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Abstract. Imaging mass spectrometry (IMS) is a technique of analytical
chemistry for spatially-resolved, label-free and multipurpose analysis of biological
samples, which is able to detect spatial distribution of hundreds of molecules in
one experiment. The hyperspectral IMS data is typically generated by a mass
spectrometer analyzing the surface of the sample. In this paper, we propose
a compressed sensing approach to IMS which potentially allows for faster data
acquisition by collecting only a part of pixels in the hyperspectral image and
reconstructing the full image from this data. We present an integrative approach
to perform both peak-picking spectra and denoising m/z-images simultaneously,
whereas the state of the art data analysis methods solve these problems separately.
‘We provide a proof of the robustness of the recovery of both spectra and individual
channels of the hyperspectral image and propose an algorithm to solve our
optimization problem which is based on proximal mappings. The paper concludes
with numerical reconstruction results for a IMS dataset of a rat brain coronal
section.

PACS numbers: 02.30.Zz, 82.80.Rt, 87.85.Ng, 07.05.Pj, 02.60.Cb

AMS classification scheme numbers: 47A52, 68U10, 94A12, 49N30, 49N45

1. Introduction

1.1. Mass spectrometry

Mass spectrometry is a widespread technique of analytical chemistry used to determine
the molecular composition of a biological or chemical sample. The way this task is
accomplished is through experimental measurement of the mass-to-charge ratio of
gas-phase ions produced from molecules from the underlying analyte.

Apart, mass spectrometry is a technique of choice in various fields of biology
and medicine. Among prominent applications are protein sequencing and discovery of
novel biomarkers in urine, serum, or blood for such diseases as cancer, diabetes and
neurodegenerative disorders.
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Figure 1. Imaging mass spectrometry data acquired from a rat brain tissue
section, adapted from [3]. Each spot on the z,y-grid on the sample in (a)
corresponds to one spectrum (b). An m/z-image corresponding to a m/z-value
represents the spatial distribution of the ions with this m/z-value, (¢) and (d).

1.2. Imaging mass spectrometry

Imaging mass spectrometry (IMS) is a mass spectrometry-based technique for spatially
resolved chemical analysis. In this paper, we consider MALDI-IMS which uses the
MALDI-TOF (time-of-flight) mass spectrometer. Given a tissue section, a MALDI
imaging mass spectrometer acquires mass spectra at discrete spatial points across
the sample surface, providing a so-called datacube or hyperspectral image with a
mass spectrum acquired at a single pixel [T, 2], see figure [l A mass spectrum
represents relative abundances of ionizable molecules with various mass-to-charge
ratios (m/z), ranging from several hundred up to tens of thousands m/z. A channel
of a MALDI datacube corresponding to a particular m/z-value is called an m/z-image
or a molecular image and expresses the relative spatial abundances of molecular ions
with this m/z-value.

MALDI-IMS data is large, with a typical dataset containing 10,000-100,000
spectra across 10,000-100,000 m/z-values. In this paper, we propose a compressed
sensing approach to MALDI-IMS which would allow for faster data acquisition by
collecting only a part of a hyperspectral image and reconstructing the full image from
this data. Instead of acquiring spectra independently for each pixel, we propose to
perform a sequence of measurements which results in so called measurement-mean
spectra. We then show how to reconstruct the full dataset from these spectra.

1.3. Compressed sensing and its applications to hyperspectral imaging

The combination of classical Shannon-Nyquist sampling and compression steps is one
of the main ideas of compressed sensing (CS). It turns out that it is possible to
represent or reconstruct data using sampling rates much lower than the Nyquist rate
[4, B [6]. More formally, given a signal or data 2 € R™, we do not need to acquire n
periodic samples to return to the discretized signal z. Instead, it suffices to take only
k=1,...,m < n linear measurements y; € R using linear test functions p; € R™ (i.e.
yr = {pr, ) + 21 ), with some additive noise zj € R and noise level ||z| < e. In matrix
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notation this reads
y=dx+ 2, (1.1)

where & € R™*™ is called the measurement matrix and has rows filled with the
functions @g. Using the a-priori information that the signal x is sparse or compressible
in a basis ¥ € R™*"™ we can then recover the signal x under suitable assumptions on ®
and ¥ from the measurements y; with the basis pursuit approach, that is, by solving
the following convex optimization problem

argmin | A|; subject to |y — ®WA[2 < e. (1.2)
AeR™

One of the many applications of CS is in hyperspectral imaging. A hardware
realization of CS in that hyperspectral situation applying the single-pixel camera [7]
has been studied in, for example, [§]. From the theoretical point of view mathematical
models have been studied for CS in hyperspectral image reconstruction under certain
priors [9, [I0, I1]. Suppose that we have a hyperspectral datacube X € R"=*"vx¢
whereas n, x n, denotes the spatial resolution of each image and c the number of
channels. By concatenating each image as a vector we have X € R"*¢ with n := ng-n,.
In the context of CS, we aim to take m « n measurements for each spectral channel
1 < j < ¢ [10, 01] and formulate a reconstruction strategy based on hyperspectral
data priors. For example in [I1] the authors assume the hyperspectral datacube to
have low rank and piecewise constant channel images. Therefore the following convex

optimization problem is presented

C
argmin | X ||, + 7 Z |X;|rv subject to |V —®X|r <e, (1.3)
XeRnxc izl
where | - |« and | - |7v denote the nuclear norm (the sum of the singular values) and

the TV semi-norm respectively. Furthermore the notation
X=X :=(QoC)X, j=1,...,¢c (1.4)

is used, where C'; maps from a hyperspectral data matrix to its j-th image in vectorized
form and 2 concatenates it to an n, x n, image. 7 is some positive balancing
parameter, and the linear operator ® is the measurement matrix as previously
described. The reason for using the nuclear norm as one of the regularization terms
arises from the fact that hyperspectral data often has high correlations in both the
spatial and the spectral domains.

Another application of CS in hyperspectral imaging is in calculating a compressed
matrix factorization or a (blind) source separation of the data X € R"*¢, for example

X =SHT, (1.5)

where S € R"™P is a so called source matrix, H € R*? is a mixing matrix and
p < min{n, ¢} denotes the number of sources in the data (known a priori). This model
has been recently studied in the case of known mixing parameters H of the data X
in [I2] and with both matrices unknown in [9]. If H is known and if the columns of S
are sparse or compressible in a basis ¥, the problem in [I2] becomes

argmin |A|; subject to |Y — ®HUA|; < ¢, (1.6)
AeR™
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Figure 2. An illustration of a peak-picking approach in mass spectrometry,
first published in the proceedings of SampTA 2013 published by EURASIP [17].
Instead of finding a reconstruction X via XT = WA, we aim to directly recover
the features A. Dashed line (- - -): Reconstruction of the i-th spectrum, i.e.
)2(7;") = (\Ilf\)(l) Solid line ( ): Only the main features of the i-th spectrum

A(. i), l.e. the main peaks, are extracted.

where i = p-n, H = H®]I,, with denoting ® the usual Kronecker product and I,, the
n x n identity matrix. The authors in [I2] also studied the case where the ¢;-norm in
(T9) is replaced by the TV norm with respect to the columns of S, Z?:l |S; v, where
S; is defined as in ([.4) with proper dimensions. In this instance, solving (L.6) yields
a decomposition as in (L)), where the columns of S contain the p most representative
images of the hyperspectral datacube and the rows of H contain the corresponding
pseudo spectra.

In this paper we investigate a reconstruction model for hyperspectral data similar
to (L3) and (L6), but with special motivation for IMS data. Let X € R, be the
hyperspectral IMS data and assume that there exists a sparse decomposition of the
spectra X(; ) € RS for i =1,...,n with respect to some basis ¥ € R{*“, i.e.

XT = wA (1.7)

where A € R{". By applying compressed measurements via ® € R™*" and (I4), our
minimization problem then becomes

argmin [A] + Y [Aj|rv subject to [Y — @ATYT|p <&, A>0. (1.8)
AGRCX" N
j=1

Since we know a-priori that mass spectra in IMS are typically nearly sparse or
compressible, we use the ¢1-norm as one regularization term [13] [14]. The TV-term is
used because the m/z-images have sparse image gradients [I5]. A detailed derivation
of the functional (L8] is presented in sections B3 and B4

1.4. Contributions and paper organization

This paper introduces a novel compressed sensing model able to reconstruct a full
IMS dataset from only partial measurements. Moreover, with respect to (7)) and the
related work of Louis [I6], we aim to directly reconstruct the main features A from the
measured data Y without inverting the operator ¥ with a sparsity constraint as done
n [13]. More precisely, we aim to directly reconstruct the features A from X7 = WA
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from only m « ng - ny measurements, see figure[2l Usually in compressed sensing for
hyperspectral imaging, the restriction on the number of measurements m is weaker
since the number of channels is also taken into account, i.e. ™ = m-c K ng - ny - ¢,
see e.g. [9, 12]. In our case the number of measurements does not scale with the
number of channels since in MALDI-IMS we are restricted to measure a spectrum at
each pixel.

While reconstructing the data, we extract its features in both the spectral and the
spatial domains by peak-picking using the ¢1-norm as well as image denoising with the
TV semi-norm, both of which are common IMS postprocessing steps [15] [13]. We also
prove, under certain assumptions, the robustness of the recovery of both the spectra
and the m/z-images.

Since we would like to reconstruct the full dataset we do not need to know the
number p of the mixing signatures of the underlying data, which makes this approach
different from [9] [12]. Moreover, unlike in [9, [I2] we assume our spectra rather than
the images of the channels to be sparse or compressible in some known basis.

This paper is organized as follows: In section 2l we give the mathematical notation
and background used in this paper. In sectionBlwe derive our mathematical model for
compressed sensing in IMS in which peak-picking in the mass spectra as well as spatial
denoising in the m/z-images is applied simultaneously. We also prove the robustness
of the reconstruction of both the spectra and the m/z-images. Numerical results on
an IMS test dataset are presented and discussed in section[Bl Section [0l concludes with
a general discussion on our proposed model as well as ideas for future work.

2. Preliminaries

For p > 1, we denote the matrix p-norm by | A, = (372, 37, [ai;[?)'/? for a matrix
A € R™*" which is induced by the £,-vector norm [z[¢, := (3, |2|P)"/? for some
x € R". For p = 0 this is |z|o := |z|le, := |supp(z)| := [{z; | z; # 0}], but it is
neither a norm nor a semi-norm. However, we will refer to it as the £p-“norm” [18].
The corresponding £y-“norm” for matrices can be defined accordingly. In the case of
p = 2, this is the Frobenius norm, denoted by | - ||. This norm is generated by the
inner product

(A,B) = trace(ABT) = Z Ai ;B ;.

1<is<m
Isjsn

where A = (Ai,j) e R™*" and B = (Bi,j) e Rm>m,
We introduce the notation X := [X1,..., X.] for a stack of images X; € R™ ¥y,
i = 1,...,c. A natural extension for the p-norm of these objects is then given as

|XTp := (i 1 XlE) 2.
The discrete total variation (TV) semi-norm of A is defined by

[Allrv = IVA[4,

In the paper we will use the anisotropic variant of the total variation norm which is
given by

VAL = > I(VA) ;]

4]

1,
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where (VA); ; denotes the discretized gradient. More precisely we have the discrete
directional derivatives

Ap :R™ - ROVTIXP - (AL), 5 = Aiprj — Aij,
Ay : Rmxn - Rmx(n—l)j (AU)LJ = Ai)j+1 - Ai)j.

The discrete gradient transform V : R™*" — R™*"*2 ig then defined component wise
as follows

(VA)ZJ _ (07 (Ay)i-,j)v ? :ma 1 <.]< nfl
((A)ij,0), 1<i<m-1,j7=n
(07 )7 i:muj:n'

In the isotropic case one would have

VAL = Y 1(VA)i]2.

i

which is equivalent to the anisotropic case up to a factor /2. The results presented
in the paper are therefore valid for both versions up to a factor including v/2.

We say that x € R™ is s-sparse when it has at most s < n non-zero entries.
We write x < y to say that there exists some constant C > 0 such that z < Cly.
Accordingly we define the notation x 2 y. We also make use of the notation
Ry ={zeR |z >0}

For a Hilbert space H, we denote I'g(H) as the set of all proper lower
semicontinous convex functions from H to | — o0, +00].

For a function f € T'g(#H) and a point « € H the prozimity operator [19] is defined
as the operator prox,; : H — H for which prox;(z) is the unique point in H that
satisfies

o1
prox; (z) = argmin = |z — y[* + f(y)-
2
yeH

The existence of a minimizer of the function f is guaranteed because f is convex and
lower semicontinous. The uniqueness of prox ; (2) follows from the additional quadratic
data fidelity term which makes the underlying functional strictly convex. In the case
of f=1]-|¢ and H = R™ the proximity operator is a soft thresholding [20]

prox,, (z) = (max {0, (1 - ﬁ) }xk) e (2.1)

where v is the threshold.

3. Compressed sensing model for imaging mass spectrometry

3.1. Imaging mass spectrometry data

Recall that IMS data is a hyperspectral datacube consisting of one mass spectrum for
each pixel. The length of each spectrum depends on the number ¢ > 0 of m/z-bins
that have been selected before MS data acquisition. By fixing one specific m/z-value,
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we have an m/z-image that represents the spatial distribution of the given mass in
the biological sample, see figure [l More formally, for [1,...,n,] x [1,...,n,] < Z%
and c € Ny, the IMS datacube X € R" "™ consists of m/z-images X . .. € R}* ™™
for k = 1,...,c of image resolution n, x n,. Since in MALDI measurement process
one counts the (relative) number of charged particles of a given mass that reaches the
detector, it is natural to assume the data to be non-negative. By concatenating each
image as a vector the hyperspectral data becomes

X e RM*¢ (3.1)

where n := n, - n,, so that each column in X corresponds to one m/z-image and each
row corresponds to one spectrum.

3.2. The compressed sensing process

As described in section [II part of the IMS measurement process consists of the
ionization of the given sample. In MALDI-IMS, for instance, the tissue is ionized
by a laser beam, which hits each of the n pixel of a predefined grid, producing n
independently measured spectra. Our main goal is to use the theory of compressed
sensing [21], [4, [5] [6, 22] to reduce the number of spectra required but still be able to
reconstruct a full MALDI-IMS datacube X.

In the context of compressed sensing, each entry y;; of the measurement vectors
yi€Rfori=1,...,mand j =1,...,cis the result of an inner product between the
data X € R} and a test function ¢; € R™ with components p;, i.e.

Yis = {Li, X(..j))- (3.2)

From the IMS perspective these y; for i = 1,...,m are called the measurement-mean
spectra since they are calculated by the mean intensities on each channel, see figure
This can be seen by rewriting (3.2)) as

Yl =9l X = Z i X(k,.)5 (3.3)
k=1

which directly shows that the measurement vectors y! are linear combinations of the
original spectra X(;.). We are looking for a reconstruction of the data X based on
these m measurement-mean spectra, each measured by one linear function ¢;. In

matrix form (B2) or (B3] becomes
Y =dX e R™*¢, (3.4)

where ® € R™*™ is the measurement matrix. Clearly, by (B3]), each row in Y can
be interpreted as a measurement-mean spectrum. By incorporating inherent noise
Z e R}'™¢ that arises during the mass spectrometry measurement process, (B.4))
becomes

Y =®X + Z e R™*C, (3.5)

with | Z||rp < e. We explicitely assume this noise to be Gaussian for simplicity, but it
should be noted that perhaps a Poisson noise framework might be more suitable to
IMS data [15].
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Figure 3. Compressed sensing measurements in imaging mass spectrometry.
Each measurement ¢; on the sample (left) (triangle (A), circle (O), square (o))
leads to a measurement y; (right) called a measurement-mean spectrum.

Finding a reconstruction of the data X from the measurements Y in B4 is
hopeless due the ill-posed nature of the problem. Therefore, we need additional a-
priori knowledge to find at least those reasonable solutions which also fulfils the given
data properties. To remedy this, the next two subsections introduce two notions of
sparsity that arises in imaging mass spectrometry.

3.3. First assumption: compressible spectra

For each pixel in the sample, we obtain a mass spectrum with positive real entries, i.e.
X(k).)ERi_, k=1,...,n.

As motivated in figures 2] and @ IMS spectra are compressible in spectral domain.
We therefore assume that these spectra are sparsely presented by a suitable choice
of functions 9; € RS for i = 1,...,c. More concretely, this means that there exists
a matrix ¥ € R such that for each spectrum X(k,) we have a coefficient vector
Ak € RS with | Ax]lo « ¢, such that

Xy =Y\, k=1,...n (3.6)

In this paper, we assume the basis functions to be shifted Gaussians [13, 23, [24] [15]

1 — k)2
Yr(r) = —ijig OXP <—%> ; (3.7)

where the standard deviation o needs to be set based on the data [I5]. However, in
matrix form, the sparsity property ([B.6]) can be written as

XT = WA, (3.8)
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Figure 4. An example of a pixel spectrum from the rat brain sample dataset
and its peak-picking result via £; minimization with Gaussians as basis elements
Yi(-) with o = 0.75 (see (B1)), (a). (b) presents a detailed view of the marked
region in (a), in which a basis element as well as the coefficients of the detected
peak are visualized.

where A € R{*" is the coefficient matrix. The single-spectrum case from (B.6]) can
simply be found in ([3.8): One column in X7 corresponds to one spectrum. The
multiplication of ¥ with one column of A is exactly the same as in ([3.8). However, in
light of the compressible spectra, our aim should be to minimize each column A(. ;) of
A with respect to the lp- “norm”, since each represents the sparse peak-list information
based on W. Thus, for one spectrum we have ||A(. ;[0 and for all spectra this reads

1A o- (3.9)

Note that the notation from spectra and images (the order in the brackets in the
index) changes for A due to the transposition in (E8]).
Putting B3] and B8] together leads to

Y = oA"Y 4 7. (3.10)

8.4. Second assumption: sparse image gradients

By fixing one m/z-value ig € {1,...,c} we get a vector X(. ;) € R’ (one column of
the dataset X ), which by (I4) is also an m/z-image X;, € R}" " that represents the
spatial distribution of the fixed mass mg in the measured biological sample. A priori,
we know that these m/z-images are sparse with respect to their gradient. Additionally,
we also note the large variance inside each individual m/z-image [I5]. To handle both,
we want to make use of the total variation (TV) model introduced by Rudin, Osher
and Fatemi [25]. So we want each m/z-image to be minimized with respect to its TV
semi-norm.

The matrix ¥ is columnwise filled with the shifted Gaussian kernels from (@71
and it can therefore be interpreted as a convolution operator. With respect to (3.8]),
this means that the spectra X, .y, k = 1,...,n, are only sums of the shifted Gaussian
kernels, see figure From the spatial point of view this means that regions in an
m/z-image are not seperated sharply. In fact, they overlap each other, and this can
also be observed in real measured data. However, the multiplication of ¥ in (Z38)
only convolves or smoothes the boundaries in the m/z-images and does not effect the
structure of each m/z-image X;. Therefore, instead of minimizing

I1Xilrv = [(ZA)] | 7v,
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Figure 5. An example of a TV denoised m/z-image. Left: Noisy m/z-image from
the rat brain dataset. Right: TV denoised image using the algorithm described

in [26].

we conclude that it suffices to minimize the TV norm of the ¢ images given through
the coefficients A, i.e.

DAy (3.11)
=1

3.5. The final model

In total, we are now able to formulate our model for CS in IMS. We seek a positiv
coefficient matrix A € RY*" such that

1. the reconstructed datacube X7 = WA is consistent with the observed measure-
ments Y up to a certain noise level ¢, see (3.10)

2. the m/z-images X; for i = 1,...,c or, more precisely, the deconvoluted analogs
A;, have sparse image gradients, see (3.11))

3. each spectrum X(; ) can be represented by only a few peaks indicating sparse
coefficient vectors A ;

This leads us to the following optimization problem

argmin |Afo + Z A7y subject to |V — @ATTT|p <, A = 0. (3.12)
AeRexn i

It turns out that minimizing with respect to the fop-“norm” is NP-hard [27].
Furthermore, this norm is not convex. To obviate this it is common to replace this
norm with the ¢1-norm [28 29]. By introducing further the linear mapping

Do,y : RY™ — R™ A OATTT, (3.13)
BI2) becomes
argmin |A]; + Z [Aillrv subject to |Y —Dg wAlr <e, A =0. (3.14)
AeRexn

i=1
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3.6. Robust recovery

We now show that the ¢; reconstruction of the unknown matrix A € R{*" in (3.14)) is
robust with respect to noise. In our case of compressed MALDI hyperspectral imaging,
this means that the pixel spectra as well as the m/z-images are stably reconstructed.
For this we need to generalize the results from [4, 0] and we will also assume, similar
to [30], to have measurements on the image gradients.

One of the fundamental ideas in CS is the following restricted isometry property
(RIP) whose definition is as follows.

Definition 3.1. The linear operator A : R"=*"v — R™*P has the restricted isometry
property of order s and level § € (0,1) if

(1-0|X|% <JAX)|F <1 +0)|X|F for all s-sparse X € R™=*™v,
The smallest § for which this holds is the restricted isometry constant for the operator
A and is denoted by Js.

We will make use of the following notation from [30]. For a matrix ®, we denote
®y and ®° to be the matrices which arise from ® by concatenating a row of zeros
at the bottom or on top, respectively. The following lemma establishes a relation
between measurements of directional gradients and these padded matrices.

Lemma 3.2. Let X € R™ > & e R=—Dx"y gpd & e ROw—1*7=  Thep
(@, X) = (D", X) = (o, X)
and
(W, Xy ) =0, XT) — (Wo, XT),
where X, and X, are defined as in the preliminaries.

Proof. Using the definitions of the directional derivatives and the inner product from
section [2] simple algebraic manipulations lead to

@,Xy= Y, ¥up(Xa)iy

1<i<ng—1
1<j<sny

Py (Xit1,; — Xij)

I
Iag

Isjsny
_ 0 . . X
= % (Bl Xy~ BonXiy)
1<i<ng

Isjsny

= (9%, X) — (®g, X).
The other equality follows similarly. O

We we also make use of the asymmetric isometry property (A-RIP), the restricted
condition number of a dictionary D as well as the dictionary restricted isometry
property (D-RIP) as proposed in [3T, 12} B32].



Compressed Sensing in Imaging Mass Spectrometry 12

Definition 3.3. A matriz D € R"=*"= satisfies the asymmetric restricted isometry
property (A-RIP), if for all s-sparse X € R™=*"v the following inequalities hold:

LID) X[ < |DX[r <UD)|X|F,

where L(D) and U(D) are the largest and the smallest constants for which the above
inequalities hold. The restricted condition number of D is defined as

&) = -

The D-RIP extends the notion of the standard RIP to matrices adapted to a
dictionary.

Definition 3.4. A linear operator A : R™"=>*™ — R™*P has the D-RIP of order s and
level 6* € (0,1), adapted to a dictionary D, if for all s-sparse X € R™=>*™v it holds

(1= 0"DX % < JADX)[F < (1 + 8| DX |3

The robustness result that will be shown in theorem rests mainly on the

following proposition. They are generalizations of proposition 2 and theorem 4
in [30L B3]. The following proposition states, that if a family of noisy D-RIP-
measurements fulfils generalized cone and tube constraints as introduced in [30], then
robust recovery is possible.
Proposition 3.5. Fiz the parameters ¢; > 0, 0 > 0, 6F < 1/3, C; > 0 as well as
ki,ng,ny,t,p € N. Suppose that for every i =1,...,m A; : R™= X"y — RYXP satisfies
the D-RIP of order 5k;v? and level §F, that each given dictionary D; € R X"
satisfies the A-RIP with constants L£(D;) and U(D;) and suppose that each image
D;X; e R X"y satisfies a tube constraint

|A:{(DiXi) | F < Cies. (3.15)

Set C := maxCj, 6* = maxd}, € := maxe;, k = mink;, K
maxU(D;), £ :=min L(D;), & = U/L, and suppose that v = €4/ %
a

that for each subset S; of cardinality |S;| < ki fori=1,...,m
the form

= maxk;, U =
. Further suppose

cone constraint of

MXiol <Y IXig 1+ o (3.16)
i=1 ‘ i=1

is satisfied, where Xisc and Xisi denotes the matriz X; € R™: X7 restricted to the

index set S’ic and S;, respectively. Then
- o
DXilr < me + = (3.17)
i=1

and

Y IXil € VEme + 0. (3.18)
i=1
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Proof. Let s; = ki7* and let S; < [N;], with N; = nl, - n!, be the support set of an
arbitrary s;-term approximation. For each image X;, ¢ =1,..., m, we will decompose
its complement S = [N;]\S; as

481'

Note that X; 51 consists of the 4s; largest magnitude components, i.e the four largest

N
Xis_c =X, +Xi, +...+ Xis_”. where ri = {—J .

coeflicients in 1 -norm of X; over S¢, X; 52 then consists of the 4s; largest magnitude

components of X; over S¢\S} and so on. By definition, the average magnitude of the
nonzero components of Xisj* is larger than the magnitude of each of the nonzero

i

components of Xisﬂ" thus

HXiijl Hl
P
N

Together with the cone constraint (3.1]), we obtain

HXZS]HF< j=2,3,...,7"i.

m m S‘7 1”1
ZZHXsaHF\ZZ
i=175=2 i=1j=2

m \|Xis§|\1

=ZW

ZH

VE S et =2
2 \/Eizl ' 29vk

In combination with the tube constraints (3.10]), the D-RIP for each A; as well as the
A-RIP for each D;, we see

//\

12\/—

N

Cme > Z [A: (D X)) | 7

1=1

| Ai(Di(Xis, + X “F*ZZ |4 (DiXi, )l

s T

=
1=1 1=175=2
Z 176*HD (X’LS + X sl HF*Z Z 1+5;‘HDZ'XZ-S]. HF
i=1 i=1j=2 i
szuxm + Xig e = u\/1+75*< Z“ s, |+ f)
=1

2k =

Further calculations require that the bracket term is strictly positive, or

Ny “}mm
27y

> (.c\ﬂa* — *ﬁ \/1+5*> DX, + Xigy lp = UVT + 6%
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With v > é&v/K /v it is sufficient to have 6* < 1/3. For this it follows

c
ZHXZS + Xi 1HF\5 me + 3{—=
i=1 K L \/E

Because of the inequality

m
=1

i m T

PIRH IR DIPI W

j=2 1=17=2

VK
Xig, + X5 +—
qu o Xigle 5

ag
< — § Xiw + Xi|r+—2—
26 = s, st I 2vvVk

and the fact that £ > 1, it follows that

C o
X 8 +5 <8—me + 55—
ZH I < 87me + 56— <87 me+ 52

which proves (BI7). Using the cone constraint [B.I6]), we conclude that

DXl = D) 1Xis + Xigeln
i=1 i=1
<X, I+ D 1 Xi o
i=1 i=1 ‘
Z | Xis, L + o
C o
<2VK (8=me +5— | + o,
(sgme 57
which proves (B1I8). O
Theorem 3.6. Consider ng,ny,c, ko, ki,mi,me € N and K = max{>);_, ki, ko},

ko= min{};_, ki, ko} for i = 1,...,c. Let A € R*™, where each row of A is
the concatenation of an image of size ng x ny. Let the dictionary ¥ fulfill the A-
RIP of order 5kyy? with constants £ and U. Let v > §\/E/\/E Furthermore let
A RO=Dxny R gng A ROw=D>ne  R™1 pe shifted measurements on the
images N;,i = 1,...,¢, such that the operator B := [A A',..., A A’], consisting of ¢
concatenations of [A A'], has the RIP of order 5% ;_, kiv* and level § < 1/3. Let the
operator Doy : RE*™ — R™2%¢ possess the D-RIP of order 5koy? and level § < 1/3.
Consider the linear operator M(A) : RE*™ — RAema x R™M2X¢ yyith components

M(A) = (AOAl, AoAy, AOAy, AAy, . ..
(3.19)
ANy AgAey AN, ADA,, DMA) .
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If noisy measurements Y = M(A) + Z are observed with noise level | Z|p < €, then

A® = argmin [Wy + Y] [Wilrv st [MW)=Y|p <e, (3.20)
WeRexn

i=1

satisfies both

A= A%p + Y [VA; = VAS||r

=1

(3.21)
1 C
<— A—AO + VA; — (VA + &,
\/? (| S Hl Z:ZI H ( )51 ’1) £
and .
[A = AT+ ) A = A7y
i=1 (3.22)

SIA = Ago i+ Y[ VA: = (VA g |, + VKe.

i=1

Proof. For X € R*" define X := [VX1,...,VX.]T. To simplify the notation later
on we define

c 1/p
po i (2 |vxi|z) .

i=1

| X1

With respect to proposition B since B as well as Dg g satisfy the RIP, it suffices
to show that for D = A — A°, both D and D satisfy the tube and cone constraints.
Write L; = [(D;)s, (D;)1] and let P denote the map which maps the indices of non-

Y

zero entries of VD; to their corresponding indices in L;. Let L := [Ly,...,L.]" and

extend the and Ay, Aa, ..., Ap,, A}, A5, ..., A} be such that for an image W
AW); = (A;, W), and A(W); = (AL W),

We now show that D as well as that D, satisfy the tube and cone constraints.
Cone constraint: Let Sy be the support of the sg largest entries of A, and for
i = 1,...,¢c, let S; denote the support of the s; largest entries of VA; and Sy its
complement and set S := |JS;. Using the minimality property of A°® = A — D, it
follows that
[Asolr = [Dsollr = [Asglly + [Dsg i+
[As]is = IDs 1=+ [Dse
< |As, = Dsyll1 + [Asg — Dsell + |As — Dsll1s + |Ase — Dsell1,s
= A0 + A0

1,5 — [ Ase I,z

= |A%01 + ) IVAS

i=1
c
< AL+ ) IVAL
i=1
= [Asoll + [Asls + [Asgllr + [Ase -
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Rewriting this equality leads to

| Dsgllx + | Dse| 13+ 2 Ase 1,z

15+ 2JA = Ago 1 + 2[A — As|ys,

1.5 < | Dsyll1 + 2 Ass|1 + | Ds|
= ||Ds, |1 + [ Ds

Using the definition of || - |, 5 for p = 1 yields

|Dsslh + > 1(VDi)se |
i1

< IDsyll + D 1V Di)s 1+ 2[A = syl +2 D" [VA; — (VA)s, 1.
) i-1

Now set 0 :=2|A — Agy |1 +2>5_; [[VA; — (VA;)s,|1. Using the projection P of the
non-zero entries of VD, on each L; with |P(S;)| < |S;|, we have that D and L satisfy
the cone constraint

|Dsglls + I Lpesyelr < [Dsol1 + [Lpes)lr + o

Tube constraint: First, D immediately satisfies a tube constraint by feasibility
since

IMD)]F < [MA) =Y[r+ [M(A®) =Y]F < 2.

Using lemma for the j-th measurement of the derivative in both the z and y
directions of each image D;, i = 1,...,c, it follows that

[CA;, (Di)a)l? = [CAY, Dy — (Aj 0, Dipl?
< 2[(AY, Doyl + 2[<Aj0, Do)

and
[CA 5, (Da) )PP = KA, (D)) = (A0, (Di) )
< 2[AY, (D)1 + 2[KA 0, (D) I

Thus, L satisfies a tube constraint

c my

IBL)F = 3 D7 KA (D)a)l® + KA, (Di)y) DI < 2| M(D)|7 < 8&°.

i=1j=1

To apply proposition 3.5, it remains to show that D also satisfies a tube constraint
under the measurements Dy . But this easily holds since

|DswD|r < |M(D)||r < 2e. O

Remark 3.7. A nonnegativity condition can be easily incorporated into theorem [3.6],
since we only need feasibility of the true solution and the minimizer.

For theorem it remains to validate that Dg ¢ satisfies the D-RIP, B the RIP
and ¥ the A-RIP. First note, that we can equivalently rewrite our problem as follows:
Note that using the Kronecker product ® and the identity [34, lemma 4.3]

(CDE)yec = (ET ® C)Dyec,
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BI2) or BI4) can be formulated as in ([L8). The notation (Z)yec emphasizes the
vectorized form of the matrix Z by stacking the columns of Z into a single column
vector. With respect to the equations [B.4]) and ([B.8]) we have

Y= Yiee = (2 ® Lexc) Xvec
JATET) e

)Tnxn AT vec
xc)

(

(Ln

(\I/ ® Inxn) (AT)vcc .
H_/ —_—— _\,:_/

=P =0 =

Xc

Then, the resulting matrix ® is a me x ne blockdiagonal matrix with entries ® on the
diagonal. If we now can show the D-RIP for @ holds, it also follows that Dg ¢ fulfils
the D-RIP, since

[OTATE = [A[3 and [@UA|3 = | Do wAl?.

In [35] it has been shown that the RIP (or also the D-RIP) holds with overwhelming
probability also for blockdiagonal matrices, if the elements of the matrix ® are
independently drawn at random from subgaussian distributions and

me 2 Kelog?(ne)log?(K). (3.23)

As the authors state in [35], the results there may not be optimal and can be improved
most likely. In fact, for our problem, the estimate for m in ([B.23)) is way to restrictive
if we take a priori information about our problem into account and would always yield
a measurement of the full data set.

Concerning the A-RIP, note that our dictionary is invertible and therefore its
condition number k provides an upper bound for all £. Therefore, ¥ fulfils the A-RIP
and ¢ from theorem can be estimated from above by x. In our case, the condition
number is reasonably small if o from [B.7) is small, e.g. o = 0.75.

In theorem we require v = §\/E/\/E If v is too big, it would require m to
be big as well according to the D-RIP of order 5K~2. The value £ has already been
discussed before, so we need VK /\/E to be small as well. Since A can be interpreted
as the deconvoluted version of the datacube X (see figure @l and (38)), it inherents
the same physical structures. It is therefore reasonable to assume that the sparsity
prior Yo, k; ~ ko holds for A as well and this implies VK ~ k.

Regarding the RIP of B, one could transform the operator into four blockdiagonal
matrices with a structure similar to ®. Then, a discussion about the RIP can be done
as before. These gradient measurements could theoretically be obtained by shifting
the measurement mask. However, in the acquisition process of MALDI-TOF, an
ionization of the biological sample is performed. Therefore, the sample is damaged at
the ionized points and further measurements would make no sense. As the authors of
[30], we believe that the additional 4m; measurements A°, Ag, A%, A} in theorem [3.6]
are not necessary. Indeed our numerical results in section [§] seem to confirm this.

4. Numerical implementation

In this paper we make use of the parallel proximal splitting algorithm (PPXA) [36]
to solve the proposed optimization problem ([BI4]). To improve the ¢1- as well as the
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TV-minimization effects, we introduce additional regularization parameters «, 5 > 0.
Thus, the optimization problem becomes

argmin Ay + 8 )] [Ai|rv subject to |V — DgyAlr <&, A >0. (4.1)
AeRexn i=1

PPXA is an iterative method for minimizing a finite sum of lower semicontinous
convex functions. It is easy to implement and has the possibility to be parallelized.
At each iteration of the algorithm one needs to calculate the proximity operator of
each function and to average their results for updating the previous iterate.

To translate the optimization problem (€I]) in the PPXA context, we rewrite it
to the sum of four lower semicontinous convex functions

irgﬂglxiil Ji(A) + f2(A) + f3(A) + fa(A), (4.2)

where fi1(A) = afAll, f2(A) = 825 [Ailrv, f3(A) = wss(A) and fa(A) = 15, (A).

Here, ¢¢ is simply the indicator function which is defined as

{0 ifAeC

te(A) = (4.3)

+00  otherwise

The indicator function is applied to the convex sets B5, By < R*", corresponding to
the matrices that satisfy the fidelity constraint | — Dg gA|r < € and to the ones
lying in the positive orthant, respectively.

Algorithm 1: The Parallel Proximal Algorithm (PPXA) for solving (4.1))
Input: YU &, a,8,e,7>0
Initializations: k = 0; AO = 1—‘170 = 1—‘2)0 = 1—‘370 = 1—‘470 € szrxn

repeat
for j=1:4do
| P = Prox. s, (T.x)
end

Apy1 = (Piy+ Pogx + Pag + Pyy)/4
for j=1:4do

| Tjks1 =Tjx +20k41 — Or — Pji
end

until convergence

The PPXA algorithm adapted to our problem is shown in algorithm [l We will

now shortly state the proximity operators of each of the function f;, ¢ =1,...,4, and
refer the reader to [37, B6] B8] for further information.
The proximity operator of f1(A) = «|Al; is given via the well-known soft-

thresholding operator as presented in (2I) in the preliminaries. For the proximity
operator of the sum of TV norm, namely fo(A) = 8,7, |A;]|rv, we use an efficient
implementation from [26]. Since the proximal operator of an indicator function ¢c(A)
is the orthogonal projection onto the convex set C, the proximal operator of vz, (A) is
simply given as

prOX'YLB+(,) (Z) = (max{(), Zi-,j}) Isise -

I<j<sn
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For the projection onto the ¢5 ball we use a forward backward scheme as proposed in
[39]. Note that all implementations are given within the UNLocBoX [40].

5. Numerical results

In this section we present reconstruction results for an example IMS dataset based
on the proposed model. The well-studied dataset X € R’}*¢ was acquired from a
rat brain coronal section (see figure [Il) which consists of ¢ = 2,000 data bins ranging
from m/z 4,213 to m/z 9,104. The m/z-images have a spatial resolution of 121 x 202.
Therefore, we have n = 24,442 pixels. The spectra were normalized using total ion
count (TIC) normalization, which is the normalization with respect to the ¢1-norm
[41]. Furthermore, they were baseline-corrected using the TopHat algorithm with a
minimal baseline width set to 10%; for more details, see [I5] [3].

In the following experiments, the mass spectra are assumed to be sparse or
compressible with respect to shifted Gaussians as in ([B.7), where we set the standard
deviation o = 0.75. By this, we still keep the idea of the peak picking as well as a
low conditioning number £ ~ 8, since the last is an important factor in the robustness
theorem[B.6l The measurement matrix @ is randomly filled with numbers from an i.i.d.
standard normal Gaussian distribution. The initial guess Ag for the desired solution A
was set as a random matrix whose negative elements were set to zero. By experience,
the noise level € was set to 3.75 - 103 and we have applied 30 outer loop iterations
in the PPXA[Il The regularization parameters in ([@Il) were set for each amount of
measurements by hand as follows: 20%: o = 0.15, 8 = 0.3, 40%: a = 1.3, 8 = 1.6,
60%: o= 2.0, 8 =2.3,80%: a=3.2, f=23.5and 100%: o =4.8, 8 =5.1.

Figure[6] presents the mean spectrum, i.e. the sum over all pixel spectra X; . for
1 =1,...,n, of the rat brain data as well as the mean spectrum of the reconstruction,
based on 20%, 40% and 60% measurements taken. The triangles in figure [6la) show
the peaks which are detected based the 20% level. Blb) and [Blc) show which peaks
are additionally extracted during reconstruction, visualized by additional squares
and circles. We can clearly see the influence of more measurements on the feature
extraction of the main peaks in the mean spectrum. As an example, the peak at m/z
7,060 is only slightly extracted in[Gl(a). More measurements not only lead to a higher
intensity of this peak, but also in additional local information, see figure [B(b)-(c).
Note that the described effect is only caused by the amount of samples and does only
slightly alter with the regularization parameters.

The effect of this increasing peak intensities can be visualized, for example, by
looking at the corresponding m/z-image at m/z 7,060, see figure 8 At the 20% level
we extract the main spatial features of this image, but we miss details such as in the
lower portion of the data. Increasing the number of measurements clearly leads to
better reconstruction results. With 40 % of taken measurements we get almost all
main features of the m/z-image.

Finally, figure[@ and figure [0l show images for six additional m/z-values and their
corresponding reconstructions at the different measurement levels (20%, 40%, 60%,
80% and 100%). These six m/z-values correspond to six detected high intensity peaks
in the mean spectrum as visualized in figure [6(a). Moreover, the m/z-images present
main structures within the rat brain, as shown in the rat brain schematic in figure [7]
adapted from [I5]. As we can see, regions of high intensity pixels are mostly detected
as such and were reconstructed well when using 40% measurements. In figures [ and
IO, we can also notice a slight loss of details when applying 40% measurements, as
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Figure 6. Original mean spectrum (black dashed line) and its reconstruction
based on different number of taken measurements (blue line). The spectra

are both normalized to [0,1] and we leave out the upper half for better
visualization. (a) Reconstruction based on 20% out of n = 24,442 taken com-
pressed measurements. The triangles (v7) are set manually and visualize which
peaks are mainly detected. (b) and (c) show reconstruction results for 40% and
60%, respectively. The squares (o) and circles (O) show which peaks appear to
be additionaly detected.

Wi Cortex Hippocampus

O Thalamus E B CA1 region

[l Hypothalamus [C]CAZ2 region

W Amygdala [E Corpus callosum / internal capsule
[] Paraventricular nuclei [l Ventricles

Figure 7. Schematic representation based on the rat brain atlas. Reprinted with
permission from [15]. Copyright 2010 American Chemical Society.
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80% 100%

Figure 8. Influence of the number of taken measurements on the reconstruction
of the full dataset; an m/z-image corresponding to m/z 7,060 is shown. (a) shows
the original image. The images in (b), (c), (d), (e) and (f) show the reconstructions
with respect to 20%, 40%, 60%, 80% and 100% taken measurements, respectively.

seen previously in figure[8 This loss clearly reduces with the amount of measurements
taken. The image at m/z 4,385 illustrates the reconstruction results on a smaller peak,
compared to the other selected. It is recognizable that 20% taken measurements lead
to only an idea of where regions appear in the measured image slice, see also [6a)
in comparison with Bib). In contrast, 40% taken measurements lead to reasonable
reconstruction results. This behaviour can be observed on the other reconstructed
m/z-images as well.

Note that we have not acquired any additional measurements on the gradients as
they are required in theorem As it is mentioned in section B.6, we believe that
they are not required in practice. Moreover, the actual theoretical bound in ([3:23]) on
the number of measurements seems to be too pessimistic. Whereas the bound would
lead to near full number of measurements, in our example, only few (around 40%) are
needed for good reconstruction results.

6. Conclusions

In this paper, we proposed a compressed sensing model for imaging mass spectrometry.
In reconstructing the data from less than the half of measurements than normally
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m/z 4,936 m/z 6,274

80% 60% 40% 20% Original

100%

Figure 9. Reconstructions of three different m/z-images based on 20%, 40%,
60%, 80% and 100% of taken measurements. First row, m/z 4,936 with main
structures in the middle and the lower part; second row, m/z 6,274 with structures
at the boundaries and small regions of high intensity pixels in the middle and
bottom part; third row, m/z 7,534 with high intensities at the boundary as well
as in the middle and the bottom.
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m/z 8,563 m/z 6,717 m/z 4,385

80% 60% 40% 20% Original

100%

Figure 10. Reconstructions of three different m/z-images based on 20%, 40%,
60%, 80% and 100% of taken measurements. First row, m/z 8,563 with structures
at the boundary as well as in the middle and the lower part; second row, m/z 6,717
with one main structure in the center and less intensive regions at the boundary;
third row, m/z 4,385 with only small spots of high intensity pixels in the middle
and the very bottom.
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needed, we applied peak-picking in mass spectra and TV-denoising on the m/z-images
at the same time. Both the reconstructed images as well as the spectra were shown to
capture the features both in the spatial and the spectral domains. As visually judged,
taking 40% to 60% of the typical number of measurements led to only a slight loss of
spatial features even of small size.

Currently there are no mass spectrometers which allow for the acquisition of data
in such manner. However, considering the recent developments of the single pixel
camera [8] [7], one could theoretically implement such a mass spectrometry by splitting
the laser into several beams analogously as it is done in the digital micromirror device
used in the single pixel camera. Then, instead of analyzing each pixel separately,
one could analyze several pixels simultaneously and accumulate a measurement-mean
spectrum for such a measurement. Note that modern mass spectrometers indeed
use complex optics to achieve non-flat structured laser profile as in Bruker Daltonics
smartbeam mass spectrometers [42], although the current optics does not allow to
change the profile during an experiment.

We have theoretically proven that both the reconstruction of the spectra and the
reconstruction of the m/z-images are robust. Further research might investigate the
analysis of how the additional measurements of the gradients in theorem B.6] could be
omitted. Also, the actual bound in (323) on the number of measurements to take
for robust recovery could be improved. The numerical results presented in this paper
suggest that it is too pessimistic.

We have used the parallel proximal algorithm [36] to solve our optimization
problem. To improve the regularization effects, we have added regularization
parameters a and § and set them by hand for each different amount of measurements.
As it can be slightly seen in the results (e.g. 20% in figure [), it is not feasible to set
a by hand for all images. A future direction of investigation should therefore involve
regularization terms with locally-dependent parameters «; = «(X;) for i = 1,... ¢
for the m/z-images as in [I5] for locally-adaptive denoising, and 3; = B(X(;.)) for
j=1,...,N for the spectra.

Future work might also replace the Gaussian noise model with a Poisson statistics
approach [43]. As it has been mentioned in [15], this model might be more suitable
for MALDI-TOF spectrometry.
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