Finally, the relation r1 = r2
follows immediately.
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Uniqueness by a single point source: interior problem

Notations:

Dl := Brl
(zl), l = 1, 2 are two sound-soft balls;

y ∈ C is the source point; y∗l is the symmetric point w.r.t. the sphere
∂Dl, l = 1, 2;

ui(·; y) denotes the point source at fixed y ∈ C.

us
l (·; y) denotes the scattered fields due to Dl.

Recall that k2 is neither a Dirichlet eigenvalue of −∆ in D nor in DC .

Aim: usc
1 (·; y) = usc

2 (·; y) on C implies D1 = D2.

Xiaodong Liu (IAM, CAS) Inverse scattering by impenetrable cavities Apr. 10th, 2015 31 / 44



Uniqueness by a single point source: interior problem

Proof.
Radiating solution wl(·; y∗l ):

∆wl + k2wl = −δ(· − y∗l ) in RN\Dl,
wl = 0 on ∂Dl.

By Lemma 1, we have the analytically extension:

∆wl + k2wl = − 1
αl
δ(· − y) in Dl,

wl = 0 on ∂Dl.

Here, αl := −(|y − zl|/rl)N+2 is a constant.
By the assumption that k2 is not a Dirichlet eigenvalue of −∆ in Dl, we
have

αlwl(·; y∗l ) = ul(·; y) in Dl.
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Uniqueness by a single point source: interior problem

Define

vl(x) := αlwl(x; y∗l )− ui(x; y), x ∈ RN\{y∗l }, l = 1, 2.

Then, vl is a radiating solution of the Helmholtz equation in RN\{y∗l }.
On the measurement curve C, we have

v1 = α1w1(·; y∗1)− ui(·; y) = u1(x; y)− ui(x; y) = us
1(·; y) = us

2(·; y) = v2.

Since k2 is not a Dirichlet eigenvalue of −∆ in DC , we obtain

v1 = v2 in DC

and therefore in RN\{y∗1, y∗2} by analytic continuation. We claim that

y∗l = y∗2 := y∗.
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Uniqueness by a single point source: interior problem

The relation v1 = v2 in RN\{y∗} implies that

α1w1 = α2w2 in RN\{y∗, y}.

We claim that α1 = α2. Actually, if α1 6= α2, it follows from and the
relation wl(·; y∗l ) = ui(·; y∗l ) + ws

l (·; y∗l ) that

(α1 − α2)ui(·; y∗) = α2w
s
2(·; y∗)− α1w

s
1(·; y∗) in RN\{y∗, y}.

Clearly, ws
1(·; y∗) = ws

2(·; y∗) on ∂BR, where BR is a large ball containing
D1 and D2.
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Uniqueness by a single point source: Polyhedra

A lot of works on uniqueness by a single plane wave, e.g.,
1 J. Cheng and M. Yamamoto, Uniqueness in an inverse scattering problem with non-trapping polygonal obstacles with at

most two incoming waves, Inverse Problems 19 (2003): 1361-1384 (Corrigendum: Inverse Problems 21 (2005): 1193).

2 G. Alessandrini and L. Rondi, Determining a sound-soft polyhedral scatterer by a single far-field measurement, Proc.
Amer. Math. Soc. 133 (2005): 1685–1691 (Corrigendum: arXiv: math/0601406v1).

3 H. Liu and J. Zou, Uniqueness in an inverse obstacle scattering problem for both sound-hard and sound-soft polyhedral
scatterers, Inverse Problems 22 (2006): 515-524.

Basic ideas:

1 Using reflection principle for the Helmholtz equation to construct a
Dirichlet line extending to infinity.

2 The scattered wave tends to 0 uniformly at infinity, while the incident
plane wave has modulus 1 everywhere.
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Uniqueness by a single point source: Polyhedra

Can we establish the corresponding uniqueness by a single point source?

Yes
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Symmetric point w.r.t. a hyperplane



𝒙 . 

. 
( )R x

Xiaodong Liu (IAM, CAS) Inverse scattering by impenetrable cavities Apr. 10th, 2015 37 / 44



Reflection principle w.r.t. Dirichlet planes

Lemma 2: (J. Cheng & M. Yamamoto, 2003) Suppose that Ω ⊂ RN is a
symmetric connected domain with respect to an (N − 1)-dimensional
hyperplane Π and that Λ = Ω ∩Π 6= ∅. Denote by Ω+ and Ω− the two
connected subdomains of Ω separated by Λ. If ∆u+ k2u = 0 in Ω+ and
u = 0 on Λ, then u can be analytically extended into Ω− by the formula

u(x) = −u(RΠ(x)), x ∈ Ω−,

where RΠ stands for the reflection with respect to Π.
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Dirichlet set of the total field

Let Π be a (N − 1)-dimensional hyperplane in RN . A non-void open
connected component Λ ⊂ Π will be called a Dirichlet set of u if u = 0 on
Λ.

Corollary 1. With the notations used in Lemma 2, we suppose that u is a
solution to the Helmholtz equation in Ω vanishing on Λ.

1 If Λ0 is a Dirichlet set of u in Ω+, then RΠ(Λ0) ⊂ Ω− is also a
Dirichlet set of u.

2 If u is singular at y ∈ Ω, then u is also singular at RΠ(y).
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Uniqueness by a single point source: Polyhedra

Notations:

Dl, l = 1, 2 denotes two polygons;

D0 denotes the connected component of D1 ∩D2 containing DC ;

ui(·; y) denotes the point source at fixed y ∈ C.

ul(·; y) and us
l (·; y) denote the total field and scattered field due to

Dl, respectively.

1D

2D

0D

C

CD
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Uniqueness by a single point source: Polyhedra

Proof. Assume that us
1(·; y) = us

2(·; y) on C, we aim at proving
D1 = D2. By the assumption that k2 is not a Dirichlet eigenvalue of −∆
in DC and the unique continuation of solutions to the Helmholtz equation,
we see

u1(·; y) = u2(·; y) in D0\{y}.

If ∂D1 6= ∂D2, without loss of generality we may always assume there
exists a Dirichlet set Λ of u1 in D1.
Define

D := {Λ̃ : Λ̃ is a Dirichlet set of u1 in D1};
γ(t): continuous injective curve connecting y0 = γ(0) ∈ Λ and
y = γ(T );
M = {yn : ∃Λn ∈ D& tn ≥ 0 s.t.Λn ∩ γ(tn) = yn}.

Xiaodong Liu (IAM, CAS) Inverse scattering by impenetrable cavities Apr. 10th, 2015 41 / 44



Uniqueness by a single point source: Polyhedra

Proof. Assume that us
1(·; y) = us

2(·; y) on C, we aim at proving
D1 = D2. By the assumption that k2 is not a Dirichlet eigenvalue of −∆
in DC and the unique continuation of solutions to the Helmholtz equation,
we see

u1(·; y) = u2(·; y) in D0\{y}.

If ∂D1 6= ∂D2, without loss of generality we may always assume there
exists a Dirichlet set Λ of u1 in D1.

Define

D := {Λ̃ : Λ̃ is a Dirichlet set of u1 in D1};
γ(t): continuous injective curve connecting y0 = γ(0) ∈ Λ and
y = γ(T );
M = {yn : ∃Λn ∈ D& tn ≥ 0 s.t.Λn ∩ γ(tn) = yn}.

Xiaodong Liu (IAM, CAS) Inverse scattering by impenetrable cavities Apr. 10th, 2015 41 / 44



Uniqueness by a single point source: Polyhedra

Proof. Assume that us
1(·; y) = us

2(·; y) on C, we aim at proving
D1 = D2. By the assumption that k2 is not a Dirichlet eigenvalue of −∆
in DC and the unique continuation of solutions to the Helmholtz equation,
we see

u1(·; y) = u2(·; y) in D0\{y}.

If ∂D1 6= ∂D2, without loss of generality we may always assume there
exists a Dirichlet set Λ of u1 in D1.
Define

D := {Λ̃ : Λ̃ is a Dirichlet set of u1 in D1};
γ(t): continuous injective curve connecting y0 = γ(0) ∈ Λ and
y = γ(T );
M = {yn : ∃Λn ∈ D& tn ≥ 0 s.t.Λn ∩ γ(tn) = yn}.

Xiaodong Liu (IAM, CAS) Inverse scattering by impenetrable cavities Apr. 10th, 2015 41 / 44



Uniqueness by a single point source: Polyhedra

M is bounded, closed in the sense that yn → y′ implies y′ ∈M.
Therefore we can find some t∗ > 0 such that there exists Λ∗ ∈ D
intersecting with γ(t) at t = t∗ and that

γ(t) ∩M = ∅, ∀ T > t > t∗.

The proof is finished by constructing a connected symmetric domain
Ω ⊂ D1 with respect to the hyperplane containing Λ∗ such that

(1)u1 = 0 on ∂Ω; and (2) y ∈ Ω.
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Summary and outlook

Summary:

1 The factorization method gives quite good reconstructions;

2 Unique determination of a sound-soft ball or polygon by a single
measurement;

Outlook:

1 Uniqueness of the inverse problems for other boundary conditions and
Maxwell’s system;

2 More ”direct” sampling methods;

3 It is time for coffee break!
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4¡À xdliu@amt.ac.cn

Thanks for your attention

X. Liu, The factorization method for cavities, Inverse Problems 30, (2014),
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G. Hu and X. Liu, Unique determination of balls and polyhedral scatterers
with a single point source wave, Inverse Problems 30, (2014), 065010.

H. Qin and X. Liu, The interior inverse scattering problem for cavities with
an artificial obstacle, Appl. Numer. Math. 88, (2015), 18-30.
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