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Abstract

Time-harmonic acoustic wave propagation in an inhomogeneous ocean with depth-dependent
sound speed can be modeled by the Helmholtz equation in an infinite, three-dimensional waveguide
of finite height. Using variational theory in Sobolev spaces we prove well-posedness of the corre-
sponding scattering problem from a bounded inhomogeneity inside such an ocean. To this end, we
introduce an exterior Dirichlet-to-Neumann operator for depth-dependent sound speed and prove
boundedness, coercivity, and holomorphic dependence of this operator in function spaces adapted
to our weak solution theory. Analytic Fredholm theory then yields existence and uniqueness of
solution for the scattering problem for all but a countable sequence of frequencies. The latter result
generalizes corresponding theory for waveguide scattering with constant sound speed and easily
extends to various related scattering problems, e.g., to scattering from impenetrable obstacles.

1 Introduction

Propagation of sound waves inside an ocean is an active research area in applied mathematics and
engineering at least since the mid-20th century for its crucial importance for techniques like SONAR
or for oil exploration (see, e.g., the introduction of [BGWX04] or [Buc92]). After the millenium
change, precise models for sound propagation became even more important due to the observation
that man-made ocean noise pollution endangers marine mammals and legal thresholds for emitted
sound energies were set up. Checking these thresholds, e.g., for acoustic pulses produced by an air
guns, requires sufficiently accurate models yielding quantitatively exact simulations of sonic intensities.
One approach satisfying this requirement is to model scattering of time-harmonic acoustic waves in the
ocean using the Helmholtz equation and to discretize this equation using established approximation
technique as, e.g., finite elements or boundary elements.

It is well-known that a sound knowledge on variation theory of weak solutions in Sobolev spaces,
in particular the existence of Garding inequalities, is crucial for proving convergence of such numerical
approximations, see [SS11]. However, to the best of our knowledge, weak solution theory for ocean
scattering problems has up to now merely been set up for the case of a constant sound speed, restricting
the applicability of this approach to shallow seas. For this reason, it is our aim in this paper is to
provide rigorous theory for weak solutions via a variational approach for wave scattering in a flat ocean
with variable, depth-dependent refractive index. The crucial and non-trivial difficulty compared to
known results for constant sound speed, see [AGLOS8, [AGL11], is that the eigenmodes of the ocean
are not known explicitly for such a setting. In consequence, we exploit on the one hand via estimates



for these modes and their eigenvalues and, on the other hand, obtain holomorphic dependence of the
eigenvalues on the frequency from abstract perturbation theory.

Let us emphasize here that various other models for sound propagation as well as various other
approaches for existence of solutions to the Helmholtz equation in an ocean geometry exist. While
the most simple techniques are based on ideas from ray propagation (e.g., the Lloyd mirror), more
advanced methods rely on approximations to the wave or Helmholtz equation (e.g., the parabolic
approximation). The monograph [Jenll] and the survey papers [Buc92, [AK77, [AL87] review these
and similar methods from an engineering and applied mathematics perspective. Existence of classical
(i.e., twice differentiable) solutions to the Helmholtz equation for constant and depth-dependent sound
speed has been shown via integral equation techniques by Gilbert and Xu in a series of papers, partly
focussing on inverse scattering problems, see [Xu90, [(GX90l Xu90, Xu92, [GX96, BGWXO04]. Finally
note that [BGT85| considers finite element methods for ocean scattering with constant sound speed.

In this paper we use the following Helmholtz equation in the waveguide Q := R? x (0, H) with
constant depth H > 0,

u(z) =0 for x = (Z,23)" € Q, (1)

to model scattering of time-harmonic acoustic waves with time-dependence exp(—iwt), angular fre-
quency w > 0, and small amplitude. The sound speed ¢ : (0, H) — R0 depends on various environ-
mental parameters and is usually parametrized in terms of water temperature, salinity and pressure,
see, e.g., [DWCHO93]. At a mid-latitude location it decreases from about 1505 m/s at the sea surface
to about 1485 m/s at the SOFAR channel in 600 meters depth and increases again to about 1515 m/s
in 3000 meters depth. Accurate models for sound propagation over large distances imperatively need
to reflect this depth-dependence, otherwise restricting their validity to shallow oceans.

When the sound speed is further locally perturbations inside the inhomogeneous waveguide ) we
model such local perturbations by a refractive index function n : €2 — C such that the support of
the contrast ¢ = n? — 1 is a bounded set D C Q, i.e., supp(¢) = D. Time-harmonic sound waves
propagating in the perturbed ocean thus satisfy
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u(z) + C2(£:3)( + q(z))u(z) =0 or x € (2)

We assume in the following that the background sound speed ¢ € L*°(0, H) satisfies 0 < c— < ¢(z3) <
¢+ for almost all z3 € (0, H), that is,

0< =~ < ~ =~

cy —oc(xy) T oc-

for almost all x5 € (0, H). (3)

Further, we model the free surface and the seabed of the ocean by a sound-soft and a sound-hard
boundary, respectively,
3 du 3
u=0onTy:={x eR’: 23 =0} and a—zOonFH::{xeszng}. (4)
3
This setting yields a sufficiently accurate to model acoustic waves with small amplitude in an ocean
with negligible seabed variation or a depth so large that little wave energy propagates to the seabed.



More flexible boundary models for, e.g., the ocean-seabed interface exist, see, e.g., [GLI7], but for
simplicity we restrict ourselves to the simpler condition Neumann condition from describing a
perfectly reflecting bottom.

When an incident sound field u’ that satisfies the unperturbed Helmholtz equation subject to
the waveguide boundary conditions is scattered from the inhomogeneous medium described by ¢,
then a scattered field u* arises such that the total field u = u’ 4+ u® solves the perturbed Helmholtz
equation with contrast ¢, subject to w = 0 on I'g and du/dv = 0 on I'y. On interfaces where
q jumps we prescribe that both the trace and the normal derivative of v are continuous across the
interface. To ensure uniqueness of solution we further need to impose a radiation condition on u. This
condition will be constructed with the help of a modal analysis in Section [3] below. Note that we seek
for weak solutions to the scattering problem, i.e., for a function u that is locally in H! and satisfies

2
/ <Vu - Vv — 2“)7(1 + q(x))uv) dx =0 forall v e C5°(Q).
Q *(x3)

Let us finally indicate that all our results can be extended to dimension two; for the corresponding
proofs we refer to the preprint [LRI5]. The latter reference also contains full proofs of two technical
lemmas from this paper that we omitted as they are rather similar to already published results.
Moreover, we remark that Theorem 5.2 provides a proof concerning the extension of a solution on a
bounded domain to all the waveguide that is missing in [AGLOS].

The subsequent sections are organized as follows: Seeking for solutions to by separation of
variables, a Liouville eigenvalue problem turns up that we investigate in Section [2 After showing
holomorphic dependence of the eigenvalues on the frequency, we use these eigenvalues in Section
rigorously set up the scattering problem we investigate, and in Section [4] to prove spectral character-
izations of Sobolev-type function spaces. Those are exploited in Section [5| for analyzing the exterior
Dirichlet-to-Neumann operator for the waveguide scattering problem. Finally, Section [6] contains and
proves the main existence and uniqueness result of the paper via a Garding inequality and analytic
Fredholm theory.

Notation: We define, for p > 0, domains Q, = {z € Q : || < p} and for arbitrary Lipschitz
domains U C € the Sobolev spaces Hy, (U) = {v € H'(U) : v|yn{zy=0} = 0}. This space is well-

defined due to the well-known trace theorem in H'. Moreover, H, () = {v : Q@ — C,v €
H(Q,) forall p > 0} and HZ (Q) = {v: Q@ = C: v € H*Q,) for all p > 0}. Whenever two
real-valued expressions A, B satisfy that there is ¢ > 0 such that ¢ ™' A < B < cA we write shorthand

A ~ B to indicate this relation.

2 A Liouville Eigenvalue Problem

Our first aim is to derive a radiation condition characterizing outgoing time-harmonic waves in 2. To
this end, we start by seeking solutions to the Helmholtz equation with boundary conditions by
separation of variables, i.e., of the form w(Z,z3) = w(Z)¢(z3) . One finds that w and ¢ need to solve

Azw(@)  ¢'(z3) w?
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for some A € C. (Aj; is the 2-dimensional Laplacian in the variables 7.) Note that we choose A\? to be
the eigenvalue since the square root of the eigenvalue is a crucial quantity for the scattering problem
later on; the sign of A? is chosen such that the eigenvalues found below as usual form a sequence
tending to +00. We first consider the Liouville-type eigenvalue problem

w?

(23 + [<3> " Aﬂ brs)=0 i (0,H), 4(0)=0, and FH)=0.  (6)
The latter boundary conditions correspond to . Variational theory for weak solutions to the self-
adjoint eigenvalue problem in the space Hy, (0, H) := {¢) € H'(0, H) : ¥(0) = 0} is well-known. (The
latter space is well-defined by the well-known continuous embedding of H'(0, H) in the Holder space
C%1/2(0, H).) Multiplying @ with a test function ¢ € Hyy, ([0, H]), formally integrating by parts and
plugging in the boundary conditions for ¢ shows that an eigenpair (A\?, ¢) € C x Hj;,([0, H]) needs to
satisfy

H 2 H
o) = | (qﬁ’w’— ;"qw) day L3 [CoUdry forallv e Hy(0.H). (7
0 c*(x3) 0

The sesquilinear form a is bounded in Hy;,([0, H]) and Poincaré’s inequality together with the com-
pact embedding of Hj, ([0, H]) in L?(0, H) shows that a is coercive in H{;,([0, H]) up to a compact
perturbation. Since w/c? is real-valued, a is moreover symmetric, i.e., a(p,v) = a(y,p) for all
¢, € H},([0,H]). Thus, standard eigenvalue theory, see, e.g., [McL00, Theorem 2.7], shows ex-
istence of a sequence of eigenvalues {)\?}jeN C R such that )\? — 400 as j — oo and associated
real-valued eigenfunctions ¢; € H{;, ([0, H]) that are orthonormal in L?(0, H). We order the eigenval-
ues in increasing order, i.e., —0o < A\ < \3 < )\g < ... and define their square roots by

A2 if A% >0,
Aj = (8)

—i,/]/\?l if /\? < 0.

(The sign of \; is chosen to simplify expressions later on.) The square root function is then extended
from the real axis to a holomorphic function in the slit complex plane with branch cut along the
positive imaginary axis. The definition of a weak derivative in one dimension shows that gb;- belongs
to H'([0, H]), such that ¢ € H?([0, H]) satisfies ¢f(x3) + [w?/c*(23) + A3]¢;(x3) = 0 with equality
in L?(0, H) and in particular almost everywhere in (0, H). As H?([0, H]) ¢ C%'/2([0, H]) all eigen-
functions ¢; € CH1/2([0, H]) satisfy the boundary conditions ¢;(0) = 0 and ¢'(H) = 0 in the classical
sense of a point evaluation.

Remark 2.1. For constant background sound speed c4 it is well-known that

2 (T g\ () — sin (- (27 —
)\j—<2H(2j 1)) Z and qb](:vg)—sm(QH(Z] 1)x3), z3 € [0, H].

Lemma 2.2. (a) For j € N it holds that

2 2

[;;:[(Qj—l)}2—zjz§>\§§ [27;{(2j—1)}2—;‘}2+- (9)



Further, there are constants 0 < ¢ < C such that cj? < ])\3\ < Cj2 for j large enough and cj <
1051l 22(0,21) < € as well as || @] r2¢0,m) < C(1+ IN;12)Y2 for all § € N.

Proof. (a) The min-max theorem implies for all j € N that

A2 = min max  a(¢;, ¢,
T v (0,H) dim(V)=j ¢;€Vyllé;]=1 (93 1)
H 2 2 2
w ™ w
< min max / ¢'~2——¢*2dx3:<—2j—1> - .
>VJ'CHX1/V([O,H])1dim(Vj):j o;€Villesl=1 Jo (| i ci' J | ) 2H( ) cz
which shows @ and the quadratic growth of )\?. The remaining estimates follow from
H H 2 209 2 2 2
"2 w 2 2 (25 — 1) 202 — %
;v = [ g 48 otans 5 SR S, )

together with the fact that ||¢}[|z2(o,) > 0 since ||¢;H%2(0 gy = 0 implies that ¢; = 0 as ¢j(0) =0. O

The eigenvalues )\? obviously depend on the frequency w > 0. Writing A? = )\?(w), the function
W )\5 (w) can be extended holomorphically into a complex neighborhood of R-.

Lemma 2.3. For all w, > 0 there exists an open neighborhood U(w,) C C and index functions
i+ U(ws) = N for all j € N that satisfy Ujentj(w) = N and £;(w) # l(w) for j # j' € N and all
w € U(wy), such that the eigenvalue curves w — )\Z_(w) (w) are real-analytic functions in U(w.) N Rsg
and extend to holomorphic functions in U(wy).

Proof. We exploit results on holomorphic families of operators from [Kat95, Chapter VII, §2 and §4].
The differential operators L(w)u = u” + ((w)?/c?)u on (0, H) with boundary conditions u(0) = 0
and u/(H) = 0 yield a selfadjoint holomorphic family of type (A) since u + (w?/c?)u is bounded
on L*(0,H), w — (w?/c*)u is holomorphic in the complex parameter w, and the domain {u €
H?(0,H), v(0) = 0} of L(w) is independent of w, compare [Kat95, Ch. VIIL, §1.1, §2.1, Th. 2.6]. These
differential operators also form of a holomorphic family of type (B) since the associated sesquilinear
form a from is bounded.

Now, choose some w, > 0. From [Kat95, Ch. VII, §3.1, Example 4.23] it follows that for each
eigenvalue )\Jz(w*) with multiplicity one that there is a complex neighborhood U; of w, such that
w A? (w) can be extended from U; NR as a holomorphic function of w into U;. If /\?(w*) is a multiple
eigenvalue, then w — )\32 (w) is in general not differentiable at w*, such that the eigenvalue index needs
to be re-ordered to obtain smooth eigenvalue curves, compare [Kat95, Ch. VII, §3.1, Ch. 2, Th. 6.1].
Indeed, the latter reference shows that if )\? (w4) is a multiple eigenvalue, then it has finite multiplicity
and there exists a complex neighborhood Uj; of w, and an index function ¢; : U; "R — N such that
w = )\Z_ (@) (w) can be extended holomorphically from U; N R into Uj.

It remains to show that the intersection M;enU; is non-empty. This is obviously true for any finite
union Uj;1<;,U; with jo € N. Note that @D implies that the eigenvalues A? (ws) of L(wy) are simple if
j > j« for j, large enough, e.g., for

o JwIH* (1 1 +H2
Je = 22\ 2 ci o2m2 |’



Estimate @ further implies that whenever j > j., the distance of /\]2-(w*) to the rest of the spectrum
of L(w,) is bounded from below by one. Thus, Theorem 4.8 in [Kat95, Ch. VII], compare also (4.45)
in the same chapter, implies for all j > j, that the holomorphic extension of )\? (ws) has a convergence
radius of at least (1+1/¢*)™!. (Sete=1,a=1,b=0,and c =1/c%2 > |[1/¢*| (0, ) in (4.45).) In
particular, all eigenvalues )\]2 (ws), 7 > Jx, extend to holomorphic functions in B(ws, 1) and the lemma
holds with U (w.) := "2, U; N B(w,, 1). O

Theorem 2.4. There exists an complex neighborhood U of R~q and index functions £; : U — N for
j € N such that the eigenvalue curves )\gj(w) (w) are real-analytic curves that extend to holomorphic
functions in U for all j € N. For each compact subset W of U, the set Ko = {w € W : there is j €
N such that )\g(w) = 0} is finite.

Proof. We cover the positive reals (0,00) with the neighborhoods U(w) of w > 0 constructed in
Lemma For each compact interval [1/¢,¢] with ¢ € N there exists a finite sub cover, which
allows to holomorphically continue all eigenvalue functions w > )\?j @) (w), 7 € N, into a complex
neighborhood Uy of [1/¢,¢]. As £ € N is arbitrary, this yields the claimed open set U = UpenUy in
C containing Rs. Finally, Theorems 1.9 and 1.10 in [Kat95, Ch. VII, §1.3] state that on compact
subsets W of U either for each w € W there is j = j(w) € N such that )\?(w) = 0 or that the number
of such w in W is finite. As @ excludes the first alternative the set Ky from the claim is finite. [

3 The Radiation Condition and the Scattering Problem

Now we are in a position the rigorously define a radiation conditon for solution to the Helmholtz
equation and to subsequently formulate the scattering problem targeting weak radiating solutions.
Going back to the construction of solutions to by separation of variables in we note that
u(Z,w3) = 3 jen c(f) wi(Z)¢j(z3) with coefficients ¢(j) € C formally solves whenever

Azw; — Nw; =0 in R%. (11)

Thus, the eigenfunctions ¢; to give rise to plane wave-like solutions x — exp(—\; 60 - &)¢;(x3) of
the Helmholtz equation in 2 with direction § € R?, |f|s = 1. These so-called waveguide modes are
propagating if i); is positive (i.e., )\? < 0) and evanescent if i\; € iR (i.e., )\? > 0). The number of
such propagating modes is (up to rotation) determined by the largest integer

Ji = Ji(w, ¢, H) such that A3 < 0. (12)

In analogy to the case of a constant sound speed, see [AGLOS], solutions to the Helmholtz equation
are called radiating if, roughly speaking, the above series representation holds for |Z| sufficiently large
with modes w; that are required to satisfy Sommerfeld’s radiation condition if i\; € R-q is positive
and to be bounded if A\; € R+ is positive.

The case A? = 0 is somewhat exceptional as the mode u; is constant in Z; note that the number
of propagating modes changes at the corresponding frequency.

Assumption 3.1. We assume that the frequency w > 0 is such that )\JZ # 0 for all j € N.



Note that Theorem states that there exists at most a countable set of exceptional frequencies
without accumulation point in (0,00). As for sufficiently small w > 0 all )\jz are positive due to @D,
the only possible accumulation point of the exceptional frequencies is 4o00.

Now we can rigorously formulate the scattering problem tackled in the sequel: Consider ¢ €
L*>(0, H) such that 0 < c_ < ¢(x3) < ¢y for z3 € (0, H), a contrast ¢ € L*>(Q) such that Im(q) > 0
and supp(q) C €,, and an incident field u’ € Hijy,, () that satisfies the Helmholtz equation ()
weakly in €, 7

. 2 .
/ <Vuz -V — ;(u>uzv> dr =0 for all v € Hy,,.(Q) with compact support. (13)
Q (T3 ’

We seek for a total field u € H&V

loc

(Q) such that

2
/ <Vu -V — 2?} )(1 + q)uv> dr =0 for all v € Hyy,.(Q) with compact support.  (14)
Q c*(x3 '

Additionally, we require that

u’(z) = u(x) ij z)pj(x3) for all |z| > p, (15)
jEN

with solutions w; € C>(|z] > p) to (Az — )\?)wj = 01in {|Z| > p} that satisfy

{linr1|§;|_>oo V1Z| (% - i\)\j|wj> = 0 uniformly in z/|Z| if )\? <0,

for all j € N. (16)
w;(Z) is uniformly bounded in |Z| > p if A? > 0,

The series in is required to converge in H'(Qp \ ) for all R > p.
In the sequel, any solution to the Helmholtz equation outside €2, that satisfies for all j € Nis
called a radiating solution.

Remark 3.2. (1) Any solution solving can be represented in series form as in since the
eigenfunctions {¢;}jen C H}y (0, H) are an orthonormal basis of L*(0, H). Thus, the above assumption
on the scattered field u® merely requires the conditions to be satisfied.

(2) The Neumann boundary conditions from are implicitly included in and .

4 Spectral Characterization of Function Spaces

To analyze the scattering problem defined in the last section we will ultimately transform it into a
variational problem on the bounded domain €, for p > 0 such that supp(q) C 2,. To this end, we will
define and analyze exterior Dirichlet-to-Neumann operators in the next section. As a technical tool,
we next prove a spectral characterization of the H'-Norm and a related trace estimate. Note that all
results in this section hold true irrespective of whether Assumption holds or not.

Standard theory on orthogonal bases in Hilbert spaces allows to expand u € L?( p) into its Fourier
series with respect to the basis {¢;};en,

H JR—
Zu] z)pj(x3) where u;(Z) :/0 uw(Z, x3)¢P;(x3) drs. (17)

jEN



This series converges in L?(£2,) and HuH%Q(Qp) =Y jen HUjH%Q({Iij}) holds due to Parseval’s identity.

Lemma 4.1. (a) The coefficients u; of u € H},(Q,) from belong to H'({|Z| < p}) and

IVaulZa,) = D 1IVaws (@7 gai<p -
JEN

(b) If u € C*(Q,), then the series expansion (LT)) converges absolutely and uniformly. Additionally,
this expansion can be differentiated term by term with respect to x3 and the series converges absolutely
and uniformly,

8:(}3 Z u; (Z)P;(xs) for z € Q. (18)

JEN
Proof. (a) The function u = 3,y u;(Z)¢;(z3) € L%(2,) belongs to H(Q,) if and only if its first-
order distributional derivatives all belong to L*(£2,). As u — du/dz; is continuous from H'(£2,) into
L2(Qp), we can exchange this partial derivative for i = 1,...,m—1 with the inner product of L?(0, H),

0 ug(T). (19)

H
o (z)p1(w3) dwg = / > ui(8)g)(w3)di(ws) das = D

0 8$2 JeN
The right-hand side is square-integrable, since the left-hand side can be estimated in L2({|Z| < p})
by [[0u/0zi||p2(q,). Thus, u;(Z) € H'({|Z| < p}). Parseval’s identity states that |]8u/8xiH%Q(Qp) =

Z]EN H@uj/ﬁib‘zﬂig(mkp}) fOI‘ 7= 1, N 1.
(b) This follows from results on function expansions in terms of the Sturm-Liouville eigenfunctions
{¢;}jen, compare, e.g., [LS60, Chapter 3, §3-§5]. .

To state a spectral characterization of the H'-norm on 1, we introduce

S,={zeQ: |z=p}= {x = (pcos, psing, x3)" = w € (0,7), x3 € (O,H)}, (20)

the cylindrical part of the boundary of Q,. As {exp(ing)®;}nez jen is a (non-normalized) orthogonal
basis of L?(X,) we can further expand u € L?(Q,) in cylindrical coordinates as

T COS Y
= S w@ise) = S Y il o= (rmE) <9,

JEZ JENNEZ

(21)

2

where 4(j,n,r) = 277/ / u(r,cp,xg)e*m‘pgbj(xg) drs, dp, meZ,j€N.
o Jo

Note that whenever we differentiate the Fourier coefficient 4(j, n, ) with respect to the radial variable
we write @' (j,n,r) instead of du(j,n,r)/0r.

Lemma 4.2. For u € H};,(Q,) it holds that

lull? g NZZ/ [ + N1 A, )P + 2|U(J,n )|+ (@ (G, n, )P | rdr (22)

jeENnezZ



Proof. 1t is sufficient to show the claim for u =} .\ u;(Z)¢;(x3) in the dense subset H(9,)NC3%(Q,)
of Hy},(€2,). In this situation, Lemmastates that (Qu/0xs)(x) = > ey uj(Z)¢)(23) is an absolutely
and uniformly converging series representation in 2.

Parseval’s identity applied to the orthogonal eigenfunctions {¢;} en and the trigonometric mono-
mials, together with the transformation formula, shows that

2 )2
[ o T o / (4G, m, ) dr.
JEN JENNnEZ
Recall the representation of the gradient in cylinder coordinates,

v ou n 10u n ou ith (@W) (—sinw) d <8>
U= —e,.+-—e —e with e, = ( sing ), e, = ( cos , and ez, = :
or " rdp ¥ Oxg ¥ 0" v 0" 3 1

Lemma shows that Vzu € H'({|Z] < p}), that ||Vmu||L2(Q = Y jen ||fouj”%2({|5:|<p})’ and the
transformation theorem together with the orthogonality of the trlgonometric polynomials implies that
(see, e.g., (A.35) in [Kirll])

V305l oie =200 8 [ (145 ) G P+ @GP rar @)
jeENnezZ
Finally, the variational formulation of the eigenvalue problem @ for (A, ¢;) allows to show that

H wz
L2 /{|j<p} Z u;(Z)uy () dz /0 (m + )\?)(Z)j(x3)¢j,(x3)dx3

J:3'eN

- H H 2
=y /{ Wp}uj(i)uj/(:z)daz [A§ /O pj¢j drs + /O %qu(;c?,)qu,(mg,)dxg

H 8x3

j.j'eN )
2
=D XlluiliEaga<pp + /0 ( | 2 wi@s(ws)| desd
jeN {1z1<p} Jen
2 2 w? o 24 w?
S Nl qaieny + CTH“”L?(QP) = [)‘ 2 ] w3122 qgai<o
jeN JEN i
:Z[A? }2/ [a(,n, )| rdr.
jEN neEL

Since merely the first eigenvalues /\2 1 < j < J. € N are negative, the corresponding finitely many
terms can be estimated by the L2- Norm of u, such that the last inequality together with Lemma .(a
and (| shows the claimed norm equivalence. Note that the equivalence constants depend on w and
Jy; however, they can be chosen uniformly for frequencies w in any compact subset of Rsq. O

It is well-known that the trace operator T, first defined for continuous functions u € C (ZTP) by
u— uly, , can be extended to a bounded linear operator from H'(Q,) into HY/2(X,) C L*(%,), see,



e.g., [McL00]. We introduce special subspaces of this trace space adapted to HéV(Qp),

v {w € LAS,) « ¥ = D D 4(,n)e™ g D> (1 + [nf* + MDY < oo},

jeENnezZ JENnezZ

a Hilbert space with inner product (¢,0)y = 27p> N D pez(l + In|2 4+ N[220 (5, n)8(j,n) for
1,0 € V. The dual space V' with respect to LZ(ZP) of V is equipped with inner product

(@, 0y =2mp > > (1+ |02 + [N )2 (G, n)0(, ) for .0 €V,

jENnezZ
and the dual evaluation (-, -)y/«y is simply abbreviated as (-, -).
Theorem 4.3. The trace operator T is bounded and onto from H*(Q,) into V.

Proof. The Cauchy-Schwarz inequality applied to the representation of u € Hjy, (£2,) from shows
that

p

Pd P -
Platn o) = [ aGon ) dr =2 [ rlatn, P dr + 2Re [ an@Gn s
0 0 0

P p 12, [P 1/2
<2 / (., ) P dr + 20 / a.n,r)Prdr) " / @ Gon,r)Prar)
0 0 0
Thus,

p
(L4 [n? + I\ 2 la,n, p) P < C/O [(L+[nf* + (M) @, n, ) [? + 1@ (G, n, r) 2] 7 dre

< c/ [(1 + > (g, n, )+ (1 + NP A, n,r))? + ]ﬂ’(j,n,r)\z] rdr.

Due to (22), summation over n € Z and j € N shows that || Tul|y < Cllullg1(q,)- The definition of V/
together with Lemma [4.2] shows that T is onto. O

As usual, we restrict functions in HI}V (2,) to 3, without explicitly relying on the trace operator.

5 The Exterior Dirichlet-to-Neumann Operator

We will now construct and analyze an exterior Dirichlet-to-Neumann map on the surface X,, mapping
Dirichlet data on X, to the Neumann data on X, of the (unique) radiating solution in Q\ Q, to the
Helmholtz equation . To this end, we assume that Assumption holds, i.e., no eigenvalue )\5 eR
vanishes, such that

=Y aGn) HO (Ar)e™6;(@s), o= (rane ) € 0\ D, (24)

JENRnEZ
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defines a formal solution to the Helmholtz equation in Q\ ©Q, that satisfies the boundary condi-

tions . Indeed, the Hankel function Hfll) of the first kind and order n satisfies Bessel’s differential
equation, such that

& vj,(2) = HY (ihr)e™, i=r(gng), >0,

satisfies the two-dimensional Helmholtz equation (Az — Ajz)vnyj = 0 in R?\ {0}, see [CK12]. The
asymptotic expansion of the Hankel function for large arguments moreover shows that each term of u
satisfies the radiation condition such that defines a radiating solution. Formally computing
the normal derivative of u on ¥, motivates the following definition.

Definition 5.1. For ¢ € V with Fourier coefficients (¢(j, n))jeN,nez, the Dirichlet-to-Neumann
operator A is defined by

(1) s
. Hn ’L)\' A in pcosyp
AV > V/, ¢ =1 E E )\j#w(],n)e @gf)j(l‘g), r = (ps;nap) S Ep. (25)
jeENnez n (iA;p) :

Theorem 5.2. The operator A from is well-defined and bounded from V into V'. For €V,

=D Wiin (1;3 engy(es),  w=(rins)e\n, (26)
J

JENNnEZ

belongs to HL (Q2\Q,) and there is C = C(p) > 0 independent of ¢ such that Hu||H11 @\a,) < ClY|v-
Further, u is a the unique weak solution to the Helmholtz equation in ) \KTp with boundary values

u]zp = that satisfies both the waveguide boundary conditions and the radiation condition .

Proof. (1) The boundedness of A follows almost literally as the proof of Lemma 2.1 in [AGLO8] and
will be omitted. The only additional fact required here is the estimate ’A?’ < Cj? for j € N from (9).

(2) In this part we abbreviate Qp \ Q, for R > p by Q, g and {# € R?, p < |#| < R} by Q, . For
|Z| > p, the function u from can be written as

) Z)\ T) ,me ~ _ (TCOoSyp
Zuj ¢] .%'3 with u] Z¢ ]7 - ’ T = (Tsincp)‘
jEN nez H (2)\3‘0)

We first show that the latter series converges in H'(€2, ) for arbitrary R > p, such that u € HL (€
Q,). As in the proof of Theorem one shows that

el m < €3 [Milng, o + (0 PP luslZag ] (27)
JEN

For £ € R and a parameter co = 1 + maxjeN(—)\?) < 00 we set

(€) = Ve — & ifeg > €2,
“ - i\/§2—60 ifCoZ€2.

11



The latter function is then used to define

(1)
Hn i ~ cos ~
671,5(3?) = Meln@ forz=1r (Sing) c QP:R7 n e 7, and n c 7.

HY (pa(€))

It is not difficult to see that the smooth function o, ¢ belongs to H 1(Q, r). Moreover, Lemma A6
in [CHO7] states that there exists C' > 0 independent of £ € R and n € Z such that

Hﬁn,SHiIl(Qp’R) < C(p, R) (1 + n2 + 52)1/2‘

Since ¢g = 1+ manEN(—)\?) it holds cg + /\? > 1 for all j € N such that there exists a unique positive
solution &; > 0 to 5]2 =co+ )\?. Thus, o) = i\; and §J2 < C(k)(1 4 |A;]?), such that

long, I, py < C A H0" + Y2 = C (140" + o+ X)Y2 < C(L+n? + N[22
with C = C(p, R, k) and

liilaa, oy < S IGPIng 120, < Clon RaE) 3412+ 1PV, m)

nez nez

Of course, the corresponding L?-estimate HujHiQ(Q,,,R) < D onez W(j,n)PH@m&.H%Q(QP’R) holds as well
and we conclude by that

lll2 0, 0 < €30 30 [0+ 02+ A2 4+ (1 s Pllng 220 o] 10GRIE (28)

jeENneZ

To estimate the L?-norm of Up,g; We note that

R
”TN’nﬁj HiQ(Qp,R) =2 /p

since ‘H(l i) /‘H(l) z)\Jp)‘ < 1 for r > 0 by Lemma A2 in [CHO?] Moreover, if j > J, (the

parameter J, was defined in (12)), i.e., if /\32‘ > 0, then ‘Hn (iAjr) ’ /‘Hn z)\]p)‘ < exp(—(r—p)|A;])
for r > p due to [CHO7, Lem. A3] and

R
2”/ =PI g < 2T [1 _ o BpIN \] <A %
pJy A1 AL (L + )Y

=Y (ixr)

<20
(1)(2)\]p) -

2
B H (iMr)|?

dr _ 2m ‘()(lr)‘dr<2w(R p) forall j €N,
r P Jp |H (z)\]p)}

~ 2
an,fj HL2(Qp,R) =

Together with (28], the last estimate shows that HUH%I(QP,R) < C|ly|3.

The function u satisfies the Helmholtz equation in €2, r in the classical sense, and for this reason
also weakly, by construction of the eigenfunctions v; to (7)), since @y ¢, solves (Az — A?)f)n@ =0in
{|Z| > p} and since the series in was shown to converge in H'(, g). The same argument shows
that u satisfies the waveguide boundary conditions and it is obvious that U’zp = 1. Well-known
properties of Hankel and Kelvin functions show that oy ¢; is a radiating solution to the Helmholtz

12



equation if 1 < 5 < J,, i.e., )\5 < 0, whereas vy, ¢, is bounded (and even exponentially decaying) if
J > J, ie., )\? > (. This implies that u satisfies the radiation condition . To show uniqueness of
u, consider the difference w =) jen wj¢; of u and a further radiating solution v to the same exterior
boundary value problem. For arbitrary j € N, w; € HL ({|Z] > p}) satisfies (Az — )\Jz)ﬁnygj =0
in {|z| > p} and vanishes on {|Z| = p}. Moreover, if )\5 < 0 the function w; satisfies the two-
dimensional Sommerfeld radiation condition (the first condition in ) and, for this reason, must
vanish (see [CK12]). If )\? > 0 the function wj; is exponentially decaying in Z and belongs in particular
to H ({|z| > p}). A partiafl integratif)n shows that f{‘i|>p}(‘Vi‘wj‘2+)\§|w]"2) dz = 0. In consequence,
w vanishes as well, which implies uniqueness of the radiating solution. ]

The next lemma formulates a weak coercivity result for A when applied to ¥ € V with represen-

tation 1) =}, ¥(j,n) exp(in ;.

Lemma 5.3. There exist constants C > 0 and co > 0 such that A is L?-coercive at small frequencies:
For 0 <w < C it holds that — (A, ) > cow||1/1||%2(zp) forallyp € V.

Proof. Due to () we can choose C' > 0 so small such that the lower bound (7(2j —1)/(2H))? —w?/c*
of all eigenvalues )\JZ = /\?(w) is positive for 0 < w < C. As in the proof of Lemma 2.2 in [AGLO0S] this
implies that

. . > Aip N\ .. o
— (A, ) > 27 Ailw(4,0 2+c)\-wj,1 24 N (—L— 4+ —)[lw(],n)|?%,
(o) 2 2m0 32 ol OF + bt D + 320 (5 2885+ ) G

with w(j,n) = zZ;(j,n) +1ﬂ(j, —n) for n # 0 and w(j,0) = 1/3(]',0), j € N. Due to the binomial formula,

1/2 1/2
Aip n 1/2 n 1/2 2X; 2\
AP ) sz ) > J > L >0, neN,
! <Ajp+2n+%‘p>_ ’ <Ajp+2n> (g +2)2 T (Mp +2)12 !

because n — n/(Ajp+2n) and j — A;/(Ajp + 2) increase in n and j, respectively. By Lemma [2.2]a)
it holds for j € N and 0 < w < min{(wc_)/(4H),1} that

3 2 1
w? < W? < T (25 —1)%— 2) < A% (29)
C

2 4w2H?

By possibly further reducing 0 < C' < 1, the latter estimate shows that A\; > c,w holds for all j € N
and some ¢, > 0. Further reducing 0 < C' < min(c*_l/Z, (me_)/(2H)) yields )\? < 1 due to (29), i.e.,
Aj < 4/A;. In consequence, for some ¢y > 0 and all ¢ € V' there holds

(A ) = Y [Ajlw(j, 0)2 + MG, 1) + VA S b, n>|2] > cow S 9, n) 2
n=2

jeN jENnez

and Plancherel’s identity implies the claim. O
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Lemma 5.4. Ifw > 0 there exists C' = C(w) > 0 such that there holds

J
—Re (A, ) > =2mpC Y Y (5, n)|* > —Cll¢ll 72,

j=1n€ez

for allvy € V with Fourier coefficients {1&(]’, n)}jeN, nez (see for the definition of J, = Ju(w,c, H)).

We omit the proof that precisely follows the arguments of the proof of Lemma 2.3 in [AGLOS].
To be able to apply analytic Fredholm theory when establishing existence theory for the scattering
problem (14H16)) we finally show that A = A,, depends holomorphically on w.

Lemma 5.5. For all w, > 0 such that A\j(ws) # 0 for j € N and all w* > 0 small enough to satisfy
the assumption of Lemma there exists an open connected set U C C containing w, and w* such
that w — Ay, is an analytic operator-valued function in U.

Proof. Due to Theorem 8.12(b) in [Muj85] we merely need to show that

[e.e]

HY (i0(w)p)

Ao, ) = 27 Aj(w (;AS ROUIERD 30
(Ao, 1) P;EN ()nielﬂf(ll)(iAZj(w)(w)p) (4, ) (j,n) (30)
Conip T A 30 [Pt @) n 350
= 27T'ijEN )\](W) < [ H"(zl)(ZAj(w)p) - ’L)\](W)pi| qs(jan)w(]an)a fOI' ¢7 w € ‘/7

is a holomorphic function in an open connected set U C C that satisfies the properties claimed in the
lemma. Relying on the index functions /;, j € N, Lemma states that all eigenvalues w — )\?j ) (w)
can be extended to holomorphic functions in some neighborhood Uy of Rsg. We choose §; > 0 such
that Uy = {2z € U, 0 < Re(z) <w*+1, |Im(z)| < 1} C U is connected, compact and contains w, and
w*. Due to Theorem the set Ko = {w € U; : there is j € N such that )\?(w) = 0} is finite. Thus,
by further reducing the parameter §; we can assume without loss of generality that K contains merely
real numbers. Recall that the square root function z — z'/2 that was defined for complex numbers
via a branch cut at the positive real axis is holomorphic in the slit complex plane C \ iR>o. The
roots w — Ay (,)(w) are hence holomorphic functions in the set Uy := {z € Uy : Imz < 0 if w € Ko}.
Further restricting this set we define the open set Us := {z € Us, B(z,d2) C Us} for a parameter d2 > 0.
For §2 small enough Us is open, connected and contains w, and w*. Recall that the Hankel function

Z H,gl)(z) and its derivative are holomorphic in the domain {z € C, z # 0, —7/2 < arg(z) < 7}.

The fraction z Hr(ll)l(z)/Hr(Ll)(z) is holomorphic for z # 0 and arg(z) € [0, 7) since z H,(LD(Z)
does not possess zeros in this domain. Moreover, an infinite number of zeros of z H,(LI)(Z) in the
lower complex half-plane is contained in the quadrant —7 < arg(z) < —n/2, while at most n zeros
are contained in —m/2 < arg(z) < 0, compare the paragraph on complex zeros of the Hankel function
in [AS64, pg. 373-374]. If follows from [CS82l eq. (2.8)] or [ASG4, pg. 374] that these finitely many
zeros lie in the sector —7/2 < arg(z) < —e for some € > 0, independent of n, i.e., z — H,sl)/(z)/H,gl)(z)
is holomorphic in {z # 0, arg(z) € (—€, ™ + €)}. Since the numbers i); are either positive or purely
imaginary with positive imaginary part we deduce that, upon reducing the parameter §; > 0 for
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the construction of U;23 a second time, the function w alV (iA; (w)(W)p )/H (ng(w) (w)p) is
holomorphic for w € Us.

Thus, each term in the series in is holomorphic in Us. Holomorphy of the entire series follows
from the uniform and absolute convergence of this series: If we set

_ HD 5@)p) 7.
gi(w) = Aj(w)nzejz [ HD o (w)p]¢(],n)w(],n) (31)

_ H (i (@)p) 5 [P —
=X)L TG oy PO~ Bl Ryl i= D 20l mdlm),

then R;(u,v) is a bounded sesquilinear form on V' independent of w. For all j > Jy(w* 4+ 1,¢, H) and
all w € U3 NR it holds that i\;(w) € iRxg, such that

()(M(
H (ixj(w)p)

'Kn 1(Aj(w)

p)‘SC for w € Us, n € Z,
Aj(w)p)

due to [AGLO8, Lemma A.2 & (A10)]. For 1 < j < J.(w* + 1,¢, H) the asymptotic expansion of the
Hankel functions for large orders, see [AS64, (9.3.1)], implies that there is a constant C' > 0 such that
the last bound is uniformly valid for all j € N. We deduce that

l95@)] < D~ (CIN ()] +n/p) [9(j:n)i (7, n)| < Cllullv o]y

neE”L

since w — Aj(w) is holomorphic on Uy and hence bounded on Us € Uy. We deduce that the series in

converges absolutely and uniformly for each w € Us and is hence a holomorphic function of w.
As in the proof of Theorem one shows that the series in (30)) is uniformly convergent in j € N

as well, which finally implies the claim. ]

6 Existence and Uniqueness of Solutions to the Scattering Problem

We have now prepared all tools to provide existence theory for weak solutions of the waveguide
scattering problem . Plugging together these tools is rather standard and follows, e.g., the
approach taken in [AGLO0S].

Assume that v’ € H&VJOC(Q) is an incident field that solves the Helmholtz equation weakly.
Assume further that u € HéVlOC(Q) solves for all v € Hiy, () with compact support such that

u® = u — u’ satisfies the radiation condltlons . Since ([14) implies that Au = divVu € L2 () is
locally square integrable, we can integrate by parts to ﬁnd that

2
0= / <Au + %(1 + q)u) Tdz holds for all v € H(Q) with compact support in €,
Q C\Tm,

that is, Au + (w?/c?)(1 + q)u = 0 holds in L?(Qg) for all R > 0. As the boundary of Q is flat, elliptic
regularity results, see, e.g., [McL00, Ch. 4], moreover imply that u € H12C)C(Q)
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As u® = u — u' is by assumption radiating, Theorem (5.2) implies that [0u®/dv]|s,, = Alu’ly)
holds in V', where v denotes the exterior unit normal vector to €,. In consequence, the normal
derivative of u = u' + u® on ¥, equals

ou  Ou'  Out  Ou’ ; o
5= vt oy = gy TA(@-udly ) v

Multiplying Au + (w?/c®)(1 + q)u =0 in Q, by v € H};,(Q,) and integrating by parts in €2, we find

oz/Qp <vu-vu—c;(";)(1+q >dx—/ vds—l—/ro vds—l—/FH %vds
—/gp(Vu-Vv—c;(u;)(l—i—q)uv> d:c—(A(u),v>—<(8V ()) >

Hence, a reformulation of the scattering problem (14H16]) on Q, is to find u € H},(€,) solving

2
B, (u,v) :== / <Vu Vo — 2 ?)x )(1 +qu ) dx — (A(u),v) = F(v) for all v € H} (), (32)
Q, 3
where F(v) = ((Ou'/Ov — A(u')),v) for v € H},(9,). Of course, can also be considered for
arbitrary continuous anti-linear forms F € H},(Q,) = L(H}/(,),C) that can be used to tackle
source problems instead of scattering problems.

Theorem 6.1 (Existence and uniqueness of solution). Assume that Assumption holds.

(1) The sesquilinear form B,, and the anti-linear form F from are bounded on H,(Q,) and
B, satisfies a Garding inequality. Thus, the Fredholm alternative holds: Whenever the variational
problem for u* =0 (i.e., for F = 0) possesses only the trivial solution, existence and uniqueness
of solution holds for any F € H},(Q,)'.

(2) There exists wg > 0 such that the variational problem s uniquely solvable for all incident
fields u® for all frequencies w € (0,wp).

(8) The variational problem is uniquely solvable for all F € HY,(,)" and all frequencies
w > 0 except possibly for a discrete set of exceptional frequencies {wg}eL:"l C Rswys Le € NU {+00}.
If L, = oo, then wy — 00 as £ — oo.

Proof. (1) Boundedness of A, see Lemma(5.2] and the trace estimate from Theorem and the trace
estimate H@ul'/OVHHA/Q(EP) < | divVa'|| p2(q,) < (w2/62_)||ui”L2(Qp) imply the boundedness of B, and
F on H},(£,). The Géarding inequality for B,, follows from the lower bound of A from Lemma

w2 _
Re(B(u,0) 2 ol o) — (52 1+ lallzmio) +1) Nl e ([ Auvas)
P

2
> [l 0~ (2 0+ Dallomion) + 1) Tl = Cllulags,) — for w € Hi(@,)

As the embedding of H-(Q2,) in L?(£2,) is compact and since the trace operator from Hy,(Q,) into
L2(X%,) is compact due to the compact embedding of H/2(X,) in L?(3,) the latter estimate provides
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indeed a Garding inequality for B,,. In consequence, the variational problem is Fredholm of index
zero and uniqueness of solution implies existence of solution together with continuous dependence of
the solution on the right-hand side.
2 o« . . . ’ . . 2
(2) L*-coercivity of A for small frequencies (see Lemma ) and Poincaré’s inequality [[ul|%. @) <

(H2/2)\|VuH2LQ(QP)m for u € H};,(Q,) imply that

[\

0y
Re(Bu(u, u)) > [ Vull72(q,) — 67(1 +lall @) 1l F2q,) + cwllull?as,)
1 2 1 2 w? 2 1
2 §HVUHL2(Q,,) + WHUHLQ(QP) - 2(1 +llglle@llullzzq,  for u e Hy ().

If w > 0 is small enough, the right-hand side of this estimate is strictly positive and B,, is coercive on
H(2,) such that the Lax-Milgram Lemma implies the claim.

(3) Part (2) shows that is uniquely solvable if w > 0 is less than some wy > 0. For larger w
we exploit holomorphy of w +— A,. More precisely, fix an arbitrary w* > 0 such that )\? (w*) # 0 for
all j € N and some w, € (0,wp). Lemma shows that there exists an open connected set U C C
containing w, and w* such that w — A, is an analytic operator-valued function in U. In consequence,
the entire sesquilinear form B, (u,v) depends analytically on w in U. Moreover, is uniquely
solvable for frequency w.. Hence, analytic Fredholm theory implies that is uniquely solvable for
all w € U except possibly for a countable sequence of exceptional frequencies without accumulation
point in U. In particular, there exists at most a countable set of real frequencies without finite
accumulation point where uniqueness of solution fails. ]

Theorem 6.2. Assume that Assumption holds.

(1) If the variational problem ([B32)) is uniquely solvable for any F € H},(Q,), then any solution
u € H{y () can be extended to the unique weak solution u € HWIOC(Q) N HI%C( ) of the waveguide
scattering problem (14} (.@) by setting ilq, = ulq, and

) I T CoS _
a(z) )+ Z Z w(j,n Hu (A7) e p;(v3)  forx = (rs;nf) in Q\ Q, (33)
jEN neZ (Z)Vm :

with coefficients u(j,n) defined by

27r
/ / u — u) g%ﬁ:ﬁ) e "o dpdxs, jeEN, neZ. (34)
3

(2) IfIm(q) > 0 on a non-empty open subset D of 2, then and the scattering problem @
are both uniquely solvable for all incident fields.

Proof. In this proof, we indicate by ()];P if a trace on ¥, is taken from the inside (-) or from the
outside (+) of Q.

(1) Assume that u € H}j,(€2,) is the unique solution ([32)). As in the beginning of this section, we
choose v € H};,(€,) such that U|zp = 0 and integrate by parts in to find that

2
0:—/ (Au—l—;}(l%—q)u)vdﬂc%—/ %vds
Q c (%3) Tgn{|z|<p} 8.%‘3

P
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Integrating now a second time by parts for a test function v € H&V(Qp) and exploiting the definition
of the right-hand side F' in then shows that

<<gz A )> > _ <<%‘; _ A(ui)> ,v> for all v € HY (). (35)

Now we define u® € H, I}V(Qp) by u = u’+u® such that and the surjectivity of the trace operator
imply that (@us/ayﬂzp = A(u5|zp) holds in V’. In Q \ﬁp we define u* by the series in (33), such that
@ = u' 4+ u® holds in Q\ ©,. By the radiation condition (16)) for (u — v’ }Q ,
from Theorem 4 ﬂ, and the representation of functions in V we note that the coefficients 4(j,n) in
are defined such that

— : NEE .
us’z:p = ‘gp ZZ a(j,n)e™ ¢; = USEP = (u— u’)‘zp, holds in V.
JENNEZ

the trace trace estimate

This implies that that uEp equals the restriction ﬁ|§p, i.e., the extension u is continuous over X, in
the trace sense. By construction of A and 4, it follows from Theorem (5.2) that @ € HY,..(2) is a
radiating solution to the Helmholtz equation in €\ €, with normal derivative

+ B 8u1+aus + B ou’ +
Z,,_ v ov E,,_ ov | |y
As the normal derivative of % across ¥, is hence also continuous in the trace sense, the latter func-
tion is a weak solution in H&V,IOC(Q) to the Helmholtz equation that solves the waveguide scattering
problem ((14}{16). Elliptic regularity results [McL00, Chapter 4] show that @ € HZ_
of this solution follows from uniqueness of solution to (32)).

(2) We merely need to show that Im(q) > 0 on a non-empty open subset D C 2, implies that
any solution u € H{,(Q,) to with F' = 0 vanishes. Extend such a u by to a solution in
H I%V e Q)N HE () of the scattering problem with u’ = 0 and, by abuse of notation, call the extended

function again u. Taking the imaginary part of with v = u and integrating by parts in Qg \ STP
yields

@
ov

in V'.

s outl|”
+Au ’;p) = [(%}
p >

Al = [5] |

(). Uniqueness

O:Imb(u,u):—/ Qm( \u!Qda:—Im/ uds—/ me(q)‘U’de—Im/ %ﬂds
o, c*(z3) Q, c*(z3) s, OV
1
= / waﬁl((])’uF dx + Im |:|Vu|2 2w |’U,|2:| dr — Im % EdS, R > p.
o, ¢(x3) Qr\O, c*(x3) sp OV

The expansion u = >,y u;jp; of u € H&VJOC(Q) N HE (Q) shows that

If 1 <j < Js, then u; is a solution to a Helmholtz equation with positive wave number in R? that
satisfies the Sommerfeld radiation condition due to and it is well-known (see, e.g.,[CK12]) that
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this implies that Im fli\= R (0u;/0v)ujds > 0 (the latter expression is a multiple of the L?-norm of the
far field pattern of u;). For j > J,, u; is a bounded and hence exponentially decreasing solution to a
Helmholtz equation with negative wave number (this follows, e.g., from the estimates of the Hankel
functions in the proof of Theorem , such that Im ﬁi‘:R(auj/OV)lTjds — 0 as R — oo. Choosing
R > 0 large enough, we conclude that

w* Tm(q)

O:Imb(u,u):/ 5 lu? dz + Im 8—quSZO.
Q, € (3) SR ov

Thus, u vanishes on the open, nonempty set D. The unique continuation property for solutions to
Au+ (w?/c2(x3))(1 4+ q)u = 0, see [JK85, Th. 6.3, Rem. 6.7], implies that u vanishes in all of Q. [

Remark 6.3. (1) If the inhomogeneous medium described by the contrast q is replaced by an im-
penetrable obstacle D € 2, with either Dirichlet, Neumann or impedance boundary conditions, the
approach from the beginning of this section yields a variational problem for the total field restricted
to Q,\ D. For a Neumann or impedance boundary condition this problem is posed in Hiy (2, \ D),
whereas for a Dirichlet boundary condition, the variational space additionally needs to incorporate ho-
mogeneous Dirichlet boundary conditions on dD. The existence and uniqueness results of Theorem[6.]]
and Theorem (1) hold for those scattering problems in an analogous way.

(2) The Garding inequality from Theorem(]) implies that a conforming Galerkin scheme applied
to converges if the sequence of discrete variational spaces is dense in HI}VQ,,.
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