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Abstract

We analyze electromagnetic TM scattering from a diffraction grating consisting of a di-
electric with possibly negative real part. The scattering problem can be reformulated as a
strongly singular volume integral equation, a technique that attracts continuous interest in
the engineering community, but rarely received rigorous theoretic treatment. In this paper,
we provide (generalized) Garding estimates in weighted and unweighted Sobolev spaces for the
integral equation. Moreover, we show that trigonometric Galerkin methods applied to a peri-
odization of the integral equation converge. Fully discrete formulas show that the numerical
scheme is easy to implement and numerical examples show the performance of the method.

1 Introduction

We consider scattering of time-harmonic electromagnetic waves from diffraction gratings, three
dimensional dielectrics that are periodic in one spatial direction and invariant in a second, orthog-
onal, direction. These optical components are used, e.g., to split up light into beams with different
directions, and they serve in optical devices as, e.g., monochromators or as optical spectrometers.
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Figure 1: The setting for the scattering problem. The diffraction grating is periodic in 1, invariant
in 3 and bounded in x5.

If the wave vector of an incident electromagnetic plane wave is chosen perpendicular to the
invariance direction of the grating, Maxwell’s equations decouple into scalar Helmholtz equations,
known as transverse magnetic (TM) and transverse electric (TE) modes (these terms are not
consistently used in the literature). In this paper, we consider the equation of the TM mode for a
non-magnetic grating,

div (aVu) + k*u =0, k>0,
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under quasi-periodicity conditions for the field u. In particular, we allow the real part of the
material parameter a to take negative values, a feature that arises for, e.g., optical negative-index
metamaterials, but also for metals at certain frequencies. We use volume integral equations to
obtain solution theory for the scattering problem, and we analyze the convergence of Galerkin
methods based on trigonometric polynomials to discretize these integral equations.

In the engineering community, volume integral equations are a popular tool to numerically
solve scattering problems, see, e.g., [9,17,26,27], since they allow to solve problems with com-
plicated material parameters via one single integral equation. The linear system resulting from
the discretization of the integral operator (by, e.g., collocation or finite element methods) is large
and dense. Still, the convolution structure of the integral operator allows to compute matrix-
vector multiplications by FFT techniques in an order-optimal way (up to logarithmic terms), see,
e.g., [24,32,34]. However, the discretization of the integral operator itself is sometimes done in a
crude way, and a convergence analysis of the technique is often missing, in particular when material
parameters are not globally smooth. For the problem that we investigate here, a particularly dif-
ficult situation occurs, because the occurring strongly singular integral operators are not compact
(but the form of the integral equations is of the second kind).

Recently, volume integral equations also started to attract interest in the applied mathematics
community. The papers [13,14, 18, 33| provide numerical analysis for the Lippmann-Schwinger
integral equation, when the integral operator is compact. Further, [7,16,23] analyze strongly sin-
gular integral equations for scattering in free space. However, [23] considers media with globally
continuous material properties, and the L?-theory in [16] does not yield physical solutions if the
material parameter appearing in the highest-order coefficients are not smooth. The paper [7] proves
a Garding inequality for a strongly singular volume integral equation arising from electromagnetic
scattering from a (discontinuous) dielectric. This implies the convergence of Galerkin discretiza-
tions. However, setting up the full system matrix is costly both in terms of memory and CPU
time. The strong singularity of the integral kernel even makes the computation of the diagonal of
the system matrix challenging.

Our first aim in this paper is to analyze the quasiperiodic TM mode equation using volume
integral equations, generalizing an approach from [16]. In [16], similar volume integral equations
have been analyzed for free space scattering problems and positive contrast. In this paper, we prove
Garding inequalities in a (quasi-)periodic setting, and adapt the techniques from [16] to tackle
complex-valued material parameters possibly having a negative real part. Some of our results
also extend to anisotropic structures, and all results can be transferred to free space scattering
problems. An important aspect of the analysis is that the dielectric properties of the medium
are discontinuous at the air/grating interface (otherwise, the integral operators can be reduced to
compact ones, see, e.g., [6, Chapter 9]).

Our second aim is to rigorously analyze a numerical method to solve the TM scattering problem
by trigonometric Galerkin methods, again for discontinuous media. This technique originally stems
from [33], where a corresponding collocation method for volume integral equations involving a
compact integral operator has been analyzed. We prove that the trigonometric Galerkin method
converges with optimal order, and give fully discrete formulas how to implement this method.
Finally, we describe a couple of numerical experiments.

In essence, the advantage of the method is that it is simple to implement, and that the linear
system can be evaluated at FFT speed. Of course, the convergence order is low if the medium
has jumps, due to the use of global basis functions (if the material properties are globally smooth,
then the method is high-order convergent). Nevertheless, the technique is an interesting tool for
numerical simulation, as we demonstrate through numerical examples.

The analysis of the integral equation for material parameters with negative real part is, to the
best of our knowledge, the first application of T-coercivity (see [2—4]) to volume integral equations.



The material parameter is, however, not allowed to take arbitrary negative values. The arising
condition to guarantee solvability does for instance not allow the refractive index to take the value
—1 inside the grating.

We would like to point out that the paper [4] analyzes Galerkin discretizations of variational
formulations of Laplace-type problems with indefinite coefficients by using extension operators that
map finite element spaces into itself. Our analysis is based on pretty similar extension operators,
but clearly those do never map a space of trigonometric polynomials into itself. To this end, we
provide an independent proof of that simple Galerkin methods applied to this problem converge,
that might be useful for other problems, too (see Theorem 6.3).

The paper is organized as follows: In Section 2 we briefly recall variational theory for the direct
scattering problem. In Sections 3 and 4 we introduce the corresponding integral equations and
prove Garding inequalities on a continuous level. In Sections 5 and 6 we prove Garding inequalities
for periodized integral equations, and error estimates for trigonometric Galerkin methods. Finally,
Section 7 gives fully discrete formulas and two numerical examples. The two appendices contain two
well-known results on differences of potential operators and extensions that do not fit comfortably
into the main body of the text.

Notation: The usual L2-based Sobolev and Lipschitz spaces on a domain {2 are denoted as
H*(Q2) and C™'(Q), respectively. Further, Hg () = {v € H*(B) for all open balls B C Q}. The
trace of a function u on 9D from the outside and from the inside of D is vext(u) and ~int(u),
respectively. The jump of u across 9D is [u]gp = Yext(#) — Yint (u). If the exterior and the interior
trace of a function u coincide, we simply write v(u) for the trace.

2 Problem Setting

Propagation of time-harmonic electromagnetic waves in an inhomogeneous and isotropic medium
without free currents is described by the time-harmonic Maxwell’s equations for the electric and
magnetic fields £ and H, respectively,

curl H 4+ iweE = o F, curl E — iwpoH =0, (1)

where w > 0 denotes the frequency, ¢ is the positive electric permittivity, po is the (constant and
positive) magnetic permeability, and o is the conductivity. We assume in this paper that all three
scalar material parameters are independent of the third variable x3 and 2m-periodic in the first
variable x;. Further, € equals ¢g > 0 and o equals zero outside the grating.

If an incident electromagnetic plane wave independent of the third variable x3 illuminates the
grating, then Maxwell’s equations (1) for the total wave field decouple into two scalar partial
differential equations (see, e.g., [22] or [8]). In particular, the third component Hs of the magnetic
field satisfies the two-dimensional scalar equation

div (g7 'Vu) + k*u =0 with &, := g5 (¢ +i0/w) and k := w\/Eopio, (2)

together with jump conditions on interfaces where the refractive index e, jumps: u and ;! du/dv
are continuous across across such interfaces. Note that e, is 2m-periodic in x; and equals one
outside the grating. Working with weak solutions to (2), we assume that ¢, € L>(R?, C) is such
that ;1 € L°(R?,C) and Im (¢,) < 0. Note that we do not assume that Ree; ! > ¢ > 0.

For the two-dimensional problem (2), incident electromagnetic waves reduce to u’(x) = exp(ik -
d) = exp(ik(z1d; + 2ds)) where |d| = 1 and dy # 0. When the incident plane wave u® illuminates
the diffraction grating there arises a scattered field u® such that the total field u = u® + u®
satisfies (2). Since Au’ + k*u’ = 0, the scattered field satisfies

div (e, ' Vu®) + k*u® = —div (¢Vu') in R?, (3)



where ¢ is the contrast defined by
g=¢c; ' —1.
Note that u? is a-quasi-periodic with respect z, that is,

ui(acl + 27, x0) = e%iaui(xl,xg) for o := kd;.
Since ' is quasi-periodic and &, is periodic, the total field and the scattered field both are also
quasi-periodic in x1. For uniqueness of solution, the scattered field has to satisfy a radiation
condition. Here we require that u® above (below) the dielectric structure can be represented by a
uniformly converging Fourier(-Rayleigh) series consisting of upwards (downwards) propagating or
evanescent plane waves, see [5,15,25],

= YaFeem L@ gy 2 ap aj=jta, f=( -2 ()
JEZ

where p > sup{|zz| : (x1,22) € supp(q)}. The numbers ﬁf

are the so-called Rayleigh coefficients of
u®, defined by ajt = (2m)~' [T _u®(z1, £p) exp(—icyz1) dzy . A solution to the Helmholtz equation
is called radiating if it satisfies (4).

Variational solution theory for the scattering problem (3)—(4) is well-known, see [5,8,15], at

least under the additional assumption that
k*#ao  foralljeZ. (5)

This assumption means that k2 does not correspond to a Rayleigh-Wood frequency where the
number of the propagating mode changes. Using Dirichlet-to-Neumann operators one can formulate
the above scattering problem variationally in the bounded domain Q, := (-, 7) % (—p, p), for p > 0
defined in (4), using the space HZ(Q,) := {u € H'(Q,) : u=Ulq, for some a-quasi-periodic U €

HL (R?)}. For s > 0 and any set X C R?, the space HS(X) of quasi-periodic functions in X
is defined analogously. The variational formulatlon for the scattering problem (3, 4) is to find
u® € HA(,) such that

/ (e;'Vu® - VI — k*u®D) da —/ ol (u®) ds —/ T~ (u’)ds = —/ qVu'-Vodz  (6)
Q, r, r_, Q,

for allv € H}(€2,). The operators T+, ¢ — 1> 25e2 B gZajieio‘f”“, are the so-called exterior Dirichlet-
to-Neumann operators on I'y. The sesquilinear form in (6) is bounded on H}(€2,). It satisfies a
Garding inequality, if 67t > ¢ > 0 in ,,.

In the latter case, Fredholm theory implies that existence of solution for problem (6) follows
from uniqueness of solution. Existence of non-trivial solutions to the homogeneous problem where
u® = 0 in (6) is possible, but “rare”, since analytic Fredholm theory implies that the set of wave
numbers in where non-uniqueness occurs is at most countable and has no accumulation point
other than infinity, see [5,10,15]. If Ree ! changes sign, Fredholm properties of the variational
formulation (6) are non-trivial, at least if Ime; ! vanishes. For the above sesquilinear form, such
properties do not seem to appear in the literature, however, [2—4] study corresponding Laplace-
type problems with Dirichlet boundary conditions. Our analysis is rather based on a corresponding
integral equation formulation.

3 Integral Equation Formulation

In this section, we reformulate the scattering problem (2) as a volume integral equation of the
second kind and analyze this integral equation in weighted spaces. Here and in the rest of the



paper we assume the non-resonance condition (5). Let us denote by D C Q, the support of
the contrast ¢ = ;! — 1, restricted to one period {—m < x; < 7}. By G we denote the
fundamental solution to the quasi-periodic Helmholtz equation in R2. This function is well-defined
for x = (w1, 22) " with z # (27m,0)" for m € Z,

i 1
Gha(®) = > o exp(ian @1 + ifn|x2]), (7)
nez 7"

see [19]. Since k? # o2 all the 3,, = (k*—a2)'/? are non-zero. The following result from [15, pp. 90]
will be useful in the sequel.

Lemma 3.1. The Green’s function G, can be split into Gi o(x) = (i/Q)Hél)(k|:c|) +WU(x) in R?
where W is an analytic function in that solves the homogeneous Helmholtz equation AW + k>W = 0
in (—2m,2m) x R.

Since we are interested in spectral schemes based on Fourier series, we also define a periodized
Green’s function by firstly setting

K,(z) := Gra(z), x=(x1,22)" €R X (—p,p), = # (2rm,0)" for m € Z, (8)
and secondly extending K,(x) 2p-periodically in z2 to R?. The trigonometric polynomials

ei(@) = = e ([ + ) + 2] ). = (g e 22 ©)

are orthonormal in L?((2,). They differ from the usual Fourier basis (see, e.g., [29, Section 10.5.2])
only by a phase factor exp(icz), and hence also form a basis of L*(12,). For f € L*(Q,),

(mijfWM,j:mwfeﬁ,

are the Fourier coefficients of f. For 0 < s < co we define a fractional Sobolev space H3..(£2,) as

per
the subspace of functions in L?(f2,) such that the norm || - ”?LISCT(QP)’
1B @y = S0 W+ G IFG)E < oo, (10)
jez?

is finite. It is well-known that for integer values of s, these spaces correspond to spaces of (quasi-
)periodic functions that are s times weakly differentiable, and that the above norm is then equiv-
alent to the usual integral norms. Note that H}j.,(2,) C H3(€,).

Lemma 3.1 implies in particular that X, has an integrable singularity, that is, the Fourier
coefficients K, (j) are well-defined. For the next result, we set

. 2
A =k2 = (j1 +a)? — <]2—”> for j € 72.
P

If A # 0, the following result is also contained in [28, Section 7.1].

Theorem 3.2. Assume that k* # o2 for alln € Z. Then the Fourier coefficients of the kernel KC,
from (8) are given by

. coslizme DL g 3o
K,(j) = VTP, 17

@42 (%)3/2 else,

j=(j)" €27



Remark 3.3. Kp(j) is well-defined for \; = 0: Since k* # o2 for all n € Z, the definition of A,
implies that jo # 0 whenever A; = 0.

Proof. Tt is easy to check that (A+k?)p; = \jp; for j = (ji,j2)" € Z2. If \; # 0, Green’s second
identity implies that

’@p(j):/ Kp(2)pj(a) dz = A7 lim Gra(2)(A+ k?)p;(x) dz
Q, 6=0./0,\B(0,5)

8(,0' 8Gk o
_ -1 J_
=% ;13% l(/&m /63(06) < ey ov ) @ ()

+ / (A + kQ)kaa(z)de] , (12)
Q,\B(0,5)

where v denotes the exterior normal vector to B(0,4). The last volume integral vanishes since
(A + k?)Gra = 01in Q, \ B(0,6) for any § > 0. Let us now consider the first integral in (11).
The boundary of €2, consists of two horizontal lines I'y., and two vertical lines {(x1,22) : 1 =
+7, —p < 19 < p}. Hence, the normal vector v on these boundaries is either (+1,0)" or (0,£1)7.
Straightforward computations yield that

Gh a(wl, ip) 47r Z 1§np 1(1n$1 aQG]@a(.Th ip $_ Z elﬁnpelanam (13)
nez " nEZ

— 1 L . —— _ lj —

i1, £p) = e T cos(jom), and Oapj(x1,Ep) = = o(x1, £p). (14)

In consequence,

00; 0GL o
/ (Gka 890] . k, 90—) ds = / 02Gy ,aPj ds + 82Gk7a<p_jds
I'yp v

v r_,

= —2/ 02Gr.0P ds .
Fp
Using the above formulae for G, and @5 in (13) and (14), respectively, we find that

_ cos(jam) .
-2 02Gr.0p; ds = —=——=exp(ifj, p)-
/Fp 2Gk aPj \/m p( 7 p)

Computing the partial derivatives of G, and ¢; with respect to x; analogously to the above
computations, one finds that the integrals on the vertical boundaries of €2, vanish due to the
a-quasi-periodicity of both functions. Thus, we obtain that

99;  O0Gra__ _cos(jom) o
/69/) (Gka v v 90]) ds = \/m eXp(lﬁjlp)' (15)

Now we consider the second integral in (11). From Lemma 3.1 we know that Gi.(x) =
iHél)(k|x|) + ¥(z) where ¥ is a smooth function in €,. Obviously,

lim (\P%a_\p >ds()
5—0 aB(0,5) 81/ aV



)

The asymptotics of Hél and its derivative for small arguments,

2i %
HY(r) = Zlogr+0(1) and (H"Y(r) == +0(1) asr—0,
Q r
allow to show that
4 850 aGk fo g 1
| L - == - 4 _ 16
51—>I% 2B(0,8) ( k, ov or SD‘]> 55 /47'('[)7 ( )
see, €.g., [29, Theorem 2.2.1]. Combining (15) with (16) yields that
1 )
Kp(3) = W(Cos(bﬁ)e‘ﬁ“p —1) for A; #0.
For A\; = 0 we use de L’Hospital’s rule to find that
K,(j) = lim cos(jom) exp(ipy/v — (1 +a)?) =1 _ ip?/?
! y=(h+a)2+(an/p)? VATp [y — (J1 + @)? — (Jor/p)?] 4m3/24y
O

Proposition 3.4. Assume that k* # o2 for all n € Z. Then the convolution operator K ,, defined
by

(K, f)(z) = / Ko(e — ) f(y)dy forz e,

Q,

is bounded from L?*(Q,) into H2..(Q,).

per

Proof. Since pj(x — z) = /Amp;(x)p;(z), we exploit the periodicity of z — K,(2)¢;(2) to find
that

(K,05)(x) :/Q Kp(x —y)p;(y) dy =/ Kp(2)pj(z —2)dz

-Q,
= \/471'p<,0j(ac)/Q Ko(2)pj(z)dz = \/47rpl€p(j)g0j(ac).
Let f € L2(9,) with Fourier coefficients f(j) for j € Z2, and set fy = Dlil<n f(j)@;. Then
Kofn = Z f(j>Kp80j = Vdmp Z f?(j)’&p(j%@]
[JISN 1SN

and
. . 2 p 20
1Ko N2, 0 S VTP Y [L+ G+ @) + (Gar /)] IFG)PIK, ().
lilsN
From the computation of the coefficients K,(j) in Theorem 3.2 we know that there is C' = C/(k)

such that |I€p(j)| < O/(1 4+ (j1 + a)? + (jarr/p)?). Hence ||KprHngr(sz) < C|lfnllz2(q,,) for
a constant C independent of N € N. Passing to the limit as N — oo shows the claim of the
proposition. O

Recall that D C §,, is the support of contrast ¢; let us additionally introduce  := (—m, ) x R.



Lemma 3.5. Assume that k? # o2 for all n € Z. Then the volume potential Vi, defined by
(Vih@) = [ Grale—)f@)dy. ze.

is bounded from L2(D) into H2(QR) for all R > 0.

Proof. Consider y € C*(Q) such that x = 1in D, 0 < x < 1in Q,\ D and x(z) = 0 for
|z2| > p. Then Vig = xVig + (1 — x)Vikg. Note that (1 —x)Vig = [,(1 —x)G(- —y)g(y) dy is an
integral operator with a smooth kernel, since the series in (7) converges absolutely and uniformly
for |x2| > p > 0, as well as all its partial derivatives. The integral operator (1 — x)V4 is bounded
from L?(D) into H2(QR), since

10502 (1 — x)Veg) (g < / /D 0702 ((1 - x(2)) G — )] dy e [lgZap,
R

for all 51 2 € N such that 81 + B2 < 2.
It remains to show the boundedness of xVj from L2(D) into HQ(QP). Let g € L?(D) and
consider the operator K», from Proposition 3.4, mapping L?(£2s,) into H2,.(22,) C H2(Qs2,),

per
(K2p9)(z / Kop(x —y)g(y)dy for x € Q).

If z € Q,, then |z2 — y2| < 2p, that is, Kop(z — y) = G oz —y). Hence, Ko,9 = Vig in Q,, and
hence xK2,9 = xVig in €Q,. Since x is a smooth function, we conclude that xVj is bounded from
L?(D) into H2(9,). O

Note that the potential Vi f can be extended to a quasi-periodic function in HZ (R?), due to

loc
the quasi-periodicity of the kernel.

Lemma 3.6. For g € L*(D)? the potential w = div Vig belongs to HL(Q,) for all p > 0. It is the
unique radiating weak solution to Aw + k*w = —div g in Q, that is, is satisfies

/Q(VquﬁkawE)d:c :—/Dg~V6d:c (17)

for all v € HX(Q) with compact support, and additionally the Rayleigh expansion condition (4).

Proof. Lemma 3.5 and quasi-periodicity of the kernel of Vj, imply that w is a function in H(9,) for
all p > 0. It is sufficient to prove (17) for all smooth quasi-periodic testfunctions v with compact
support. It is also well-known that p = Li(g) € H2(f) is a weak solution to the Helmholtz
equation, that is,

/(ij . Vaﬁ — k2pjaj5) dz = 7/ gjajidl'
Q D

for j =1,2,3. An integration by parts shows that (note that no boundary terms arise, due to the
choice of the testfunction)

/(Vdivp VT — k*divp7)de = f/ g-Vude,
Q D
which implies (17) due to divp = w. Since the components of the potential p = Ly (g) satisfy the

Rayleigh condition, a simple computation shows that the divergence w = divw does also satisfy
the latter condition.



It remains to prove uniqueness of a radiating solution to (17) when g vanishes. Then w belongs
to HL(Q,) for any p > 0 and satisfies the variational formulation (6) for ;' = 1 with right-hand
side equal to zero. Choosing v = u® in (6) and taking the imaginary part of the equation shows

that
> IR = (jaf P+ g ) = 0.

j:k2>oz?

We conclude that all the propagating modes {j € Z: k* > a3} vanish. Hence,

wa)= 3 aFdenFHa R sy (18)

j:k2<oz?

that is, w decays exponentially as o — Zo0o. The unique continuation property for elliptic
equations (see [21, Lemma 4.15] for a version that is applicable in our context) yields the equality
T
/ w(z)e % dgy = 2w a elod =K1 (@a=p) —; w(z2) for zy € R.
—T
Obviously, w; grows exponentially as xo — —oo if and only if 4,7 # 0. Since w decreases exponen-
tially as xo — —oo due to (18), we conclude that all coefficients @, vanish. Another application
of the unique continuation property yields that w vanishes. o

Let us now come back to the differential equation (3) for the scattered field u®. If we set
f = qVul, then the variational formulation of (3) is

/(Vus VT — kE*u't) dr = —/ (qVu’® + f) - Vudz (19)
Q D

for all v € HL () with compact support in 2. From Lemma 3.6 we know that the radiating solution
to this problem is given by v = div Vi (¢Vv + f). Hence, we aim to find a solution v € H! | ()
to the integral equation 7

v — div Vi (¢Vv) = div Vi (f) in Q. (20)

4 Garding Inequalities

For scattering problems in free space, integral equations similar to (20) have been investigated
in [16] for positive contrast ¢g. In particular, this reference establishes a Garding inequality for
I — div Vi (qgV:) in a weighted H'-space. In this section, we firstly apply a similar technique as
in [16] to derive a Garding inequality for I — div V4 (¢V:) in a weighted quasi-periodic H!-space.
Secondly, we extend this estimate to unweighted spaces, and we also treat material parameters
with negative real (such that Re (q) < —2).

From (20) it is obvious that the knowledge of u in D is sufficient to determine u in Q\ D by
integration. Thus, we define the operator Ly by Liv = div Vv for v € L?(D) and consider (20)
restricted to D,

u= Li(qVu+ f) in H (D). (21)

To study Garding inequalities for volume integral equations, we introduce suitable weighted Sobolev
spaces. An important assumption for the rest of the text is that the real part of the contrast does
not vanish on D, Re (q) # 0 on D. Then we denote by H], ,(D) the completion of HJ(D) with
respect to the norm || - [[g1 (p), defined by

lullfry oy = IVIRe (@) VullZ2pys + lullZap)-



Note that ||lul|zy (p) is an equivalent norm in HL(D) provided that |Re (¢)| is bounded from below
by some positive constant. In general,

lully ) < (X + IVIRe (@)l p)) 1wl (p)- (22)

Note also that the norm of H, ,(D) is linked to the sesquilinear form
aq(u,v) = / [sign(Re (¢))qVu - VT + uv] dx, u,v € Holt7q(D). (23)
D

Indeed, HUH%’;Q(D) = Re [ag(u,u)] for u € H) (D). Here, sesquilinear forms are, by definition,
linear in the first argument and anti-linear in the second. The form a, is also non-degenerate, and,
if g is real, then a4 is simply the inner product associated with the norm of H, é’q(D),

(u, U>Hé’q(D) = /D [|q|Vu -V + uﬁ] dx, u,v € H01¢7q(D).

Lemma 4.1. The operator v — Li(qVv) is bounded from H,, ,(D) into itself.

Proof. Due to Theorem 3.5, Ly is bounded from L?(D)? into H}(D). Furthermore, v — ¢Vuv is
bounded from H}, ,(D) into L*(D)?, since

laVullr2py < [VallLe)lullaz ) (24)

Moreover, the imbedding H}\(D) C H,, ,(D) is bounded due to (22). Hence, v +— Li(¢Vv) is
bounded on H}, ,(D). O

If w € H)(D) C H, ,(D) solves the Lippmann-Schwinger equation (21), then Lemma (4.1)
implies that u solves the same equation in Héﬁq(D). Since aq is non-degenerate, solving the
Lippmann-Schwinger equation in H, é q(D) is equivalent to solve

ag(u — Li(qgVu),v) = aq(f,v) for all v € Holt7q(D). (25)

If u € H), ,(D) solves the latter variational problem for some f € HJ (D), then u = Li(¢Vu) + f
belongs to HL(D), due to (24) and since Ly, is bounded from L?(D) into HL(D).

Proposition 4.2. Assume that f € H:(D). Then any solution to the Lippmann-Schwinger equa-
tion (21) in HY(D) is a solution in H), ,(D) and vice versa.

Our aim is now first to prove a (generalized) Garding inequality for the variational problem (25).
Second, we use the latter result to derive a Garding inequality for the original integral equation (21)
in HL(D). The following lemma will turn out to be useful.

Lemma 4.3. Suppose that X and Y are Hilbert spaces. Let A, B be bounded linear operators
from X intoY and consider the sesquilinear form a : X x X — C, defined by a(u,v) = (Au, Bv)y
for uw,v € X. If one of the operators A and B is compact, then the linear operator Q : X — X,
defined by (Qu,v)x = a(u,v) for u,v € X, is compact, too.

Proof. 1t is easily seen that @) is a well-defined bounded linear operator. Obviously,
(Qu,v)x| = la(u,v)| < Cl|Aully[|Bv[ly  for u,v e X.

Assume that A is compact, and note that

Quix = sup 19%0x]

e < CllAully
ozvex  |vllx
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If a sequence u,, converges weakly to zero in X, then Au,, contains a strongly convergent subse-
quence in Y. Consequently, Qu,, also contains a strongly convergent zero sequence. This in turn
means that @ is compact. One can analogously derive the compactness of @ in case that B is
compact, since a(u,v) = (B* Au, v). O

The next lemma shows Garding inequalities for the operator v — v — Li(¢Vv) using the
sesquilinear form a, from (23). The second part of the claim uses a periodic extension operator

E: Hy(D) = Hy(Q), E(u)lp=u, Eu)lgq, =0,

introduced in Appendix B. The operator norm of F is

1/2
2
HEHH}X(D)*}H}X(QQP) = (1 + HEHH}Y(D)HH}Y(QQP\ﬁ)) :

Theorem 4.4. (a) Assume that Re(q) > 0 on D. Then there exists a compact operator K, on
H}, (D) such that

Re [ag(v — Lu(aV0), o)) 2 ol (o)~ Re(K v, o)y oy, v € HA (D). (26)
(b) Assume that Re (¢) < —1, and that
1|2 (D) 112 (22, < inf [Re (g)]"/%. (27)
Then there exists a constant C' > 0 and a compact operator K_ on Hé,q(D) such that
—Re [aq(v — Li(¢Vv), v)] = CHUH%{;’L}(D) —Re(K_v, v)m (D), v e H, (D). (28)

Remark 4.5. If Im(q) = 0 in D, then both statements (26) and (28) are nothing but standard
Garding estimates: The form aq defines an inner product on Holéyq(D), and, e.g., (26) can be
rewritten as Re (v — Li(¢Vv), v) > [[v]|* = Re (K v, v) for v e H) (D).

Proof. (a) We start with the case Re (¢) > 0in D and prove that I — L;(¢V-) is a coercive operator.
Let v € H,, ,(D) and define w by

w = L;(¢Vv) = div /D Gio(-—y)q(y) Vo(y)dy in Q. (29)

Then w € HL() decays exponentially to zero as |zz| tends to infinity. Moreover, Aw — w =
—div (¢Vv) holds in © in the weak sense due to Lemma 3.6, that is,

/Q (VY Vw + Yw| dz = — /D qVy*Vudz for all ¢ € HL(Q). (30)
Setting ¢ = w, we find that —Re [, ¢Vw*Vodz = Hw||%,1(m. Hence,
Re [aq(v — Li(¢Vv), v)] = Re /D [q|Vv]? + |v]* — ¢Vv*Vw — wo] da
_ /D [Re (q)|Vol? + o2 — Re ()] do —|—/Q[|Vw|2 4 wl?] de

1 1 _
> [0l o0 = 50 + 5 [ [IoF + o = 2Re (uD)] do.

—Jv—w|?
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In consequence,

1
Re [aq(v = Li(gVv), 0)] = [vlF  (p) = 5(vs v)r2(0) = Re (Lk = Li)v, v}y, ()

for all v € H), ,(D). Due to Lemma 4.3 and the compact embedding of H;, ,(D) in L?*(D), there
exists a compact operator K; on Hé,q(D) such that

(v,v)r2(p) = Re (K1v, v)m1_(p)-

N | =

Further, the operator Ky := Ly—L; is compact on H}(D) due to the smoothness of the kernel shown
in Appendix A. Hence K is also compact on H, (D) since the imbedding H)(D) C H} ,(D) is
bounded. Setting K, := K3 + K», we obtain that

Re <U — Li(¢Vv), U>H}W(D) > ||U||§{;,Q(D) — Re (K v, ’U)H(lxyq(D) for all v € Holtyq(D).

(b) Now we consider the case that Re(¢) < —1, and assume additionally that (27) holds. As
in the first part of the proof, we use the variational formulation (30) for w, defined as in (29), to
find that

—Re [aqg(v — Li(gVv), v)] = Re / [q|Vv|2 — [v)* = ¢Vu*Vw + wi] dz
D
— [ [Re@IVel = 1of? + Re (we)] do + ]y o
D

> ol ~ lolfy oy ~Re | wide.
We plug in ¢y = —E(v) into (30) and take the real part of that equation, to find that
|||RGQ|1/2VU||2L2(D) < Nwllay @) 1B a0 < 1B L (D)—HL (00,) |0l HL Q) V]| 2L (D)
< 120 iy o (WRe @I 2lelivlig, 0 + ol 20

This implies that

17 o) = [1+ IRe (@)l [0]1Z2()
< Bl 1Re (@)l ™2 lloo 1]l 3 02 (IIUIIH;,Q<D> + [|[Re (Q)Il/Ql\ool\vllL2<D>) -

Rewriting the right-hand side of the latter inequality using the binomial theorem, and dividing by
the term in brackets on the right, we obtain that

1/2 _
vl sy oy = [T+ [Re (@llo] "MVl 20y < IEI R (@)oo l[w] 2120 (31)
Note that the constant

]

A = (Bl my ()= H1 (00, [IRe(9) | (D)

is, by assumption (27), less than one. If we set, for a moment, C' = [1 + ||Re (q)||o0]"/?, then (31)
and Cauchy’s inequality imply that

)\%Hw”?qé(g) 2 ”vHiIé,q(D) + C2||U||2L2(D) - 2CHUHH}Y,Q(D)||U||L2(D)

> (1 =)ol o) + A~V oldepy. =€ (0,1).
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In consequence,

1— &2
- R fag(0 = Lala¥) o) = (55~ 1) ol o
; |

—Re/ widz — C2 (1= 1/ [ol2ap), € (0,1). (32)
D

Since A\; < 1 there exists € € (0,1) such that 1 —? > A}, that is, (1 — €2)/A? —1 > 0. The last
two terms on the right-hand side of (32) can be treated as compact perturbations just as in part
(a) of this proof. O

Remark 4.6. All results so far can be extended to an anisotropic contrast Q : Q — C2*x2
such that Re@Q = (Q + Q*)/2 is a symmetric matriz-valued function a.e. in D, and such that
the absolute value ReQ is either positive or negative definite in D (which determines the sign

sign(Re@) of ReQ). The term ||\/|[ReQ|Vul|| in the definition of H) , has to be replaced by

[(Vu)T (sign(Re Q) Re Q)'/?Vul|, and the corresponding term in the definition of aq has to be re-
placed by sign(Re Q) (Vu) ' QV7v.

For scalar ¢, the generalized Garding inequalities from the last theorem can be transformed to
estimates in the unweighted space H.(D) using the following lemma.

Lemma 4.7. Assume that D is a domain of class C*' and that u € C>*(D). Then
T: Hy(D) = Ho(D),  Tov:=div [uVi(qV(v/p)) — Vi(qgVv)],
1§ a compact operator.

Proof. We denote by p* € C>1(€,) an extension of u € C21(D) to 2, (see Appendix B on periodic
extension operators). Then p*|p = u. Consider the two quasi-periodic functions

wi = Vi(qV(v/p)) and wa = Vi(¢Vv) in Q,.
Both functions satisfy differential equations,

Awy + Ky = —quV (v/p) + 2V Vwr + wiAp ?n D,
2Vu* - Vwy + wi Ap* in Q,\ D,

and Awsy + k*wy = —¢Vv in D and Aws + k?ws =0 in Q, \ D. Hence, w = w; — ws solves

Aw + FPw — {un(l/u)v +2Vp -V +wiAp =: g1 %n D,

w1 Ap* 4+ 2Vu* - Vwy =: go in Q,\ D,
The functions g; and go belong to HL(D) and H}(Q, \ D), respectively. Their norms in these
spaces are bounded by the norm of g in C1-!(D) times the norm of v in H}(D). Due to Lemma 3.5,
the jump of the trace and the normal trace of w; 2 across 9D vanishes. Hence, the Cauchy data
of w are also continuous across the boundary of D.

Since the volume potential Vj is bounded from L?(D) into H2(D), it is clear that w belongs
to H2(D). Moreover, we are now in a position where we can apply elliptic transmission regularity
results [20, Theorem 4.20] to conclude that w is even smoother than H2. These regularity results
will in turn imply the compactness of the operator T : v + divw on H}(D). (Note that this step
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Figure 2: The sets W; cover the domain D (one period of the support of the contrast ¢). These
sets are used in the proof of Theorem 4.7.

requires the smoothness assumptions on D and p.) Since [20, Theorem 4.20] is formulated for a
bounded domain, we briefly mention how to extend this result to the periodic setting.

First, we extend w by periodicity to Q) := (=3, 37) x (—p, p) and proceed analogously with
g1,2- Then we choose a finite open cover {W; }le consisting of smooth domains W; C Q/, such

that 0DNQ C U;.Izl W;. In these smooth domains, we can then apply [20, Theorem 4.20] to obtain
that

lwllzsw,;) <C [lelH;(szp) + g1l 20y + HgQHH}Y(QP\B)} :
Combining this estimate with an interior regularity result (e.g., [20, Theorem 4.18]) in a set Wy
such that D C Uj_,W; (see Figure 2), we finally obtain that
lwl| frs(py < C [||w||H1(Qp) + g1l 0y + ”gQHHl(Qp\B)} < Clvllayo)-
(]

The following lemma shows that the Garding estimates in the weighted spaces H, Olé 4(D) can be
transformed into estimates in HZ(D) if, roughly speaking, the real-valued constrast ¢ is smooth
enough and if (Vgq)/q is bounded.

Theorem 4.8. Assume that the contrast q is real-valued, thal gl > go > 0 in D, and that
Vgl € CY1(D). Moreover, assume that D is of class C**.
(a) For positive q > 0 there exists a compact operator K on H}(D) such that

Re (v — Li(qVv),v) g1 (D) > ||’U||%Ié(D) — Re (K4 v, v)ii(p), v € Ho(D).
(b) If ¢ < 0 and if (27) holds, then there exists a compact operator K_ on HL(D) such that
—Re (v = Lr(qVv),v)uy (D) 2 C||U||%{(g(D) — Re (K_v, v) i1 (p), v € Hy (D),
where C' is the constant from (28).

Proof. We only prove case (a) here, supposing that ¢ > ¢o > 0 in D. The proof for case (b)
is analogous, essentially one needs to replace /g by 4/|¢|. For simplicity, let us from now on
abbreviate

pi=+/q € C (D).

14



Choose an arbitrary u € H!(D) and consider v = u/pu. Our assumptions on ¢ imply that v €
H] (D), since

lollFy oy < @+ 11/ ull% + 20V /ullZ) Nl Fry ()
In Theorem 4.4(a) (see also Remark 4.5) we showed that

Re (v — Li(¢Vv), v)my  (p) = HU||%,;J<D) — Re (K1v, v)m1 (p)-
where K is a compact operator on H} ,(D). This implies that
Re (u — Li(qVu), w) g1 () > [l (py + Re (K1 (u/p), u/wm (o)
+ Re (Kau, Vu)r2(py + Re (K3u, u)12(py,
where

Ko =V [div [1Vi(a¥ (u/m)) = Vi(aVu)] | = V[ Vi Vila¥ (/)| + (T0)La(a¥ (u/m),
and  Kzu =qV(1/p) - [VLe(qV(u/p))] + Li(qV (u/w)) /1 — Li(qVu).

Lemma 4.7 shows that first term in the first line of the last equation yields a compact operator from
HL(D) into L?(D). The boundedness of the potentials V, from L?(D) into H2(D) and of Ly, from
L?(D)? into H!(D), and the smoothness of j, allows to conclude that Ky : H!(D) — L?(D) is a
compact operator and K3 : HL(D) — L?(D) is a bounded operator. Hence, Lemma 4.3 implies
the existence of a compact operator K, on H} (D) such that

(K4u,v) i (p) = Re (K1 (u/p),v/m)my (p) + Re (Kau, Vo) 2(p) + Re (K3u, v) r2(p)
for u,v € HL(D), which proves the claim. O

Remark 4.9. The regularity assumptions on 0D can be lowered using reqularity theory for cor-
ner domains. Here we merely use the results and assumptions of [20, Theorem 4.18] to avoid
technicalities.

5 Periodization of the Integral Equation
In this section we reformulate the volume integral equation
u= Lg(qVu+ f) in HY(D) (33)

in a periodic setting and show the equivalence of the periodized equation and the original one.
The purpose of this periodization, first introduced by Vainikko [33], is that the resulting integral
operator is, roughly speaking, diagonalized by trigonometric polynomials. Fast FFT-based schemes
become available to discretize the periodized integral operator and iterative schemes can be used
to solve the corresponding operator equations. To establish convergence rates for these schemes,
it is crucial to establish Garding inequalities for the periodized integral operator.

For our purpose we additionally need to smoothen the kernel before periodizing. For R > 2p
we choose a function x € C3(R) that is 2R-periodic, that satisfies 0 < y < 1 and y(x2) = 1 for
|z2| < 2p, and such that y(R) vanishes up to order three, x¥)(R) = 0 for j = 1,2,3 (compare
Figure 3) Let us define a smoothed kernel Ky, by

Ksm(z) = X(22)Kr(z) for x € R*,  x # [2mm, 2Rn}T, m,n € Z, (34)
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Figure 3: One period of the function x is smooth, it equals one for |z2| < 2p, and it vanishes at
+(R) up to order three. In this sketch, p = 1 and R = 4.

where g is the kernel from (8). Note that Kgy is a-quasi-periodic in 21, 2R-periodic in z2, and
a smooth function on its domain of definition (that is, away from the singularities). We recall the
trigonometric orthonormal basis of L?(Qgr) from (9),

_ i JoT . o
2i(@) = (4nR) ™2 exp (i + ) +i550 ), j = (yja) T € 22, (35)

and the associated Sobolev spaces Hp,,.(Q2r) from (10).

Lemma 5.1. The integml Opemtor Lper : L2 (QR)2 — H;er(QR) deﬁ’ﬂed by Lperf = div fD ’Csm('f
y)f(y)dy is bounded.

Proof. We split the integral operator in two parts,
Lperf = div /D Kam(- — )/ (4) dy = div /D X~ y2)Kn( — 9)f(y) dy
= div / Ka(- —y)f(y)dy +div / (= 92) — TKR( — ) @) dy.
D D

By Theorem 3.4, the integral operator with the kernel K is bounded from L?(Qr)? into HL(QR).
Further, the definition of x shows that y(z2 —y2) —1 = 0 for |z2| < p and y € D. The kernel
(x—1)Kr is hence smooth in Q g, and the corresponding integral operator is compact from L?(2z)?
into H}(Qr). Hence, Lye, is bounded from L?(Q2r)? into HL(2g). The periodicity of the kernel
Ksm in the second argument finally implies that Lye.f belongs to H},.(Qr) C H(Qr). O

Let us now consider the periodized integral equation

U= LyoraV) = Lyee(f)  in Hlyy (). (36)
Theorem 5.2. (a) If f € L?*(Qr)? is supported in D, then Lpe:(f) is equal to Li(f) in Q,.

(b) Problem (33) is uniquely solvable in HL(D) for any right-hand side f € L*(D)? if and
only if (36) is uniquely solvable in H). (Qr) for any right-hand side f € L*(Qr)* such that
supp(f) C D. o ' .

(c) If g € CYY(D) and if f = qVu® for a smooth a-quasiperiodic function u®, then any solution
to (36) belongs to Hj. (2r) for s < 3/2.

Proof. (a) For all z and y € Qg such that |zo — y2| < 2p it holds that Kgn(z —y) = x(a2 —
Y2)Kr(z—y) = Gi,o(x—y). In particular, for z € Q, and y € D C Q,, it holds that |zs —y2| < 2p.
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Consequently,

Lper()(@) = div [ Kam(z — 9)f(y)dy = div /D Ko (2 — 1) () dy

sz

= div /D Gra(r —y)f(y)dy = (L(f))(x), x€D.

(b) Assume that u € HJ (D) solves (33) and define @ € H],.(2r) by @ = Lper(¢Vu+ f) (where

we extended f by zero outside D). Since u solves (33), and due to part (a), we find that @|p = u.
Hence Lpe(qVi+ f) = Lper(qVu + f) in H}..(Qr), which yields that

i = Lper(qVi + f) in Ho (R). (37)

per

Now, if f € L?(D)? vanishes, then uniqueness of a solution to (33) implies that u € H1(D) vanishes,
too. Obviously, & = Lper(¢Vu) vanishes, and hence (37) is uniquely solvable. The converse follows
directly from (a).

(c) Assume that u € H],.(Qr) solves (36) for f = qVu’. Part (a) implies that the restriction
of u to Q, solves u — Lj(¢Vu) = Li(qVu') in H.(2,). Hence, Lemma 3.6 implies that u is a
weak quasiperiodic solution to div ((1+¢)Vu)+k%u = —div (¢Vu') in ©,. Transmission regularity
results imply that u belongs to H2(D) N H2(Q, \ D), and it is well-known that this implies that
ue H(Q,) for s < 3/2 (see, e.g., [11, Section 1.2]).

Recall that we assumed that D is compactly contained in €2,, that is, there is € > 0 such that
D C Q,_o. Hence, the representation

w(x) = Lper(qV (u + u'))(z) = div /D Ken(z —3)q()V(u(y) +u'(y)dy, =€ Qr\ Q.

shows that the restriction of u to Qz\Q,—. is a smooth quasiperiodic function, since the kernel of the
above integral operator is smooth. Consequently, a localization argument shows that u € HSQT(Q R)
for s < 3/2. O

Next we prove that the operator I — Lye,(¢V-) from (36) satisfies a Garding inequality in
H}..(Qr). For negative material parameters, the result relies on the operator

v—2E(v) inQgr\D,

38
—v in D, (38)

R: Hyoo(Qr) = Hye(Qr),  R(v) = {

where E : H(D) — HL(Q) is the extension operator that we already used in Section 4 (see also
Appendix B). Note that Rv indeed belongs to H. (Qr): the jump [R(v)]op vanishes, and E(v)
vanishes for |z3| > R.

Theorem 5.3. Assume that /|q] € C%'(D), that |q| > qo > 0, and that D is of class C*1.
(a) If ¢ > 0, then there exists C > 0 and a compact operator Ky on Hg,er(QR) such that
Re (v = Lper(qV0), )12, () = CllvlT, () — Re By, v)m (ap) (39)

for allve H.  (Qr).
(b) If ¢ <0 and if

infp |q|
T B2 > 14 El g1 (py— 12 (20 D) (40)
HL(D)—HL(Qr\D)

17



then there exists C > 0 and a compact operator K_ on H},.(Qg) such that

per
Re (v = Lper(¢V0), R(0)) 1, 2n) = Cllvlln () — Re (K-v, v) i1 (ap) (41)

for allv e H. (Qr).

Remark 5.4. The idea of the proof is to split the integrals defining the inner product on the left
of (39) into the three integrals on D, Q,\ D, and on Qr\ Q,. For the term on D one exploits the
Garding inequalities from Theorem 4.8. The terms on Q, \ D and on Qg \Q_p can be shown to be
compact and positive up to compact perturbations, respectively.

Proof. (a) Letv € Hg,er(Q r). First, we split up the integrals arising from the inner product on the

left of (39) into integrals on D, on ,\ D, and on Qr \ Q,. Second, we use the Garding inequality
from Theorem 4.8 to find that

Re <U - Lper(qvv)’wHécr(QR) > CHUH%I}Y(D) + <K'Ua 'U>H51¥(D) + HU”?{(}‘(QR\ﬁ)
— Re [(Lper (aV0), 0) g1 (o @) + (Lper(@V0),0) g1 o, 5)) - (42)

Recall that the operator K is compact on H}(D). Further, the evaluation of Lyer(¢V-) on Qg \ Q,
defines a compact integral operator mapping H} (D) to H:(Q2r\ 2,), because the (periodic) kernel
of this integral operator is smooth. (This argument requires the smooth kernel Ky, introduced
in the beginning of this section.) Unfortunately, the last term in (42) cannot be written as as a
compact sesquilinear form, and needs a detailed investigation.

For z € Q,\ D and y € D the kernel Kgn(z —y) equals Gy, o (x —y), which is a smooth function
of 2 € Q,\ D and y € D. Moreover, AGy, o(x — y) + k*Gro(z — y) = 0 for z # y. Integration by
parts in €, \ D shows that

Li(qVo)(z) = div / Grol — 1)a(y)Vo(y) dy

= - /D VyGra(r —y) Vi(gu)(y)dy + /D VyGral(r —y) - Va(y)v(y) dy

e /D Croa(e — y)a(y)o(y) dy — Li(vVq)(x)

- [ e @@ ds. 2 9,\D.

where v is as usual the exterior normal vector to D. The integral operator appearing in the last
term of the last equation is the double layer potential DL, defined by

DL(1)) = /w acgiigy)y)i/)(y)ds, in Q\ dD.

It is well-known that DL defines a bounded operator from Hga/ *(8D) into H, L(Qr\ D) and into
HL(D) (see, e.g., [1,31]). This implies that the jump of the double-layer potential

Ty = [DLY]op = Yext(DLe)) — 7int (DLY)

from the outside of D to the inside of D is a bounded operator on HY? (0D). It is well-known
that in our case T is even a compact operator on H/2(9D), since D is of class C*'. Additionally,

the equality Yex¢(DL) = —t/2 + T4 holds for ¢ € HY?(9D).
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We will from now on skip the trace operators to ease notation, e.g., we write DL(qv) instead
of DL(¥int(¢)y(v)). Then

— (VLk(qVv), V”)Lz(szp\ﬁ) = <k2VVk(qU) + VLy(vVag), VU>L2(QP\5)
+(VDL(qv), Vo) 120 \py»  for v € Hye(Qr).  (43)
The mapping properties of Vi, shown in Lemma 3.5 and the smoothness of ¢ imply that v +—
k*VVi(v-) + VL(vVq) is compact from H}. (Qr) into L*(D). To finish the proof of part (a)

we show that the last term in (43) can be written as a sum of a positive and compact term. For
simplicity, we set w = DL(qv). Then

(VDL(qv), Vv) 120 \B) = / Vw - Vodz (44)
i Q,\D

:kz2/ wv dx —/ a—wﬁds + a—wﬁds —/ a—wﬁds.
Q,\D op OV r, 02 r_, Ors

The above jump relation shows that

w T
Y - E P I CEACL D2V
op Ov ap OV q ap Ov q
__ __ T—

:2/Vw-Vde+2/Awde—2 a_w (qv)ds

D q D q ap OV q

Vwl|? owT

:2/ ﬂda: +2/ (til-Vw—kJQE)de -2 e (gv) ds.

D g D q op OV q

Combining the last computation with (44) shows that

Vwl|? _
(VDL(gvlon), Vvlon5) 20,5) = 2 /D % do 1 /sz \D v

+2/ (Vq-Vw—k:Qg)wdx—Q OwT(gv) 4 ¢ /—/ oW - s, (45)
D q oD OV ¢ r, r_, Oz

Using Lemma 4.3, the terms in the second and third line of the last equation can be rewritten as

(Kyv, U)Héer(QR) where K is a compact operator on H;EY(QR). The mapping v — [, |[Vw]?/qdz

is obviously positive if ¢ > 0. In consequence, (42) and (43) show that (39) holds.
(b) Recall that R(v) = v —2E(v) in Qg \ D and set

A2 = Bl y (p)— 112 00\ D)

Exactly as in the first part of the proof we split

(v = Lper(qVv), R(v)) = (v = Lper(qVv), R(v)) g1 (0,05 — (v — Lr(aV), v) i ()
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and estimate that
Re (v — Lper(qVv), R(v)) > CHUH%I;(D) + (K-v, U>H;(D) + ||”H§{;(QR\5)
—2Re (v, E(v)) 1 (0,0 7) — Re (Lper(qV), R(V)) 1 (o)
= Re (Lper(¢V0), R(U»H;(QP\E)
> (€~ B M)l o) + (1= Al o) + K—v: vay o)
—Re (Lper (qV), R(V)) g1 o7y
—Re (Li(qVv), R(v)) g1 (0,\D)

where 3 € (0,1) and K_ is a compact operator on H} (D). The constant C is the same as the one
appearing in Theorem 4.8(b), that is,

1—¢)inf
C—F"= 1+|§5|2 — ~1= BBy by myompy: €>0,8€(0,1).
H},(D)~>HL (2x\D)

Obviously, if condition (40) holds, then one can choose £ > 0 small enough and 5 € (0,1) close
enough to one such that C' — 871 \y > 0.

In part (a) we have already seen that Lye:(qVv) is compact from Hl,(Qr) into H(Qr \ Q,).
To conclude the proof we need again to investigate

—(VLi(¢Vv), VR(U»L?(QP\ﬁ) = <k2VVk(qv) + VLi(vVq), VR(U»Lz(Q,,\B)
+ (VDL(qv|op), VR(V))2(0,\7)- (46)

Again, we already know from part (a) that v — k?VVj(qu) + VL (vVq) is compact from H!, (Qr)

— per
into L?(Q, \ D). The third term in (46) is again treated using an integration by parts showing
that this term is positive up to compact perturbations. If we set w = DL(qv), then

(VDL(go]op), VR®)) 126, 5) = /Q Ve VRO
D

— Ow—— Ow —=— Ow —=—
— .2 _ _ -
=k /QP\B wR(v)dx /(9D 5 R(v)ds + /Fp g R(v)ds /F, . R(v)ds.

P

By construction, y(R(v)) = v(v —2E(v)) = —v(v). Hence, a computation analogous to (45) shows
that

_ 2
—/ a—wR(v)ds :/ a—wﬁds =2 [Vl dz
op Ov op OV p ldl

72/ (Vq*1~VEfk2§)wdz 72/ Ow T(gv) 4. (47)
D

where we exploited the assumption that ¢ is negative. o

6 Discretization of the Periodic Integral Equation

In this section we consider the discretization of the periodized integral equation (36) in spaces
of trigonometric polynomials. Convergence theory for this discretization is a consequence of the
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Garding inequalities shown in Theorem 5.3. The spectral scheme we use is similar to the collo-
cation scheme from [33]. However, for our purpose we use a Galerkin variant similar to the one
from [18]. The usual convergence theory for the collocation methods does not apply here due to
the discontinuous material parameter.

For N € N we define Z3, = {j € Z* : —N/2 < j1» < N/2} and

Tn =span{p; : j € Z?V},

where p; € L?(Qr) are the a-quasi-periodic basis functions from (35). Since {¢;};en is an orthog-
onal basis of H}..(2r), the union UyenTy is dense in H}. (Q2r). We also consider the orthogonal

projection Py from H!  (Qr) onto Ty,

per

Py(v) = Y o(j)e),

JE€Z3

where 0(j) denotes as above the jth Fourier coefficient. The next proposition recalls the standard
convergence result for Galerkin discretizations of equations that satisfy a Garding inequality, see,
e.g. [30, Theorem 4.2.9], combined with the regularity result from Theorem 5.2(c).

Proposition 6.1. Assume that q satisfies the assumptions of Theorem 5.3 (a) or (b) and that (21)
is uniquely solvable. Denote the unique solution in H], (Qr) to (36) by u. Then there is No € N
such that the finite-dimensional problem to find uy € Ty such that

(a) (un = Lper(qVun), wn)m (0r) = (fswn)m1, (g for alwy € Ty, or (48)
(b) (un = Lper(qVun), R(wn)) m1,, 0r) = (s R(wWN)) 11, (0q)  for all wy € Ty, (49)

possesses a unique solution for all N > Ny and f € H;er(QR). Additionally, in both cases

||’LLN — u||H1 (Qr) < C inf H’LUN — UHHl (QR) < CN_sHUHHlfs Qr)’ 0 <s< 1/2,
w per (Q2R)

per NETN per
with a constant C independent of N > Ny.

Remark 6.2. The convergence rate increases to s + 1 —t if one measures the error in the weaker
Sobolev norms of HL.,(Qr), 1/2 <t < 1. This can be shown using adjoint estimates (see, e.g. [30,
Section 4.2] for the general technique). The (linear) rate saturates at t = 1/2, since the integral
operator is not bounded on Héer(QR) fort < 1/2. Hence, the L*-error generally converges to zero
at a linear rate.

If the contrast ¢ is negative, the discretization (49) involves the isomorphism R. Interestingly,
this is not necessary for convergence of the scheme, at least not for the right hand sides f =
Lyper(gVu') that are of physical interest.

Proposition 6.3. Assume that q satisfies the assumptions of Theorem 5.3 (a) or (b) and that (21)
is uniquely solvable. For an arbitrary right-hand side of the form f = Lper(uni), where u' is a
smooth quasi-periodic incident field, we denote the unique solution in le,er(QR) to (36) by u. Then

there is Ng € N independent of u® such that the finite-dimensional problem to find uny € Ty solving
<UN — Lper(qqu);wN>H1 (Qr) = <f, wN>H1 () for allwy € Ty (50)

per per

possesses a unique solution uy € Ty , and |[uny — ullm_ (on) < C’N*5||f||Hé$S(QR), 0<s<1/2.
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Proof. In this proof, || - || denotes either the norm or the operator norm on Hj ., (Qg) and (-, ) is
the corresponding inner product.

It is obvious that the Garding inequality (41) implies a Garding inequality for the corresponding
transposed sesquilinear form. Further, the unique solvability of the Lippmann-Schwinger integral
equation (21) implies by Theorem 5.2(b) I — Lyer(¢V ) is an isomorphism on H} (Qr); by con-
struction, R is an isomorphism, too. Standard Galerkin convergence theory [30] implies that there
is Ny € N such that for N > Ny and any wy € Ty there is a unique solution zy € Ty to

(un — Lper(qVun), R(zn)) = (un — Lper(q¢Vun), wn) for all uy € Tn. (51)

The mapping Sy : wy +— zy is hence a well-defined linear operator on 7Ty. The operator norms
|ISn]|| are uniformly bounded in N, because the norm of the solution operator to (51) is uniformly
bounded in N.

The mapping Sy is injective: If zxy = Sy(wn) = 0, then (un — Lper(¢Vun), R(zn)) = 0 for
all uy € Tn. Obviously, one solution to this equation is the trivial solution; uniqueness of solution
to (51) implies that wx = 0. Since wy — Sy (wy) is injective on the finite-dimensional space Ty,
this mapping is onto. We denote its inverse by S;,l.

Replacing wy by S;,lzN in (51) shows that

(un — Lper(qVun), R(zn)) = (un — Lper(¢Vun), S;,lzN) for all uy, z2xy € TN
In consequence,
(un — Lper(qVun), R(zn)) = ((S;,l)*PN[uN — Lper(¢Vun)], zn) for all uy, 2y € Ty.

Firstly choosing zy = (S;,l)*PN [un — Lper(¢Vun)], and secondly applying the Cauchy-Schwarz
inequality yields the bound

I(SN")" P [un = Loer(qVun)I| < IR = Lper(qV )| un]l- (52)

Hence, the operator norms of uy — (Sy")*Py[un — Lper(¢Vun)] are uniformly bounded in N >
No.
Since Sy exists on Ty, solving (49) is equivalent to solving

<’UN — Lper(qV’l)N),R(SN’LUN>> = <f,R(SN’LUN)> for all wy € Ty,
that is, by the definition of Sy via (51),
(N — Lper(qVon), wn) = (SNPNR* f, wn) for all wy € Tn. (53)

R* and S} are isomorphisms on le,er(Q r) and on Ty, respectively, that is, the operator S} Py R*
is onto from H}. (Qr) into Ty. Hence, for N > Ny and all f € H], (), there is uy € Ty such
that

<UN — Lper(unN), ’LUN> = <f, ’LUN> for all wN € TN- (54)

Recall that the solution vy to (53) (or, equivalently, to (49)) is uniformly bounded by |lunx || < C|| f]|.
The solution ux to (54) satisfies (53) with f replaced by R*(S%) 'Pnf. (Recall that R? = I,
that is R* = (R*)~!.) In particular, (53) implies that

lun|l < CIR*(SX) " Pr f]- (55)

To estimate the error uy — u for the special right-hand side f = Lpe(qVu'), we estimate
dn = uny —vn (since we already have an error estimate for ||vy —u|| due to Theorem 6.1). Let us
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first note that for f = Lyer(¢Vu') there exists g € H],.(r) such that g— Lyer(qVg) = Lper(qVu').
Due to Theorem 5.2(c), g belongs to H:1*(Qg) for all s < 1/2. Then

per

(AN = Lper(qVdn),wn) = (f,wn) 1 (r) — (f, RSNwN)

= <g - Lper(qu); wWN — RSNU)N>

S (I = Loer(qV ) (g — Png), (I — RSx)wn)

=(I—-RSn)"(I — Lpex(¢V))(9g — Png),wn) for all wy € T,

—~

where we used the Galerkin orthogonality from (51) (with uy = Pyg) in (x). Hence, dy solves
problem (54) with right-hand side f = (I — RSn)*(I — Lper(¢V +))(g — Png) and (55) yields the
estimate

ldnll = [lvx — un|l < CIR*(SX) ™ Pn(I = RSN)*(I = Lpex(aV ) (g — Png)ll
< RIS ™ Pr (I = Lper(qV ))(g = Png)ll + I = Lper(aV ) (g = Pg)ll.

Recall from (52) that the operator norms ||(S3) "' Pn(I — Lper(¢V +))|| are uniformly bounded by
|R|[|1 = Lper(¢V +)||. Hence

ldw]l < Cllg = Prgll < N~ gl yise ) < ON Il it o

per per

7 Fully Discrete Formulas and Numerical Experiments

In this section we present the fully discrete versions of the Galerkin discretization of the Lippmann-
Schwinger integral equation and show some numerical examples.
Applying Py to the infinite-dimensional problem (36) we obtain the discrete problem to find
un € Ty such that
un — Lper(Pr(aVun)) = Lyer (P f), (56)

where we already exploited that Py commutes with the convolution-like operator Lyer.

Fast methods to evaluate the discretized operator in (56) exploit that the application of Ly, to
a trigonometric polynomial in Ty can be computed explicitly using a (a-quasi-periodic) discrete
Fourier transform Fp. This transform maps point values of a trigonometric polynomial to the
Fourier coefficients of the polynomial. If we denote by a e b the componentwise multiplication of
two matrices, and if h := (27/N, 47R/N)T, then

L V4T R o . .
on(j) = T Z un(l e h)exp ( — 27 (j1 +a,j2) " - l/N), j ez

lez?,
This defines the transform Fy mapping (vn(j ® h))jezz to (0n(j))jezz - The inverse Fxlis
explicitly given by
1
VATR

> in()exp (2mi(h + o) j/N),  jEZR.
lez?

un(jeh)=

Both Fy and its inverse are linear operators on C% = {(cn)nezz, + ¢n € C}. The restriction
operator Ry, from C% to C3,, N > M, is defined by

Ry(a) =b, b(j) = a(j) for j € Z3;.
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The extension operator Eyy n from C3, to C%, M < N, is
Eyn(a)=b, b(j) =a(j) for j € Z3, and b(j) = 0 else.
Lemma 7.1. The Fourier coefficients of qOpun, £ = 1,2, are given by
(q0run (5))jezz, = Ran NFan [Fan (Eanan(Gon (7)) jezz,) ® Fan (Enan(we(§)in(5))jezz, )]
where w1 (j) = i(j1 + ) and wa(j) = ijom/R for j € Z2.

Proof. For un € Ty, j € Z2, and £ = 1,2, we compute that

Drun(i) = | aomnirde = 3 Gruwm) | azgon da
R

Qr mezZ?
_ (47TR)71 Z %N(m) /Q q(l.)e*i[(jl7m1)11+(j27m2)z27r/R] dz (57)
meZ%; R
= (47R) ™ Y7 Bpun(m)i(j —m).
mez?,

If j € Z%, then the coefficient m(j) merely depends on ¢(m) for m € Z2,,. Hence, @V(j) =
qQ@N(j) for j € Z?V. Obviously, ganOpun belongs to T3ny. Hence, the Fourier coefficients of
qanOpun are given by Fsn applied to the grid values of this function at j e h, j € ZZ,. The grid
values of 871;\[ are given by fgj\} (ENﬁgN(@N (j)jezg ), and the grid values of gay can be computed
analogously. Finally, taking a partial derivative with respect to x1 or xs of u yields a multiplication
of the jth Fourier coefficient 4(j) by i(j1 + «) and ijom/R, respectively. O

In Lemma 3.2 we computed the Fourier coefficients of the kernel Kr. The kernel gy
used to define the periodized potential L., is the product of Kr with the smooth func-
tion x (see (34)). Hence, the Fourier coefficients of Kgy is a convolution of the Kr(j) with

X(i2) = (4nR) ™2 [T exp(—ijomza/ R)x(22) ds

- 1

Ksm(j) = (

ATR)1/? Y Kr(im2)R(jz —m2),  j ez

2
meLy;

The latter formula can be seen by a computation similar to (57). Note that y is a smooth function,
which means that the Fourier coefficients y in the last formula are rapidly decreasing, that is, the
truncation the last series converges rapidly to the exact value. The convolution structure of Lpcr
finally shows that
iy > N P ijam 2 .
(Lperf)(G) = (4 R)'? K (4) | 101 + @) f1 () + ?fé(])} for f = (f1,f2)" € L*(Qr)%. (58)
The finite-dimensional operator uy + Lper(Pn(¢Vun)) can now be evaluated by combining
the formula of Lemma (7.1) with (58). The linear system (56) can then be solved using iterative
methods (as GMRES, for instance). Whenever one uses iterative techniques, one would of course
like to precondition the linear system. The usual multi-grid preconditioning technique for integral

equations of the second kind (see, e.g., [12] or [29]) does not apply here, since the integral operator is
not compact. For the numerical experiments presented below, we simply used an unpreconditioned
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Figure 4: Relative error of the approximated solution and the reference solution measured in H,-
norm for scattering from a strip. Circles, kites, triangles correspond to s =1, s = 0.5 and s =0,
respectively. The continuous line and the dotted lines indicate the convergence order 0.5 and 1,
respectively. (a) The contrast ¢ equals 2: relative error versus N = 2" n = 6,...,10. (b) The

contrast ¢ equals —2.5 + 5i: relative error versus N = 2", n = 6, ..., 10.

GMRES algorithm. All the computations in the two following experiments were done on a machine
with an Intel Core 2 Quad 2.66 GHz processor and 8 GB memory using MATLAB.

In the first numerical experiment we confirm the theoretical convergence statements from
Propositions 6.1 and 6.3. Recall that we aim to compute the scattered field for an incident field
ul (21, m2) = exp(ik(cos(f)z; — sin(f)xy)) with incident angle §, where we choose here k = 7/2 and
6 = m/2. We approximate the solution in 7y where N = 2" for n = 6,...,10. For this example,
D = (—m,m) x (—1,1) is a strip and we choose Qr = (—m,7) x (—3,3). We consider two cases:
(a) the contrast ¢ is equal to 2 in D and (b) the contrast ¢ is equal to —2.5 4+ 5i in D. For this
setting one can explicitly compute the scattered field. The restarted GMRES iteration (the restart
parameter equals 20) is stopped when the relative residual is less than 107>, In the Figure 4 we
show the relative error between the numerical and the analytical solution in the norms H., (Qr)
where s = 0,0.5,1. The relative error measured in the norm Hper(Q r) fits quite well to the theo-
retical statement in Proposition 6.1. Furthermore, if one measures the relative error in the norm

per(QR) for s = 0 and s = 0.5 the experiment confirms the statement of Remark 6.2. To give an
impression about computation times, the results in Figure 4(a) took about 0.5, 3.6, 7.5, 29.6 and
105.2 seconds for N =2", n=6,...,10.

In the second numerical experiment, we consider a more complicated periodic structure, where
kite-shaped inclusions are periodically aligned. The boundary of the inclusion is parametrized by
(21(t), z2(t)) = (1.5cos(t) + cos(2t) — 0.65,sin(t)) where t € [0,2n]. Assume that the contrast ¢
equals a constant, say qo, inside the structure. Its Fourier coefficients can be approximated using
Green’s formula as follows,

1 iy g
(j] — q(x 6—1J1$1—ITZ2 d —1J1Z1 1—Z2 dSC
U= Vi Jo, 1) = Vi
quO
= — va(z)e —lhe - we g
JemVATR Jop
R 27 Gom
= 0 [ s O i) (1 55in(t) + 2sin(2t)) dt,  ja # 0.

JomVATR

Using, e.g., the composite Simpson’s rule, the last integral can be approximated with high order
convergence.
Recall that the numbers ﬁ;t from (4) were defined to be the Rayleigh coefficients of the scattered
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Figure 5: Scattering from periodic kite-shaped structure. (a) Reflected and transmitted energy
curves versus the angles § of the incident field u’. (b) The error curves |1 — Eiya(6) — Erer(6)] for
different discretization parameters N versus the angles 6 of the incident field u’.

field. For the incident field, we define similar coefficients by ﬁ; = ffﬂ u'(z1, —p) exp(—ia;z1) dag
for j € Z. Then Green’s formula applied to (2) and the Rayleigh expansion condition show that

> B 1P+ lay +as) = so. (59)
Jik2 >3
For an incident wave of direction (cos(f),—sin())", the sums Fi,(0) := > jnesp2 Bila; +
J

@51*)/Bo and Eyer(0) := Zj:k2>512_ ﬁjl'&;_F/ﬁO correspond to transmitted and reflected wave ener-
gies. In this experiment, we use 6 — |1 — Eio(0) — Fret(0)] as an error indicator for the numerical
solution. The wave number k equals m; further, p = 1 and R = 3. The Rayleigh coefficients of the
fields are measured on the line zo = £3/2. For Figure 5(a) the scattered field is approximated in
Tn where N = 26, The contrast g equals 5 in D and the tolerance for the GMRES iteration is 10~°.
The computation time for solving for one fixed incident angle 6 is about 0.8 seconds. In Figure 5(b)
we check the energy conservation error for different V. The contrast ¢ for this experiment equals
2 in D and the tolerance for the GMRES iteration is 10710, As Figure 5(b) shows, the error of the
computed Rayleigh coefficients corresponding to propagating modes converges super-algebraically.

A Smoothness of the Difference of Periodic Green’s Func-
tions

Lemma A.1. Assume that k? # oz% for allm € Z. Then the difference Gy o — Gi,o can be written
as

Gra(z) = Gial2) = af|z]*) + Cla]? In(|2]) B(|z]*)
where o and B are analytic functions and C' is a constant.
Proof. Recall that the Bessel function

Ju(t) = i U7 <%>n+2p n=0,1,2,..
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is an analytic function for all ¢ € R. It is moreover well-known that the Neumann function

p=0 p!
1 o (71)p <t>n+2p
-=> ——l5 {e(n+p)+4@)}
(s pl(n+p)\2
is analytic for ¢ € (0,00). (Here 1(0) := 0, ¥(p) := > _ 15 forp=1,2,... and C is Euler’s

constant.) If n = 0 the finite sum in the expression of Y;, is set equal to zero. From [15] we
know that the Green’s function Gy, o can be split as Gy (z) = LH} (k|z|) + ¥y (2), where ¥, is an
analytic function. The same decomposition holds for Gj ., with a different analytic function ¥;.
Hence, it only remains to consider the difference H}(k|x|) — Ha(i|z|). To this end, we note that

Jo(kl]) = Joil]) :§j [mw — (ilal)]

p+1

=|ﬂ§: WMRW“%wW“MWW (60)

Use the ratio test one can check that the power series in (60) converges to some analytic function
of the variable |z|? in R. Moreover, due to the expression of Yy we can see that

Yo kle) — Yo(ilel) = = (e [ Jo(kla) — JoGla])] + W (), (61

where ¥, is an analytic function. Furthermore, we have

) .
Gra(@) = Gial) = 5|Hi(klal) — Hi(ila)]

= Jolklz]) = Jolilz]) + i Yo(kla]) - Yo(ila)].
Substitution of (60) and (61) into the last equation finishes the proof. O
Corollary A.2. Assume that k* # o2 for all n € Z. Then the difference Ly — L; is compact on
B Periodic Extension Operators
In this section, we exemplary show how to construct a periodic extension operator

E: Hy(D) = Hy(Q), E(u)lp=u, E(u)lggq, =0,

that is used in, e.g., Theorems 4.4 and 5.3. We will only construct F for the case that the boundary
of D = {(z1,22)" : 71 € (=7, m), (_(z1) < ¥2 < {4(w1)} is given by two 27-periodic Lipschitz
continuous functions ¢4+ : R — (—p, p) such that {— < —2p/3, {4 > 2p/3, and

ICx(21) = Ca(2)] < My —27], 21,27 € R.

The general case can be tackled using local patches as in [20, Appendix A].
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For u € H} (D), we define

u(wy, 2C(w1) —@2) if (4 (71) < @2 < 2¢4(21) — (= (21),
’U(:Cl,SCQ) = u(ml,acg) if C—(-Tl) <y < C+($1),
u(zy, 2C-(z1) —22) if 2¢-(21) — (4 (21) < @2 < (- (21).

Note that 2¢4(z1) — (- (z1) > 2p and that 2¢_(z1) — (4 (z1) < —2p. Straightforward computations
show that
[0l 10,y < max(v'3, 2v2M)|ul gy (),

and the definition of v also implies that v is a quasi-periodic function in HZ(Q2),).
To define the periodic extension operator, we use a smooth cut-off function x : R — R, that
satisfies 0 < x <1, x(z2) =1 for |z2| < p, and x(R) = 0 for |x2| > R. Then we set

E(v)=w,  w(z)= {g(@)“(ﬂﬁ) i(l);ex € Qg,
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