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Abstract

In this paper, we investigate sparsity regularization for electrical impedance tomography (EIT). Here,
we combine sparsity regularization with the energy functional approach. The main results of our paper
is the well-posedness and convergence rates of the sparsity regularization method.
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1 Introduction
The problem of identifying the conductivity coefficient ¢ in the elliptic equation
—div(6V¢) =01in Q, (1)

from the Neumann-to-Dirichlet map, is of interest in electrical impedance tomography (EIT). For surveys
on the problem, we refer the reader to [1, 9, 8, 5, 38, 22]. This problem is well-known to be severely ill-posed
and has to be stabilized by some regularization methods. There have been a few regularization methods for
the problem in the literatures [2, 10, 11, 29, 30, 32, 35, 36, 40, 42]. However, the quality of reconstructed
conductivity parameters is not satisfactory in comparison with those in other fields.

Let H' (Q) be a subspace of H! (Q) with zero mean on the boundary T, i.e.

ﬁl(ﬂ):{veHl(Q):/des:O}.

The spaces H'/2 (T') and H-1/? (T") are defined similarly. These spaces are equipped with the usual norms.
We denote by
A={ceL>(Q): A< <A "aeand supp (o0 — o) C Q'},

for some fixed A € (0,1), where ' is an open set with the smooth boundary that contained compactly in
Q. The set A is endowed with the L7 (Q) —norm (1 < ¢ < c0).

The basis mathematical model for the forward problem in electrical impedance tomography is the elliptic
partial differential equation

—div(oVg) =0 in a% Ir =je HY2(D). (2)

To obtain the unique weak solution of this problem, we normalize the solution by requiring fr uds = 0, i.e.
u € H' (Q) and define the Neumann operator Fiy (-)j by

Fn()j:A— HY(Q),0— Fy (0) is the weak solution of (2).
Similarly, the Dirichlet operator Fp (-)g:.A — H (Q),0 — Fp (c) g, the weak solution of the equation

—div(6V¢) =0in Q; ¢|p =g e HY/?(T) (3)



and the Neumann-to-Dirichlet operator NtD (o) is defined by
NID (o) : V2 (L) — AV (L) j — NtD (o) j = Fy (o) r ()

An EIT experiment consists of applying an electrical current to the surface of the object and then
measuring the resulting electrical potential on the boundary. In practice, the procedure is repeated several
times with different currents, which yields partial information about the Neumann-to-Dirichlet map NtD.
Thus, our inverse problem is stated as follow: Given the Neumann-to-Dirichlet operator NtD, find ¢* such
that NtD(o*) = NtD.

Note that for any o € A, if NtD (¢)j = g, then

Fn(0)j—Fp(o)g=0.

Thus, given the Neumann-to-Dirichlet operator NtD, we might identify the conductivity ¢* from solving
the system of equations
Fn(0)jk —Fp (o) g =0

with gr = NtD f;. This motivates our approach. The choice of currents jj is crucial and has been investigated
by many authors. In [25, 24, 23, 7, 13] the authors have investigated the so-called optimal current in some
sense. Using several currents have also been examined in [28, 27]. For simplicity, we here assume that only
one current j that is optimal in some sense is used. However, the results in this paper are still valid for
several currents as in [28].

We assume that there exists some 0* € A,q such that NtD (0*) = NtD. Fix j € H='/2 (') and denote
g = NtD (c*)j and assume that only noisy data (j°,¢°) € H=/2(') x H'/2(T) of (j,g) such that

52 2
& _](SHI:I*U?(F) +llg - 96”1}1/2@) < ¢ (5)

with § > 0, are available. Our problem now is to identify ¢* from (j57g‘s) .
To solve this problem, we minimize the energy functional

Fy(0) = /Q o[V (Fx (0)4° — Fp (0) ¢°) [2de (6)

over an admissible set Agq. Since the problem is ill-posed, sparsity regularization is used to solve it in a
stable way. This leads to considering the minimization problem
min Fs (o) + a® (0 — o?), (7)

0€ALq

where a > 0 is the regularization parameter and
®(9) =Y wil (W) [P (1<p<2) (8)

with {¢x} being an orthonormal basis (or frame) of the Hilbert space Hg (€') and wg > wyny for all k. Here,
the admissible set A,q := ANQ with Q ={oc € A:0—0" € H} (V)}.

The energy functional Fj(-) in (6) has been used in [28, 27]. However, they aimed at constructing
numerical algorithms to reconstruct the conductivity . Here, we aim at studying the well-posedness and
convergence rates of the method. In order to obtain the well-posedness of the method, problem (7) is
examined on A,y instead of A. The idea of choosing A,4 follows the paper of Jin and Maass [26]. We
need this constraint to obtain the compactness of E; defined below, which is sufficient for obtaining the
well-posedness of the method. In order to obtain convergence rates, we follow the ideas of Hao and Quyen
[19, 20).

Note that in EIT problem, it is very often that the conductivity coefficient o* consists of the background
o plus several interesting features that have relatively simple mathematical descriptions, i.e. the number
of nonzero components of o — ¢ are finite in a basis (or frame) of a space. Based on this prior information,
there are advantages to use sparsity regularization.

Sparsity regularization has been of interest by many researchers for the last years. The well-posedness
and some convergence rates of the method have been analyzed for linear inverse problems [12] as well as for
nonlinear inverse problems [18]. It is shown that sparsity regularization is simple for use and very efficient
for inverse problems with sparse solutions. This method has been investigated and applied very successfully
to some fields such as for compressive imaging [16, 37, 39, 41]. Recently, sparsity regularization has been
applied to EIT problem [27, 17, 26]. Numerical experiments in [27, 17] have demonstrated its great potentials.
Following the least squares approach in [18], the well-posedness and some convergence rates of the method
have been also obtained in [26]. Numerical algorithms have also been proposed [31, 12, 6, 4, 34, 3].



2 Auxiliary Results

Before proving the main results of sparsity regularization for EIT, we consider some properties of Fi (-) j,
Fp(-)g and F5 () on A with respect to the L7 (2)-norm, which are needed for studying the well-posedness
and convergence rates of the method as well as for numerical algorithms. Some of them have been proven
in [26], which are derived by exploiting Meyers’ gradient estimate [33] as follow.

Theorem 1 (Meyers’ theorem) Let Q be a bounded Lipschitz domain in RY (d > 2). Assume that o €
L (Q) satisfies A < o < AL for some fived X € (0,1). For z € (L" Q) andy € L™ (Q), let ¢ € H' () be
a weak solution of the equation

—div(oV¢) = —div (z) +y in Q.

Then, there exists a constant Q € (2,+00) depending on A and d only, @ — 2 as A — 0 and Q — oo as
X — 1, such that for any 2 <r < Q, ¢ € Wr" (Q) and for any Q' CC Q

loc

199l1@y < € (191l a @y + 2lriey + 19l ey )

where the constant C' depends on \,d,r,Q) and Q.

Remark 2 1. By using Lax-Milgram’s lemma, one can show that for any o € A, there exist constants
Cn and Cp (only depend on X and Q) such that

| F'n (U)jHﬂl(Q) <Cy ||j||H—1/2(r) » 1Fp (U)QHHl(Q) <Cp ||g||H1/2(r) .

2. On the space H' (Q), the standard H' (Q) —norm and the H' () —semi-norm are_equivalent (see e.g.
[26, Lemma 2.2]), which implies that for any u € H' (Q), there exists a constant C such that

IVull 120y = C llul 1 q -
Lemma 3 Let q € (57?2,00} ,j € H Y2 (1) and g € H/?(T'). Then, for any 0,0 + 9 € A, we have

|Fn (0 +9)j— Fn (U)jHHl(Q) <Gy ||79||Lq(Q/) ||jH]:I*1/2(Q)

and
[Fp(oc+39)g—Fp (U)QHHl(Q) <Oy H19||Lq(Q/) ||9||H1/2(Q) )

where the positive constants C1 and Co depend on A\, d,q,Q and Q.
Proof. For Fy (-) j, the proof is in [26, Lemma 2.3]. For Fp (+) g, the proof is similar. L]
Remark 4 By the above lemma, Fp () y is Lipschitz continuous on A with respect to the L (Q) —norm for
q € (6227?2700} . Note that for o,0 + 19 € A and 1 < q1 < qo, we have

Q*l/th 9 < Q*l/qQ 9

€2 191l Lar () < €2 191l a2 02y -

and
—1\92—9
”79”%2'12(9) = (2)‘ 1) o ”ﬁqultn(Q)'

This means that the convergence of ¥ to zero with respect to the LI () —norm and the L% () —norm
are equivalent. Therefore, the operators Fi (1) j and Fp () g are also continuous on A with respect to the
L1 (Q)-norm for ¢ > 1.

We now consider the differentiability of the operators Fiy () j and Fp () g. For 0,0 + t € A with ¢t > 0,
from the definition of Fy (o) j and Fx (o + t) j, we have

—div(6VFn (0)j) =0and —div((c +t9) VFy (o + ) j) =0.

It implies that

- (s LB+ )5 = P ()7

. > = div (VVFn (o + t9) j)



with a% (Fy (o0 +1t9)j — Fn (0)7) /tir = 0. Taking t — 0, by the continuity of Fiy we have ¢/ = F; (o) j (9),
the solution of the equation
—div (cV¢') = div (IFn (o) j)

with the Neumann boundary condition a%i:; =0onT.
Similarly, we also have ¢ = FJ, (¢) g () to be the solution of the equation

—div (oVe¢) = div (9Fp (o) g)

with the Dirichlet boundary condition ¢|r = 0.

We have Fiy (0)j : LY(Q) — H'(Q),9 — ¢ and Fy, (d)g : LI (Q) — H'(),9 — ¢. The following
lemma shows that the operators Fy (-)j and Fp (-) g are not only directional differentiable but also the
Fréchet differentiable.

Lemma 5 For each o € A, both Fy (-)j and Fp (-) g have the continuous Fréchet derivative at o with
respect to the L1 (Q') —norms, q € (QQ—%, oo] Moreover, let 9 be a perturbation to o belonging to L™ (')

and extended by zero outside €, we have
1) Fy (0)j(¥) = ¢ is the unique solution of the equation
—div (6V¢') = div (IVFy (0) j) (9)
with a homogeneous Neumann boundary condition.
2) Ff, (o) g (¥) = ¢ is the unique solution of the equation
—div (6V¢) = div (IVFp (o) g) (10)
with a homogeneous Dirichlet boundary condition.
Moreover, the following estimations hold
1N (@) 30 p(Lay.ary) < Csllila—irzwy 19l Lary » (11)
IFD (0)9[19]||L(Lq(af)ﬁ1(9)) < Oy ||9||1§r1/2(r) ||19HLq(Q/) : (12)

A

Proof. The Fréchet differentiability of Fi (-)j is proven in [26, Lemma 2.4 and Theorem 2.2]. The
Fréchet differentiability of Fp (+) g is proven similarly. We now prove two last inequalities. Since the proofs
are similar to each other, we only prove for Fjy (+) j. The weak solution formula of equation (9) is

/ oV - Vudr = —/ IVFEN (0)j-Vuforallve H (Q). (13)
Q Q

From (13), choosing v = ¢/ € H' (Q), using Holder’s inequality, Theorem 1 and Remark 2, we obtain

~ . o011 1
CMI 10y < 19N oy IVEN (0) jll () with PR

) CuChn .
= Ik (05 sy = 1930 < 22 W0y 1oy

Next, we consider the continuity and differentiability of the energy functional Fj (o).

Lemma 6 For any (j,g) € H~Y/2(T') x H'/2(T), the functional

F(0)i= [ oV (Fx (o)~ Fp(0)g) Pda
Q
has the following properties:

1. F(-) is Fréchet differentiable with respect to the L1 (Q) —norm for q € (5—%, oo} and

F (0)0 = - / 9 (VFy (0) jI° = [V Fp (o) gI?) da.



2. The second Fréchet derivative F" of F (-) exists and is uniformly bounded with respect to the L (€')-

norm for q € (6227?2, oo].

Proof.
1. F (-) is Fréchet differentiable since Fy (-) j and Fp () g are Fréchet differentiable. We have
F'(0)0 = [ 9V (B (0) ~ Fp (o) g) Pda
Q
+ 2/ o (VFy (0)j(9) = VFp(0)g(9)).(VFEy (0)j — VFp (o) g) dx (14)
Q

Using the weak solution formulas of Fy (o) j (¥), Ff, (¢0) g (¥) and Fi (o) j, we have

/ oV Y (0)§ (0) - VEy (o) jdz = — / SV Fy (o) jl2dz,
Q Q

| oV (03 0) - VED () gde =~ [ 9VEy ()5 (0) g
| 9Fb (@)90) - VEp (7)gds = [ 91VED (o) gPd,
/QUVFN (o) -VF}, (o) g (W) dx =0.

Inserting these equalities into (14) and simplifying, we get

F'(0)9 == [ 9(VEx (0) i = IVFp (0)gP")da.

2. Clearly F’ (-) has the Fréchet derivative and
F" () (9.9) = =2 [ 9(VFy (0) .V i (0) 5 (0) + VFp (0) g VFp (0) g (9)) da.

By the weak solution formulas of Fy (o) g (9) and F}, (o) j (9), it implies that

| 99EN )5V (@) (0)do =~ [ olVFic(0)j ) o
Q Q

and
/WFD (0)g-VFy(o)g () d:r:—/ o|VFY, (o) g (9) |Pda.
Q Q
Therefore,
F (o) (9,9) :2/ oIV FY (o) (9) |2dx—2/ o[V (o) g (9) |2da.
Q Q
Finally, by (11) and (12), F” is uniformly bounded. L]

Remark 7 From the uniform boundedness of F”, we deduce that F' is Lipschitz continuous on A with

respect to the L1 (Q) —norm for q € (5—?2, oo} . However, we can not show that F is a convex functional.

3 The Well-posedness

We are now in a position to consider the well-posedness of sparsity regularization. To this end, the following
property of ® is necessary.

Lemma 8 The functional ® defined by (8) has the following properties

1) ® is non-negative, convex and weakly lower semi-continuous.



2) There exists a positive constant C' such that for any u € H,
® (u) > Winin CP/? [l .
This implies that ® is weakly coercive, i.e. ® (u) — 0o as |ju|| — oo.

3) If {u"}nen C H weakly converges to u € H and ® (u™) converges to @ (u), then ® (u™ — u) converges
to zero.

Proof. ® is non-negative, convex and weakly lower semi-continuous because it is the sum of non-negative,
convex and weakly continuous functionals. The proofs of 2) and 3) can be found in [18, Remark 3.] and [18,
Lemma 2.], respectively. [

Lemma 9 Let ® : H} () — R U {oo} be defined by (8). Then, the set By := {¥ = 0 —0d° : 0 €
Agd and ® (9) <t} is compact in L? (Q) for all t € R.

Proof. Suppose that {9" := 0" — 0%} C E; for some fixed t € R,. From the coercivity of ®, {9"} is
bounded in H} (€') and thus there exists a subsequence of {¥"}, denoted again by {¥"}, weakly converging
to ¥ =0 — o in H} (). By Kondrashov embedding theorem [15], it strongly converges in L4 () for any
q < 6 in case of d = 2,3. Thus, it strongly converges in L? (Q) and ¢ € A4 due to the closedness of Auqg
in L? (Q) . Since @ is weakly lower semicontinuous in H} (), ® (9) < lim,, inf ® (") < ¢. This implies that
Y € E;. Therefore, E; is a compact set in L? (Q). ]

Lemma 10 For j € H-'/? (') and g = NtD (c*) j, the set
M4,, :={0 € Awa: Fn (0)j=Fp(0)g}
is nonempty, bounded and closed in the space L? (Q0). Thus, the problem

: 0
oenrllljladq)(a U)

has at least one solution that is called ®-minimizing solution of EIT. If p > 1 then ®-minimizing solution is
unique.

Proof. It is easy to show that II 4, , is nonempty and bounded. We now prove that it is a closed set. Suppose
that the sequence {o"} C Il 4,, converges to o in L? (). From the weak solution formula of Fy (™) j, we
have

/jvdSZ/U”VFN (U")j.Vvd:v:/U”V¢”.Vvda:,
r Q Q

for all v € H' (Q). Here, ¢" = Fx (") j = Fp (¢") g. From Remark 2, the sequence {¢"} is bounded and
thus there exists a subsequence, denoted again by {¢"} , which weakly converges to ¢ in H' (Q2).
Since 0™ — ¢ in the L? (Q)-norm and ¢™ weakly converges to ¢ in H' (£2), we obtain

/ o"Vo" - Vudx — / oV - Vudz
Q

Q

:/(J”—J)VQS"-Vvdx—i—/JV(¢”—¢)-Vvdx—>0, as n — 00,
Q Q

for all v € H' (). Thus, we have

/0V¢-Vvdaz = /jvds,
Q r

for all v € H' (Q). It means that ¢ = Fy (¢)j. Similarly, we also have ¢ = Fp (o) g. Thus, o € II4,, or
I 4,, is a closed set in L? ().

Finally, we prove that there exists at least one ®-minimizing solution of EIT. Suppose that there does not
exist a ®-minimizing solution in I14,,. Then, there exists a sequence {c*} C 1 4,, such that ® (6% — ¢%) — ¢

and
c<®(0c—0") forall o €1ly,,. (15)



Since @ (6% — ¢%) — cask — oo, {o"—0"} is bounded in Hj (€) . Therefore, by Lemma 8, there exists a sub-
sequence of {o* —0"}, denoted again by {0 —c°}, weakly converging to c—c in H (©') and o € Il 4,,. From
the weakly lower semi-continuity of ® in H} (€), it follows that ® (o — ¢°) < limj_,c inf ® (6% — 0°) = c.
This gives a contradiction to (15).
Note that if p > 1, then ® is strictly convex and thus the ®-minimizing solution is unique. [
Next, we consider the well-posedness of problem (7) that consists of existence, stability, convergence.

Theorem 11 (Existence) For any (j°,¢°) € H~1/2(T') x HY2(T), problem (7) has at least one solution.

Proof. Suppose that {c"} is a minimizing sequence. It implies that {® (¢ — ¢°)} is uniformly bounded.

By Lemma 8 there exists ¢ € Ry such that {¢™ — 0"} C E; and ||o" — O’OHII)_Il(Q,
0

in L? () and {o™ — 0%} is bounded in H} ('), there exist a subsequence of {o"}, denoted again by {o"},

and a 0* € Auq such that 0™ — 0¥ weakly converges to o — ¢® in H} (') and 6™ — o in L? (2). Since Fj is

continuous with respect to the L? (Q2) —norm and @ is weakly lower semi-continuous in H{ (Q'), we have

) < Ct. Since E; is compact

Fs (o) < liminf (F5 (6") + a® (0" — 0°)) = é&f Fs (o) +a® (0 — o).
n g ad

Therefore, o is a solution of (7). L]
Theorem 12 (Stability) For a fized regularization « > 0, let the sequence (j™,g") converge to (j‘s,g‘s) in
H='2(T) x HY/2(T) and let

o € argmin/ 0|V (Fn (0)j" — Fp (0) g") |*dz + a® (o — o) .
c€EALL JQ

Then there exist a subsequence {o™} of the sequence {o™} and a minimizer o¥ s of (7) such that

In addition, if the minimizer 02,5 is unique, then {o" — o°} converges to az’(; — oY in the Hilbert space
H ().
Proof. Denote F, (o) = [, 0|V (Fy (0)j" — Fp (c) g") [*dz. By the definition of ¢, we have

Nk p

ot =0y, — 0 as k — oo.

’Hé(Q/)

F,(o™)+ ad (U” - JO) < F,(0)+ad (O’ - O’O)
<A (IFw (0) "3 @) + 1D (0) 6" 1y ) + 0@ (7 = 0°)
<X RN sy + CB N9 iy ) + 02 (7= ")
< A 'Crmax (C},Ch) +a® (0 — o) (16)
for any o € A,q, where the constants C, Cp are given in Remark 2 and C} is independent of n such that
H(j”,g")||§~1_1/2(r)xgl/2(r) < (4 for all n. This follows that {® (¢ — ¢°)} is uniformly bounded and thus

there exists t € Ry such that {9" := 0" — ¢} C E; and H19”Hilé(ﬂ,) < Ct for all n. Since E; is compact in
L? (Q) and {97} is bounded in H} (£'), there exist a subsequence of {¢"} denoted by {¢"*} and an element
ons € L? () such that 9™+ weakly converges to ohs— 0% in H} (') and {0™*} strongly converges to o s
in L? (). Since A,q is closed in L? (), oy 5 € Aag. On the other hand, since Fj is continuous in L? ()
and @ is weakly lower semi-continuous in H} (£'), we have

Fy (o85) =l Fs (o™) (17)
and
@ (05— 0°) <liminf® (o — o). (18)
Moreover,
Fs (o) — Fy, (0)
_ / oV[Ex (o) (77 — ™) — Fp (0) (¢° — g™)] - Vod, (19)
Q



where 0 = Fi (o) (j° + j™) — Fp () (¢° + ¢™*) . Since (j™*, g"*) — (5%, ¢°) in H~Y/2(T') x HY/?(I), the
right-hand side of (19) uniformly converges in A4 to zero as k — oo. Therefore,

F5 (o) = liin F,, (o), liin inf Fs (o) = lilgn inf F,, (o™*). (20)
From (20), (16), (17) and (18), we obtain

F&( ) + ad (0’ 5_0.0) (172 )llmIHng( )—i—ahinlnf(l)(a"’“ _0_0)

(20)
< lilgn inf 7, (0"*) + aliin inf ® (6" — o?)

< liin inf (F,, (6™) + a® (e — ¢?))
< li}{n sup (Fy,, (0") + a® (o™ — 7))

(16)
< liin sup (Fy, (o) +a® (o — o))

2 Fs (o) +a® (o — ") (21)
for all 0 € Agq. It means that ag,é is a minimizer of (7).
From (21), setting o = of, 5 and by (20), we get

lilgn (Fs (™) + a® (o™ —0°)) = Fs (02’5) + ad (ag’é — 0'0) .

Together with (17) and (18), we deduce that ® (o™ —0") — @ <0’ 50 ) Finally, since {o"* — o}
weakly converges to O’aé — 0% in H} (') and <I>( ) — <I>( Ons — O’O) as k — oo, it implies that

) (onk — azﬁ) — 0 as kK — 0 and thus

ne _ P ‘
o o
a,d Hé(Q’)
In the case the minimizer o? s is unique, the convergence of the original sequence {o"} to o” ; follows

by a subsequence argument. [

— 0 by Lemma 8.

Theorem 13 (Convergence) For any positive sequence {0,} — 0, let o, := a(dy,) be such that

2

on — 0 and 2 — 0 as n — oo.

o275

Furthermore, let {(j7, g™)} be a sequence in H—'/?(T') x HY?(T) satisfying

13" = ilg-1/2) + 119" 9||H1/2(r) <o,

and

o € argmin/ 0|V (Fn (0)j" — Fp (0) ¢") |Pdz + a,® (0 — 0°) .
c€EAL JQ

Then, there exist a subsequence {o™*} of {o™} and a ®-minimizing solution & of EIT such that {o"™* — o}
converges to o — ¥ in H} (). Furthermore, if o is unique then the whole sequence converges.

Proof. Let @ € Ayq be a solution of Fy (7) j = Fp (7) g. The definition of ¢™ implies that
E,(0™) + o, @ (6" — 0°) < F, (7) + ,, @ (7 — 0°)
[ (E @7 = o @)8") P + 0t (7 o)
< (1B @) G = Dy + 1F0 @) ("~ 0) P ay) + 0 (7~ o)
< A 'max (C},C}) 62 + 0, @ (7 — 07) . (22)
In particular, when § — 0 and 6%/a — 0,

E,(6™) =0, limsup @ (6" — 0°) < @ (7 — o). (23)



Since F,, (0") — 0, F (0™) := [, 0"|V (Fy (¢™) j — Fp (™) g) |*dz — 0, see (19).
By (23), {® (¢ — 0°)} is bounded and thus there exists ¢ € Ry such that {¢" = 0" — 0"} C E; and
9P, ., < Ct for all n. Since F, is compact in L? (Q) and {9"} is bounded in H{ ('), there exist a
HL(Q) 0
0

subsequence {o™*} of {¢"} and ot € A,q such that 0™ — 0¥ weakly converges to o= — ¢® in H} (') and
o™ — ot in L% (Q). Since Fy and Fp are continuous in L? (), we have

Fn(c™)j— Fy(c%)jand Fp (6™)g— Fp (ct)yg (24)

On the other hand, by Remark 2

F(o™) = / " |V (Fy (0™) j — Fp (0™) g) [*dx
Q
> MV (Fy (6™) ] = Fp (0™) 9)| 2
> AC [y (0™) = Fp (0™) gll ey > 0. (25)

From (24), (25) and F (¢™*) — 0 as k — oo, we get Fiy (6%)j = Fp(oct)g or o™ € Il 4,,. Moreover, since
® is weakly lower semi-continuous in Hg (') and (23), we get

i) (or+ - 00) < liin inf ® (J”’“ — cro) < lilgn sup ¢ (0"’“ — O’O) <o (E — JO) . (26)

Therefore, o is a ®-minimizing solution of EIT.

Finally, choosing & = ¢ in (26), we have ® (6™ —0°) — ® (07 —¢°) as k — oo. Since {o"* — %}
weakly converges to ot — ¢% in Hj () and @ (6" —0") — @ (0 —0") as k — oo, it implies that
& (o™ —ot) — 0 and ||o™ — o*HHUl(Q,) — 0 as k — 0 by Lemma 8.

If the minimizer 0T is unique, the convergence of the original sequence {o" — 0°} to o™ — ¥ follows
from a subsequence argument. [

4 Convergence Rates

For 0 € Auq and q € (5—%, oo} , the operators

Fi(0)j:LI(Y) — HY(Q) and F}, (o) g: LI () — HL (Q)

are linear and continuous. Denote by

*

(Fy (0) )"« H™H(Q) — L (@) and (Fp (o))" : HH(Q) — L ()
the dual operators of F% (0)j and Fj (0)g, respectively. Here, H=1(Q) := (Hl (Q)) , H1(Q) =
(H} (Q))* and ¢ is defined by %—i— q% = 1. Note that since H} (Q) ¢ H' (Q), it implies H~ (Q) ¢ H~1(Q).
Then,
<(FJ/V (U)J)* wi‘, 79>(Lq1 (Q),L9(Q)) = <IUT, F]/V (U)] (19)>(1§—1(Q)’g1(9)) (27)
<(Fb (0)9)" w3, 19>(qu (Q),Le(Q)) — (w3, Fp (o) g (19)>(H*1(Q)7H01(Q))
with wt € H=' (Q) and w} € H™' (Q).
Some convergence rates of sparsity regularization for EIT are given in the following theorem. The ideas
of the proof are similar to those in [19, 20]. However, we need more requirements on the source condition.

Theorem 14 Let g € (5—?2700] , o be a ®-minimizing solution of EIT and ai’é be a solution of (7).
Assume that there exists a function w* € H=' () such that

¢:=(Fy(c7)j—Fp(c7)g) w* € 0@ (o7 — ) (28)
and

Fy (07)j(9) € Hy (Q), V9 € L™ (). (29)



Then,
F;s (O’p 6) =0 (6°) and Dy (CTZ75,O'+> =0(9),

a)

as 6 — 0 and a ~ 6.
In particular, if p € (1,2], we have

Proof. By the definition of o7, 5, we get
Fs (O'g’&) +ad (az’(; — 00) <Fs5(0")+a® (ot - a’). (30)
Then, we have
Fjs (UZ,(;) + aD¢ (027570"")
= Fj (05,5) +a (<I> (Ui,a — 00) - (0‘+ — 00) — <§,0‘275 - 0‘+>

< Fj (0+) —« <§,0’Z’5 —0

(L7 (Q’)Jﬂ(ﬂ’))>

‘)
(L2 (Q'),L9(Q))

< )\-1 2 252 _ < P _ +> '
< A7 max (C’N, CD) 0" —a(o,;—0 (Lo ().19(2) (31)
On an other hand, denoting ¥ := F}, (67)j — F, (o) g, from (27) and(28), we get
P _ _+ — (v v ( P _ +)>
<§’ Tes =7 ><Lq1 (Q),La(2)) <w S\ T (. @)
= (v (et = 7))
= (w, Vo, s—0 . 32
)9 (H-1(2),H} () (32)
By Riesz’s representation theorem, there exists an element w € H{ (Q) such that
<w*, N4 (05 5 0'+)> = <w, U (02 5— O’+)> . (33)
’ (H-1(2),H5(2)) ’ Hy(Q)

Since o™ > X\ > 0, the scalar product
(¢, V] Hi () = / 0TV - Vudz, for all p,v € Hy (Q)
Q

is equivalent to (¢, v) Hi() On H{ (). Therefore, there exists an element @ € H} (Q) independent of o? s

such that
<w,\Il (055—0+)> :/ otV - VI <0§5—0+) dx.
’ H(Q) Q ’

This implies that

Pt = [ otV v (o, o* ) du. 34
<€’UQ’5 7 >(Lq1(Q/),Lq(Q/)) /QU BV T o ) (34)

By (13), we get
/ otV VFY (o) (oh 5~ o) do = —/ (ohs— ") VN (07) - Vidda
Q Q
= —/ 0tVFy (o) j - Vivdz +/ ob sVFn (c%)j- Vid
Q Q
=— /Q o sV (0F.5) - Vivda + /Q 0¥ VFy (oF) j - Vidda

:/Qgg’év (Fn ()= Fx (o25) 4) - Vi, (35)

10



Similarly, since w € H} (), we have
/ otV -VF, (ot g (0'5)5 - a+) dx = / on sV (FD (ct)g—Fp (UZ’O g) - Vdz.
Q Q
Therefore, by (34), (35) and (36), we have
2= (€0% ot :/pVF P Vg—Fy (o
<£7 Ua,é g >(Lq1 (Q),L9(")) o Ua,é ( D (Ua,é) g N (Uoz,é

— /Qogﬁv (Fp

— /Q a{;,&v (FN (Ug&) % — Fp (0’&5) g‘s) Vwdz
+ /Q oV (Fy (o0.5) 57 = Fx (o.5) ) - Vida
=37+ Xy + 3.
Using the Cauchy-Schwart inequality, Remark 2 and Lemma 3, with g € (QQ—%, oo} we get
p p 1 p A
2] < HV (FD (0“75) 9= Fp (0‘1’5) g )‘ L2(Q) ‘ aa,(;Vw‘ L2(Q)

C .
< TD IV 2qy |9 —g5||H1/2(F).

Similarly, we have the following estimates for ¥ and X3

[Eo] < (/Q ol sV (FN (0276) % — Fp (0276) g‘s) |2dx) v </Q U§’5|V1ﬂ|2dl‘>
(F6 (0§,5)>1/2 AT V@l 20

1 Q. A2
%Fé (02,5) + 5)\ L ||V’UJ||L2(Q)

1/2

IA

IN

and
=3l < |V (P () 7 = P (o%.5) )

<A! V@l 12 () Cn Hj6

ot s V|

[0}

L2(Q) ’ L2(Q)

_j”ﬁfl/z(r)'
By (37)-(40), we get
1 R 1 ) o _q N2
B < AT V|2 () max (Cn, Cp) & + 5~ Fs (%,5) + 5 AT IVl ) -

From this inequality and (31), we have

1
§F5 (02,6) + aDg (Uﬁ,g, U+) < B16° + Babar + Bz 1= By,

where
£1 = A" max (C'JQV, C,ZD) ,

e 1. 1o
Bz = A1 |Vib]| oy max (Cx, Cp) » s = 5 A [V ooy
With a ~ 4, it follows that
Fy (oh5) = 0(6%) and D (of, 50" ) =0 (9).

In particular, for p € (1,2] there exists a constant C), > 0 such that

2
Dy (UZ,6’0+> > Cp ‘

p +H
g —
o8 Hi(@)'

11

(37)

(38)

(39)

(40)

(41)



see [18, Lemma 10.]. Therefore, we have

Remark 15 1. To obtain the convergence rates, we do not require the smallness in the source condition

5

[26, 14, 21, 18], which is often required in inverse problems when the least squares approach is used,
but it requires (29). The reason is that it ensures the validity of the equality (32).

In [26] the least squares approach incorporating with sparsity reqularization is used for EIT. To obtain
these convergence rates, the authors not only need the smallness in the source condition but also need
the enough closeness of A to 1, see [26, Theorem 4.7] and [26, Corollary 2.1]. Furthermore, their result
does not include the case p = 1. Here, we only need the condition (29) and the convergence rates cover
the case p = 1.

Conclusion

We have investigated sparsity regularization for electrical impedance tomography. The sparsity regulariza-
tion method incorporated with the energy functional approach was analyzed and the well-posedness and
convergence rates of the method was obtained under the source condition.
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