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Abstract

Scattering problems for periodic structures have been studied a lot in the past few
years. A main idea for numerical solution methods is to reduce such problems to one
periodicity cell. In contrast to periodic settings, scattering from locally perturbed
periodic surfaces is way more challenging. In this paper, we introduce and analyze a
new numerical method to simulate scattering from locally perturbed periodic struc-
tures based on the Bloch transform. As this transform is applied only in periodic
domains, we firstly rewrite the scattering problem artificially in a periodic domain.
With the help of the Bloch transform, we secondly transform this problem into a
coupled family of quasiperiodic problems posed in the periodicity cell. A numerical
scheme then approximates the family of quasiperiodic solutions (we rely on the fi-
nite element method) and back-transformation provides the solution to the original
scattering problem. In this paper, we give convergence analysis and error bounds
for a Galerkin discretization in the spatial and the quasiperiodicity’s unit cells. We
also provide a simple and efficient way for implementation that does not require
numerical integration in the quasiperiodicity, together with numerical examples for
scattering from locally perturbed periodic surfaces computed by this scheme.

1 Introduction

In this paper, we present a numerical method for solving scattering problems from locally
perturbed periodic surfaces. Scattering problems for periodic or quasiperiodic incident
fields from periodic structures have been well studied over at least 25 years. The common
way of solving is reduction to one periodicity cell, which avoids the need for computing
numerical solutions in unbounded domains. However, if such reduction fails due to non-
periodicity of the incident field or the surface, one needs to seek for new approaches.

The approach we present in this paper is based on the Floquet-Bloch transform. It
builds up a relationship between a non-periodic problem and a family of quasiperiodic
problems reduced to one single period. With this transform, the scattering problems
from periodic surfaces and non-periodic incident fields have been discussed in [LN15] and
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[Lec16]. Based on these theoretic results, a numerical scheme has been developed to solve
these kinds of scattering problems in [LZ16]. Following this type of technique, we intro-
duce in this paper an algorithm for solving scattering problems from local perturbations
of periodic surfaces that is pretty close to the one from the recent paper [HN16]. Our con-
vergence analysis is for various reasons different, as [HN16] for instance strongly relies on
integral equations in the spatial variable. The source of inspiration for all these techniques
seems to be the paper [Coal2] on wave propagation in full-space periodic media.

To briefly present our numerical approach in some detail, we firstly rely on the Floquet-
Bloch transform, defined on functions living in periodic domains, and hence reformulate
the locally perturbed problem by a suitable diffeomorphism between the locally perturbed
and the purely periodic domain. Applying the Bloch transform to the new problem yields
a family of quasiperiodic scattering problems posed in one single periodicity cell. We state
the classic error analysis for finite element discretizations using low-order approximation in
a. The interesting feature of this discretization is that all integrals in the quasiperiodicity
parameters can be computed by hand, such that standard solvers become attractive to
tackle the full problem. By finite element discretizations for the spatial parts of the
problem and, roughly, the trapezoidal rule discretizing the inverse Bloch transform, one
gets a large but sparse block-linear system to solve. To this end, we use the GMRES
iteration with a specially designed incomplete LU-decomposition as pre-conditioner for
the numerical solution of the linear system.

For Dirichlet scattering problems on perturbed periodic surfaces one can, at least in
two dimensions, of course exploit the corresponding numerical convergence theory for
boundary integral equation approximations from rough surface scattering theory, see,
e.g., [IMACKO00, AHCO02|. There are, however, few methods specifically designed for such
locally perturbed periodic scatterers. In [JLF06, FJ09] and [FJ15], the authors give a
method that approximates the Dirichlet-to-Neumann map on the transparent edges of a
periodic waveguide modeled by the Helmholtz equation. Another method that uses the
so-called recursive doubling procedure constructs the Sommerfeld-to Sommerfeld maps at
artificial boundaries of such a waveguide, see [EHZ09] and [ESZ09]. Both of these methods
are motivated by the infinite half-guide and inspired by the limiting absorption principle.

This paper is organized as follows. In Section 2, we describe the direct scattering
problem corresponding to a locally perturbed periodic surface. In Sections 3 and 4, we use
the Bloch transform to obtain an equivalent family of quasiperiodic problems. In Section 5
we give a discrete inverse Bloch transform and estimate the finite element method applied
to the individual quasiperiodic scattering problems. The numerical implementation for
the Bloch transform based method is illustrated in Section 6. In the last Section 7, several
numerical examples indicate the efficiency of that method. Appendix A briefly introduces
the Bloch transform and some of its mapping properties.

Notation: We denote quasiperiodic Sobolev spaces with regularity s and quasiperiod-
icity a by Hj, such that H{ denotes a periodic Sobolev space and not a space of functions
that vanish on some boundary. Despite functions in Sobolev spaces are merely defined
almost everywhere, we usually omit to write this down. Moreover, C' is a generic constant
with value that might change from one appearance to the other.



2 Locally Perturbed Periodic Surface Scattering

In this section, we model scattering from a local perturbation I', of a periodic surface
' € R% Suppose I' := {(y1, C(11)) : v1 € R} is defined by a A-periodic Lipschitz
continuous function ¢ : R — R, i.e., ((z1 + A) = ((x;) for any z; € R and itself defines
the periodic domain Q = {(y1,12)" : y1 € R, o > ((y1)} above the graph of I'. The
locally perturbed periodic surface I', is then defined via a second Lipschitz continuous
function ¢, : R — R that satisfies

) = Cln) Torall ¢ 5. 5] and defimes T, = {(n, G0 € RE (1)

We further assume without loss of generality that there is Hy > 0 such that both Lipschitz
surfaces I', and I' are included in R x (0, Hy) and introduce the perturbed periodic domain
Q= {(y1,92)" : 11 € R, ya > ((y1)}. Then Q C {y € R*: yp >0} and Q, C {y €
R? : y, > 0} as well. For some positive number H > H, we further introduce truncated
domains

Qup={yeQ:yp<H} and Q) ={yeQ,: y» < H}. (2)

Note that we have for simplicity assumed that ¢ # ¢, only in (—A/2, A/2)!
The scattering problem we consider is described by the Helmholtz equation with Dirich-
let boundary condition for the total wave field u : 2, — C,

Au+ Kku =0 in Q, u=0onT}, (3)

where k > 0 is the wavenumber and ' is the incident field. Moreover, the scattered field
u® := u — u’ satisfies the so-called angular spectrum representation,

L / e VI R @ o) g (e [y de for @y > Hy. (4)
R

wlw) = 2m

Here, /- is the square root extended to the complex plane by a branch cut at the negative

imaginary axis (such that its real part and imaginary part are non-negative for numbers
in the upper complex half-plane), and 4*(¢, Hy) is the Fourier transform of u®|,,—g,, i.e.,

P(€) == Fop(&) = \/%—W /R@_iggn@(l‘l) dr; for ¢ € CF(R,C) and £ € R, (5)

and extended by density to functions in L?(R). Thus, we can define the exterior Dirichlet-
to-Neumann map 7',

Santr ) = i [ VSRR ) dE = T ) (0

Recall from Appendix A the spaces HE/2(I'y) and H!(Qy) with its subspace H(Qp) =
{u € H}(Qy) : u|r =0} of functions that vanish on T



The operator T+ is bounded from H}/*(Ty) to Hy /*(T'y) for all |r| < 1, see [CE10],
and the the variational formulation of (3)-(6) is to find u € H}(QY;) (that is, more precisely,
the restriction of the total wave field to 2, but we omit this fact from now on) such that

J

for all v € HY(QP) with compact support in Q. Due to [CE10] we know that this
variational problem is uniquely solvable for all £k > 0 and all bounded anti-linear right-
hand sides.
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Theorem 1. For |r| < 1 and any incident field u' € H(Qp), the variational problem (7)
possesses a unique solution u € H}(Qp).

3 Quasiperiodic Surface Scattering

The (Floquet-)Bloch transform Jq reduces differential equations involving periodicity to,
roughly speaking, quasiperiodic scattering problems from the unit cell of the periodic
structure. Before exploiting this reduction, we need to recall some results on non-perturbed
periodic scattering. In this section, all proofs are omitted and we refer to Appendix A and
the references therein.

For an incident solution u! to the Helmholtz equation Au’+k%u’ = 0 in €2, the Dirichlet
scattering problem from the periodic surface I' defined in the last section is described for
the total wave field u : 2 — C as in (7) by

Au+ k*u =0 in Q, u=0onT, (8)

subject to the radiation condition (4) for the restriction of u* := u—u' to 'y for some H >

Hy. The variational formulation of this problem is hence to find a solution u € H!(Qy)
to (7) with % replaced by Qp, that is,

/Q [Vu- VU — Kuv] do _/r T+[u”FHEd5:/F [g—;—TJr[ui]‘rH] vds  (9)

for all v € H'(Qy) with compact support in €.

The Bloch transform of a solution u to the surface scattering problem (9) involv-
ing the periodic surface I' solves a corresponding quasiperiodic scattering problem. To
introduce the corresponding variational formulation, we recall the Wigner-Seitz cell
Wi = (=A/2,A/2] of periodicity A and the periodic sets

O ={z€Qp:ax,eWy}, Ta={zel:z,e¢Wy}, and T ={zcTy: z, € Wy},

as well as Sobolev spaces HX(Q4), H:(T'Y), and HE(Wa-; HE(Q)) for quasiperiodicity
a € Wy = (=A*,A*] = (—7/A,7/A] from Appendix A; Wy« = (—xn/A,7/A] is the



so-called Brillouin zone. We first rely on a well-known periodic Dirichlet-to-Neumann
operator T on I'Yy, C T'yy that is continuous from H:™1(T'4) into H(T'%) for all s € R,

JEZ

A
Ty JEZ

Ty ()

(10)
Obviously, T.f is a periodic version of the operator 7" from (6). Second, we introduce
a bounded sesqui-linear form a, on HL(Q%) x HL(Q4) corresponding to the Helmholtz
equation with Dirichlet boundary condition on T',

ao(w,v) = /QA [wa - V.0 — kw(a, )U] de — /FA T <w|1~?[> Ulpa , ds,
H H

and state an equivalence result that can be shown along the lines of Theorem 9 in [Lec16].

Theorem 2. Suppose u® belongs to H(Q2y) for some v € [0,1). Then a function u €
HX Q%) solves (9) if and only if w = Jqu € Hi(Wa~; HL(Q%)) solves

aa(w(a,-),v) = faU,ds  for fo = %jg?ﬂ(&,) _T; [jﬂuz(()é7)‘1‘%i| (11)

T
Jor allv e HL(QY) and almost every o € Wy

The last theorem’s assumption that u’ belongs to H!(Qy) for some r > 0 is in two
dimensions satisfied, e.g., for (non-periodic) point sources or Herglotz wave functions with,
roughly speaking, vanishing horizontal part, see [L.Z16]. The periodic scattering problem
is always uniquely solvable if, e.g., T" is graph of a Lipschitz function, see [BBS94, EY02].

Lemma 3. IfT" is graph of a Lipschitz continuous function, then (11) is solvable for all
(ky, ) € (0,00) x Wi« and the solution operators A, are uniformly bounded in o € Wis.

The solution w = w(a, -) does generally not belong to HE(Wy-; H(Q4)), which follows
actually already from [CEIO].

Theorem 4. Assume that T is graph of a Lipschitz continuous function. If u* € HY(Qp)
forr €[0,1), then the solution w = w(«,-) to (11) belongs to Hg(Whs; HL(QY)) and the
solution u = J5 "w to (9) belongs to Hﬁ(QH) If r > 1/2, then a — w(«,+) is continuous
from Wi- into HL(QL).

Proof. We merely show the continuity result: Reference [CE10] states that the solution u
o (8) belongs to H!(€y) if the incident field decays as indicated for r € [0,1) (even for r €
(—1,1)). The transformed solution w = Jou hence belongs to Hj(Wix; ﬁé(@%)) Ifr>
1/2, such functions are continuous in « due to Sobolev’s embedding theorem (or Morrey’s
estimate) in one dimension (see [Eva98, LZ16]), such that a — w(a, -) is continuous from
Wy into HL(QY) € HY(QY). (The norm in HL(Q4) is simply the norm of H'(Q3)!) In

particular, the evaluations w(a, ) in H, L(Q%) depend continuously on a. O



4 Periodized Quasiperiodic Scattering Problems

Now we start to analyze scattering problems from locally perturbed periodic surfaces based
on the Bloch transform from Appendix A and our knowledge on quasiperiodic scattering
from Section 3. As the variational formulation (7) of the locally perturbed periodic surface
scattering problem is set in the non-periodic space H L), we have to transform it into
a problem formulated in the periodic domain €.

To this end, we use the diffecomorphism @, from Qy into Q7 defined by

R O (Tt . )
0y s (ot S Gl - o). 12)

C(z1

The support of ®, — I is contained in Q4 as the support of (, — ¢ is by assumption
included in [—A/2, A/2], too, see (1). The transformed total field ur = uwo ®, € H}(Qp)
then satisfies by the transformation theorem the following variational problem in Qp,

/ [AquT - VT — kQCp uTW} dx — / T*(ur|r,, )vrds = / {au
Qn

'y Ty 0wy

- T+<u"|rH>] v ds

(13)
for all vy € H' () with compact support in Qg and coefficients

Ap() = [ det VO, (2)[[(VO,(2)) T (Vy(2))71)"] € L(Qm, R*?),
() == | det VO, (z)| € L=(Qp).

We reformulate (13) by applying the inverse Bloch transform composed with the Bloch
transform to the weak solution up. As V®, = I outside 7}, there holds that A, — I
and ¢, — 1 are both supported in Q%, and an explicit computation shows that the Bloch
transform of (A, — I)Vur equals to (A/27)Y/2(A, — I)Vur in the space L?(Qp)?, and the
Bloch transform of (¢, — 1)ur is (A/27)Y2(c, — 1)ur in L?(2y). (Despite, both functions
have compact support in Q%.)

If we assume that the incident field u’ belongs to H!(Qg) for some r € [0,1), then
the Bloch transform wp = Jqur belongs to LQ(WA*;[TICIY(Q/}{)) and satisfies for all test
functions vg € L2(Wy; HL(QY)) that

/WA*CLa(wB(Oé,~>7UB(a, ) da + {%] 1/2/Q (Ap — 1)V (JTg 'ws) .V(m) do

12 b (14)
5]

(e~ 15 waTg ondo = [ [ fla)7mta ) dsda,
A Wyx JTY
for the right-hand side f € HE(Wy-; Ha /2(T'Y)) with f(a,-) € Ha/*(T) given by

ajﬂui(&7 ) + i
fla) = S S~ T [(Fa) ey | (15)
The corresponding coupled strong formulation is

A

1/2
Agwg(a, ) + Kwg(a, ) = — [ﬁ] [v [(Ap = DV (T ws)] + K (e — 1)(J51w3)]

6



with boundary conditions wg(a, <) = 0 on Wy« xI'* and dwg(«, -) /02— Ty [we(c, -)\F?J =
(Tt (av, ) /0xs — TF [(Tou') (e, -)|F/I\J on Wy x T4

Theorem 5. Assume that the incident field u' belongs to H(Qp) for some r € [0,1).
Then ur € HYQpg) satisfies (13) if and only if wg = Jour € Hy(Wy«; HL(Q)) satisfies
(14).

Proof. From the arguments before (14), it is easy to see that if ur satisfies (13), then wg
solves (14). If wg € Hy(Wy-; HL(Q})) satisfies (14), then the property J; ' = Jg implies
that ur = J;, 'ug € H}(Qp) satisfies (13). O

We next consider unique solvability of (14).

Theorem 6. If ', is graph of a Lipschitz continuous function, then (14) is uniquely
solvable in Hi(Wx«; HL(Q%)) for all incident fields u' € H(Qy) for r € [0,1).

Proof. If T', is graph of a Lipschitz continuous function, then [CE10] implies that both
variational formulations (7) and, equivalently, (13) are uniquely solvable in ]:vfrl(QH) for
incident fields in u' € H}(Qy), r € (—1,1). Theorem 5 now implies that (14) is uniquely
solvable, too. O

Before we study error estimates for a discretization of the variational formulation of wg
in the next section, we need to show an auxiliary result on the regularity of this solution.

Theorem 7. Assume that the restrictions of Ou'/Oxy and u' to Ty belong to Hﬁﬂ(FH)
and to H§/2(FH) for r € [0,1), and that ¢ and ¢, € C*Y(R,R). Then the quasiperiodic
solutions wg(a, -) to (14) do all belong to H*(Q%) and the inverse Bloch transformation
ur = Jg 'wy belongs to H*(Qp).

Proof. From [CMO05] we know that the variational problem (7) possesses a unique solution
that is bounded in H'(Qg) by the norm of u’ in H/?(I'y). From the regularity of ¢ and
(p, we deduce that I', is C**-smooth such that elliptic regularity results, see, e.g., [McLO00],
imply that both du’/0z, and the restriction of u’ to I'y itself belong actually to H3/?(I'y).
In turn, these regularity results further imply by localization that u € H?(Qpy) (see,
e.g., [LR10]). Thus, ur = uo ®, belongs to H*(Qy) by the C*!-smoothness of ®,, defined
via ¢, and ¢ in (12), and its Bloch transform belongs to L?(Wy«; H2(24)) by the mapping
properties of Jo: wp = Jour € L*(Wy-; H2(Q4)). For almost every a, the solution wg
to (14) hence belongs to H2(Q%) O

We finally state an equivalent way of writing (14) if the incident field u* belongs to
H}(Qy) for some r € (1/2,1).

Theorem 8. If ', is graph of a Lipschitz continuous function and if u* € H}(Qy) for
r € (1/2,1), then the solution wg € L*(Wy«; HL(Q)) equivalently satisfies for all « € W«



and all v, € HX(QL) that

1/2
ao(wg(a, ), va) + [A} / (Ap — )V (T3 'ws) - Vg do (16)
2m o
-[5] %]
2m Q
Proof. Reference [CE10] states that the solution u to (7) belongs to H}(g) if the incident
field decays as indicated for r € [0,1) (even for r € (—1,1)). As &, merely modifies u in a
bounded region, the transformed field up = uwo ®, decays with the same rate as x; — £oo
and wp = Jour hence belongs to HI (W HX(QY)) € HE(Wye: HY(QY)) for r > 1/2.
Such functions are continuous in « with values in H 1(Q%) due to Sobolev embeddings (or
Morrey’s estimate) in one dimension (see [Eva98, LZ16]).

Thus, we can test equation (14) by Dirac distributions in ag € Wj«, multiplied by
functions v,, € ﬁ}x(Q%), to get that wg solves (16) for each ag € Wi«. In turn, if wp
satisfies the latter (infinite number of ) equations, constructing a complete countable family
of test functions in L2(Wy.: HL(Q4)) shows that wg solves (14) as well. (To this end, one
takes an orthonormal family of the separable Hilbert space L2(Wy~; HL(Q4)); separability
can be shown by first considering functions that are piecewise constant in a and take values

in the periodic Sobolev functions ﬁé(Q 1), and, second, multiplication of these functions
by exp(—iazy).) O

(cp — 1) T 'wp Ug do = fla, ) vy ds.
it ¥

5 The Numerical Scheme and Error Estimates

In this section, we discuss a Galerkin discretization of the variational formulation (14) of
wp together with an error estimate for the solution to the discretized problem. Of course,
this makes it necessary to introduce a suitable finite element space first. We actually chose
the simplest type of (nodal) elements, which is not crucial but avoids technicalities. (For
instance, when using periodic boundary integral equations instead, we would need to take
care of exceptional wave numbers where uniqueness of solution fails.)

We assume hence to know a family of regular and quasi-uniform meshes M, 0 < h <
ho, of the domain Q% such that for each mesh width A the nodes on the right and left
boundary of Q4 have the same height. This in particular ensures that piecewise linear
and globally continuous functions on that mesh can be extended to periodic functions on
a regular and quasi-uniform mesh of €2g. To construct such periodic functions we omit
now all nodal points on the left boundary of Q% denote the piecewise linear and globally
continuous nodal functions equal to one at exactly one of the remaining nodes and zero
at all others by {gog\?}é‘il, and denote the discrete subspace spanned by these functions by
Vi C HH QD). Tt is well-known (see, e.g., [SS07]) that for functions v € HL(QY) N H2(QL)
there holds

mi‘g/l [van = vllaeas) < Ch2_£||v||H2(Q?I) for 0 < h < hy. (17)
VRLEVR



To introduce our finite element space, we introduce uniformly distributed grid points

1 T 1 2 .
ag\,):—x+m a%) a% )—l—MGWA* forj=2,...,N €N,
and consider a bas1s {¢ 1 of the space of functions that are pleceW1se constant on
each interval [ W/(NA) + w/(NA)] for j =1,..., N such that @/JN equals one on

the jth interval and zero else. The finite element space Xy, we consider is spanned by
products of these two bases, multiplied by exp(—iax;),

N M
X = {UN,m,x) = e NS R (@) (2) 0l € c} C L*(Wa-; HL(QY)),
j=1 (=1
N N (18)
It is easy to see that functions in Xy, indeed belong to L2(Wy-; H:(Q4)): Without the
exponential factor in (18) they are clearly periodic in « and in z; as functions defined in
R x Qp; further, multiplication by exp(—iaz;) implies for & € R and = € Qp that

x —1a x 4 x —iax
unn (@, () = MZZ Q) ((75N) = e By, (o, 7)),

=1 /=1

such that vy p(a, ) is a-quasiperiodic and hence belongs to ﬁé(ﬂ%)
Introduce now, abstractly, the sesqui-linear form

A

b(w, v) = {%

1/2
} / [(A4p — I)Vw - Vo — k*(c, — D) wv] dz on H'(Q}y) x H'(QF).
O
For the boundary term f(a,-) = d(Jqu'(a,-))/0zs — TS (Jqu')(e,-) in H;l/Q(FH)
from (15), we now seek a finite element solution wy ), € Xyy to the finite-dimensional
problem

/ aa(wN,h, UN,h) do + b(jgle,h, jS{lUN,h) = / / f(Oé, ) EN,h ds do (19)
WA* WA*

for all vy, € Xn . As functions in Xy, are for fixed x piecewise exponential in v on each

interval [« ]\J, 2 a%)], the inverse Bloch transform in the latter problem can be explicitly

computed:

A 1/2 N /a%)-ﬂr/(NA)

jﬂ_leh(a,x) = |— wy p(o, ) da

| 27 | o1 el —r/(va)
o @)
A2 M o (g) P tm/ (NN
= | —= N oy (T / _ e ' da
|27 | ; ; a)—m/(NA)

=

TA Y2 . Mo - .
= || YR @)D olRell@) = Tk ({wael BL)  (20)
j=1 =1



where . o . _
g%)(xl) — jelan'T1 [efmzvl/(NA) . elwxl/(NA):| /$1 if T 3& 0’ (21>

and g%)(O) = 21 /(NA). Note that (20) hence defines a numerical approximation J, y to
the inverse Bloch transform that we rely on in our numerical examples later on.

Theorem 9. Assume that v’ € H2(Qy) for r > 1/2 and that ¢ and (, are C*' diffeo-

morphisms. Then the linear system (19) is uniquely solvable in Xy for any right-hand
side Tt
u’ , .
flay) = 52 (0, = T (Tow) @) in H(Waes HY2(T)
2
if N > Ny is large enough and 0 < h < hg is small enough. The solution wg € )?N,h

satisfies the error estimate

< Ch'"™"(N7"+h) (=0,1. (22)

Hwth - wBHL?(WA*;Hﬁ(Qg)) HfHHg(WA*;Hé/Q(F/I;))’

Remark 10. (a) Despite we have explicitly introduced the finite dimensional space X Nh
via piecewise linear and globally continuous functions on a mesh of %, Theorem 22 holds
for any family of finite-dimensional spaces that satisfies (17). Of course, (19) is also
uniquely solvable for any other continuous linear form on HJ(Wyx; ﬁé(@%)) as right-hand
side.

(b) The assumption of Theorem 9 for u' applies for instance if u® is the Dirichlet Green’s
function of the half space for all r € (1/2,1), see [LZ16].

Proof. The proof exploits the regularity result in Theorem 7 stating that wg(a;-) €
HZ2(Q4). The latter function is continuous in o by Theorem 8. Solvability of the given
discretized sesqui-linear problem that features a continuous sesqui-linear form that satis-
fies a Garding’s inequality as well as an injectivity condition is due to basic finite elements
theory, see, e.g., [SS07]. The indicated error bound (22) follows from the corresponding
standard convergence estimate

[wwn = wBHm(WA*;ﬁ;(Qg)) = CUN hig)f?m [ wBHLQ(WA* L))
< C(NT" + W) [lwsl| gz oy ;20 (23)

S OINT"+ W g am 2oy

To prove the additional L?(Q4)-estimate, we need to consider the adjoint problem to
find vg € L*(Wy-; H:(24)) such that, for some given g € L?(Wy«; L2(Q%)), there holds

/ ao(w,vp) da + b(JQ_Iw,Jﬂ_lvB) = / / wgdsda (24)
W= Wy J QY

for all w € L*(Wj«; ﬁé(@%)) Conjugating the entire latter equation obviously yields a
Fredholm problem such that is suffices to show uniqueness of solution to deduce existence
of solution. If v € L?(Wy-; HL(Q%)) annihilates the latter sesqui-linear form,

/ o (v,v) da+b(J§1v, jg’lv) =0,
Wi

10



we deduce that v solves as well the homogeneous primal problem (14) and hence vanishes
by uniqueness of the primal problem (see Theorem 6).

The arguments proving the H?-regularity estimate for the solution wg from Theorem 7
directly transfer to the solution vg to the adjoint problem (24), such that there is C' > 0
with [lvs| 2w, 200 < Cllgll2wyes2@a ). Recall that the difference wy,, — wp of the
solutions to the continuous and discretized primal problem satisfy Galerkin orthogonality,

A(wyp — wp, vy p) = / ao Wy — wy, vy ) da + b(JTy  (wnp — we), Ty vns) =0
WA*

for all elements vy € X ~,n of the discretization space. This shows that
(WNnp — W, ) 2wy xad) = AWy — wp, vp) = A(wnp — ws, v — V) (25)
< Cllwnn = wsll 2wy i @) 108 = Unsll 2wy i @)
for all vy € )?N,h. If we choose vy as the orthogonal projection of vg onto XNJL -
L2 (Wy+; HE(Q4)), then firstly
lvg — UN,hHLQ(WA*;ﬁé(Q%)) < Chllvsl| 2wy im202)) < Chllgll 2w,z @a)- (26)
Together with (25), this estimate secondly implies that
(wn,n — ws, 9)L2(WA*X%) < Chljwnp — wBHL?(WA*;ﬁo{(Q/I}I))

holds for all g € L*(Wj-; L2(Q24)) with norm equal to one. In consequence, Theorem 7
and (23) imply that

|wnp — wB||L2(WA*ng) < Chllwnp — wB”L2(WA*;I§'(‘§(Q/I\{))

< CHNT 4 1) £l

Wy s Ha 2 (T4)”

]

6 Numerical Implementation for Locally Perturbed
Surfaces

In this section, we describe the numerical implementation of the variational problem (19)
in detail. For convenience, we solve for the scattered field instead of for the total field and
further periodize all quasiperiodic functions, such that the sesqui-linear forms will become
a-dependent instead of the function spaces.

Recall that the scattered field w*(a,z) = wp(a,x) — (Jou')(a,z) belongs to
L*(Wy+; HL(Q%)) and satisfies the variational problem

/WA* ao(w’(a, ), vp(a, ) da + {%] v /%(Ap — V(TG 'w®) v(m) dx .

A T2
—k? {—} / (cp — 1)jﬂ_1ws jﬂ_lvB dr =0
27T Q/I\{
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for all vg € L*(Wy-; HL(QY)), together with the variationally formulated boundary con-
ditions

/ /  (Fou')(a, )] Ha, ) deda =0 for all t € L*(Wye; HZV2(T)). (28)

We next periodize all functions involved in the latter formulation, that is, we introduce

iy iory

wo(a, x) = e w’(a,x)  and  vo(a,z) = e og(a,z) for (a,x) € Wys X Qy,

such that wy and vg in L2(Wa«; HE(Q)) are for fixed a two A-periodic functions in ;.
Further, to(a, ) = exp(iar;)t(a, x) belongs to L2 (Wix; H_I/Q(F)).

As the gradient V,w*(a, -) transforms to (V,+ice;)(e " *"*wy), the variational problem
(27) for w* equivalently reformulates for wy as

/VVA*

/ [(VI +iaey)wp - (V, — iaey)ty — k’zwo’U_g] dx — /
QA

A
I_‘H

T (wolra )70 ds] da

1/2
+ {%} /Q QI(AP — D)VTG  (exp(—ia )wp) - Tg 'V (exp(—ia-)vo) dz (29)

A T2
— k? {%] /QA (cp — 1) T Hexp(—ia )wg) T (— explia -)vg) dw = 0
for all vy € L2(Wy-; HE () and
/ / [wo(ev, -) — € (Tou') (e, )] To(a, z) ds da = 0 (30)
Wy JTA

for all t € L?(Wy~; Hy 1/Q(FA)). In (29), the modified Dirichlet-to-Neumann map T is
defined on periodic functlons =2 ez P(J) exp(ijAzy) in H*(T4) by

~ [i X VT el e e

JEL.

Tt (p)

(31)

A
FH

For simplicity, we introduce short-hand notation for (31), writing

V (w,v) = lﬁ

2T

] : /QA [(Ap — )V I (exp(—ia)w) - VI (exp(—ia -)v) (32)

— k*(cp — 1) T Hexp(—ia )w) Tt (exp(—ia )v)] dx

for arbitrary w,v € H'(Q}) and abbreviate the term inside the a-integral in the first line
in (29) by a, (wo,vp). Then (29) reads

/ a,,(wo(a, -), vo(a, -)) da+ V' (wp,v9) =0 for all vy € XNh (33)
Wi

12



Let us emphasize that o' implements the coupling due to the perturbation of the periodic
surface between the different quasiperiodic components of the Bloch transformed solution.

We next discretize the latter family of problems by finite elements and recall from
the definition of the finite-dimensional approximation space Xy in (18) the piecewise

constant set of functions {wN ', in «, as well as the piecewise linear and globally con-
tinuous nodal basis {¢ M}l:1 of the finite-dimensional approximation space V, C HZ(Q4)
of basis functions that vanish on I'*. We now introduce a larger approximation space
Vi, = span{wg\l},}lM | with M’ = M'(h) > M spanned by all basis functions defined on the
mesh, i.e., also those that do not vanish on I'*, such that go() g\l} for 1 << M and

l !
Vi, := span{p\) 3, © HL(QS).

If we denote the nodes of the mesh defining V), by 1'5\14),, . ,xs\%l), then 905\7;,) is piecewise

linear on each triangle of the mesh and satisfies @%?,(xg\?, ) =0 for 1 < ¢,m < M'. In

particular, the mesh functions go%ﬂ), e ,gp%l) are linked to the nodes x%“), e 7355\%/)
that are contained by I'*; these basis functions hence yield the boundary values of a

function in Vj,. This finite element space V}, then defines

N M

Xnp = {th(a r)=¢e ‘amlzz Qw gOM,( x): v]\],Q € (C} C LA (Wy-; HE(QY))
7j=1 1=1
| | (34)
as well as subspaces ij,jzl of functions that are constant in a € (ag\j,) — /(N A),am

m/(NA)],
M’
‘ !
Y = {vm @) = D ek (@)ean(e) vl € C} C LA (Wae; HY(Q)  (35)
for j =1,..., N, and a corresponding subspace of functions that vanish on I',

l),(x):v](VhG(C h—Olf(p

ot
%

I
—N—
<

zg
;“
Q
8
T ME

" géo}. (36)

Thus, setting
Yo, =Vhe -avy) ad Y9, =YVhe oYy, (37)

we note that the solution wy € Xy, to (33) can be represented by a unique element
(w(()j));y:1 in Yy, as wo = exp(—ia(-)1) Z;V Lw. (Here, (-); denotes the first component
of the function’s argument.) The inverse Bloch transform J;, ' applied to exp(—ia(-);)wo
that implicitly appears in (33) hence equals the numerical inverse Bloch transform Ja. N

from (20), applied to {exp(—ia%)( )Qwéﬁ(a%), )}j,vzl,

J)

Ta (exp(=ia())we) = Tk ({wwa@f, N0 ) = Jak ({e7V Ol (0,170 )

13



The latter equation actually shows via (20) how we implement the Bloch transforms in
the form o' from (33) in our numerical examples.

The Galerkin discretization (33) can now be reformulated via the tuple (w[()j ))j}f:l €Yy,
just introduced,

W+ /(NA) ,
Lo o da b (e (o) = 0 (39)
a]\J, —7/(NA)

for all tuples (vél), e ,’U(()N)) € }7]87,1 and j = 1,...,N. The boundary conditions (30)

on I'* can be implemented directly at the nodal points of the finite elements: To this
end, consider all nodal points az'g\]/‘[/{ﬂ), :cg\%) on I'* and denote the corresponding basis
function of V}, by 905\?,) ,m=DM+1,..., M. The first coordinate of these points hence is

(z\))1, such that we impose that

2

(4.0 PR o), ®
mwoj (a:M,):/ e\ (Jou) (a, xyp)da, 1< j< N, M+1<(< M.

o —x/(NA)

(39)
For notational simplicity, let us now identify the function v(] ) e YIS, 2” which is by construc-
tion supported in [aN m/(NA), aN —|—7r/(NA)] x Q& with the element (0, . .. ,v(() ),...0)

in YN’h, and further set a;(w, U(()j)) = <§% y //((]ifvli\)) ! (w, v((]])) da as well as
N —T

b ({w§ e, o) =0 ({w}e, v§’)  for j=1,...,N.
(N

Then we get the following discrete variational problem for (wg”), € Yy, that is equiva-
lent to (38),

d}(w(()j),v(()j))—i—b ({wo)}g, ) 0 forj=1,...,N

and all (v(()l), . ,v(()N)) € }7]8’,1, together with the constraints
)
: NA +r/(NA) (@) .
@) =50 [ el e da= 6 @
27 Jold —mj(va)

for j=1,...,Nand £ = M +1,..., M'. The last equation is due to our choice of the
finite element space V}, equivalent to (39).

Numerically, we actually solve a slightly restructured linear system that relies on a
further unknown wuy, = Z].\ill ugf)gog\j}, € Vi, C HY(Q%) that equals the (discrete) inverse

Bloch transform of (wél), - ,w((]N)) € Yy . In our discretization, the constraint

(20 2 X i J i
) = T fep(-ia (ui?)) 2 | 2] TS @ @) )

is added to the linear system as a constraint for (w(()j ))j.V:l = (Zn]‘f/ L wg\],’h )905(;,)) €Yy,

(The weight functions g%) have been explicitly defined in (20).) To this end, recall the

14



M’ nodal points xg\ij),, e ,x%) of the mesh defining the periodic finite element space V},

that are not on I'*, as well as the M’ — M nodes xg\%ﬂ), x%) on I'*. Also recall the
basis functions cpg\?, of V}, linked to these nodal points by the conditions 905\?, (xggl/)) = Op.m-

Abbreviating Om = gos\zn,) the discrete solution W = (w((]l), . w(()N)) € Yy, with w(()j ) =

S w(] ) )gom solves the linear system

M M

~ Z’m .

aj(gpm,gpg)wg\m)—kz ({pntn), 0 )ul™ =0 foré=1,...,M, j=1,... N,
m=1

m=1

w%:?:c%?h(xﬁé)) for ¢ =M+1,....,M" j=1,...,N,

(m) AMPE @ (™, (j,m) ,
L/ Zg xM, eton (@ )th =0 form=1,...,M. (42)
If we introduce vectors U = (ug), . ,u,(lMl))T, W; = (w%’,ll), . w%’hM/ )", and F; =

(F(E)) ' where F( =0for ¢ =1,....M and F} = %)h(xM) for { = M +1,...,M,
then (42) is equlvalent to the quadratic matrix-vector equation

A 0 - 0 Gy Wy Fy
0 Ay --- 0 Wy Fy
: : : : : : = ; e CIV+DM’ (43)
0 0 - Ay Cn| |Wn Fy
By By --- By Iy U 0

with complex M’ x M’-matrices A; and C; defined by A;(m,l) = a;(¢m, pr)) for 1 <m <
M,1 << M and Aj(m,{) = 4 else, as well as C;(m, 1) = bj(pm, pr) for 1 <m, 0 < M
and Cj(m,l) = 0 else. Further,

1/2 . ) ’
B == 5] e[ () ) g () e (),

A N
for j = 1,..., N. Of course, after solving this linear system, we have already com%)uted
the discrete inverse Bloch transform wuj; of the individual solutions (w](\})h, . th via

U. Multiplying u, € Vi, C H}(QY) by exp(—iaz;) yields an approximation in QA to
the transformed solution ur = u o ®, to the surface scattering problem from the locally
perturbed periodic surface I', we considered originally. Consequently, u itself can on QL
be approximated via the formula u = ur o ®_*.

When solving the large linear system (43) of size (N 4 1)M’ x (N + 1)M’, one needs
to employ an iterative method, as direct solvers become inefficient (at least without par-
allelization). We chose the GMRES iteration as solution method and pre-condition it in
two steps:

(1) Construct an incomplete LU decomposition (L;, U;) for each M’ x M'-matrix A;, for
n =1,2,...,N. Define the lower triangular matrix L = diag(L4,..., Ly, Iy) and
the upper triangular matrix U = diag(Uy, ..., Uy, Iy).

15



(2) Use the GMRES iteration procedure with (L, U) be the pre-conditioner with a tol-
erance ¢ > ( that we typically choose to be e = 107°.

This choice certainly is somewhat preliminary as we did not perform large-scale tests agains
other preconditioners, and in particular not against parallelized solvers, to tackle (43).

7 Numerical Examples

In this section, we give some numerical results for the above-presented Bloch transform
based method, discretized in (43), together with error estimates and computation times to
indicate efficiency. We always choose the incident field as the half-space Dirichlet’s Green’s
function

' 1
u'(0) = Glayy) = 7 | Hy (Kl —y) = Hy (o /)|, x#y e RY,

where y' = (y1, —y2) " is the mirror point of the source point y € R? := {y € R*: 3 > 0}.
The source point y € R is in all experiments located below both the periodic and the
locally perturbed surfaces on the one hand, and the z;-axis on the other hand. This
artificial scattering problem then possesses G(-,y) as an explicit solution, which makes the
explicit computation of the error of the resulting solution very simple.

Recall that sinc is the smooth function defined by sinc(t) = sin(t)/t when ¢t # 0 and
sinc(0) = 1, fix the period A as 27, set a(j) = j + o € R and

. k2 —a(j)?  ifa(f) <k,
B(j) = {i a(j)? — k2 if a(j) > k,

such that the incident field has the form

1
o

(Fet) (o, 2) Z W@ =y)+BOT2g6i00(8()1y) 1o for xo > ys. (44)

jez
We give the numerical results for two different periodic surfaces given by

sin(t) sin(t)  cos(2t) |

3 4

filt) =1+ and  fo(t) = 1.9 +

For each surface, two perturbations are considered:

1 m(t+2)
— - 7 —2<t<
g1(t) = exp (t(t n 2)) (cos [ 5 } + 1) for —2 <t <0 and 0 else, and

1

it = (=g

) sin [7(t 4 1)] for —1<¢<1and0 else.

The surfaces I'y, I'y, I's and 'y are four locally perturbed periodic surfaces defined by

Fig={(z, fi(t) + 912(t)) : € R} and Ts4 = {(z, f2(t) + g12(1)) : © € R}.

16



(d) fa+ g2

Figure 1: (a)-(b): The two surfaces I'i 5 defined by the unctions f; and perturbations ¢,
and go; (c)-(d): The two surfaces I's 4 defined by the functions f, and perturbations ¢
and ¢go. The dotted lines mark the periodic surfaces and the solid lines mark the locally
perturbed ones.

(c) fa+ o

For each surface, we chose H = 4 and evaluated the numerical solutions uy ; on Q2m
for two different source points, ie., y = (0.5,0.4)" and y = (=2,0.2)7 and two wave
numbers k = 1 and k& = 10 by numerically solving the linear system (43) by the described
preconditioned GMRES algorithm. As mentioned, the exact scattered field equals (minus)
the incident field, which allows to compute relative errors |lunn — ul|2qzr)/||ul] L2(zr)-

Table 1 and Table 2 show the relative errors for the numerical solutions for the surface
I'y, Table 3 and Table 4 shows the results for I'y, Table 5 and Table 6 show the results for
I's, and the results of I'y are in Table 7 and Table 8. For each example, the results are
computed for mesh sizes h = 0.16,0.08,0.04,0.02,0.01 and N = 20, 40, 80, 160, 320.

| | h=016 | h=008 | h=0.04 [ h=002 [ h=001 |

N =20 8.55E—-03 | 7.39E-03 | 7.25E-03 | 7.22E-03 | 7.21E-03
N =40 4.83E-03 | 290E-03 | 2.69E-03 | 2.66E—-03 | 2.65E—03
N =380 3.92E-03 | 1.38E—-03 | 1.03E-03 | 1.00E-03 | 9.94E—04
N =160 3.73E—-03 | 9.56E-04 | 4.56E-04 | 4.11E-04 | 4.07TE-04
N = 320 3.68E—-03 | 8.57TE—-04 | 2.77TE-04 | 2.36E—-04 | 2.32E—-04

Table 1: Relative L?-errors for Example 1 (surface I'y, source at y = (0.5,0.4)", k

).

As is shown in Tables 1-8, the relative error decreases in N and h up to error stagnation.
For wave number £ = 1, the error caused by N is the dominant one, such that the error
decrease as h gets small is sometimes comparatively small, see Tables 1, 3, 5, and 7. For
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| h=008 | h=004 | h=0.02 | h=0.01

N =20 3.79E-01 | 1.02E-01 | 3.99E—02 | 1.35E—02
N =40 3.80E-01 | 1.01E-01 | 2.84E-02 | 7.20E—03
N =80 3.81E—-01 | 1.01E-01 | 2.64E-02 | 6.02E—03
N =160 3.81E—-01 | 1.01E-01 | 2.61E-02 | 5.82E—-03
N = 320 3.81E-01 | 1.01E-01 | 2.32E-02 | 5.78E—03

Table 2: Relative L?-errors for Example 2 (surface I'y, source at y = (—2,0.2)7, k = 10).

| | h=016 | h=008 | h=004 | h=002 | h=001 |

N =20 8.98E—-03 | 740E-03 | 7.32E-03 | 7.32E-03 | 7.32E—-03
N =40 5.98E—-03 | 2.94E-03 | 2.69E-03 | 2.68E—03 | 2.69E—03
N =380 5.50E-03 | 1.61E-03 | 1.03E-03 | 9.67TE—04 | 9.97TE—-04
N =160 5.45E-03 | 1.34E—-03 | 5.00E—-04 | 4.04E—04 | 4.00E—04
N = 320 5.45E-03 | 1.31E-03 | 3.76E—-04 | 2.28E—-04 | 2.17TE—04

Table 3: Relative L?-errors for Example 3 (surface I'y, source at y = (0.5,0.4)7, k = 1).

k = 10, this is the exact opposite, see Tables 2, 4, 6, and 8. When A is small enough
(see the results for h = 0.01 in Figures 1, 3, 5, 7), the relative error decreases faster than
the rate O (N~!) than proved theoretically in Theorem 9. In Tables 9 and 10, we also
show the computation times of our serial code imlemented in MATLAB for Examples 5
and Example 6 computed on a workstation with an INTEL i7-4790 processor (8 cores at
3.60 GHz) and 32 GB RAM. This data excludes the smallest mesh size and the largest
discretization of the Brillouin zone Wy« that we merely treated on a comparatively slow
workstation with significantly larger memory of 264 GB.

Finally, we balance the two error terms in the L?-estimate |Juy j, — ullp2iany < CIN~'+
h?] from (22) by choosing h = coN~2 for ¢y = 2/(5v/5) and N equal to 20, 80, 320.
The (N, h) pairs are hence (20,0.04), (80,0.02) and (320,0.01). Figure 2 shows plots in
logarithmic scale of the relative L2-errors for the eight examples from above. The slopes
for Examples 1, 3, 5, and 7 is roughly about —1.42, for Example 2, 4, 6, and 8 they are
roughly about —1. This means that the numerical results converges at the rate of N=! or
even faster than shown in Theorem 9.

A The Floquet-Bloch transform

We briefly recall mapping properties of the (Floquet-)Bloch transform Jq; standard refer-
ences on this topic are [RS78] or [Kuc93], but see also [F1i09, Annexe B]. We define that
transform on smooth functions u : 2 — C with compact support in €2 by

A

2

1/2
} Zu(mg-ci;Aj)eiAja’ x:(gé)eﬁaeﬂg (45)

JEL.

Jau(a, ) = {
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| h=008 | h=004 | h=0.02 | h=0.01

N =20 3.78E-01 | 1.03E-01 | 2.78E—02 | 1.43E—-02
N =40 3.77E-01 | 1.03E-01 | 2.66E-02 | 7.20E—03
N =80 3.78E-01 | 1.03E-01 | 2.65E—02 | 7.16E—03
N =160 3.78E-01 | 1.03E-01 | 2.64E-02 | 6.96E—03
N = 320 3.78E-01 | 1.03E-01 | 2.64E-02 | 6.92E—03

Table 4: Relative L?-errors for Example 4 (surface I'y, source at y = (—2,0.2)7, k = 10).

| | h=016 | h=008 | h=004 | h=002 | h=0.01

N =20 8.87TE—-03 | 7.80E-03 | 7.69E-03 | 7.67TE—03 | 7.67TE—03
N =40 491E-03 | 3.02E-03 | 2.82E-03 | 2.80E—03 | 2.80E—-03
N =80 4.01E-03 | 1.45E—-03 | 1.08E—-03 | 1.06E—-03 | 1.04E—-03
N =160 3.84E-03 | 1.06E-03 | 4.75E—-04 | 4.23E—-04 | 4.21E-04
N = 320 3.81E-03 | 9.83E—-04 | 2.99E-04 | 2.21E-04 | 2.19E-04

Table 5: Relative L2-errors for Example 5 (surface I's, source at y = (0.5,0.4) ", k = 1).

(The same transform for functions defined in Qp is denoted by Jqo as well.) One easily
computes that Jou(a, ) is a-quasiperiodic with respect to A,

1/2
e (220) =[] (40 e = Mot (a9

2 ,
JEZ

for x = (z1,29)" € Q. Further, Jou(-, ) is for fixed 2 a Fourier series in o with basis
functions a — exp(iAj «) that are A* = 27/A periodic. Thus, introducing the unit cell

and the Brillouin zone as
A A A A* T T
Wa = (“7—} and Wa: = (—?ﬂ - (‘K’X}

implies that knowledge of (o, z) — Jo@(a, ) in Wy« x QF (or Wi« x Q) defines the Bloch
transform Jqu(a, z) everywhere in R x Qpy (or R x ).

This observation reflects in mapping properties of the Bloch transform. To this end,
recall the Bessel potential spaces H*(2) for s € R, together with their weighted analogues
H:R) == {p € D'(R) : 21— (1+|21/*)"%p(21) € H*(R)} for s,r € R, equipped with
their natural norms. The spaces H*(2y) are defined analogously and H?(€Qy) contains all
u € D'(Qy) such that (1 + |z,]?)"?u(x) € H*(Qp).

For s € R we further rely on the subspace of quasiperiodic functions HZ (W) of D'(R, C)
(see (46) for a definition of a-quasiperiodicity). This space contains all a-quasiperiodic
distributions ¢ with finite norm (||| gs (w) = (Zjez(1+|j|2)s |9(5)|?)/? for o € W+, where
&(j) is the jth Fourier coefficient of ¢ (the dual evaluation between ¢ and exp(i(A*j —
) z1)/| det A|*/2). Functions in these spaces can be represented by their Fourier series,

1 A\ (A j—a)x : S
p(a1) = [det AJ1/2 Z%O(J)e(A TR in HE(W).
jez
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| h=008 | h=004 | h=0.02 | h=0.01

N =20 3.93E-01 | 1.06E-01 | 2.88E—-02 | 1.55E—02
N =40 3.94E-01 | 1.06E-01 | 2.78E—-02 | 1.14E-02
N =80 3.94E-01 | 1.06E-01 | 2.77TE-02 | 1.08E—02
N =160 3.94E-01 | 1.06E-01 | 2.77TE-02 | 1.0TE—02
N = 320 3.94E-01 | 1.06E-01 | 2.32E-02 | 1.0TE—02

Table 6: Relative L?-errors for Example 6 (surface I's, source at y = (—2,0.2)

|

| h=016 | h=008 | h=004 | h=002 | h=0.01 |

N =20 9.23E-03 | 7.83E-03 | 7.76E-03 | 7.76E—-03 | 7.76E—03
N =40 5.71E-03 | 3.06E-03 | 2.83E—03 | 2.82E—03 | 2.83E—-03
N =380 5.08E—-03 | 1.61E-03 | 1.07E-03 | 1.04E-03 | 1.04E-03
N =160 5.01E-03 | 1.32E—-03 | 4.88E—-04 | 4.03E-04 | 4.04E—-04
N = 320 5.01E-03 | 1.29E-03 | 3.48E-04 | 2.28E—04 | 1.93E—04

T k=10)

Table 7: Relative L?-errors for Example 7 (surface Ty, source at y = (0.5,0.4)7, k = 1).

The analogous spaces for functions defined in Qy are H:(QY) = {u € D'(R x (0,H)) :
u is a-quasiperiodic in z; and belongs to H' ()} with the usual H'-norm on Q.

Next, we consider all distributions in D'(R x Q) that are A*-periodic in their first
variable a and quasiperiodic in the first component x; of their second variable x, the
quasiperiodicity being equal to the first variable. For integers » € N and s € R, these
distributions define norms

14
2
P S M
,Y:l WA*

and Hilbert space H{(Wy+; H3(Qy)) as set of those distributions with finite
HE(Wp+; H3(Qpr))-norm. Interpolation in ¢ and a duality argument allow to define these
spaces for all £ € R. B

For a regularity result, we actually also require the family of spaces Wy (Wi H:(Q%))
for 1 < p < oo, that are defined by replacing the H™-norm in « by a WP-norm; the pth
power of the norm of these spaces equals

Iy = [ (19060 Iy g+ W@ o ] da 125 < o0,
A*

For all spaces introduced so far involving Q, Q, Q, or Q4 it is convenient to define the
closure of smooth functions that vanish in a neighborhood of I" or I'* in the norms defined
above; the corresponding subspaces are then denoted by H:(QH), HY (Wy; H:(Qyr)), and
SO on.

Theorem 11. The Bloch transform Jq extends to an isomorphism between H:(Qy) and
Hy(Waw; H3 (%)) as well as between H3(Qp) and Hi(Wa-; H3(Q%)) for all s,r € R.
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| h=008 | h=004 | h=0.02 | h=0.01

N =20 4.36E-01 | 1.19E-01 | 3.19E-02 | 1.64E—-02
N =40 4.36E-01 | 1.19E-01 | 3.09E—-02 | 1.23E—-02
N =80 4.37E-01 | 1.19E-01 | 3.08E—-02 | 1.17E—-02
N =160 4.37E-01 | 1.19E-01 | 3.07E-02 | 1.15E—-02
N = 320 4.37E-01 | 1.19E-01 | 2.64E-02 | 1.15E—-02

Table 8: Relative L?-errors for Example 8 (surface I'y, source at y = (—2,0.2)7, k = 10).

] | h=016 [ h=008 | h=004 | h=0.02 |

N =20 0.74 3.3 25 277
N =40 1.5 74 95 580
N =380 3.7 19 126 1242
N =160 9.3 95 316 2740

Table 9: Solution time in seconds for Example 3 (surface I's, source at y = (0.5,0.4) ",
kE=1).

Further, Jq is an isometry for s = r = 0 with inverse

A

27

1/2
(T3 w) (M) = { } / w(a, z)e M da for z € QY. (48)
W
We actually merely consider the inverse Bloch transform in Q4 where the exponential
factor in the latter integral can be omitted.

Finally, we introduce Sobolev spaces on I'y and I'Yy = {x € Ty : 2, € W} C T'y by
identifying 'y with R and T'% with W). The resulting spaces are then denoted by H*(I'y),
H:(TY), and H(Wy«; H2(T%)) for s, € R. For s = 4:1/2 it is well-known that these are

natural trace spaces of volumetric H'-spaces, see [McL00].
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| | h=008 | h=004 | h=0.02

N =20 8.4 43 341
N =40 20 95 691
N =80 46 217 1500
N =160 120 231 6524

Table 10: Solution time in seconds for Example 6 (surface I's, source at y = (—2,0.2) ",
k = 10).
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Figure 2: The relative L%-errors for the eight considered examples with h = ¢oN /2
plotted in logarithmic scale over N.
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