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Abstract

We introduce an inside-outside duality approach for the determination of interior transmis-
sion eigenvalues of a possibly anisotropic dielectric electromagnetic scattering object using time-
harmonic electromagnetic far field data. To this end, we exploit a self-adjoint factorization of the
far field operator to link the electromagnetic interior transmission eigenvalues to the maximal or
minimal phase of the eigenvalues of the corresponding far field operator, depending whether the
sign of the contrast function is positive or negative.

1 Introduction

The propagation of time-harmonic electromagnetic waves in R? is governed by Maxwell’s equations
for the electric and magnetic field £ and H. Given a circular frequency w > 0 and a dielectric medium
with electric permittivity € > 0, constant magnetic permittivity g > 0, and vanishing conductivity
o > 0, linear and time-harmonic electromagnetic waves are governed by the differential equations

curl E —iwugH =0,
Ho in RS, (1)
curl H + iweEF =0
Denoting the constant background permittivity by €9 we introduce the wave number k := w,/gopuo,
the relative permittivity e, = /¢, which allows to reduce the system to

curl (e; ' curl H) —k*H =0  in R% (2)

We assume in the following that e, equals g outside some bounded scatterer D C R3. Considering
the electromagnetic scattering problem governed by and the Silver-Miiller radiation condition
(detailed in the subsequent section) we note that this scattering problem is as usual linked to an
interior eigenvalue problem in D: In our context, this so-called interior transmission eigenvalue
problem consists in finding an eigenvalue k% € C and an eigenpair (u,w) such that

curl (ar_l curlu) —k*u=0 in D and curl>w — k*w =0 in D, (3)
subject to the constraint that the Cauchy data of v and v equal each other,

vx(u—w)lygp=0 and v x (et curlu — curlw 0, (4)

)|8D =

where v is the exterior unit normal to dD. In this paper we show a tight link between interior
transmission eigenvalues and the spectrum of the far field operator to the above-mentioned scattering
problem via a conditional inside-outside duality.
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To detail this duality statement, recall that whenever the contrast Q = I3 — ;! is real-valued

then the far field operator Fj at wave number k& > 0 to the above-mentioned scattering problem is
compact and normal. Thus, Fj, possesses eigenvalues {\;(k)} en that can be shown to lie on the
circle {|z — 87%/k| = 872/k} in the complex plane and tend to zero as j tends to co. Whenever
the contrast @ has a fixed sign in D then \;(k) tend to zero as j tends to oo either from the left
or from the right depending on the sign of the contrast. Given this setting, inside-outside duality
roughly speaking states that whenever some eigenvalue \;(k) tends to zero from the “wrong” side
as k — kg, then ky > 0 is an interior transmission eigenvalue. Finally, under an implicit condition
on a given transmission eigenvalue ky > 0 we also show that there exists an eigenvalue A;(k) of Fj,
tending to zero from the “wrong” side as k — kg. We additionally transform this implicit condition
into an explicit one for the contrast and the wave number that holds true at least for the smallest
positive electromagnetic interior transmission eigenvalues if the contrast is large enough.

The latter result offers the possibility to determine at least some transmission eigenvalues from
multi-spectral far field data by inspecting, e.g., the behavior of the smallest or largest phase of the
eigenvalue of the far field operator (depending on the sign of the contrast @}). The knowledge of
interior transmission eigenvalues is in particular of importance in the context of parameter identifica-
tion for anisotropic materials from far field scattering data. Indeed, anisotropic material parameters
are not uniquely identified by such data without a-priori knowledge, even if one possesses multi-
frequency data [I3] [I]. Such a-priori information can for instance be computed from transmission
eigenvalues since [2, [3] show that these eigenvalues provide upper and lower bounds on the norm of
the anisotropic material parameter.

The interior transmission eigenvalue problem is a non-selfadjoint and non-linear eigenvalue prob-
lem and it took about 20 years in between the first appearance of the problem in the literature [9, [7]
and the first existence results of finitely or infinitely many eigenvalues for general (non-spherical) ge-
ometries [23, [4]. The growing interest in this eigenvalue problem, parameter identification methods
exploiting transmission eigenvalues, and methods for their numerical computation is in particular
indicated by the numerous recent references in the review articles [5] and the special issue introduced
in [6].

Inside-outside duality is a well-known concept in billiard theory, see, e.g., [I0]. A mathematically
sound proof of the above-sketched duality for an exterior Dirichlet scattering problem has been given
in [11]. The technique from the latter paper has been transferred to a scalar transmission problem
for the Helmholtz equation in [19] and to a scalar transmission problem with anisotropic material
coefficients in [21]. In this paper we actually follow the simplified approach from [20]. Let us further
point out that we use, at least in the first parts of the paper the notation from [I7, Chapter 5| since
this allows to simplify the presentation by referring the certain parts of proofs in that reference.
We further note that our results are restricted to positive interior transmission eigenvalues and that
identification of complex transmission eigenvalues by an extension of the inside-outside duality is
an open problem. Finally, we emphasize that the interior transmission eigenvalue to the eigenvalue
problem is by definition k, while some authors prefer to define k% to be the eigenvalue.

To give a brief outline of the rest of the paper, we first detail the electromagnetic scattering
problem in the next Section [2] After rigorously defining transmission eigenvalues in Section [3] we
link them to the far field operator in Section [l Section 5] contains the first part of the inside-outside
duality statement. After preparing some technical tools in Section [6] we prove the second part in
Section [7] under a condition that is verified for small transmission eigenvalues in Section

Notation: By S? = {z € R3, |z| = 1} we denote the unit sphere in R?® and Bg(z) is the
ball of radius R about 2 € R3. For any bounded Lipschitz domain B C R? the Hilbert space
H(curl, B) is defined by H(curl, B) := {v € L*(B,C3), curlv € L2(B,(C3)}; its inner product is
(0, W) H(cur,B) = (V,w)2(p) + (curlv,curlw)pzg). The closure of C&°(B,C?) in the norm of
H(curl, B) is Hy(curl,B) = {v € H(curl,B), v x v =0 on dB}. By abuse of notation, a duality



pairing between the trace space of H(curl, B) and its dual (see, e.g., [22, Section 3.5.3]) will for sim-
plicity always be written as a boundary integral over B. Next, H(div, B) = {v € L*(B,C?), divv €
L?(B,C?)} is a Hilbert space for the inner product (v, W) f(curl,B) := (U, ) 2(g) + (div e, divw) r2(py
and H(div0, B) is the set of functions v in H(div, B) such that dive = 0 in B. The closure of
C§°(B,C?) in the norm of H(div,B) is Hy(div, B) = {v € H(div,B), v-v = 0 on dB}; we also
define Hy(div0, B) = {v € H(div0, B), v-v = 0 on 0B}. Further,

Hipe(curl, R?) := {v: R* - C?, v|z € H(curl, B) for all balls B ¢ R?}.
Recall moreover that the space of functions in H (curl, B)N H (div, B) with vanishing tangential trace,
Xn ={¢ € H(curl, B) N H(div, B), v x ¢ = 0 on 0B} C Hy(curl, B), (5)

and norm [|¢||xy = [¢ll12(p,cs) + | curl ¥[| 25 cs) + | div || 2y embeds compactly into L*(B, C?),
see, e.g., |22, Corollary 3.49|.

2 Scattering from a Dielectric Medium

We consider the time-harmonic Maxwell’s equations to model scattering of an incident electromag-
netic wave from a non-magnetic dielectric medium modeled by space-dependent relative electric per-
mittivity .. Moreover, we suppose that the support of I3 — e, is the closure of a bounded Lipschitz
domain D C R? with connected complement R?\ D. The material parameter ;! € L (D, Sym(3))
takes values in the real-valued symmetric 3 x 3 matrices Sym(3) and is bounded from above and
below on R3, ie., 0 < ¢ < ZTe;l(:p)g € L*®(R?) for almost all z € R3 and & € C3. We denote the
corresponding contrast function by Q := I3 — &, }; obviously, the support of Q equals D. Note that
we write A < B whenever A, B € Sym(3) satisfy ET(A — B)¢ <0 forall £ € C3.
We have already derived in the introduction that the total magnetic field solves

curl (e; ' ewl H) —k*H =0  in R (6)

On interfaces where ¢, is discontinuous, the tangential components of the magnetic field H and of
e; ' curl H are continuous across the interface. In particular, if €, is discontinuous across D, then

vx[Hlyp =0 and Vx[aflcurlH]aD:O, (7)

where []spp denotes the jump of a function across dD. Assume that an incident time-harmonic
electromagnetic plane wave

H'(z,0;p) = pelke? z € R3, where 0 € S%, pe C3, and p- 0 =0,

with direction 8 and polarization p propagates through the inhomogeneity D. Due to the different
material parameters inside D there arises a scattered electromagnetic wave H?® such that the total
field H = H* + H* solves @ and, moreover, H® satisfies the Silver-Miiller radiation condition

curl H*(z) x & — ikH®(z) = O (|z| %), as |z| — oo, uniformly with respect to 4 := ’x—| € s% (8)
x

Any solution v to the Maxwell’s equations curlcurlv — k?>v = 0 outside D that satisfies the latter
condition is called radiating in the sequel. Since H solves curl> H* — k2H" = 0 in R?, the radiating
scattered field H? is hence a solution to

curl (g7 ' curl H®) — k*H® = curl (Q curl HY) in R3. 9)



For this and all subsequent scattering problems we consider weak solutions in H,(curl, R?). Before
introducing the corresponding weak formulation, let us introduce a more general source term on the
right of (9): For f € L?(D,C?) we seek a weak radiating solution v € Hj,c(curl, R?) to

curl (g7 ewrlw) — k?v = curl (Qf) in R3. (10)

Note that setting f = curl H? yields the original problem @ The weak solution v € Hoc(curl, R?)
thus needs to satisfy

/ (et ewrlw - curly) — k?v - 4) da = / Q f-curlydz Vap € H(curl, R?) (11)
R3 R3
with compact support and, additionally, the Silver-Miiller radiation condition,

curlv(z) x & — ikv(x) = O (|x|_2) , as |z| — oo, uniformly with respect to & € S?. (12)

Remark. (a) Choosing ) = V¢ to be a gradient field, the equation curl Vo = 0 implies that
Jrzsv- Vg =0forall p € H'(R3) with compact support, i.e., dive = 0 in R3.

(b) The Silver-Miiller radiation condition is well-defined for any weak solution v to : Outside
D the solution v solves curl? v — kv = 0 together with div v = 0; thus, the identity A = V div — curl?
implies that Av 4 k?v = 0 and elliptic regularity results imply that v is a smooth function in R3\ D.

Using either a volume integral approach [I5] or a variational formulation in involving the exterior
Calderon operator [22] it is possible to show that can be reduced to a Fredholm problem, i.e.,
uniqueness implies existence of solution.

Assumption 1. We assume in the following that any solution to for f € L*(D,C3) is unique,
such that existence and continuous dependence of this solution follow from uniqueness. This assump-
tion is always satisfied if € is globally Hélder continuous, since, under this smoothness assumption,
unique continuation results for Mazwell’s equations are applicable, see [25)].

Every radiating solution v € Hjoc(curl, R3) to has the asymptotic behavior
_exp (ik|z|)

v(x) =

v™>®(2) + O (Jz|7?), as |z| — oo,
e (@) +0 (] ) 2]
uniformly in all directions # = x/|z| € S?, involving the far field pattern v>® : §? — C3 of v. It is
well-known that v*° is an analytic and tangential vector field on the unit sphere, i.e.,

v>°(2)-2=0 forall &eS%
In particular, v>° belongs to the space of square-integrable tangential vector fields
L7(S?) := {v € L*(S*,C?), v(¢) - & = 0 for ae. & € S*} C L*(S*,C%).

For the above-introduced incident plane wave H'(-, 0; p) the far field pattern H>(-,0; p) of H*(-,;p)
depends both on the incident angle 6 and the polarization p € C. The far field patterns H*(-, §; p)
define the far field operator F : L2(S?) — L2(S?), a linear integral operator defined by

(Fp)(z) = . H>(z,0;p(0))dS(0) for & € S2. (13)
S

The far field operator is linear since H*>® depends linearly on p, i.e. H*>(%,0;p) = fIOO(:%,G)p for
all p € C? with p-0 = 0 and ﬁoo(a%,ﬁ) € C**3. Due to reciprocity relations, H> is moreover a
smooth function in both variables & and # which implies that F is a compact operator on LZ(S?).
Additionally, since ¢, is real-valued the scattering problem in non-absorbing hence F' is a normal
operator, see [8, Corollary 6.40]. Thus, F' possesses a complete orthonormal eigensystem (A;, g;)jen
of eigenvalues \; € C and eigenfunctions g; € LZ(S?). From [I7] we additionally know that all \; lie
on the circle {\ € C, |87%/k — A\| = 87%/k} in the complex plane.



3 The Herglotz Operator, its Range, and Transmission Eigenvalues

To establish a link between electromagnetic transmission eigenvalues and certain eigenvalues of the
far field operator F we will exploit a factorization of F based on the following linear, compact
Herglotz operator H : LZ(S?) — L%(D,C3), defined by

Hg = curl, vy, , vg(z) == / e*704(0)dS(6) for x € D, (14)
S2

where vy is a so-called Herglotz wave function. Since g € LZ(S?) we note that v, is smooth and
divergence-free and thus solves both Maxwell’s equations curl? Vg — kZUg = 0 and the vectorial
Helmholtz equation Avg + k:2vg = 0 in R? in the classical sense. If vy vanishes in D, then analytic
continuation and [8, Theorem 3.15] applied to each component of v, implies that g vanishes, i.e., the
Herglotz operator H is injective.

Proposition 2. The adjoint H* : L*(D,C3) — L2(S?) of the Herglotz operator is given by
(H*y) (0) = ik 6 x / Y(x)e **0dx  forh e S2
D
Proof. Recall first that curl(pF) = Vo x F + @curl F' for scalar functions ¢ and vector fields V.

Thus, for g € L2(S?) it holds that curl,(exp(ikz - 0)g(0)) = ikf exp(ikz - 0) x g(6). For arbitrary
¢ € L*(D,C?) we thus obtain

(Ho, W) = [ (e / o(0)47a5(0) ) FaT da

//S2 curly, ‘kxﬂ) dsS () (x) dz
= [ 90 i) x [ GEiet= dzdS ) = (0. T )z

For the next result we recall the notation

b(o.y) — P 1)

b} forl.?yERg?x#y?
|z -y

for the radiating fundamental solution to the scalar Helmholtz equation in R3. The far field pattern

of z — ®(z,y) is well-known to be 0 — exp(—ik 6 - y) and the far field pattern of x — curl, ®(z,y)
equals 0 — ik 0 x exp(—ik 0 - y), see, e.g. [8]. By linearity, this implies the following proposition.

Proposition 3. For i € L?(D,C3) the function H*y) € L2(S?) is the far field pattern v to

v(x) = curl, /D O(x,y)Y(y) dy, x € R3.

The closure of the range of H in L?(D,C?) plays an important role in the sequel.

Lemma 4. For k > 0 we define the closed subspace
X, = {w € L*(D,C?), / w (curl® ¢ — k%) dz = 0 Vi € C§°(D,C3)} c L*(D,C?). (15)
D

Then it holds that Xy = closurerz2(p c3)R(H).



Proof. The definition of H in implies that Hg = curlv,y|,, where both the Herglotz wave
function vy and its curl are smooth and entire solutions to Maxwell’s equations in R3. In particular,
two partial integrations imply that v, satisfies [, (Hg) (curl® ¢ — k24p) de = 0 for all ¢ € C§°(D, C?)
and g € L(S?). In consequence, R(H) C Xj..

To prove that Xy C closurerz(p c3)R(H) we assume that there exists wg € Xy such that wy is
orthogonal to all elements in the range of H, i.e.,

0= (wo, H)p2(pcoy = (H wo, 9) 1262y Vg € L(S?). (16)

By Proposition |3| we know that H*wy = v*° is the far field pattern of the volume potential v =
curl [}, ®(-, z)wo(z) dz in R3. Due to the far field v*° vanishes and Rellich’s lemma (see [8,

Theorems 2.14 and 6.10] yields that v = 0 in R3\ D. By [15] the volume potential v for wg € L?(D,C3)
solves

/ [curlv-curl@—k%-m dx—/ wo - curl ¢ da (17)
RS D

for all ¢ € H(curl, R3) with compact support, while wy € X}, solves
/ wo - (cwrl?y —k*P) dz =0 Vi € C°(D,C?).
D

Thus, choosing the test function in as (CUI‘12 —kz) ¢ for arbitrary ¢ € C§°(D,R?) the right-hand
side in vanishes and ng, (curlv - curl (curl2 —k2) Y — kv - (curl2 —k2) @) dx = 0. This shows
that (curl® —&2)(curl®> —k?)v = 0 holds in the distributional sense, i.e., in D’(R?, C3). Note that
moreover implies that divv = 0. Exploiting the identity A = V div — curl? together with Schwartz’s
theorem, we find that

(curl® k%) (curl®> —k*)v =(V div —A — k) (V div —A — k*)v
=(Vdiv-A - k) (A = kv = (A + E)(A + kv =0 in D'(R3,C?).

The operator (A + k?)(A + k?) = A% + 2k?A + k* is an elliptic differential operator of order four.
Thus, Weyl’s lemma for distributional solutions to elliptic partial differential equations with constant
coefficients (see, e.g., [24, Corollary of Theorem 8.12|) applied to each of its components shows that
v € C(R3,C?) is a smooth and compactly supported solution of (A + k?)(A + k?)v = 0 in R3.
We multiply this equation by , integrate first over R? and then twice by parts, and obtain that
(A + k*)v = 0 in R3. Since v vanishes outside D, the analyticity of solutions the homogeneous
Helmholtz equation shown in [8, Theorem 2.2| implies that v = 0 in all of R3.

By , the fact that v vanishes implies that wg satisfies |, pWo - curlyydz = 0 for all ¢ €
H(curl, D). Since wy € X}, is divergence-free, Theorem 3.5 in [12] shows the existence of a vector
potential Vy € H(curl, D) such that wy = curl V. Choosing ¥ = Vj hence yields fD lwo|? do =
I p Wo - curl Vpdr = 0. In consequence, every vector in X}, orthogonal to R(H) vanishes, which
implies the claimed identity. O

Lemma 5. For k > 0 it holds that
Xy, = {w € L*(D,C?), / w (curl® ¢ — k%) de = 0 Vo € Hy(curl, D) s.th. curley € Hoy(curl, D)} :
D

Proof. Lemma A.1 in [14] shows that functions in C§°(D, C3) are dense in {¢) € Ho(curl, D), curly €
Ho(curl, D)}, equiped with the norm [|4|| = [|9]| z7(cur, 0y || Curl Y| gr(cunt, py- Thus, the representation
of X}, from Lemma [4] equals the claimed one by a density argument. O

Using the space X} we rigorously define interior transmission eigenvalues.



Definition 6. The wave number k£ > 0 is an interior transmission eigenvalue if a non-trivial eigenpair
(v,w) € Ho(curl, D) x X}, exists that satisfies

curl (6;1 curlv) — k?v = curl (Qw) in D, curl>w — k*w =0 in D, and (18)

vxeteurlv=vx Qw on dD.

The differential equations and the boundary conditions are understood in a variational sense, i.e.,

/ [5;1 curlv - curly — kv ﬂ dz = / Quw -curlypdr Vo € H(curl, D). (19)
D D

Remark 7. In contrast to the formal introduction of transmission eigenvalues in , formulated
using v and w, Definition [6] is formulated in terms of v = u — w and curlw. Of course, both
formulations lead to precisely the same eigenvalues.

Lemma 8. The eigenpair (v,w) € Hy(curl, D) x X}, belongs to H} (D, C?*)NHy(div0, D) x H(div0, D).

Proof. Since a function w € X}, belongs to L?(D,C?) and satisfies [curl®> —k2]w = 0 in the distribu-
tional sense, the latter equation in particular holds in L?(D,C3). Since div curl = 0 we deduce that
divw = 0, i.e., w € H(div0, D).

Choosing the test function ¢ € H(curl, D) in to be a gradient field Vi for o € HY(D) we
note that v € Hy(curl, D) is divergence-free and that v - v = 0 on dD: Indeed, a partial integration
shows that

oz/v-wdxz/ (v-v)pdS Ve HY(D).
D oD

Thus, v € Hy(curl, D) N Hy(div, D) = H}(D,C3) due to Lemma 2.5 in [12]. O

4 Linking Transmission Eigenvalues with the Far Field Operator

The characterization of transmission eigenvalues based on inside-outside duality relies on linking the
interior eigenvalues with the far field operator F, more precisely, with a particular factorization of
F'. To state this factorization we introduce the operator

T="T;,: LQ(D,Cg) —>L2(D,(C3)7 Tif = Q(f + curlv|p), (20)

where v € Hoe(curl,R?) is the unique radiating weak solution to curl (e; ! curlv) — k*v = curl (Qf)
in R3, that is, for all v € H(curl,R?) with compact support, v satisfies

/ [5;1 curlv~curl@—k2v-ﬂ dx:/ Qf - curl®y dz (21)
R3 R3

together with the Silver-Miiller radiation condition .

Assumption 9. From now on, we assume that Q € L*>(D,Sym(3)) either satisfies Q(x) > col3 or
Q(x) < —col3 for some co > 0 for almost all x € D. We abbreviate these conditions as sign(Q) = +1
or sign(Q) = —1. In both cases, the inverse matriz Q(x)~! ewists for almost every x € D.

Theorem 10. (a) For k > 0 the factorization F' = H*T'H holds.

(b) If v € Hipe(curl, R3) is the radiating weak solution to then the mapping f — curlv|, is
compact from L*(D,C3) into L?(D,C?).

(c) For k>0, f € L*(D,C3), and v defined as the radiating weak solution to it holds that

k o0
W (TF. fymen = o [, 075 >0 (22)



Proof. In [I7, Theorem 5.10|, a slightly different factorization is shown for the isotropic case where
e;! = 1 — g for a real-valued contrast ¢ and that proof can be straightforwardly adapted to our
setting. For the same isotropic setting, parts (b) and (c) are shown in [I8, Theorem 5.12(d,e)]
and [I8, Theorem 5.12(a)]|, respectively, and those proofs can be adapted for our setting due to
Assumption [9] O

The next theorem yields a first characterization of positive interior transmission eigenvalues using
the above-introduced operator T" = T}.. At this point, the k-dependence of the operators Ty, H = Hj,
and F' = F}, as well as the dependence of X} on the wave number becomes important. For this reason
we denote this dependence explicitly from now on.

Theorem 11. (a) If the wave number k > 0 is an interior transmission eigenvalue for the eigenpair
(v,w) € Ho(curl, D) x Xy then w # 0 satisfies Im (Tjw, w)2(p,csy = 0.

(b) If w € Xy \ {0} satisfies Im (Tyw,w)r2(pcsy = 0 the wave number k > 0 is an interior
transmission eigenvalue and there is v € Hoy(curl, D) such that (v,w) is the corresponding eigenpair.

Proof. (a) If kK > 0 is a transmission eigenvalue with eigenpair (v, w) we extend v from D to all of
R3 by zero. Due to the extension satisfies

/ [5;1 curlv - curl ¢ — k%o - Y] do = / Quw - curly dz (23)
R3 D
for all 1 € H(curl, R?) with compact support. In particular, the definition of T} in shows that

Trw = Q(w + curlv) and since v>° = 0 we deduce from Theorem [I0|c) that

k

Im (Tpw, w) = ()2

||UooHig(g2) =0.

(b) If w € X\ {0} satisfies Im (Tw, w)2(p c3) = 0 then define v € Hoc(curl, R3) to be the radiating
weak solution to (21]). Theorem [I0](c) states that

k 0
Im (Tw,w)Lz(D@s) = (477)2/S? v Hif(S?)’

and hence the (tangential) far field pattern v> vanishes on S?. Thus, Rellich’s Lemma (see [8,
Theorem 6.10]) implies that v = 0 in the exterior of D and shows that

/ [5;1 curlv - curl ¢ — k2v-m dx :/ Quw - curlyp dz Vi € H(curl, D).
D D

Since v vanishes outside D we hence obtained a transmission eigenpair (v, w) € Hy(curl, D) x X}. O

Corollary 12. The wave number k > 0 is an interior transmission eigenvalue if and only if there is
w € Xi \ {0} such that (Tyw,w)r2(pcsy = 0.

Proof. If (Tyw,w)r2p,csy = 0 then Im (Tpw,w)r2(pc3) = 0 and Theorem implies the claim.
Moreover, if £ > 0 is an interior transmission eigenvalue then Im (Tyw, w)2(p c3) = 0 for w € X\ {0}
due to Theorem As in the proof of the latter theorem we exploit that Tpw = @ (w + curlv| )
where v € Hioc(curl, R?) N Ho(curl, D) solves (23), i.e.,

/ [curlv ceurly) — kv @] dx = / Q(w + curlv) - curlypdz Vi € H(curl, D). (24)
R3 D



Since w € X}, belongs to the closure of R(H) in L?(D,C?) there exists a sequence {g;}jen C LZ(S?)
such that w; = H(g;) — w in L?(D,C3) as j — oo. We choose the test function 1 in as curlwj,

/D Q(w + curlw) - curl® w; do = /D [curlv - curl?w; — kv - curlw;| dz.
and exploit the equation curl? w; = kzwj in D and integration by parts to find that

/Q(w—i—curlv)-wjdx:/ [curlv - wj — v - curl wy] dx:/ (vxwv) - w;dS =0
D D oD

because v € Ho(curl, D). As j — co we obtain first that [, Q(w + curlv) - wdz = 0 and second that

(Tw,w)2(p,c3) = / Q(w + curlv) -wdzx = 0.
D

O

In the end of Section [2] we already mentioned that the eigenvalues A; = A;(k) of the far field
operator F' = F}, lie on a circle with radius 872 /k centered at 872i/k. Since F is compact on LZ(S?)
these eigenvalues necessarily converge to zero as j — co. We next show that if the contrast function
Q@ : D — Sym(3) has a fixed sign, the \; converge clockwise (i.e. from the right) or counter-clockwise
(i.e. from the left) to zero as j — oo (see Figure|1)).

Theorem 13. Assume that k > 0 is no interior transmission eigenvalue. If sign(Q) = +1, then
Re (A;) 2 0 if j € N is large enough.

Proof. The claim follows from the factorization of the far field operator F' = H*T H, the orthonor-
mality of its eigenfunctions g; € L?(S?), and the fact that T is coercive up to a compact perturbation.
These properties allow to prove the claim along the lines of, e.g., [I7][Theorem 1.23], see also Section
5.4 in the same reference and Lemma 4.1 in [19]. O

If the far field operator F} is not injective, then it is easy to show that the corresponding wave
number is a transmission eigenvalue. Thus, if we assume that k£ > 0 is no interior transmission
eigenvalue, then F' is injective and all eigenvalues A; are non-zero and possess a unique polar repre-
sentation,

Aj = Tjexp (iﬁj), with r; > 0 and ¥; € (0, ).

Theorem (13| directly determines the behavior of the phases 1,

{0, if sign(Q) = +1,

lim ¢; =
! m, if sign(Q) = —1.

j—00
Thus, if sign(Q) = +1 we can define ¥, = max;cy¥; and denote the corresponding eigenvalue of F
with the largest phase by Ay = ry exp(ivy); if sign(Q) = —1 we set J_ = minjeny ¥; and denote the
corresponding eigenvalue by A_ = r_ exp(iv_) (see Figure [1)).

Theorem 14. Assume that k > 0 is no interior transmission eigenvalue. If sign(Q) = +1 or if
sign(Q) = —1 it holds that

Re (Trw, ’U))LQ(D7(C3) Re (Thw, w)L2(D,C3)

cot vy = or cotd_ = , respectively.

min max
weXi\{0} Im (Tk’w, w)LQ(D,(C3) we X \{0} Im (Tkw, w)Lz(D7C3)

Remark. If £ > 0 is no interior transmission eigenvalue, the denominator in the latter expressions
is strictly positive due to Theorem [I1].



Re

Figure 1: If sign(Q) = +1 the eigenvalues \; of F' converge clockwise to zero and the eigenvalue with
the largest phase is Ay = ry exp(iv4).

Proof. Expressing F' by his eigensystem, Fg = Z]EN )\j(g,gj)L?(Sz)gj7 we note that

2
(Fg,9) 1252 = Y il (9:95) 122 | for g € L(S?).
jeN
From Euler’s identity we know that Re()\;) = 7;cos(?;) and Im ()\;) = 7;sin(?;). Furthermore,
the function h(a) := cos(a)/sin(a) = cot(a) is a strictly monotonically decreasing function in the
interval (0, 7). An application of |20, Lemma 4] thus shows that
Re (ng g, )Lg(SQ) ZjEN Re ()‘])‘(gv g])|2 . ZjeN COS(’(?j T]’(gv gj)|2
V

)
Im (Fg,9)r2s2)  djen Im (M), 97— D ensin(@y)ril(g, g5) 12

© ZjeN cos(95)|(g, 95)|? _ cos(V-) _ cot(9_) < oo
b 9geL?(S?) ZjeN sin(d;)[(g,95)[*  sin(d-)
if sign(Q) = —1. Lemma 4 in [20] moreover shows that the latter inequality becomes an equality

if and only if g = g_ is an eigenfunction of the eigenvalue A_. If sign(Q) = +1 the claim follows
analogously. Finally, because of the factorization of F' = H*T H we obtain
(F'9,9) 122y = (H'THg,9) 1252y = (THg, Hg)12(p,c3) = (Tw,w)2(p,c3)y with w = Hg € Xj.

Since the range of H = Hj, is by definition dense in X}, this implies the claim. O

5 Extremal Phases and Transmission Eigenvalues

Since the representation of the extremal phases ¥4+ in Theorem relies on the k-depended spaces
X we will from now on explicitly denote the dependence of the eigenvalues A\; = A;(k) and the
extremal phases U4 = ¥4 (k) of the far field operator F) on the wave number k > 0 explicitly.

The next result shows the first part of the inside-outside duality holds without further assump-
tions: Whenever an eigenvalue corresponding to the smallest or largest phase tends to zero from the
wrong side as k — kg the limiting wave number kg is a transmission eigenvalue.

Theorem 15. Choose ko > 0 such that I := (ko—e, ko+¢)\{ko} contains no transmission eigenvalue.
If it holds that

li vy(k) = d si =+1 ) li v_(k) = d si =-1 2
im0 (k) =7 and sign(@) = +1,  orif  lm 9-(k) =0 and sign(@) = ~1, (25)

then kg is an interior transmission eigenvalue.
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Proof. We merely treat the case that sign(Q)) = —1; the case of a positive contrast can be treated
analogously. Assuming that kg is no transmission eigenvalue, Theorem [14] implies that

Re (Tpw,w
cot¥_(k) = max (T )20 — 0 as k — ko, kel
weXy Im (Tkw, w)L2(D7((;3)

Thus, there is a sequence {k;};jen C I and functions {w;}jen C Xj; with [[wj||z2(p cs) = 1 such that
k‘j — k‘o,

0 < Im (T, wj,wj)r2(p,c3y = 0 as j — oo, and  Re (Ty,wj,w;)r2(p,c3y = 0 (26)

for sufficiently large j. Let v; € Hiqc (curl, R?) be the corresponding radiating weak solution to (11)),
/ [(13 — Q) curlv; - curl ¢ — k]zvj m dz = / Qwj - curly dz, (27)
R3 R3

for all v» € H(curl, R?) with compact support. Since the sequence wj is bounded, there exists a weakly
convergent subsequence w; — wy in L?(D,C?); by abuse of notation, we denote this subsequence
again by {w;}. The weak limit wg belongs to X}, and the solutions v; to converge weakly as
well: If vg € Hyoc(curl, ]R3) denotes the solution to when wj; is replaced by wy, then v; — v in
H(curl, B) for every ball B C R3. Plugging in f = w; into we deduce that

(4m)* Im (Ty, w;, wy) L2 () = i 10501172529

The left-hand side tends to zero by and the right-hand side to kol[v§°||, (s2)- Thus, v§° =0

and Rellich’s Lemma implies that vy vanishes in the exterior of D, see [8, Theorem 6.10]. Thus,
(vo, wo) € Ho(curl, D) x Xy, satisfy the transmission eigenvalue problem (I8HL9).

Under the assumption that kg is no interior transmission eigenvalue we conclude that wy and vg
vanish in D, i.e., (vj, w;) — 0. Exploiting that Q w; = Twj — Q curlv; we infer that

(Tkj wy, wj)LQ(D,(C3) = (Tkj wy, QilTkj ’LUj)LQ(D@s) - (Tkj wy, curl vj)Lz(D@s)

= (Q™ ' Tiywj, Tiywj) 12(p.c3) —/ Q(wj + curlvj) - curlyj da
D

= (Q 7' T, wy, Ti,w;) r2(pc3y — /| . [l curlv|* — k5 |v;]?] da
x|<

- / l_R(:E x curlv;) - 75 dS,

where we choose R > 0 large enough such that D C Bg(0). Under the latter condition, v; is a
smooth function outside D and mappings w; — Ujhx\:R and w; — [T x curl Uj]||z\:R are compact
from L?(D,C3) into, e.g., L?(0Bg(0),C3). Consider now the real part of the latter equation for
(Tk;wj, w;): Since Re (Ty;wj, wj)r2(p,c3y = 0 for j large enough and sign(Q) = —1,

/ |curlv;|*dz = —Re (Th;wj, wi)L2(p,c3) +/ Q_lTkjwj Ty, w; dx
|z|<R D
+/ k]2~|vj]2da: —Re / (& x curlwy) - 7;dS
lz|<R lz|=R

< / k]2~|vj|2dx —Re / (& x curlvj) -7;dS. (28)
lz|<R lz|=R

11



The second term in tends to zero since w; — 0 and w; — (2 x curlv;) - T; is compact
from L*(D,C?) into L'(0Bg(0),C?). Concerning the first term in (28), recall that v; — 0 in
H(curl, Br(0)) and that v; € H(div0, Bg(0)). Since the space H(curl, Bgr(0)) N H(div0, Br(0)),
equipped with the norm of H(curl, D), is compactly embedded in L?(Bg(0),C3) we obtain that
v; — 0 strongly in L?*(Bg(0), C3), see [22, Theorem 4.7]. In consequence, the right-hand side in
tends to zero, which implies that v; converges strongly to zero in H(curl, Br(0)) for arbitrarily
large R > 0. From we deduce that w; — 0 in L?(D,C3), which contradicts the assumption
lw;llL2(p,csy = 1. Thus, the assumption that ko is no interior transmission eigenvalue was wrong. [

6 The Orthogonal Projection onto X

In Theorem [I5 we showed that whenever the smallest or largest phase tends to zero or 7, respectively,
then the limiting wave number is a transmission eigenvalue. The reciprocal result is more difficult to
prove. A crucial tool in our analysis is a projection P, onto X3 C L?(D,C?) that we will construct
in this section. To this end, we introduce

W := {4 € Hy(curl, D) N Hy(div, D), curly € Hy(curl, D) N Hy(div, D)}
= {¢ € H}(D,C?), curly € Hj(D,C?)}

with norm [[¥[|w = (¥l g (cur, 0y + [ VY| 22D, c3) + || curleHLz(D,Cg). The equality (x) is due to
Lemma 2.5 in [I2] stating that Ho(div, D) N Hy(curl, D) = H (D, C3).

Lemma 16. For k > 0 there is ¢ > 0 such that ||(curl? _kz)d}H%?(D,(C?’) + |l divdJH%z(D’Cg) > c||l|3
for ally e W.

Proof. Assume, on the contrary, that there is no such constant ¢ > 0. Then there exists a sequence
{4;}jen C W such that |[1;]|w = 1 and [|(curl? —k:Q)ijLz(D’(Cs) — 0 and [|div;p2(p,csy — 0 as
j — 0o. We choose a weakly convergent subsequence, also denoted by {1;}, such that ¢; = ¢ € W
weakly in W. Since W C H{ (D, C3) the compact embedding of H} (D, C3) in L?(D,C?) implies that
¥; — ¢ in L2(D,C?). As ||(curl? —k2)jll 12(p,c3) — 0 we moreover obtain that curl®¢; converges
strongly in L?(D, C?). Since the only possible limit equals curl? ¢ the limit equation (curl® k%)) = 0
holds in L?(D,C3). Since 1) € W, the Stratton-Chu formula [22, Theorem 9.2] implies that

1
v=—cul [ x@)00p)dS - 5 [ (vxeulv@)B(y)dS =0 in D,
oD k% Jop
because the tangential trace of ¢ € H}(D,C?) and curly € HE(D,C?) vanishes. We already saw
above that divi; — 0 in L*(D,C?) and deduce that [[¢;|lw — [|¢|lw = 0 as j — oo, contradicting
our assumption that [[1;|w =1 for all j € N. O

From now on we adopt the following assumption on D to avoid the appearance of cohomology
spaces in the Helmholtz decomposition when defining the projection Py, cf., e.g., [22, Section 3.7].

Assumption 17. D is a Lipschitz domain with connected complement and each connected component
of D is simply connected. In particular, the boundary of each connected component is connected.

Due to the Helmholtz decomposition (see, e.g., [22], Theorem 3.45]) and the geometric Assump-
tion a function g € L?(D, C3) can be decomposed as g = curl Ay+Vpy with a uniquely determined
vector potential A, € H(curl, D) N H(div0, D) such that A,-v =0 on dD and a unique scalar poten-
tial p, € H}(D). Moreover, both A, and p, depend continuously on g € L*(D,C?) in their natural
norms. This allows to define the operator Py for k£ > 0 by

Py : L*(D,C%) — L*(D,C?%),  Pyg:=g— (curl> —=k?) A, — Vp,, (29)
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where flg € W solves the following variational problem for all ¢ € W,
/ (curl® —k?) A, - (curl® —k%) ¢ dzx + / divA, - divde = / curl 4, - (cwrl® —%?) ¢ dz.  (30)
D D D

Lemma 18. (a) The mapping Py : L?*(D,C3) — AX’C 1s well-defined and represents the orthogonal
projection from L?(D,C3) onto Xy. The function A, € W, defined in , is divergence-free and

/ (curl® —k?) Ay - (curl® —k?) ¢ da = / curl 4y - (cwrl* —k*) pdz Vi € W. (31)
D D

(b) For g € L*(D,C3) the function k — Pyg from Rxq into L*(D,C3) is continuously differentiable.

Proof. (a) The variational problem is well-posed as the sesquilinear form on the right of
is coercive on W due to Lemma Since curl A, is bounded in term of g € L?(D,C3) the solution
/lg e W to is hence ur}iquely defined and bounded in terms of g as well.

We further show that A, is divergence-free: Plugging in Vi for ¢ € C§°(D) into (30) we exploit
that [}, curl® A, - Vpde = 0 by partial integration and obtain that k* Ip Ay - Vopdr + [p div A, -
div Vg da = 0 for all ¢ € C§°(D). The Helmholtz decomposition flg = curl A + Vp with p € H}(D)
implies that Ap = div A, € L*(D), ie., p € HL (D) = {q € H{(D), Aq € L*(D)}. Arguing as
in [22 Chapter 7.4], we find that ’

k4/(cur1A+Vp)-V<pd3:—|—/ Ap-divVgdr =0 Vo € C§°(D).
D D
Again, partial integration shows that [, curl A- V@de = 0, that is, p € H&A(D) solves

/ (Ap — E'p)Apdr =0  Vp € C(D).
D

Thus, p € H} \(D) satisfies —Ap = —k?p in D and p is an eigenfunction of —A for a negative
eigenvalue. The negative Dirichlet Laplacian is however well-known to be a positive operator which
implies first that p necessarily vanishes and second that A, = curl A is a divergence-free function

that satisfies .
To check that P, maps into X we choose g € L?(D,C3) and consider w = Prg = g —

(curl®> —k?)A, — Vp, = curl A, — (curl? k%) A,. Due to (31),
/ w - (curl2 —k2) Ydr = / (curl Ay — (curl? —lc?)flg) . (cur12 —k:2) Ydr =0 Vi € W.
D D

Since C§°(D, C?) C W, Lemma [] implies that w € Xj.

To check that Py is a projection we choose w € X}, and recall from Lemma |8 that w is divergence-
free. Hence, the scalar potential p,, € H(D) from the Helmholtz decomposition w = curl A, + Vpy,
of w vanishes since it is a weak solution to the Laplace equation in D with homogeneous Dirichlet
boundary data. In consequence, the right-hand side of vanishes,

/ curl A, - (Cul"12 —kz) Pdr = / w - (cur12 —k:2) Ydr =0
D D

for all ¢» € W since, as above, by definition of W it holds that ¢ € Hy(curl, D) and curly €
Hy(curl, D) and Lemma [5| states that the latter integral vanishes for w € Xj. Thus, the solution
Ay € W to (30) vanishes and Pyw = w, i.e., Py is a projection onto X;. This projection is even
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orthogonal: Consider w € Xy, and g € L?(D,C?) with Helmholtz decomposition g = curl A, + Vp,,
where again p, € H} (D). Since w € X, is divergence-free to obtain and since A; € W it follows that

(Prg — 97“})L2(D,<c3) = _(Vpng)m(mci’r) - ((Cur12 _k2)A97w)L2(D,C3) =0.

(b) We note that k ++ Pyg is a differentiable function for every g € L?(D, C?) since

d d A ) )
Plg:= > (Pug) = — [w — (curl® —k*)A, + Vpg] = —(cwl® —k?) AL + 2kA,,

dk dk
where A, € W solves and 121; :=dA,/dk € W solves

/D(cmrl2 —kQ)/l’g - (curl® —k*)¢ dz + /D div fl; -dive do = 2k /D Ay - (curl® =k dx
+2l<:/ (curl®> —k*)A, -3 dz — 21<:/ curl A, -pdx Y € W.
D D

The latter formula for flfq follows from the polynomial dependence on k of the left- and right-hand

side of the coercive variational formulation . The above proof that Ag is divergence-free transfers
to A} which shows that Ay solves

/D(curl2 —k2)/1fq - (curl®> =k dz = 2k /D Ag - (curl®> =k dz
+2k:/ (curl? —k2)A9.¢dx—2k/ curl A, -pdx Y € W. (32)
D D

O

7 Inside-Outside Duality

In this section, we apply the projection Py from to show that under a certain condition the
reciprocal result to Theorem holds: If kg > 0 is an interior transmission eigenvalue, then the
smallest or largest phase tends to zero or m, respectively. Together, these two statements yield the
so-called inside-outside duality. We emphasize that our results merely show that this duality holds
under certain conditions. While these conditions are not explicitly related to the contrast @ in this
section, in the subsequent section we will derive explicit conditions on the contrast such that the
duality holds at least for the smallest positive interior transmission eigenvalues.

Theorem 19. Let be kg > 0 be a transmission eigenvalue and wo € Xy, such that wy # 0 and
(Tkowo, wo)r2(p,c3y = 0. Choose € > 0 such that (ko — €,ko + €) contains no other transmission
eigenvalue. If k— (Ty Prwo, Prwo) r2(p,c3y s differentiable in k at k = ko and if the derivative

d
o’(ko) = - (TiPrwo, Prwo) pa(p cs) e R\ {0}
k=ko

is real and non-zero, then it holds for sign(Q) = +1 that

li 9o (k) =7 if o' (k 0 d li 9y (k) =7 if o' (k 0
by +(k) =7 if o (ko) > an L +(k) =7 if o’ (ko) <

and for sign(Q) = —1 that

li D_(k) =0 if o/ (ko) > 0 d li 9_(k) = 0 if o/ (ko) < 0.
ppim (k) =0 if o' (ko) > an p_im (k) =0 if o' (ko)
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Proof. We merely prove the claim in case that sign(Q) = —1 since the case of a positive contrast can
be treated analogously. Choose € > 0 such that I := (ko —¢, ko +€) contains no interior transmission
eigenvalue different from k. In Theorem [14] we saw that for k € I\ {ko} it holds that

Re (Thw, w)r2(p,c3) Re (T Prg, Prg)r2(D,c3)
cotd_(k) = max = max .
weXp\{0} Im (Thw, w)p2(p,csy  ger2(D,C\{0} Im (Tx Prg, Prg)12(p,c3)

Define a(k) := (T} Prwo, Pkw())L2(D,<C3) for k € I and note that a(ko) = (Tk,wo, wo)Lz(D@a) vanishes
by Theorem [L1] since kg is a transmission eigenvalue. Thus, Taylor’s theorem implies that

a(k) = alk) + o/ (ko)(k — ko) +7(k) = (ko) (k — ko) + r(k) where r(k) = o(|k — ko|) as k — ko.

Since o(ko) is real and Im (a(k)) = Tm (Ty Pywo, Prwo)2(p,csy > 0 for k € I'\{ko} by Theorem (c)
we obtain that

Re (Ti Prwo, Prwo)rz2(pcsy o (ko) (k — ko) + Re (r(k))

cotd_(k) = = ,
(k) Im (T Pywo, Prwo) 2(p,c3) Im (r(k))

ke I\ {ko}.

If o/ (ko) > 0 and if kg +& > k \ ko then o/ (ko) (k — ko) > 0 tends to zero linearly whereas Re (r(k))
and Im (r(k)) both tend to zero faster than linearly in k — ko. In consequence, cotd_(k) — oo as
ko4& > k N\ ko, i.e., 9_(k) — 0. The same technique applies in case that o/(kg) < 0. O

Corollary 20 (Conditional Inside-Outside Duality). If there exist wave numbers {k;};jen C Rsq such
that kj — ko > 0, k;j # ko, and V4 (k;) = 7 or 9_(kj) = 0 as j — oo in case that sign(Q) = +1 or
sign(Q) = —1, respectively, then ko is an interior transmission eigenvalue.

If ko > 0 is an interior transmission eigenvalue such that the derivative o/ (ko) is non-zero, then
there exists {k;}jen C Rso such that k; — ko > 0, kj # ko, and 9 (k;) — m or V_(kj) — 0 as
Jj — 00 in case that sign(Q) = +1 or sign(Q) = —1, respectively.

Proof. Due to Theorems and (19| it merely remains to show that k — (T} Pywo, Prwo)r2(p,csy is
differentiable at k = kg, which will be shown independently in Lemma [22| below. O

The remaining crucial task is hence to compute the derivative o/(kg) from the last theorem.
Before doing so we show the following auxiliary result.

Lemma 21. Assume that kg > 0 is an interior transmission eigenvalue with eigenfunction (vo,wp) €
Hy(curl, D) x Xy,. Then the mapping k — (Tkwmwo)m([),(c?)) is differentiable in k at k = ko and

d
@(Tkwo,wo)nw,@) = 2ko/ |vo|* da. (33)
k—ko D

Proof. Define vy, for k > 0 as the unique radiating solution to the variational formulation
/ [(I3 — Q) curl vy, - curlyp — kv, ] do = / Qwo - curl ) dz Vip € H(curl, R3) (34)
R3 D

with compact support and note that vy = vy, € Hoc(curl, R3) N Hy(curl, D). Since this variational
problem depends polynomially on k and since vy, € Hp(curl, D) we note that the derivative v{) :=
dvg/dkl;_y, of vx with respect to k > 0 at k = ko satisfies

/ [(Is — Q) curl v}y - curlyh — kfvg - ] da = 2k0/ vo - da Vi € H(curl, D). (35)
D D
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Now we compute the derivative of k — (Tjwo,wo)r2(p,cs) With respect to k at k = ko:

d
@(Tkwmwo)m(p,m) Q(wo + vk|p), wo)L2(p,c3)

= —( = / Q curl(v))wo dz.
k=ko dk k=ko D

Choosing ¢ = v(, in and taking the complex conjugate of this equation shows that

@(Tkwojwo)Lz(D,cg) = / (I3 — Q) curl(vp) - curl(vg) — k2uvg -] da = Qko/ |lvo|? dzz.
D D

k=ko

O

Lemma 22. Assume that kg > 0 is an interior transmission eigenvalue with eigenpair (vy,wo) €
Ho(curl, D) x Xy,. Then the mapping k — (T}, Prwo, Pywo)r2(p,cs) is differentiable in k at ko and

d
@ (TkPkw07 Pkwo)Lz(D’Cs)

4
= 2k0/ lvo|? da + —Re/ curlvg - wo dz. (36)
D ko D

=ko

Proof. Recall from Lemma [18| that & — Ppwg is continuously differentiable with derivative

d A A
Plwy = 7 (Prwo) = —(cwrl®> —k*) Al + 2kA,,, (37)

where A,,, € W solves for A, instead of A, and 121;,0 € W solves with ¢ replaced by wg. As
in the proof of Lemma (18| we exploit that wy = curl Ay, for Ay, € H(curl, D) N H(div0, D) because
wo € Xy, is divergence-free. Now, integrate by parts twice to rewrite for A, as

/ (curl® —k?) A, - (curl® —k%)¢ dw = 4k / Ay - (curl? k)¢ dz—2k / wo-pdr Ve W (38)
D D D

and note that no boundary terms occur since Awo € W C Hy(curl, D) and thus curl Awo € Xy C
Hy(curl, D). We compute the derivative o/(ko) by the chain rule,

d
a/(ko) = [M(Tkpkwo,Pkwo)LZ(D@B)] L
=ko

= [(T];Pk’wo, Pkwo)L2(D,<C3) + (Tkplgwo, PkUJO)LZ(D,@‘) + (Tkpkwg, PIQMO)L2(D,C3)] |k:k0

= 2ko/D [vol* dz + (T wo, Py wo) oy ey + (Tho o, Py o) L2(.c3),

and show next that T,:,‘Owo = Ty,wo. To this end, recall that Ty, wo = Q(wo + vo) where the first
component vy € Hy(curl, D) of the eigenpair (vg,wp) to the transmission eigenvalue kg solves

/ [(Ig — Q) curlwg - curl ¢ — k‘gvo m doe = / Qwy - curly dz Vi € H(curl, D).
D D
Obviously, extending vg by zero outside D yields a radiating solution to . Moreover,
(Tkowo, wo)Lg(D7C3) = (Qwo, wo)LQ(D’CB) +/ curl (s (QWO) dx
D

= / wo | Qo dz + / |:(C111“1’UT))T(13 — Q) curlyy — k:(2)|vo|2] dx.
D D
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Since the latter expression is real-valued, Ty, is self-adjoint on the kernel of wy — (T, wo, wo), i.e.,
Tkowg = kaowo, and

d
ar (Th Prwo, Prwo) 2 p c3)

= 2]{:0/ ”U0|2 dz + 2Re (Tk0w07P]ng0)L2(D (CB) .
k=ko D 7

To compute the last term on the right we recall that wg € X}, implies Py, wo = wo, that is, the term
Ay, from vanishes and P wo = —(curl® —k3) A, where A, € W solves

/ (curl® —k3) AL, - (curl® —k2)ih dz = —2ko / wo-Ydr Vi € W. (39)
D D

Since wg € X is divergence-free one shows as in the proof of Lemma that AZUO is divergence-

free. In consequence, (curl® —k:g)/l;vo € L*(D,C?) is also divergence-free and Theorem 3.6 in [12]

implies thatAthere exists a unique vector potential Ay € Hy(curl, D)N H(div0, D) such that curl Ag =
(curl® —k3) A}, = — Py, wo. This allows to show that

(T wo, P,gowg) = —/ Q(wp + curlwy) - (curl2 —k:g)flévo dz
D

= —/ Q(wo + curlwy) - curl Ag dz —/ [curl vo - curl Ag — kgvo /Tg] dx.
D D
Since vg € H(D,C3) N Hy(div0, D) by Lemma |8, we can exploit Theorem 3.6 in [12] another
time to obtain the existence of a unique vector potential Vy € Hy(curl, D) N H(div0, D) such that
curl Vj = vg. Obviously, curl V € H& (D, C3), which allows to continue the last computation by a

partial integration,

(Tkowo,P,ngo) = —/ [curl vo - curl Ag — kg curl Vg -m dx
D

~

= - / [cuﬂ? Vo - (curl® k)AL, — k2Vp - (curl® —k3) A7, | da = / [curl® k2] V; - Pf, wo da,
D D
Recall that the projection Prwy onto X}, satisfies by Lemma, [5| that
/ Prwy - [cur12 Y — k21/;] dz =0 Vi € Hp(curl, D) such that curly € Hy(curl, D)
D

and hence in particular for all ¢ € W. Differentiating the latter variational equation with respect to
k > 0 we obtain that P]::Owo satisfies

/ Py wo [ewr® ¢ — k§o] dz = 2k / Piywo-dx  forallp € W.
D D

Since Py wo = wo € Xk, and since V € W satisfies Vo € Ho(curl, D) and curl Vy = vy € Hp(curl, D)
it holds by Lemma [5| that [ p Wo - [curl® Vg — k3Vo] dz = 0. In particular,

(Tiaren, Prywo) = / [curl® —Kg] Vo - Py d = 2ko / Pyt - Vo d
b D

2 2
:/ CurlQVO-wgdx:/ curl vg - wo dz.
ko Jp ko Jp

17



8 Explicit Conditions for the Contrast

Now we derive a condition on the contrast function ) guaranteeing that the derivative o/(kg) is
non-zero at least for a couple of the smallest positive interior transmission eigenvalues kg > 0 that
are below a certain bound. This critical bound is large enough to guarantee existence of transmission
eigenvalues smaller than this bound. For all such transmission eigenvalues the conditional duality
statement of Corollary [20] thus applies.

The following tools and results from [I6] will be important in this section: As we saw in Lemma ,
the function vy from a transmission eigenpair (vg,wg) belongs in particular to

V= {u € Hy(curl, D),/ v-Vodr =0 for all p € Hl(D)}. (40)
D

Further, by 1o > 0 we denote the smallest eigenvalue of the eigenvalue problem to find (1,v) €
R x V such that [ peurlv - curlypdr = p i) p vy dx for all p € V. By the min-max-principle, po =

mingey | Curl¢”%2(D,@3)/||¢||2L2(D,<c3) and

polll72(pcsy < llewrl )3z pesy VW €V (41)
From [22, Corollary 3.51] we deduce the existence of py > 0 such that
vl 2(p,c3y < poll curl vl p2(p csy Vv € H(curl, D) N Hy(div0, D). (42)

Since V' C H(curl, D) N Hy(div0, D) the Poincaré-type estimate implies p2uo > 1. Finally,
from [16, Eq. (4.34)] we know that if @ < gols < 0 in D and if M > 0 satisfies

2 202
(1 + ) o < M2 (1 - p0M2> : (43)
|90 |90

then there exists at least one interior transmission eigenvalue kg > 0 less than or equal to M.

We will now first consider the case of a constant contrast @@ = qols for ¢o € (—o00,0) and derive
a condition guaranteeing that the set of transmission eigenvalues for which the implicit condition of
Corollary [20] applied is non-empty.

Theorem 23. If Q = qol3 and if g < —(1++/5) satisfies that 8p2po < (2—q0)((14+q0)%—5)/(1—q0)?,
then there exists at least one transmission eigenvalue kg > 0 such that

2410(1 — qo)
k2 < 250 T
0 2—qo

For any transmission eigenvalue below the latter bound it holds that o/ (ko) < 0 such that the duality
statement from Corollary [20 holds true.

Proof. Assume that ko > 0 is a transmission eigenvalue with eigenpair (vo, wo) € Ho(curl, D) x Xp, .
Due to Lemma the derivative o (kg) for an interior transmission eigenvalue ko > 0 is given by

4

Re (curl vy, wo) r2(p,c3), (44)
ko ’

o (ko) = 2kollvollZ2(p cs) +
where 0 # vy € Hy(curl, D) solves . Choosing ¥ = vg in shows that

/ [(1—q0)|curlvo|2—kzg|vo\2] dx:/ Qwo-curlvgdm:qo/ wp - curl v dz (45)
D D D
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and that
4k 4(1 — qo)
(K 2ky — — 2 - = Logl|?
(ko) = (280 = 220} ol oy + 58 eurt ol o
|:< 4k0>+4(1—q0

< |2k — 220 — )MO} lool22(pcsy <O if and only if K2 <

q0
The latter condition is equivalent to (2uo — k3)go < 2o — 2k2, which can only hold for gy < 0 if
k3 < 2pp. Under this assumption we conclude that gy < min((uo — k3)/(po — k3/2),0). To ensure
the existence of transmission eigenvalues satisfying ko < C(qo) we need to ensure by that

2p0(1 —qo) 2

2 22 2 —
(14 5 J s < Cl@p (1= 0c@?) & sduo< FoBy@ WP -5, (0
|90 |90l (1= qo)
The latter condition in particular implies that gy < —(1 + v/5). O

We finally derive an analogous condition for a transmission eigenvalue ky > 0 with eigenpair
(vo, wp) for a variable contrast of the form

Q= qol3 + Q' with go < —(1+v/5) and 0 > Q' € L*>(D, Sym(3)).
Plugging this representation of ¢ into shows that

1 —qo kg
H CuI'lU0||%2(D7c3) - £||UO‘|%2(D,C3)

Re (curl v, wo) r2(p,c3) =

1 1
- — Q' curlvg - curligdez — —Re / Q' wy - curl 7y dz.
q0 JD q0 D

In the next estimate we denote the essential supremum of the spectral matrix norm of ' over D by
[|Q'|2]| Lo (p)- Plugging in the last estimate into we deduce that

4k 4(1 —
a%wz@%—ﬂmwpo+(qumm@D@
Qo qoko '

/ Q' curlvy - curl vy dw — —Re / Q'wy - curl vg dr (47)

ko qoko

1 4k0> 4 } 2
< 2kg — — )| + —(1— oo ( curlw .
- (20— )+ =)+ @l | et ol

The latter expression is negative if and only if

2 [1_QO_H’Q|2”L°°(D /o] = C(Q)>.

To guarantee the existence of such a transmission eigenvalue we need to check condition (43)), i.e.,
whether C(Q)? satisfies po(2 — qo)/|q0| < C(Q)*(1 — 203C(Q)?/|qol), or equivalently whether

(2 — q0)° Q|2 < (p) 4pd o Q|2 < (D)

<S|l-go—-——"F7——""||1-5— |1 00o———]]|-
2|qo VHo (2 = q0)lqol VHO

If @ = 0 then the latter condition reduces to condition from the last lemma and is hence

satisfied whenever gg < —(1 + v/5) satisfies and ||[Q'[2]|ze(py is small enough.

Lemma 24. If qo < —(1 4+ +/5) and if Q = qols + Q' satisfy then there exists an interior
transmission eigenvalue ko > 0 such that

2
01— g0 = 11Q/ oo/ V)

For any transmission eigenvalue satisfying this condition the derivative o/ (ko) is strictly negative
such that the duality statement from Corollary [20 applies.

kg <

(48)

ko <

19
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