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Abstract

We consider Tikhonov and sparsity-promoting regularization in Banach spaces for
inverse scattering from penetrable anisotropic media. To this end, we equip an ad-
missible set of material parameters with the LP-topology and use Meyers’ gradient
estimate for solutions of elliptic equations to analyze the dependence of scattered fields
and their Fréchet derivatives on the material parameter. This allows to show conver-
gence of a non-linear Tikhonov regularization against a minimum-norm solution to the
inverse problem, but also to set up sparsity-promoting versions of that regularization
method. For both approaches, the discrepancy is defined via a g-Schatten norm or an
L9-norm with 1 < ¢ < co. Numerical reconstruction examples indicate the reconstruc-
tion quality of the method, as well as the qualitative dependence of the reconstructions
on q.

1 Introduction

We consider direct and inverse scattering of time harmonic waves from a penetrable and
anisotropic inhomogeneous medium with density described by a matrix-valued material
contrast parameter QQ € C4*¢

div((Idg +Q)Vu) + k>u=0  in RY d=2,3. (1)

To this end, we set up weak solution theory for the scattering problem in Lebesgue spaces
L! with ¢ > 2 to be able to treat contrast functions in LP with p < oo in some admissible set.
Our analytic results allow to prove convergence of a sparsity-promoting version of Tikhonov
regularization in Banach spaces for a specifically designed penalty term towards, roughly
speaking, a minimum-norm solution. Numerical examples of contrast reconstructions in
two dimensions show feasibility of the proposed algorithm.

For incident waves u'(z,0) = exp(ik6 - x) of direction § € $¢71 = {z € R? | |z| = 1}
we seek solutions u(-,6) to such that the scattered field u®(-,0) = u(-,0) — u(-,0)
additionally satisfies Sommerfeld’s radiation condition,

lim r(@=1/2 (%{i(r:ﬁ, 0) — iku®(rz, 9)) =0 uniformly in all directions & € $271. (2)

r—00

By construction, the scattered field in particular solves the Helmholtz equation Au+k*u =
0 outside some ball Bg = {|z| < R} containing D; such solutions are called radiating in
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the sequel. It is well-known that radiating solutions to the Helmholtz equation have the
asymptotic behavior
eikr

mu“’(:ﬁ, 0) + O(r~1) as r — 0o,

u’(re, ) =vq
where o = exp(ir/4)/V8mk, v3 = 1/(47), and u>: $¢71 x §9=1 — € is the so-called far
field pattern of the scattered field. This function is analytic in both variables and defines
the far field operator F' = Fg: L?($471) — L($971),

(Fag) (&) = A} w(@,0)g(0)ds), s e
The inverse scattering problem we are interested in is to stably approximate the contrast
function Qexa from noisy measurements of the far field pattern «*°, that is, from a noisy
version F¢ ... such that ||Fexa — Freasl| < € for some noise-level e. To this end, we show
that different variants of Tikhonov regularization can be employed for this task and in
particular suggest a sparsity-promoting variant of that technique. The latter variant hence
provides a solution QT such that Foi = Fexa In the limit as the noise level ¢ tends to
zero, such that moreover Qf minimizes the sparsity promoting penalty term defining the
Tikhonov functional.

The convergence analysis of minimization-based regularization methods requires Ba-
nach spaces with some smoothness properties that rule out L as a suitable space for
contrasts. Following [11], we use Meyers’ gradient estimates for weak solutions to elliptic
equations to obtain that gradients of weak solutions to actually belong to L!-spaces
with ¢ > 2. This in turn allows to prove various analytic properties for the solution
to as Lipschitz continuity or directional Gateaux differentiability that only require
the contrast @@ to be measured in some LP-norm with 2 < p < oco. While [11] applies
sparsity-promoting regularization methods based on Tikhonov regularization to determine
a conductivity distribution in electrical impedance tomography, the only paper that inves-
tigates corresponding techniques in inverse scattering is [13], where the simpler Helmholtz
equation Au + k?n?u = 0 is tackled.

A specificity of our approach compared to [11} [13] is that we do not only incorporate
penalty terms that are linked to Hilbert spaces but also measure the discrepancy, that is,
the difference between the measured far field data and the computed approximation, in a
Banach-space: We consider either the full range of Schatten classes S, on the space of linear
operators on L?($%71) for 1 < ¢ < oo, or defined a norm on the space of measurement
operators by considering the norm of their integral kernels in L4($%! x $4=1). For ¢ = 2,
both notions coincide. The choice of ¢ significantly influences both reconstruction time
and quality, as we demonstrate numerically.

On the very technical level, the ellipticity of the conductivity equation tackled in [I1]
generally makes uniform estimates for solutions to the governing differential equation with
different conductivities arguably easier than for the indefinite Helmholtz equation treated
in this paper. (This problem did not occur in [I3] due to the much easier solution theory
in L! for the setting in that reference.)

To be able to directly rely on a specific bound in Meyers’ seminal work [16], we set up
weak solution theory for in the ball Bog and assume that the support of the contrast
is strictly included in Bop. This assumption is not crucial but avoids technicalities. We
finally remark that our estimates use a generic constant C that might change its value
from one occurrence to the other.

This paper is organized as follows: In Section [2| we recall well-known weak solution
theory for the anisotropic Helmholtz equation, that will be used in Section |3|and Section



to establish Lipschitz continuity and differentiability of the solution operator mapping the
contrast to the scattered field. Section [5| extends these result to the forward operator
mapping the contrast to its far field operator. In Section [6] we present two variants of
Tikhonov regularization. Finally, Section [7] presents several numerical examples computed
using a sparsity-promoting shrinked Landweber iteration or a primal-dual algorithm; the
required adjoint of the derivative of the forward operator is computed in Appendix [A]

2 The scattering problem

In this section, we recall weak solution theory in Sobolev spaces W1t with ¢ > 2 for the
anisotropic Helmholtz equation subject to the radiation condition for the scattered
field. The latter equation is understood in the distributional sense. After recalling condi-
tions for solvability of that problem in H!, we provide Lf-theory using Meyers’ gradient
estimates. As it leads to somewhat shorter expressions, we actually tackle the scattering
problem for the corresponding scattered fields, which are required to be locally in H' and
to satisfy the differential equation

div((Idg +Q)Vu®) + k*u® = —div(QVu')  in RY (3)
weakly in the sense of L2(IR?), subject to the radiation condition .

Remark 1. If the material parameter A = Idg+@Q is piecewise differentiable, then any
weak solution u and its co-normal derivative du/dv4 = v AVu are continuous over inter-
faces ' where A jumps: [u]r = 0 and [v" AVu]r = 0, where v denotes a unit normal to T
and [v]p denotes the jump of the function v across I'.

Before recalling the standard L?-based solution approach via Riesz-Fredholm theory,
we introduce a set of contrasts that depends on a fixed parameter A € (0, 1),

Q= {Q € L®(Bap, 04 | A <1+ Re(27Q2) < A7L, -A"L <Im(27Qz2) <0

(4)
Vz € €% with |z| = 1 and s.t. supp(Q) € BR} .

Thus, A determines the class of possible material parameters A = Idg+@Q such that A <
Rez'A(z)z and |A(z)| < A7! for all z € C? with |z| = 1 and almost every z € R%. (We
always implicitly extend @ € Q by zero from Bag to all of R%.) We further endow Q with
the Lp(BgR)dXd-norm for 1 < p < co. Note first that for p < oo, the set @ then has no
interior points for the LP-topology, since for any @) € Q and any € > 0, the open LP-ball
{Q" € LP(Byr)™? | ||Q — Q'll Lr(Byp)dxa < €} is not completely contained in Q. Second,

any @ € Q obviously belongs to all spaces LP(Byg)?*? for 1 < p < oo.

Remark 2. We consider contrasts @Q on By supported in Bg since this straightforwardly
allows to directly rely on a specific Meyers’ estimate from [16], avoiding technicalities. (Bar
could be replaced by any bounded domain that strictly contains Bp.)

Seeking to solve for the scattered field instead of the total one, we rewrite equation
for all test functions ¢ € C§°(R?) in the weak sense by multiplying that equation with ),
integrating over Byg, and integrating by parts the divergence term. Thus,

/ [(Idg +Q)Vu® - Vi — k*u®p] da — / auszﬁds = — QVu'-Vidz, (5)
Bar

8B2R v BR

and density of smooth functions in H'(Byg) implies that the latter equation holds for all
Y € HY(Bag). As the trace operator v(u) = ulyp,, has an unique continuation to a linear
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operator from H'(Byg) into H'/?(dByR), see [15, Lemma 3.35], such that u®|yp,, belongs
to HY/2(0Byg). Further, (Idg +Q)Vu® belongs to H(div, Bag) since u® solves (@) in L?(R%),
such that the trace theorem in H (div, Bag) shows that du®/0v = v-Vu® = v-(Idg +Q)Vu®
belongs to H~1/ 2(0Byg). Thus, the boundary integral in is well-defined as a duality
pairing between H*'/2(0Bsypg).

We denote by Aop: HY/?(0Byg) — H~'/2(0Byg) the exterior Dirichlet-to-Neumann
operator, see [I7], which maps Dirichlet boundary values ¢ on 0Bsp to the normal deriva-
tive dv/Jv of the unique radiating solution v to the exterior Dirichlet scattering boundary
problem. More precisely, v € Hlloc(IRd\BigR) is the unique radiating solution to Av+k%v = 0
in R9\ Bag, and can be written down explicitly in series form using Hankel functions. As u®
is a radiating solution to the Helmholtz equation, Aar(y(u®)) equals Ou®/dv, such that
becomes

/ [(1dq +Q)Vu® - Vi — k*u] da — / Aor(Y(u?))y($)dS = F(y)  (6)
BQR 8B2R

for all 1y € H'(Bag), with right-hand side F(z)) = — fBR QVu'-Vidr. (We omit the trace
operator 7 from now on if a restriction to the boundary is obvious.)

To prove existence of solution of (), we follow [9], see also [3], and rely on an additional
Dirichlet-to-Neumann map Aa or that maps Dirichlet data on dBsr to Neumann data of
the solution to an exterior Dirichlet boundary problem for the Laplace equation. By 3, p.
131] —Aa2r is coercive, — faBZR Appr()ypdS > c||w||i11/2(832R), for all v € HY2(9BsyR).
The sesquilinear forms

s(pth) = /B [(1dg +Q)Vig - Vi + o] da /8 Aaor(p)dds,

Bar

s1(p) = (K2 + 1) /

Bar

epdx + /8]3 (A2r — An2r) ()Y dS,

allow to reformulate the variational form (@ as

s(v,) — s1(v,9) = — : QVul - Vi da for all ¢ € HI(B2R). (7)

Both Agg and Aa or are bounded from H1/2(832R) into H_1/2(8B2R), such that s and s;
are bounded sesquilinear forms. The coercivity of Aa or implies that s is coercive,

(6.0 ol — [ Aaan(@)pdS 2 Clllfngs,ey

2R

for all ¢ € H'(Bag). Moreover, compactness of Aggp — Aaagr, see [3, p. 131] and the
compact embedding of H'(Bsg) in L?(Bar) imply that s; is a compact sesquilinear form.
By the representation theorem of Riesz there exists a bounded operator S: H'(Bag) —
H'(Byr) and a compact operator Sy such that s(¢,v) = (S¢, %) p1(p,,) and si(p, 1) =
(S10,%) i1 (B, ) for all g, ¥ € H'(Byg). By Lax-Milgram’s lemma, S is further boundedly
invertible. Further introducing » € H*(Bag) such that — fBR QVu'-Vipdr = (r, V) H1(Bor)
for all ¢p € H'(Bag), the variational formulation can be equivalently rewritten as
Sv —S1v =r in H'(Byg). Multiplying with the inverse S™! yields v — Kv = S™1r with
a compact operator K := S™!S;. Thus, Riesz-Fredholm theory implies that uniqueness of
solution to the latter equation implies existence of solution for all right-hand sides.



Lemma 3. If the only solution to the homogeneous problem corresponding to @ is the
trivial solution, then that variational problem possesses a unique solution for all bounded
anti-linear functionals F' € H'(Bag)* and there is Cq wndependent of F' such that

10l i1 (Bog) < COlF I m1(Bar) | = CollQl oo (B 10 L1 (B if F(¥) = — : Qvui'vwdw}-
R
(8)

Uniqueness of solution for the variational problem @ is strongly linked to the unique
continuation property for solutions to that equation. In [9], Hahner shows uniqueness of
solution for contrasts @ that are C'-smooth and supported in domains of class C?; this
result can be generalized to contrasts that are piecewise differentiable on a decomposition
of Bop into finitely many Lipschitz domains.

Corollary 4. If there is a decomposition of Bop = U?Zl(Tj of Bor into finitely many
Lipschitz domains §1; such that @ € Q belongs to Cl(ﬁj) for j =1,...,n, then the varia-

tional formulation @ possesses a unique solution v for all bounded anti-linear functionals
F e Hl(BQR)*.

Remark 5. It is well-known that solutions v to @ can be uniquely extended to radiating
solutions in H (R?) of the Helmholtz equation in HL_(R?), see [17]: For the spherical

Hankel function hgl) and the spherical harmonics Y™ this extension is given by
(1

00 L
ﬁ(raﬁ")zz Z vt £

h{Y(2kr)y
o
(=0 m=—/¢ h[ (2kR)

1 _
7 (&), >R, || =1, where ’1)21—2/ vY, dS.
0B3Rr
(9)
Such extended functions are called radiating extensions of solutions to @ in Byp in the
sequel, and, by abuse of notation, simply denoted by v as well.

To be able to handle derivatives of scattered fields in LP-spaces, we give a version of
Meyers’ well-known gradient estimate from [16].

Theorem 6. For the bounded Lipschitz domain Bap C R® and for Q € Q and f €
LY (Bar)? let v € HY(Bag) be a weak solution to

div((Idg +Q)Vv) + k*v = —divf  in Bag,

i.e. v solves the variational formulation @ for all Y € H&(BQR). Then there exists a
constant Ty € (2,00) depending on A and d such that for all t € (2,T)) the gradient Vv
belongs to L'(Bar)® and satisfies

Vol gyt < C ((1 + B vl r2(Bym) + ||f||Lt(BQR)d) ; (10)
where C = C(\,d,t,R). As A = 0 (or A — 1) the constant Ty tends to 2 (or co0).

Proof. In [16, Theorem 2] the original statement is shown more generally for f € L(Byg)?
and h € L"(Byg) with r* >t > 2, such that Vu € L?(Bag) solves

div(AVu) = div f + h.

The number r* is defined by T% = % — é if r < d or as any number in (1,00) else. Since

in our case h = k?u for u € H*(Bag), the choice r = 2 is natural. If d = 2, we can hence
choose an arbitrary r* € (1,00) such that r* > ¢ > 2. In three dimensions, the analogous

condition for r* is fulfilled: r* =2d/(d —2) =6 >t > 2.



The necessary condition ¢t > 2 enforces ¢t > 2d/(d + 2), which allows to use estimate
(49) of [16, Theorem 2],

1
t

1_1y_ _1
IVullpeppys < C (Rd(f )"l r2(pyp) + 1 nt(Bamys + R 2)+1HhHL2(32R)> :

and gives the stated result for v = u, h = k?u, and r = 2. ]

Before considering analytic properties of the contrast-to-solution map in the next sec-
tion, we reformulate the anisotropic Helmholtz equation under investigation for a source
f € L%*(Byg), extended by zero to all of RY, as div((Idg+Q)Vv) + kv = f in R? for
a radiating weak solution v € H} (R%). By [12, Lemma 2.1}, v can be represented as a
volume potential defined via

i (1) i
iHy '(Kk|z]), ifd=2
_ J1to ’ ’
Pp(x) = {exp(iklz) if d =3, =70,

4dr|z]

which is the radiating fundamental solution to the Helmholtz equation. More precisely,

v = div / (- — 9)[QVo(y) + F@)]dy i RY (11)
Bgr

3 The solution operator

To investigate the solution operator mapping the contrast @ and the incident field u’ to
the weak solution of the scattering problem @, we define a sesquilinear form for ) € Q
for all o, 1 € H'(Bag) by

soe )= [

[ [19+@) Ve Vi = o] da - / Ao ()P dS.

0B2r

For Q € O, we assume that the forward problem @ is solvable for all right-hand sides and
denote by L(Q,-): H'(Bsr) — H'(Bag) the solution operator mapping f € H'(Bag) to
the solution of the variational problem ag(v,v) = — fBQR QV f-Vipda for all p € H'(Bag).

Choosing f = u’ as a solution to the Helmholtz equation in R¢, v = L(Q, u') is hence the
weak solution to the variational formulation @, ie.,

ag(vg,¥) =— | QVu'-Vidr  for all o € H'(Bag) (12)
Br

and the radiating extension of vg to R? solves div((Idg +Q)Vv) + k%v = —div(QVu?)
weakly in R?, see @D
To state a perturbation result for L(Q), -), note that boundedness of the solution operator

L(Q,-) implies by Riesz’ representation theorem the existence of a boundedly invertible
operator Ag: H(Bag) — H'(Bag) such that

(AQuQ, V) H(Byr) = aQ(VQ, ) for all ¢ € H'(Bag). (13)

Lemma 7. Assume that for Q € Q the forward problem @ s uniquely solvable and let
Q' be a perturbation of Q, small enough such that

QN aoe Byt < 511 AG 17 5oyt (B (14)
Then for all F € HY(Bag)* there is a unique v € H*(Bag) solving

agro(v,) = F()  for all¢p € H'(Bag). (15)
Thus, the solution operator LQ+Q,) exists for all Q' that satisfy and is uniformly
bounded by || L(Q + Q', u*) | g1 (Byr) < Cllu'|| g1(By), with C = C(Q) independent of Q'
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Proof. Let Q, Q € Q such that ||Q — ©||Loo(B2R)d><d < 6 for § < ||Aél [71. (We omit to
explicitly denote operator norms in this proof.) Define AQv as the Riesz representation Ag

of ag in and note that

‘((AQ —A@)U,ﬂ))Hl(BQR)‘ = /B (Q— @)Vv -V dx
2R
<@ = Qo (Bow) VU 2By ) I VYN £2(Bo ) s

such that || Ag —Ag I <@ — ©||LOO(B2R) < 4. Due to the choice of ¢ there holds that
|| 1d — Aél Ag || <] Aél || Ag — Ag || <1, such that the Neumann series

g (1a-ag! A@)j — (1a-(1a- A3 A@))_1 = A7 A,

converges and defines AélAQ. Thus, Aél exists as a bounded operator on H'(Bsg) and its
operator norm is bounded by || Ag < Aél II/(1 =4 Aél ). Setting @ = Q—Q and § =

1/2, the claim follows from the equivalence of and the equation (Ag v, V) H1(Byr) =
F(w)L2(BQR) for all ¢ € Hl(BQR). O

Remark 8. (i) It is well-known that the technique of the proof of Lemma [7] allows to
show solvability for all contrasts of the form Q + Q' with Q' € L>°(Br)?*? such that

HQ,HLOO(BR)dW < || Aél ||1;11(32R)—>H1(323)'

(ii) Combining the last Lemma [7| with Corollary |4} one can show that the forward prob-
lem @ is solvable in the union of open L*-balls around, roughly speaking, all piece-

. . . . . . . “1n=-1
wise continuously differentiable contrasts @ with radius || Ag" || H1(Bar)— H (Bag)"

Recall now that the constant T\ > 2 has been defined in Theorem@ and that u’ denotes
a generic solution to the Helmholtz equation Au® + k*u’ = 0 in R%.

Theorem 9. For p > 2T)/(T\ —2) and Q, Q + Q" € Q such that the solution operator
L(Q, ) erists and Q' satisfies , there holds that

IL(Q + Q" u") = L(Qu') | 1 (o) < ClIQ | Lo(mryt<a 6 | 1 (8,1 (16)
with a constant C that only depends on @Q but not on Q' or on u'.

Proof. Due to Lemma [7, the assumptions on @ and @’ imply that both solution operators
L(Q,-) and L(Q + @', -) are bounded on H'(Bsr). For the same incident field u’ we set
vo+q = L(Q + @', u") and vg = L(Q,u") and denote the radiating extensions (see (9))
of these functions to R¢ again by vQ+¢q' and the corresponding total fields by ugiqgr =
ul + vo+q and ug = u' 4+ vg. The difference VQ+Q — VQ = UQ+q — uqQ is the weak,
radiating solution to

div((1dg +Q)V (ug o — uq)) + k*(ugrq — ug) = — div(Q'Vugsg) in R™.

Boundedness of the solution operator L(Q,-) hence shows that |Jugiq — ugllm1(By) <

CollQ'Vugiqllr2(pyye- Choosing p and t such that 1/p + 1/t = 1/2, the generalized
Holder inequality yields

||Q,VUQ+Q/||L2(BR)d < ||Q/HLP(BR)dXd||VUQ+Q’HLt(BR)d- (17)



The choice of p and ¢ implies p = 2t/(t — 2) and since by assumption p > 275 /(T\ — 2)
we have 2T\ /(T\ —2) < 2t/(t — 2). The strict monotonicity of s — 2s/(s — 2) on (2, 00)
consequently implies that ¢t < T, which allows to conclude by Meyers’ estimate that

[Vug+ollLirye < Cllug+q llz2(B,p)- (18)
Due to the assumption on @' and Lemma (7} the right-hand side of the latter estimate can
be bounded by
gl r2(Bar) < W1 (Bar) + 0@+ 11 (Bor) < (14 2CO) 1| 711.(Byp)»
where C is the constant from . Together, the last four estimates yield the claim. [

Remark. The case p = oo is not covered by Meyers’ estimate, but could be treated
directly by standard L?-theory from Lemma [3| and Lemma This also holds for all
further statements.

Theorem |§| requires assumption for Q" merely to bound the norm of ug4¢q inde-
pendently of @’. If one knows a-priori that the norm of solutions to the scattering problem
is uniformly bounded, then assumption can obviously be dropped.

Corollary 10. Assume that | L(Q, )| g1(Byr)—H! (Byg) 8 uniformly bounded for all Q in
a subset Q" of Q. Then for all p > 2T /(T) — 2) there is Cyx > 0 depending on Q' and p
such that holds for all Q, Q + Q' € Q" with C replaced by C..

4 Derivative of the solution operator

We now have a glance at the differentiability of the solution operator and therefore fix
the incident field »’ in this entire section. We further fix Q € Q such that the solution
operator L(Q, -) is bounded on H'(Bsr) and denote the derivative of L with respect to @
in direction Q' € LP(Byg)™? by v/ = L'(Q, u*)[Q’], defined by

ag(v' ) = — Q'V [L(Q,ui) + uz] -V dz for all ¢ € H'(BaR). (19)
Br

We show in Theorembelow that v’ can be interpreted as a Gateaux derivative of L(Q, u?)
in direction @’ (see also Remark .

Lemma 11. For every Q € Q the mapping Q' — L'(Q,u)[Q’] in L(LP(Br)™*?, H'(B2g))
has the following continuity properties:

(i) Forp > 2Ty/(Tx —2), there is C = C(Q) > 0 such that
IL(Q,u") Q1 (Bag) < CNQ o (Bryax a1 (Bo)-
(ii) For every p > 2T /(T\ —2) there ist € (2, T\) and C = C(Q) > 0 such that
IVL(Q,u)Q N eyt < CIQ | Lo(mryaxallu’ a5,
Proof. (i) Lemmaimplies that || L'(Q,u")[Q| g1 (B,n) < CNQ'Vuqllr2(py), Where ug =
L(Q,u') + u is the total field whose radiating extension to R? satisfies the anisotropic

Helmholtz equation div((Idg+Q)Vug) + k*u = 0 weakly in R? (see (9)). Choosing p
and t such that 1/p 4+ 1/t = 1/2, the generalized Holder inequality further implies that



Q" Vugllr2(gryd < Q' Lr(Bryaxall VugllLt(pyye- Again, p = 2t/(t —2) and, as in the proof
of Theorem |§|, Meyers’ estimate yields

IVugllLeppys < CllugllL2(s,p)-
Next, we exploit Lemma [3] to estimate
lu@llr2(Byr) < QI E (Byr) + HuiHHl(B%g) < C‘|QVUiHL2(BR)d + ’\UiHHl(BQR)y

such that [lugllz2(p,n) < [1+ ClIQIlpec(5yy2xa] l1t’ | i1(Byy), and we conclude that

IL(Q, u) Qa1 (Byy < C[1+ ClQ oo (Bryaxa] 1Q Nl Lo gyaxallu’ll 1 ()
(ii) For t € (2,Ty) and p > 2T /(T\ — 2), Meyers’ estimate yields as in the proof of
part (i) that
IV Q)@ 3 < € (I QNQ e + 1@ 0 rore] . (20)

where, as above, the radiating extension of the total field ug = L(Q, u?) + u’ to R? solves
div((Idg +Q)Vug) + k*u = 0 weakly in R? (see (). The first term in is bounded by
CNQ'Nl Lo (Byyixallu'll 1 (Byy) due to (i), such that it remains to bound the second term: For
arbitrary € > 0 such that ¢/ =t +¢ € (¢,T)), we set p = t't/(t' —t) and compute that

! N\1-
1Q' VUL 5,y = /B 1Q5|Vugl'dz < ( /B ) Q17 dz) Va0
(10D 1=
< Clluallzq (| 1@1Paz) "
Br
Since p(t' —t)/t't =1 and as lug|l 12(p,) < C(Q)||u' || g1 (B,y) due to the proof of (i),

/
t'—t
7t P

HQIVUQHLt(BQR)d < CHQ/HLP(BR)dXdHUQHLQ(BQR) < C(Q)HQ/HLP(BR)dXdHui”Hl(BgR)v
which shows the claimed estimate for |V L'(Q, Ui)[Q/]HLt(BR)d. O

Theorem 12. Forp > 2T)/(T\ — 2), the solution operator L is differentiable in the sense
that for every Q,Q + Q' € Q such that Q' satisfies (14)), it holds that

IL(Q + Q') = L(Q, ') = L'(Q. u) QN i1 (Bagy < CIQ N (yyaxallt’ i (o)

where C' > 0 is independent of Q' and u'. Thus, if {Q' }nen satisfies for alln € N
as well as ||Qy || Lr(pgyixa — 0 as n — oo, then

IL(Q + @, v') — L(Q, u') — L'(Q, u)[Q] |1 (B,) .

0 as n — 00.
1Q7l L (B )axa

Proof. For w == L(Q + Q',u") — L(Q,u’) — L'(Q,u")[Q'] we first consider the variational
formulations defining all three terms,

aQ+qQ’ (L(Q + Q,, ui), l/J) = —/ (Q + Q’)Vui . V?Z dzx,

Bgr
aQ(L(Q,u'), ) = — ; QVu' - Vi dz,
aq(L'(Q,u")[Q'],¢) = — ; Q'VIL(Q,u') + u'] - Vibdz  for all o € H'(Bsp).



Thus, for all 1) € H'(Bag) there holds

ag+q (W, ¥) = ag4q(L(Q + Q' u'), ¥) — ag+q (L(Q, u"),¥) — ag+q (L'(Q,u")[Q'], %)

= ag+q (L(Q + Q' u'),¥) — ag(L(Q, u'),¥) — ; Q'VL(Q,u') - Vipdz
—ag(L'(Q,u")[Q],%) — ; Q'VL(Q,u")[Q- Vi da
= —/ (Q+Q)WVu'-Vidz+ [ QVu'-Viydr— [ QVLQ,u')  Vidx
Br Br Br

+ [ QVILQu)+u] Vide— | QVL(Qu)Q] Vida
BR BR
=— [ QVL(Qu)Q]-Vida.
Br
Lemma [7| and Holder’s inequality for p and ¢ such that 1/t + 1/p = 1/2 imply that
w1 B,y < 2C0IIQVL(Q,u) Q| 228yt < CQlQ | Lo(Bgyi<allV L(Q, u) Q] (e

Finally, Lemma ii) shows that ||V L/(Q,Ui)[Q/]HLt(BR)d < CHQ,HLp(BR)dXd||Ui||H1(B2R),
which implies the claimed estimate. O

Remark 13. For Q' € L>®(Byg)?*? that satisfies (I4), the last theorem shows that Q' —
L'(Q,u")[Q'] is the Gateaux derivative of Q + L(Q,u’) at @ in direction Q'. As Q +
L(Q,u") is, however, not defined on an open set in LP(Bsr)?*?, see the discussion below ,
Q — L(Q,u") is not Gateaux differentiable (or Fréchet differentiable) in the LP-sense and
L/(Q,u?) is not a Gateaux differential.

Lemma 14. Under the assumptions of Theorem there exists t € (2,Tx) and C > 0
independent of Q' and u' such that

IVL(Q + Q' u") = VL(Q, u") | eyt < CIQ |l 1o(mryaxallu’ [ 1 (5y)-

Proof. As in Theorem @ we exploit that the difference of ugo = u' + L(Q + Q',u') and
ug = u' + L(Q,u’) can be extended to a radiating function in R? that solves

div((1dg +Q)V (ugrq — u@)) + K (ugiqr — uQ) = — div(Q'Vugq)-
Consequently, Meyers estimate implies that
IVIL(Q + @) — L(Qy u)] e (e = IVILIQ + @) + 1 — L(Qy ) — | e
< C (L@ + Q' u') = LQ, u)l| 2y + 19 Vi i(amy)

The first term of the right hand side is bounded by Theorem [ whereas the second one
can be estimated as in the proof of Lemma [11(ii),

IVIL(Q + @' u) = L@ u)lll eyt < CIQ o yxalle | (-
U

Theorem 15. Under the assumptions of Theorem the map Q — L'(Q,u?) is locally
Lipschitz continuous: There is C > 0 independent of Q' and u' such that for all P €
LP(BR)™9 there holds

IL(Q + Q' u")[P] = L'(Q,u")[Plll t1(8y) < CINQ N Lo B ryaxalle | 1 (o) 1Pl Lo ()2
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Proof. For P € LP(Bp)™4, woig = L'(Q + Q',u’)[P] and wg = L'(Q,u’)[P] satisfy
by the variational formulations

aQ+q (Woiq, ¥) = _/B PV [LQ+Q u")+u']-Vidr  and

ag(wg, ) = —/B PV [L(Q,u") +u'] - Viydz  for all ¢ € H'(Bapg).

Thus, w = wgy¢g — wg satisfies

aq(w, ) = —/ (PV L@+ @, u') - L(Qu)] + QVL(Q+Q,u)[P]) - Vi da.

Br

Thus, Lemma [7] and the generalized Holder inequality with Lebesgue indices p and ¢ such
that 1/p + 1/t = 1/2 imply that

lwlliri (o) < Call PYILQ+ Q' u') = L@y u')) + @V L/(Q+ Q' u!) [P (g0
< Cq [Pl (e IVIL(Q + Q') = L@ )l
+ CllQ o5 yexa IV L@ + Q) [Pl e ]
Lemma [ bounds [|VL(Q + @', u) — L@ w )|+ (sye by CQIQ o ayosa 1l a1 521

and Lemma 11| shows that ||[VL'(Q + Q/,ui)[P]HLt(BR)d < CQHPHLP(BR)dXd||Ui||H1(B2R).
Combining these bounds with the above estimate for w shows the claim, as

Hw”Hl(BgR) < CHQIHLI’(BR)dX‘iHPHLP(BR)dXd||ui||H1(BgR)'

O]

In analogy to the potential representation , the radiating extension of the derivative
v =L1/(Q,u")[Q'] to RY satisfies

“"diV/B (- — 1) [QVV' () + QV [L(Q.u') +u'] (y)] dy i RY,  (21)

because v’ solves, by definition, the variational formulation ((19)).

5 The forward operator

In this section, we define the forward operator corresponding to the inverse scattering
problem we are ultimately interested in. This operator maps a contrast function to the
corresponding far field operator. Before defining the forward operator, we first assume
from now on that the solution operator L(Q,u’) is well-defined and bounded on H'(BaR)
for all Q € Q. Due to Lemmal[7] this can always be guaranteed by choosing the parameter
A € (0,1) defining Q small enough.

Assumption 16. The solution operator L(Q,u’) exists for all Q € Q as a bounded operator
on H'(Bag).

Further, we recall from that the radiating extension of v = L(Q, u?) to R? satisfies

v=div [ %l ~9) QWY W) +uw)] by mRY (22)
Br
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For a direction & € 89!, the far field pattern of v (%) hence equals

V(@) = (div [ =) QuIVI) + ) dy) (#)

- /B (V@i — )™ (&) - Q) VIo(y) + v (y)] dy (23)
=/ Ve F 5. Q(y)Viv(y) + u'(y)] dy
=iké- | Q)Vv(y) +u'(y]e ¥V dy,  2e$T !

As the latter integral expression is an analytic function in Z, the far field v*° is analytic as
well. Let us now introduce, for brevity, the integral operator

Vi L*(Bag)® — H*(Bag)?, Vf= ; Dp(- —y)f(y) dy.

(See [3] for the mapping properties of V.) The total field v + u’ restricted to Byp satisfies
v+t = [Id—divV(QV(-)] " divV(QVu') + u' = [Id —divV(QV())] *u’ in H'(Bag).

Thus, we abbreviate the (bounded) inverse of Id —div V (QV(-)) on H*(Bag) by Sg and
represent the far field v>° = L(Q, u*)>, computed in , as

v>X(z) = ik/ & Q(y)V(Sq uz)(y) e k&Y qy, ie it
Br

If we further introduce the integral operator

Z: LNBp)* — L*($%), [+~ ik/ - fly)e FEY ay, (24)

Br
then there holds that ' '
L(Q,u')>* = Z o [QVSo(u)].

As Q € Q C L™(Bsg) and Sg(u') € L?(Bag), the following lemma shows that the com-

position on the right is well-defined and bounded. This is basically due to the smoothing
property of Z, which is a trace class operator, see [§].

Lemma 17. Choose m € N, 1 <t < 0o, and f € L}(Bag)?.
(i) There is C = C(m,t) such that | Z f|lcmga—y < Cm, )| fllLe(Byn)e-
(ii) The operator Z is of trace class from L'(Bag)? into L?($971).

Proof. (i) The kernel of the integral operator Z is smooth in & and y, such that one easily
shows the claimed bound by partial integration and the Hélder inequality.

(ii) Due to the bounds shown in part (i), Z is bounded from L!(Byg)? into any Hilbert
space H™(891). Choosing m large enough then implies that the embedding of H™($%~1)
in L?($971) is a trace class operator, see [7]. As those operators form an ideal, the Z is
also trace class operator that maps L!(Bag) into L*($2). O

We are now ready to rigorously introduce the forward operator that, by definition,
maps contrasts to far field operators. To this end, we consider incident fields in form of
Herglotz wave functions,

vy () = /5, AR (0)as(e),  forr e RYand g € L5, (25)
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that are well-known entire solutions to the Helmholtz equation in R?. It is moreover
well-known that g — vy|p,, is a bounded operation from L?($971) into H'(Bag), see [3].
Using v, as an incident field then defines a far field operator I’ = F € L ($%1) by
Fg = (L(Q,vy))™ for g € L*(3971). As the integral kernel u* = ug -1 x -1 — C
of F(Q) is analytic in both variables, F is compact and even belongs to the set S; of
trace class operators on L?($?71), since its singular values s;(Fg) are summable, i.e.,
[EQlls) = > jen |8 (FQ)| < oo. The embedding ¢ C ¢ for 1 < p < ¢ < oo of the sequence
spaces /P further implies that trace class operators belong to the gth Schatten class S,
for all ¢ € [1,00), a Banach space of all compact operators on L?(3%~!) with g-summable
singular values s;(F'), equipped with the norm defined by

1FIE, =D Isj())%, forg> 1.
JeEN

This allows to define the contrast-to-far field mapping,

F:Q—-S, FQg=20(QVSqly,)) for ge I2($™"), ¢>1,  (26)
as an operator from Q into the gth Schatten class S,.
Remark 18.

(i) Due to Lemma |17] with ¢ = 2 and the continuity properties of the solution operator
L, the composition Z o (QVSg(vy)) is well-defined in L*($471).

(ii) As trace class operators form an ideal in the space of all bounded operators, and as
F(Q)g = Z(L(Q,v,)) with a trace class operator Z, the forward operator is a trace
class operator as well, and hence belongs to all spaces S, for ¢ > 1.

(iii) An alternative to the S;-norms are L%-norms for integral operators on the sphere:
Since F(Q)g = [ga—1 u™(-,0)g(#) dS(0) is represented by the far field pattern u>(-, )
of the scattered fields u® = L(Q,v,), the LI-Norm of 4> defines an operator norm
for F(Q) by [F(Q)llg :== lu*|lpa@ga-1xga-1), 1 < g < 0o. The contrast-to-far field
map Q — F(Q) as defined in (26) is then continuous from LY ($4!) into L?($%1)
with ¢ = q/(q — 1), because g — vy}, is continuous from LY ($%1) into CY(D) for
all ¢ € (1,00). For ¢ = 2, it is well-known that || - ||s, = || - [[2. The advantage of
the Li-norms with respect to the implementation of inversion algorithms is that the
computation of adjoints or subdifferentials is straightforward for these spaces. Since
the subsequent theoretic results do not depend on the choice of the discrepancy norm,
we continue to work with the Schatten norms || - ||s,, noting that all results holds as
well for the || - ||;-norms.

The link between the solution operator L and the non-linear forward operator F enables
us to show various properties of F via those of L. To this end, note first that the far field
of the radiating extension of L(Q,vy) depends boundedly and linearly on L(Q,v,), such
that the derivative Q' — F(Q)[Q'] € L(LP(Bzr), S;) with respect to Q € Q of F equals,
by the product rule in Banach spaces, see [23],

F(Q)Qg=Z 0 [QVL(Q,vy)[Q]+Q'VSq(vy)], since L(Q,vy) = Sq(vg) — vy (27)
This allows to transfer the results of Theorems [9] and [15] from L to F.

Corollary 19. Choose Q € Q and Q + Q' € Q such that Q' satisfies (14)), and g > 1.
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(i) If p > 2T%/(Tx — 2) then there is C = C(Q) such that
IF(@Q+ Q) = F(Q)lls, < CIQ | o pyaxe- (28)
(ii) If p > 4Ty /(T — 2) the far field operator F(Q) is differentiable in the sense that
IF(@+ Q) - F(Q) - F(Q)[Qlls, < CIQ I 70(5y)axa

for C =C(Q). If {Q), }nen satisfies for alln € N as well as ||Qy, || r (B )ixa — 0
as n — oo, then |F(Q + @) — F(Q) = F/(Q)Qn]lls,/1Qn | o (5 )axa — 0

(iii) The operator F'(Q) is locally Lipschitz continuous with respect to LP(Bg)*?: There
is C' = C(Q) such that |[F'(Q + Q") — F'(Q)lls, < CQIQ | r(B)ixe-

Proof. The basic ingredient of the proof is the smoothing property of the far field map Z
defined in (24), which is a trace class operator from L?(Bag)? into L?($¢71). Choosing
the incident field u’ as a Herglotz wave function v, for some g € L%($971),

IFQ+Q) = F@ls, = lg = Z [(Q + Q) VSq+a(vg) = QVSa(vy)] ||,

<llg= Z [(Q+Q)VSq+q(vg) — QVSq(vg)] ||,

(%)
< Cllg = [(Q+Q")VSqiq(vy) — QVSq(vy)] HL(L2($d 1), L2(Bg)4)

= CH hact [HQ/VSQW'(%)HLP(BRW +[|QVISq+ar(vg) = So(vg)]| 2 BR)d} :
glip2=
where inequality (x) follows from Lemma (ii) and the fact that the composition of the
trace class operator Z with a bounded and linear operator is of trace class as well. Now
we use again the technique from the proof of Theorem @ see and , to obtain the
bound

1Q'VSqrq (o)l Lr(Brya < NQ e pixall S+ (vo)llm sy
together with the estimate [|Sq+q/(vo)l a1 (Br) < Cllvgla(Bor) < Cllgllp2(gey = C for

the total wave field due to Lemma (7}, with a constant C' = C(Q) independent of Q’. As
Sq+q(vg) — So(vg) = L(Q + @', vg) — L(Q, vg), Theorem [9] further shows that

HQV[SQ+Q'(”Q) - SQ(Ug)]HLZ(BR)d < CHQHLOO(BR)dXdHQ/HLP(BR)dXdHUQHHl(BQR) (29)

such that by plugging the last estimates together we conclude that |F(Q+Q") —F(Q)|s, <

C(Q)Q'l| Lr(Bp)axa- The bounds in (ii) and (iii) are shown analogously, using Theorems
and [15 instead of Theorem [9l

As for Theorem@, the last corollary’s assumption that holds for Q" can be replaced

by uniformly bounded solution operators, see Corollary

Corollary 20. Assume that | L(Q, )| g1(Byn)—H! (Byg) 8 uniformly bounded for all Q in
a subset Q" of Q. Then for all p > 2T /(T\ — 2) there is Cx > 0 depending on Q" and p
such that holds for all Q, Q + Q' € Q" with C replaced by C..

Proof. Instead of Theorem EI, use Corollary (10| to obtain the bound in the last proof.
O
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6 Non-linear Tikhonov and sparsity regularization

The inverse problem we consider is to stably approximate a contrast Qex, from perturbed
measurements of its far field operator F(Qexa). More precisely, for noisy measurements
F cas With noise level € > 0 such that ||F(Qexa) — Fieaslls, < €, we seek to approximate
@ by non-linear Tikhonov regularization. Thus, for some penalty term R we consider the

Tikhonov functional
1
Jae(Q) = QIIF(Q) — Freasll$, + aR(Q), g€ [1,00), (30)

over some appropriate admissible set of contrasts included in Q. As the functional J
requires F(Q) to be well-defined, we suppose for the rest of the paper that the variational
formulation @ of the forward problem is uniquely solvable for all () € O and all incident
fields u’ that solve the Helmholtz equation in R

Assumption 21. The variational formulation @ is uniquely solvable for all Q € Q and
all incident fields u® that solve the Helmholtz equation in R, and the norm of the solution
operators L(Q,-) on H'(Bag) are uniformly bounded for Q € Q.

Due to Lemma [7] the first part of the latter assumption can always be guaranteed by
choosing the parameter A € (0,1) that defines the set Q in close enough to one, as @ is
uniquely solvable if @) is the identity matrix. The second part can be guaranteed by merely
considering contrasts in @ N X for some space X C L>®(Byg)?*? that embeds compactly
into LOO(BQR)dXd.

Before presenting the Tikhonov regularization framework in detail, we first show Lip-
schitz continuity of the discrepancy £(Q) := ||[F(Q) — Fyeaslls,

Theorem 22. If Assumption 21| holds, then |E(Q) — E(Q + Q)| < C|Q'||r(pj)axa for
p > 2T\/(T\ — 2) for all elements Q and Q + Q' of Q.

Proof. For all contrasts Q and Q+ Q' in Q the reverse triangle inequality for norms implies
that [£(Q) - €£(Q+Q")| < |F(Q) —F(Q+Q")|ls,- By Assumption [21], Corollary 20/ bounds
the last right-hand side uniformly in @ and Q" by ||F(Q) —F(Q+Q')|ls, < Cl|Q"l| Lr(py)ixa
for any choice of p > 27T /(T\ — 2). Thus, £ is Lipschitz continuous on Q with respect to
LP(BRr)¥ for p > 2Ty /(T — 2). O

Fixing p > 2T /(T\—2), let us now set p, = dp/(p+d), such that 1 < p. < d. Sobolev’s
embedding theorem then implies that WP+ (Byg)9*? embeds compactly into LP(Bag)?*%;
moreover, the Sobolev inequality ||Ql|zr B, )axa < CllQllw1p.(B,y)axa holds for all @ €
WP (Byr)?*?. Note that functions in W1P*(Byg)?*? are in general discontinuous (an
embedding into Holder spaces would require p, > d). We consider in the sequel the space
W& P (Br)®*? of functions that vanish on dBg and extend those by zero to all of R?, such
that the intersection of WO1 P (Bg)¥4 with Q is well-defined. (By abuse of notation, we
do not denote this extension explicitly.)

Non-linear Tikhonov regularization is classically based on the assumption that the
penalty term R is coercive in the space of interest LP(Bg)?*?, such that weak conver-
gence results can be obtained for a minimizing sequence. If R is even coercive in a space
compactly embedded in LP(Bg)?*¢, then one directly obtains strong convergence of the
minimizing sequence.

Theorem 23 (Tikhonov regularization). If we choose the penalty term R of the Tikhonov
functional Joe as R(Q) = HQH’V’;LP*(BR)WZ, then J. possesses a minimizer in Q N

WP (Br)™?, Ife, — 0 as n — oo and if one chooses oy, = o (g,) such that 0 < oy, — 0
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and 0 < €2 /a,, — 0, then every sequence of minimizers of Tom,en contains a subsequence
that weakly converges to solution Qf € WLP+(Bg)¥™4N Q such that F(Q') = F(Qeza) holds
in Sy and Q" minimizes the WP (Bg)¥%-norm amongst all solution to the latter equation.

As the proof of Theorem is well-known, see, e.g., [20] or the proof of Theorem
below, we directly present a sparsity-promoting alternative based on a wavelet basis of
Whps see [21]. Assume that ¥y, € C*(R), n € N, is a compactly supported (mother)
wavelet with scaling function ¥g,, and that the corresponding one-dimensional wavelets
are associated to a multi-resolution analysis. Define d-dimensional n-wavelets as usual
by setting ¢, (x) = Hle Ypa(zr —m,) for m € Z¢ and x = (21,...,24)" € R% For
{Fa,Mo}¥ = {G € {Fa,Mo}“ : at least one component of G equals Mo} we further set

d
=[] ¢e. (@ —mn), mez? G= (G, €{Fa,Mo}™, x e R

introduce Gy = {(Fa,...,Fa)} and G; = {Fa,Mo}%* for j € N, and define n-wavelets on
R? by
ij( ) Ui () for j =0, G = {(Fa,...,Fa)}, and m € Z¢,
(x) = : ,
" 20-1/2G(25-1g)  for j € N, G € G%, and m € 7.

We finally define wavelet coefficients of functions @ € L'(R%)?*? by

d
Q%’IG = </d Q&g/?f}zﬁG de‘) c Qéxa, (31)
R 00=1

Examples for suitable wavelets include the well-known Daubechies wavelets, see [4, [5];
however, the following result holds as well for differently constructed Meyer wavelets, see
Chapter 3.1.5 in [21], in particular Theorem 3.12.

Theorem 24 (See [21}, Theorem 3.5]). For 1 < p, < oo and the above-defined n-wavelets
UhC such that n € N satisfies n > max(1,2d/ps + d/2 — 1) there holds that the set of
functions {¢]’ } is an unconditional basis in WhP+(R®). Further, there are constants

A, B > 0 such that for all Q € WP+(R%)4*? there holds

A Qi mitytea < < S o) 3 Y i

» 1/p«
*> S B”Quwl,p*(Rd)dxd.
7j€No GeGj meznr

(32)

In the following, we use the representation of the W1Px-norm in for contrasts
Q € VVO1 (B R)dXd that are extended by zero to all of R% and, to this end, abbreviate the
series in by > ; Gm- For all numbers 1 <r < p, and all sequences (a;);en in ¢/*(N)

there holds that (Z;’;l \aj\p*)l/p* < (Z]Oi1 |aj]”)1/r. Fix such r € [1,p.] and choose any

sequence of weights (w;);jen, C R such that w; > 2i(1=d/p++d/2)r " Then the functional

1 cop 1 o iy
R (Q) := - Z wlef{@G‘ > - Z 0i(1 d/p*+d/2)r‘Q%,lG‘

j7G7m j7G7m

1 .
> - 93 (px—d+dp.
5>

j7G7m

(33)

» T/Dx A"
R -

bounds the rth power of the W1 P+-norm of Q € Wol’p* (Br)%*? from above.

Recall now that F(Qexa) and F . € Sq model exact and noisy measurements, respec-
tively, with noise level ||F(Qexa) — meab”sq < e. Given the above setting, the following
result follows straightforwardly from standard non-linear regularization theory [19, [20].
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Theorem 25 (Sparsity regularization). For 1 < r < p, = dp/(p + d), the functional
Jae with R = R, from possesses a minimizer in Q N WHP+(Br)™?, If e, — 0 as
n — 0o and if one chooses ay, = an(e,) such that 0 < o, — 0 and 0 < €2 /o, — 0, then
every sequence of minimizers of Ja,, e, contains a subsequence that weakly converges to an
R,-minimizing solution QT € WhP+(Bg)¥? N Q of the equation F(Q) = F(Qewa) in Sy

Recall that Q' is a R,-minimizing solution to F(QT) = F(Qexa) if
R (QF) = min{R,(Q) : Q € QN W' (Br)™, F(Q) = Fexa}-

Proof. We repeat the proof for the existence of a minimizer of J,.. For an arbitrary
minimizing sequence {Q™},en C Q the penalty {R,(Q™)} is uniformly bounded, such
that

Cr

n)|r n)|r n G
Q5 yica < CIQ e pyina < ar 3 il @NE] = SIR(QM)

7,G,m

is uniformly bounded as well. As W1P+(Br)%*? is a reflexive Banach space, the sequence
{Q™},en contains a weakly convergent subsequence that converges in LP(Bg)**? due to
the compact embedding of WP+ (Br)¥*? in LP(Bg)¥*9, say, to Q € WP+(Br)¥*?. Since
Q is a convex set, the limit () belongs to Q and Lipschitz continuity of the discrepancy term
£ with respect to LP(Br)¥*? implies that £(Q,) — £(Q). Lower semi-continuity of the
penalty term R, with respect to W1P+(Bg) shows that Q is a minimizer of J, .. Consis-
tency of the minimizers for vanishing noise level under the given choice of the regularization
parameter o can be shown as in, e.g., [20]. O

We omit here to show well-known source conditions that imply convergence rates of the
minimizers, as these are classic and can be easily transferred from either abstract results
in, e.g., [20], or from [I1], to our setting. All required analytic properties of the forward
operator F can be derived from Corollary

As it is well-known that a solution @ to the inverse problem F(Q) = Fpeas is only unique
up to a change of variables, Theorem [25| shows that all we can hope for is to determine an
Rr-minimizing solution. Even if we restrict ourselves to an (scalar) isotropic contrast of
the form @) = ¢*°Idg, it is unclear to us whether the far field operator Fisc corresponding
to ¢°¢ uniquely determines the isotropic contrast ¢*°.

7 Numerical examples

After elaborating a theoretic framework that guarantees convergence of the Tikhonov iter-
ates against a minimum-norm solution, we present a couple of numerical experiments for
contrasts that are sparse in a wavelet basis, in the sense that few wavelet coefficients of the
isotropic contrast function are non-zero. To this end, we minimize the Tikhonov functional
in . 30)) for the sparsrcy promoting penalty (33) in a simplified setting where merely a scalar
material parameter ¢*¢ with wavelet coefﬁments Wq*c = {(qu)J G} defined as in (31]).

Starting with an initial guess ¢f° (that will always be chosen as zero), we consider a
Tikhonov functional for the linearization of the forward operator at the current iterate g;°
and seek a minimizer h; of

1 Sc sc sc
hom L IF(GE) + F(7°)[h] = Freaslls, + @R (g7 + 1), (34)

where R, is defined in . We tackle the latter minimization problem numerically by
either a shrinked Landweber iteration as proposed by Daubechies, De Frise and de Mol
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in [6], or, alternatively, by a primal-dual algorithm as proposed by Chambolle and Pock
in [2], see also [10]. Whilst the first algorithm is simpler to implement and essentially equals
the one used for the numerical experiments in [I3], its disadvantage, to some extend, is
that it requires (squared) Hilbert space norms defining the penalty term.

In detail the shrinked Landweber iteration determines ;| = ¢;° + h¢ by computing the
jth step hy by resolving the first-order optimality conditions for a (scalar-valued) minimum
of the non-linear functional J, . in ,

. . . -1 .
6 +ap Y wisign((GOR@RC | 000 = 4 — nF' (@) (F(65°) — Fracas)
ij:m

for all g > 0, which motivates to compute the update
he=W™ oS0 W((JZC — weF'(q5°) " [F(g°) — FrEneas]>’ (35)

with a step-size parameter jy > 0 determined by Armijo’s rule, see [1], and W and W1
are the forward and the inverse wavelet transform. Further, S = Su,w, is the so-called
soft-thresholding operator: For & = (@;); with positive entries there holds Sg . (f;) =
(Sa;.r(f;)); with scalar functions S, defined as inverse function to ¢ — t + asign(¢)[¢|"
for > 1, see [6]. (For r =1 there holds S, (t) = sign(t) max{|t| — a, 0}.)

Independent of how the update h, is computed, we stop the iteration for the ¢;° if
the discrepancy is less than a fixed tolerance 7 = 1.5 times the (relative) noise level. All
examples are computed using the Cohen-Daubechies-Feauveau 9/7 wavelets.

When choosing the weights w = (w;)jen such that the penalty term R with r = 1 is for
a fixed wavelet discretization numerically equivalent to the W3/2( Bg)-norm, the resulting
reconstructions both for the shrinked Landweber iteration and the primal-dual algorithm
did neither substantially differ in the visual norm nor regarding the resulting reconstruction
errors from reconstructions for the constant sequence where w; = 1 (such that R, is the
¢'-norm of the wavelet coefficients). As, additionally, the shrinked Landweber iteration
required considerably more iteration steps, all results shown below are computed with for
constant weights w; =1 and r = 1.

All examples moreover rely on simulate scattering data for 32 incident and scattering
directions. Computation of synthetic data and the evaluation of the forward operator, as
well as the adjoint of its derivative, require to numerically approximate solutions to the
scattering problem or to corresponding adjoint problems. To this end, we discretize
the volumetric integral equation by a collocation approach using trigonometric poly-
nomials as in [22], see also [14] for the analysis of a corresponding Galerkin method applied
to a periodic variant of . The advantage of the resulting method is that the integral
operator can be rapidly evaluated by the fast Fourier transform, which makes the solution
of the discrete system by an iterative solver attractive. (We use the GMRES method with
an accuracy of 107° as linear solver.) Moreover, the uniform grid of the domain-of-interest
can remain fixed during the iteration.

All synthetic far field data are computed on a uniform grid of size 2048 x 2048 of
[—0.4,0.4)%, which leads in the examples to a relative numerical error of less than one
percent. (Wave lengths equal either 7/70 ~ 0.044 and 7/50 ~ 0.0628.) In the inversion
schemes, we approximate solutions to scattering problems on a grid of size 512 x 512 on
the same domain; the contrast function itself is resolved on a grid of size 128 x 128. We
did not attempt to speed up the forward solver, such that most of the inversion time is
due to solving (adjoint) forward problems (speeding up the forward solver hence yields a
corresponding speed-up for the inverse solver). All computations are coded in Matlab®
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and indicated computation times are measured on an eight-core INTEL® Core™i7-3770
CPU@3.40 GHz with 32 GB RAM.

When adding artificial noise to the synthetic data, we scale a matrix containing inde-
pendent and normally distributed random numbers with mean zero and standard deviation
one such that the sum of the synthetic data and the random matrix has a prescribed relative
error, equal to ¢ = 0.01, 0.05, or 0.1). Note that instead of discretizing the adjoint of the
derivative of the forward operator, we rely on the adjoint of the discretization of the inte-
gral operator, to obtain exact adjunction up to the precision of the iterative solver. Figure
shows plots of the two contrasts ¢5 (12 we consider for inversion (for the complex-valued

¢*° (M we plot real and imaginary part).
0 1

1 -0.2 08
0.8 -0.4 r

0.6
0.6 -0.6

0.4
0.4 -0.8
0.2 -1 02
0 0

(a) (b) (c)

Figure 1: Contrasts plotted in [—0.4,0.4]?. (a) Real part of ¢* () (b) Imaginary part of

¢ (c) Real-valued contrast ¢ (2.

In the following first set of examples we used the shrinked Landweber iteration sketched
above for artificial noise levels € equal to 0.01, 0.05, and 0.1 and regularization parameter
a = ¢. The wave number equals k = 140, such that the wave length is about 0.045. The
iteration is stopped by the discrepancy principle if the (relative) discrepancy is less than
1.5¢. Figure[2|shows that the shape of the cross in Figure [Ij(a,b) is well reconstructed and
that the magnitude of the reconstruction is roughly matched, at least for small noise level.
However, the small variations of the contrast inside the cross-shape are not well resolved
but tend either to thicken or to thin the width of the cross. For € = 0.01, the relative
discrepancy does not reach the prescribed value of 0.015 in 500 iterations, which might be
due to the numerical noise level of the synthetic data. We hence plot the 500th iterate;
after the 400th iteration, the first two digits of the reconstruction do no longer change,
such that this is, arguably, justified. Reconstruction times notably become tremendous for
so many iteration steps.

Figure[3|shows the corresponding results in the same reconstruction setting for the real-
valued double L-shape from Figure (c) The inversion scheme converges somewhat faster;
again, for ¢ = 0.01 the reconstructions do not reach a relative discrepancy of 1.5 ¢ until the
sequence of reconstructions becomes stationary at about the 200th iterate. Notably, the
imaginary part of the reconstruction remains small during the iteration without imposing
it to vanish by the algorithm. Again, the reconstruction times are rather high, which is
a well-known disadvantage of soft-shrinking techniques. Generally speaking, the inver-
sion problem is to our impression somewhat harder to tackle numerically by the shrinked
Landweber iteration compared to the Helmholtz equation Au + k?(1 + ¢)u = 0 considered
in [13].

To cope with the two most obvious disadvantages of the shrinked Landweber iteration,
we finally consider the primal-dual algorithm by Chambolle and Pock. This allows first
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Figure 2: Reconstructions of ¢*° ey by shrinked Landweber method, plotted in [—0.4,0.4].
(real parts in top row, imaginary parts in bottom row). (a/d) ¢ = 0.01, 500 iter., 2145
min., rel. error=0.533 (b/e) € = 0.05, 300 iter., 748 min., rel. error=0.565 (c¢/f) ¢ = 0.1, 57
iter., 126 min., rel. error=0.677.

to consider different norms for the discrepancyterm of the Tikhonov functional (we choose
discretized LP-norms for functions on 8! x $!'-norms as explained in Remark and
second yields smaller computation times. This algorithm computes the minimizer of the
Tikhonov functional in by explicitly considering the resolvents of the subdifferentials
of the convex functionals F' +— [|[F — F5 .« + F(qZC)ng and h — aR,(¢;° + h). More
precisely, let us consider general proper, convex, and lower semicontinuous functionals
E:8;,—[0,00land P : Q — [0, 0], as long as the resolvents (I+00&*)~! and (I+n0P)~!
of the subgradients of the Fenchel conjugate £* of £ and of P are explicitly computable
for n,0 > 0. The primal-dual algorithm then computes the minimizer of

he EF(q7°)[P] — (Freas — F(a7%)) + oP(gi° + h) (36)
via these resolvents. As already mentioned, £ = || - ||{/q for 1 < ¢ < oo, see Remark

We further define P(-) as sum of R, from and a convex functional 1}, that ensures
that the reconstructed contrast respects a-priori known pointwise bounds: 1y,(¢*¢) = 0 if
—1 < Re¢®(z) < 3 and 0 < Im¢*(z) < 3 in [-0.4,0.4)%; otherwise, 1,,(¢*°) = oco. For
both functionals, the subgradients can be computed using basic rules of convex analysis,
see, e.g., [18], and both resolvents can be computed explicitly.

For the remaining example, we invert ¢*¢ () for scattering data for k = 100, such that
27 /k ~ 0.063. The artificial noise level ¢ is set to 0.01, the regularization parameter «
in equals 0.01 and the remaining parameters 7 and o to (5/4/|F'(¢°)||)'/2. We stop
the primal-dual algorithm applied to the linearized functional in when the relative
residuum of the linear equation is less than 0.05 (which typically yields less than 10 steps
and is finished in less than a minute). The largest part of the computation time of the
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Figure 3: Reconstructions of ¢* (2) by shrinked Landweber method, plotted in [—0.4,0.4]?
(real parts in top row, imaginary parts in bottom row). (a/d) e = 0.01, 200 iter., 390 min.,
rel. error=0.653 (b/e) ¢ = 0.05, 48 iter., 87 min., rel. error=0.665 (c/f) ¢ = 0.1, 20 iter.,
38 min., rel. error=0.703.

primal-dual algorithm is due to the computation of the entire (factorized) matrix repre-
senting the derivative of the forward operator at the current iterate ¢j°. (This typically
takes less than 2 minutes for the examples below.) The numerical computation of the (ma-
trix) norm of F'(¢}°) takes about one minute and executing the algorithm for one linearized
problem typically less than three minutes. Figure [] shows the effect of changing the pa-
rameter ¢ € (1,00) of the discrepancy term || - ||/¢ by plotting reconstructions for ¢ = 1.6,
2, and 3. (We simply plot the iterate with the smallest error.) Let us first note that for all
reconstructions, the computation times are much smaller than for the shrinked Landweber
iteration. Generally, choosing ¢ larger/smaller results in smaller/larger iteration numbers
to reach to optimal reconstruction in the entire range in between ¢ = 1 and ¢ = 5. On
the other hand, the reconstruction quality is best for ¢ = 2, where the accuracy roughly
matches that of the shrinked Landweber iteration. (Arguably, this might be due to the
Gaussian distribution of the additive noise.) Choosing ¢ larger or smaller than 2 yields
increasingly worse reconstructions; in particular, the contrasts do not reach the true values
anymore. Thus, the choice of the discrepancy norm has obviously a significant influence
on the inversion result.

A The adjoint of the forward operator’s linearization

The adjoint operator of the linearization F’ is a crucial ingredient for most gradient-based
schemes tackling the inverse scattering problem to stably solve the non-linear equation
F(Q) = Finecas for some given Fi,cas € Sy This is our main motivation to give an explicit and
computable representation of this adjoint. We fix Q € Q, consider F'(Q): LP(Bg)¥¢ — S,
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Figure 4: Real part of reconstructions of ¢* () by primal-dual algorithm for different

discrepancy norms || - ||#/q (see Remark 18] and fixed artificial noise level & = 0.01, plotted
n [-0.4,0.4]2. (a) ¢ = 2, 5 iter., 12 min., rel. error=0.658 (b) ¢ = 3, 2 iter., 4 min.,
rel. error=0.738 (c) ¢ = 1.6, 41 iter., 82 min., rel. error=0.763.

and aim to determine F'(Q)*: Sy — LP' (Bg)?*¢ such that

(F(QIQ.K)s, = (Q,F'(Q)* K) 2(pyixa for all Q' € LP(Bop) and K € Sy (37)

Here, p’ and ¢’ are the conjugate Lebesgue indices to p and ¢, respectively, such that
I/p+1/p) = 1 and 1/g+1/¢" = 1, and (-,-)2(p,)axe is the usual scalar product in
Lz(BR)dde

(A7B)L2(BR)d><d = A Bdx = / Z A”BZ] dl’
Bgr B

Rg5=1

extended to the anti-linear dual product between LP(Bg)??% and LP (Br)**?. Further,
(+,+)s, is the scalar product in the Hilbert space of Hilbert-Schmidt operators,

[e.9]
F,K)s, = Z Z Fgj, Kg;) L2(Sd-1)
7j=1

JjeEN

for an arbitrary orthonormal basis (g;);jen of L?($%1). Consequently, becomes
Z(F'(Q)[Q 195, K gj) 2(ga-1y = - Q. F(Q) K) 2(pp)ixa for all Q" € LP(Bag), K € Sy
j=1

Thus, we consider at first a single L?-scalar product for fixed Q € Q and g € L?>(391)
and seek for A : L?($%') — LV (Byg)?*? such that

(F(Q)Q9, 1) 12a1) = (Q Ah) pa(pyaxa for all Q' € LP(Bag)™?, h € LA($7).

Recall from that L'(Q,v,)[Q] = v' € HY(Bsg), a function whose radiating extension
satisfies

v = Sg [divV(Q'VIL(Q,vg) +vg])] in H'(B2r), where Sg = [Id—divV(QV(-))]™!
Since the derivative F’, see (27)), involves the far field of L', we note that

F'(Q)Qg = Z o [QVV + Q'VSg(vg)] = Z o [QVSq [divV (Q'VSg(vg))] + Q'VSq(vg)] -
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Consequently, we compute that

(F(QIQ1g 112 = (QVSq [div V(Q'VSa(vy))] + Q' VSq(vg)s Zh) 1o g5,
= (Q'VSq(vg), [QVSQ o (divV)]" 0 Z°h) 1o 5, 0 + (Q'VSQ (), Z°1) L2,
:(QgQWV&ymmvmr+hﬂoz%)®viﬂﬁnmwmwd

where the last matrix-valued function is defined by (a ® b); ; = a;b; for 1 <4,j < d and
[QVSg div V]* denotes the L2-adjoint of the bounded operator w — QV.Sg o (div V(w))
on L?(Bg). (If Q is a twice continuously differentiable function, then the latter adjoint
can be represented by f — V*(VS&(div(@Tf))) for all f € H*(BRg).)

Lemma 26. For Q € Q and g € L*>($%71), the adjoint of Q' — F'(Q)[Q'](g) with respect
to the L?-inmer product maps L*($41) into LP/ =1 (Byg)®™*? for p > 2T\ (T — 2) and is
represented by

gHva%o@ﬂmhuﬂoT@®v%@ﬂ

For all orthonormal bases {g;}jen of L*($3%°Y) and all K € Sy, the bounded operator
F(Q)*: Sy — Lp/(p_l)(BgR)dXd is represented by

F(Q(K) = ([[QVSqo (divV))* +1d] 0 2*(Kg) ) @ VSqlog ] (38)

j=1

Remark 27. If Q = ¢*° Id, is represented by a scalar function ¢ and h — F'(q)[h] maps
LP(Bg) into S,, then F/(Q)*(K) = F'(¢°°)*(K) in becomes scalar,

F/(q)"(K) = Y ([[0°V Sy o (div V)] +1d] 0 2°(Kg;) ) - VSpelug,] € LY@~V (Bp).
j=1
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