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Abstract

In this paper, we investigate sparsity regularization for the diffusion coefficient identification problem.
Here, the regularization method is incorporated with the energy functional approach. The advantages
of our approach are to deal with convex minimization problems. Therefore, the well-posedness of the
problem is obtained without requiring regularity property of the parameter. The convexity of regularized
problems also allows to use the fast algorithms developed recently. Furthermore, the convergence rates
of the method are obtained under a simple source condition.

The main results of the paper are the well-posedness and convergence rates of sparsity regularization.
We also obtain some new results of the continuity and the differentiability of related operators.

Keywords: Sparsity regularization, Diffusion coefficient problem.

1 Introduction
The diffusion coefficient identification problem is to identify the coefficient o in the equation
—div(ocV¢) =y in 2, ¢ =0 on 00 (1)
from noisy data ¢° € HE (92) of ¢ such that
||¢* o ¢6HH1(Q) <4 (6>0)

This problem has attracted great attention of many researchers. For surveys on this problem, we refer to
[14, 34, 10, 22, 28, 23, 7, 32, 1, 6] and the references therein. It is well-known that the problem is ill-posed
and thus need to be regularized. There have been several regularization methods proposed. Among of them,
Tikhonov regularization [14, 9] and the total variational regularization [34, 5] are most popular.

In some applications, the coefficient o*, which needs to be recovered, has a sparse presentation, i.e. the
number of nonzero components of o* — ¢" are finite in an orthonormal basis (or frame) of L?(Q2). The
sparsity of o* — 0¥ promotes to use sparsity regularization.

Sparsity regularization has been of interest by many researchers for the last years. The well-posedness
and some convergence rates of the method have been analyzed for linear inverse problems [8] as well as for
nonlinear inverse problems [13]. Some numerical algorithms have also been proposed [24, 8, 4, 3, 27, 2]. Tt
is shown that sparsity regularization is simple for use and very efficient for inverse problems with sparse
solutions. This method has been investigated and applied very successfully to some fields such as for
compressive imaging [11, 30, 31, 33]and electrical impedance tomography [20, 12, 19].

Note that it is possible to apply the least squares approach in [13] for our problem. However, it is not
clear that the operator Fp (+) y, the solution operator of (1), is weakly sequentially closed in L? (2) without
additional conditions. Therefore, if the least squares approach in [13] is applied, it needs further conditions.
Moreover, this approach leads to a non-convex minimization problem and the source conditions are difficult
to be checked for the problem, see e.g. [14].



To overcome this shortcoming, we use the energy functional approach incorporating with sparsity regu-
larization, i.e. considering the minimization problem

Hleiﬂ Fys (0) + a® (0 — o), (2)
where A is an admissible set defined by
A={oceL®(Q): A< <A "ae onQ, supp (o —0") CQ ccQ}, (3)

with a given constant A € (0, 1) and €’ being an open set with the smooth boundary that contained compactly
in Q, o > 0 is a regularization parameter, o is the background value of ¢, and

2
Fys (o) ::/QU|V (Fp (0)y—¢5)| dx, (4)
®(0) =Y wi|(@ ), (1<p<?2) (5)
where {(} is an orthonormal basis (or frame) of L? (Q) and wy > wyin > 0 for all k.

We will prove that problem (2) is convex and well-posed, and under the condition that there exists w*
such that £ = (F), (07)y)" w* € 9% (67 — 0°), the convergence rates

P _
Ops— 0

D; (O’Z’(;,OJ'_) =0 (6) and ’

’

=0(\/5) (1<p<2),

L2()

are obtained as § — 0 and a ~ 4. Here, o7, ;5 is a minimizer of (2) and o is a ®-minimizing solution of the
diffusion coefficient identification problem.

Comparing the standard conditions in [13] and the references therein, our source condition is very simple
and does not require the smallness. Furthermore, the objective functional in (2) is now convex and thus its
global minimizers are easy to find and some efficient algorithms for convex functionals can be applied, see
e.g. [24].

Note that the energy functional approach was first introduced by Zou [34] and then was used by Knowles
in [21]. However, the authors in those papers did not consider the well-posedness and convergence rates
of regularization methods. Recently, Hao and Quyen have used this approach incorporating with either
Tikhonov regularization or the total variation regularization for some problems [14, 16, 15, 17]. In the
following, we follows the outline of [14] and use the techniques in [14, 16] for obtaining the convergence rates
of the method.

2 Auxiliary Results

We recall that a function ¢ in H} (Q2) is a weak solution of (1) if the identity
/ oV¢ - Vodx = / yvdx (6)
Q Q

holds for all v € Hg (Q).
If o € Aand y € L? (), then there is a unique weak solution ¢ € H} () of (1) [14], which satisfies the
inequality

1
H¢||H1(Q) < C ”yHL?(Q)? (7)

where C' > 0 is a constant depending only on €2 and .
In the next sections, two following inequalities are used:

e For any n € H} (Q) and o € A, in virtue of the Poincaré-Friedrichs inequality we have

/Q o[V do > C il e (8)

with C' > 0 defined by (7).



e For any y € L" () ,r > 2 with a bounded set Q C R¢, we have
11
9l L2y < 194277 Nyl ey - )

We shall endow the set A with the L7 () —norm, ¢ € [1,00) and define the nonlinear coeflicient-to-
solution mapping Fp (1)y : A C L1(Q) — Hg (Q) which maps the coefficient ¢ € A to the solution
u = Fp (o) y of problem (1).

Before considering sparsity regularization for the problem, we analyze some properties of Fp (-)y and
Fys (-) with respect to the L?—norm. These properties are needed for investigating the well-posedness and
convergence rates of the method as well as numerical algorithms. They are derived by exploiting Meyers’
gradient estimate [25], which has recently been employed by [29, 19].

Theorem 1 (Meyers’ theorem) Let Q) be a bounded Lipschitz domain in R? (d > 2). Assume that o €
L (Q) satisfies A < 0 < AL for some fized X € (0,1). For z € (L" ()" and y € L™ (Q), let ¢ € H* () be
a weak solution of the equation

—div(oV¢) = —div (2) + y in Q.

Then, there exists a constant @ € (2,400) depending on X and d only, @ — 2 as A — 0 and Q — oo as
X\ — 1, such that for any 2 <1 < Q, ¢ € W' (Q) and for any Q' cC Q

loc

1961y < " (1813 ) + 2y + 19l )
where the constant C' depends on \,d,r,€Y and €.

Using this result, we can show that the mappings Fp (-)y and Fys (-) are continuous and continuous
Fréchet differentiable on the set A with respect to the L%-norm. These results are shown in the following
lemmas.

Lemma 2 Let g € (QZ—?Q,OO], %Jr%:% andy € L" (Q). For 0,0 +19 € A, we have

IVFp (o +9)y —VFp (o) yHL?(Q) <cC ||79HLq(Q/) ||y||LT(Q) )
where C is a positive constant.

Proof. The weak solution formulas of Fp (o) y and Fp (o + ) y give
/ oVFp(o)y-Vudr = / (0 +9)VEFp (o +9)y - Vodr, Vv € Hy (Q),
Q Q
ie.

/GV(FD(0+19)y—FD(U)y)~Vvd:l::—/ﬁVFD(a—Fﬁ)y-Vvda:, Yo e H} (Q).
Q Q

Taking v = Fp (0 +9)y — Fp (o) y € H (Q) in the last equation, we obtain
/ o IV (Fp (0 +9)y — Fp (0) )2 dz = —/ IVEp (0 +0)y -V (Fp (0 +0)y — Fp (o)1) dz
Q Q

=— Q/ﬂVFD(0—|—19)y-V(FD(0+19)y—FD(0)y)dx

< ||‘9||Lq(Qf) IVFp (o + V) yHLr(Q/) IV (Fp (0 +9)y = Fp (o) y)||L2(Q) )

2Q

where %—i—% = 1. The assumption g € (@’

C and C’ such that

oo} implies that r € (2,Q). By Theorem 1, there exist constants

(7):(9)
VED (U+19)3/||Lr(9f) < (HFD (o +19)yHH1(Q) + ||3/||Lr(Q)> < C ”yHLT(Q)'

It follows that there exists a constant C such that

IVED (0 +8)y = VEb (@) yll 20y < C 19 acer I9ll o -



Remark 3 1) Note that for o,0 +19 € A and 1 < q1 < qa, we have
-1 -1
1217 10 s 0y < 1072 110 o

and
p —1\9492—9
”19”(222({2) S (2)‘ 1) ’ ' ”19“%1(11(9)

This means that the convergence of 9 to zero with respect to the L9 () —norm and the L% (Q) —norm are
equivalent.

2) By the above lemma, Fp (-)y is Lipschitz continuous on A with respect to the L7 () —norm for
q € (QQ—?Q, oo] . Furthermore, by the above remark, it implies that Fp (-)y is continuous on A with respect
to the L1 (Q2)-norm for any q > 1.

Lemma 4 Let q € (QQ—%,OO} ,% + % = % and y € L™ (Q) with some € > 0. Then, the mapping Fp (-)y :

A C L1(Q) — H (Q) is continuously Fréchet differentiable on A and for each o € A, the Fréchet derivative
F(0)y of Fp (-)y has the property that the differential n := Fp, (o) y (¥), with any ¥ € L () extended
by zero outside ', is the (unique) weak solution of the Dirichlet problem

—div(ocVn) =div(IVFp (0)y) inQ, n=0 on IQ

in the sense that it satisfies the equation

/ oVFpL (0)y(¥) - Vudz = —/ IVFEFp (0)y - Vodx (10)
Q Q

for allv € H (Q) . Moreover,

1FD (@) y (Dl ) < Crllyll ey 191l Loy - V0 € L7 (), (11)

where Cy is a positive constant.
Proof. Note that variational equation (10) has the unique solution 1 :=n (J) = F}, (o) y (9) € H} (Q)
with o € A. We first show that for a fixed o in A, n = n () defines a bounded linear operator from L7 (£2')
to H} (Q) for any q € ( 2Q oo] . From (10), 7 is a linear operator of 9. By the weak solution formula of n

Q-2’
and the generalized Holder inequality, we have

/ oVn - Vndx = —/ IVFp (0)y - Vndx
Q Q
=— [ 9VFp(o)y-Vndz

Q/
Hﬁ”Lq(Q') IVFp (o) y|

IA

rron IVl 2 -

From the last inequality and (8), there exists a constant C' such that
||77||H1(Q) <C ||79||Lq(9') IVED (o) yHLT(Q/) : (12)

Besides, the assumption g € (5—?2, oo] implies r € (2,Q) . By Theorem 1, (7) and (9), there exist positive
constants C, C’, C" such that

IVFD (@) ¥l @y < € (1FD (@) ¥l ey + 19l o))

L"(Q)>

L7(Q) (13)

Thus, due to two last inequalities, 7 is a bounded linear operator from L (') — HJ () and there exists
a positive constant C7 such that

1FD @)y )1y < Ca Iyl oy 191 pagary - 99 € L ().

1
<0 (g Wiy + I
<"yl




We now show that Fp (-) y is Fréchet differentiable. Note that the function R := Fp (6 + 9) y—Fp (o) y—
n € H} (Q) is the weak solution of the equation

—div ((¢ + ) VR) = div (¥Vn) in Q.

Taking R as the test function in the weak solution formula of R gives

/ (o +9)|VR]> da = —/ 9IVn - VRdx = —/ IV - VRdx
Q Q 4

<N pacary IVl L) IVRI L2 (0 -
This implies that

1Rl 1.0
PN < oVl - (14)
191l Loy @y

To show that Fp (-)y : A C L1 (Q) — H} (Q) is continuously Fréchet differentiable and its differential
Fp (o) y (9) is n, we need to prove that [|Vn]|,. . converges to zero as [|J]| (g converges to zero.
By Theorem 1, there exists a positive constant C' such that

19905y < € (Il oy + 199 ()9l
Since [|n]| 1) converges to zero as |||, converges to zero by (12), we need to prove that
9V ED (o) yll 1r (o) — O
Take any small €; € (0, €) such that ' =r + €; € (r,Q) . Using Holder’s inequality, we deduce

/ 9V Fp (o) y|" do = / 9" [V Fp (o) y" da
Q o

X
-

’ 17% ,
<([ o) ([ vEenr ) (15)
Q Q/

’ 17%
T @) (/Q ] 'r"rdx) ,

where we have applied Theorem 1 to the term [[VFp (o) yl[1 /) , see (13). By Remark 3, the convergence
of ¥ to zero with respect to the L% () —norm and the L% (Q) —norm (q1,q2 € [1,00)) are equivalent.
Therefore, |9V ED (o) yl|1r () converges to zero as ||| 4 converges to zero. L]

< Caly

Remark 5 1) Ify € L" (Q), then from the proof above we conclude that Fp (-)y : A C LY (Q) — H} (Q) is
Gauteauz differentiable.

2) This lemma improves the known results on the differentiability of Fp (-) y with respect to the L —norm
in [21, 14]. There, the authors have shown that Fp (-)y : A C L™ (Q) — Hg (Q) is the Fréchet differentiable
under the condition y € L™ () [21] ory € L? () [14].

Lemma 6 For ¢ € Hj (), the functional Fy (-) : A C L1 (Q) — R defined by

F, <a>=/Qa|v<FD (0)y— o) do

has the following properties
1) Forg>1andy e L™ (), Fy(-) is continuous with respect to the LY—norm.

2) For q € (QQ—?Q, oo} , % +% = % andy € L™ (Q) with € > 0, Fy () is Fréchet differentiable with respect
to the Li-norm and

By 0)0 == [ 9([9FD (@)uf® - V0P de

Furthermore, Fy (-) is convex on the convex set A and Fy (-) is uniformly bounded.



Proof. 1) We first prove for g € (6227?2, oo] . For 0,0 + 9 € A, we have
Fy (0 +9) = Fy (o)

:/Q<a+ﬂ>|V<FD<a+z9>yf¢>|2—a|V<FD<a>yf¢>|2dx

— [ (Vo @+ 0)y =) =19 (Fo @)y = o)) do+ [ 919 (Fp o +0)y~ ) da.
Q Q

Using the triangle inequality, generalized Holder inequality and Theorem 1, the second term is estimated
by

|9 Fo o +0yy=)P da= | 919 FD(+0)y=0) da
< 190 oy 19 (Fp (0 + 9)y = &)l ey (IVFD (0 +9)]

< Cl e
On the other hand, by Lemma 2 the first term is estimated by

Lo (19 oo+ 0)y =) =19 (Fo ()5 = 0)F) da

oy Vel L"'(Q’))

< Afl/ﬂV(FD (c+Ny—Fp(o)y) - V(Fp(c+3)y+ Fp(o)y—2¢)dx
< CIIV (Fp (0 + )y = Fo () 1)l oy < € 19 1oy -

Therefore, Fy (-) is Lipschitz continuous on A with respect to the L? (€')-norm for ¢ € (QQ—%, oo} .

Finally, by Remark 3 F} is continuous on A with respect to the L (') —norm for ¢ > 1.
2) From Lemma 4, it implies that Fy () is Fréchet differentiable and

Fé,(o)z?:/919|V(FD(U)y—¢)|2dx+2/QaV(FD(U)y—¢)~VF1’)(0)19dx.

Since Fp (0)y — ¢ € H} () and (10), the last equation yields
Fy(0)0 = [ 919 (Fo(0)y =) do—2 [ 99Fp (0)y-V (Fp o)y~ o) do
Q Q

== [ 9 (VP (@) 9 =99 do.

For ¥ € L> (€') and extended by zero outside ', the second derivative of F, (-) is given by
FL () (0.9) = =2 [ 0V @)y VFp o)y (@) do =2 | a[VFy (o) () do > 0.

Therefore, Fy (-) is convex. Furthermore, by Lemma 4, it implies that F{ (-) is uniformly bounded on A. =
Remark 7 The uniform boundedness of Fg (+) implies that I (-) is Lipschitz continuous with respect to the

Li—norms with q € (57522,00} .

3 The Well-posedness

We now assume that there exists some o* € A such that ¢* = Fp (¢*) y and only noisy data ¢° € Hg () of
¢* such that
* §
‘ ¢ =9 HHl(sz) <9

with § > 0 are given. Our problem is to reconstruct o* from ¢°. Because of the ill-posedness of the
problem and the assumption of sparsity of o* — ¢°, using sparsity regularization incorporated with the
energy functional approach leads to considering the minimization problem (2).

We now analyze the well-posedness of problem (2), which consists of the existence, stability and conver-
gence. Before proving the main results, we introduce some properties of the functional (5) and the notion

of ®-minimizing solution.




Lemma 8 The functional ® defined by (5) has the following properties
1) ® is non-negative, convezx and weakly lower semi-continuous.

2) There exists a positive constant C' such that for any u € H,
® (u) = WninCP/? [|u]]”.
This implies that ® is weakly coercive, i.e. ® (u) — 0o as |ju|| — oo.

3) If {u"}nen C H weakly converges to u € H and ® (u™) converges to ® (u), then ® (u™ — u) converges
to zero.

Proof. ® is non-negative, convex and weakly lower semi-continuous because it is the sum of non-negative,
convex and weakly continuous functionals. The proofs of 2) and 3) can be found in [13, Remark 3.] and [13,
Lemma 2.], respectively. [

Lemma 9 The set
M(¢*):={c € A: Fp(o)y=¢"}

is nonempty, convex, bounded and closed with respect to the L? (Q)-norm. Thus, there exists a solution o+
of the problem
min ¢ (o’ — O'O)
o€ll(¢*)
which is called a ®-minimizing solution of the diffusion coefficient problem. The ®-minimizing solution is
unique if p > 1.

Proof. Tt is trivial that the set II (¢*) is nonempty, convex and bounded. The closeness of II (¢*) in the
L? (©2) —norm is proven similarly as that of [14, Lemma 2.1].

We now prove that there exists at least a ®-minimizing solution. Suppose that there does not exist a
®-minimizing solution in II (¢*) . There exists a sequence {¢*} C II (¢*) such that ® (¢* — ¢°) — ¢ and

c<®(c—0" foralloell(¢*). (16)

Since II (¢*) is weakly compact, there exists a subsequence of {o*}, denoted by {o*} again, which weakly
converges to & € II (¢*) . From the weakly lower semi-continuity of @, it follows that

d (& — O’O) < kli_)rgo inf ® (O’k — O'O) =c.

This gives a contradiction to (16).
For p > 1, ®(-) is strictly convex and thus the ®-minimizing solution is unique. ]

Theorem 10 (Existence) Problem (2) has at least one solution.

Proof. Since the functional Fs (-) is convex and continuous with respect to the L? (Q)-norm, it is weakly
lower semi-continuous. Besides, ® (-) is also convex and weakly lower semi-continuous with respect to the
L? (Q)-norm (see Lemma 8). Therefore, the objective functional of problem (2) is convex and weakly lower
semi-continuous on A. On the other hand, since A is nonempty, convex, bounded and closed with respect to
the L2 (2)-norm, it is weakly compact. Therefore, there exists at least one solution of (2). ]

Theorem 11 (Stability) For a fived regularization o > 0, let the sequence {¢"} converge to ¢° in H} ()
and

o" € argmin Fyn (0) + a® (0 — UO) .
occA

Then, there exist a subsequence {o™*} of {o"} and a minimizer o?, 5 of (2) such that

In addition, if the minimizer UZ,(S is unique, then the sequence {c"} converges to ogﬁ with respect to the
L? (Q)-norm.

—0

g — 0
a,0 L2(Q)

Nk P‘




Proof. By the definition of ¢™, we have
Fyn (0™) + a® (6" — 0%) < Fyn (0) + a® (0 — 0°)
<27 (1P (@) ¥l gy + C) + a® (0 - o) (17)

for any o € A, where the constant C is independent of n such that ||¢"||§11(Q) < C for all n. This follows

that {® (6" — ¢°)} is bounded. Since ® is weakly coercive in L?(Q2) (see Lemma 8), the sequence {o"}
is also bounded in L? (). Therefore, there exist a subsequence of {¢"} denoted by {¢™*} and an element
ons € L? (Q) such that {o"*} weakly converges to oy 5 in L?(Q). Since A is a convex closed set in L? (),

of s € A. On the other hand, since Fys (-) and ® (-) are weakly lower semi-continuous, we have
Fs (ai 5) < li}gnian(i)g (o™*) (18)

and
o (035 - O'O) < lilgn inf @ (o™ — 0?). (19)

Furthermore, we have
Fys (0™ ) = Fyny. (0™*) + <2/ o™ VFp (c™)y-V (¢™ — gb‘S) dz
Q
= / o™ |V (¢ — ) |” dx) . (20)
Q

Since ¢"™* — ¢° in H' (), the term in brackets on the right-hand side of (20) converges to zero as k — oo.
Therefore,
1i}£n inf Fis (0™*) = liininf Fyni (0™), lilgn sup Fys (0™*) = lilgn sup Fyni (o™*). (21)

From (21), (17), (18) and (19), we obtain

(18),(19)
Fys (056) + ad® (02,5 - O’O) < li]£n inf Fjys (o) + alilgn inf ® (6" — o?)

(21)
< lilgn inf (Fygri (6™) + a® (o™ —0?))
< lilgn sup (Fyni (0™) + a® (o™ — 7))

an
< liin sup (Fyni (0) + a® (o — o))

= Fys (0) + a® (0 — 0°) (22)

for all o € A. It means that o, ; is a minimizer of (2).
From (22), setting o = o? 5, we get

lilzn (Fys (™) + a® (o™ — 0°)) = Fys (02’5) + ad (025 — 0'0) .

Together with (18) and (19), we deduce that ® (¢™* —¢%) — @ (agﬁ — 00) . Finally, since {0"*} weakly

converges to o” s and @ (6™ — %) — @ (02 5 — 00> as k — oo, we conclude that ® (J”k —o? ) — 0 as

a,d
k — 0, and thus |[o™ — o? — 0 as k — oo by Lemma 8.
a,d L2(Q)
In the case the minimizer 02 s 1s unique, the convergence of the original sequence {o"} to UZ 5 follows
by a subsequence argument. ]

Theorem 12 (Convergence) Assume that the operator equation Fp (0)y = ¢* attains a solution in A
and that o : Rsg — Rs satisfies

2
a(d) —0 andaé(a)HO as 6 — 0.



Let 6, — 0 and ||¢" — ¢*|| g1y < n. Moreover, let ay, = o (6y,) and

o" € argmin Fyn (0) + a, @ (0 — 00) .
ocA

Then, there exist a ®-minimizing solution o+ of Fp (0)y = ¢* and a subsequence of {o™} converging to o™
on A with respect to the L* (Q) —norm.

Proof. Let & € A be a solution of Fpp (o) y = ¢*. The definition of ¢™ implies that
Fyn (0") + a, @ (U" — 00) < Fyn (6) + o ® (5 — 0'0)
1 . R N
<5 19 @) -6 + a0 G- o)
1 * n ~
<3 [¢* — ¢ Hi]l(Q) +a,® (5 - 0?)
1
< Xéi +a,® (6 —0"). (23)
In particular, when § — 0 and o ~ §2, it follows that
Fyn (0™) — 0 and limsup® (6" —0°) < ® (5 —0"). (24)

This implies that {® (6™ —¢%)} is bounded. Since ® (-) is weakly coercive, {¢™} is bounded, too.
Therefore, there exist a subsequence {c™*} of {c"} and o € A such that o™ weakly converges to ™. From
(24), we deduce

Fye (0™) = /Q“"'“ IV (Fp (6™ )y — ¢*)|?

< [ oV Ep @)y =P+ [ om 9 (o - )P
< Fyre (0™) + A7 6™ = 6" [} = 0 (k — 00).
Since Fy-« () is weakly lower semi-continuous,
0< Fy (o) < lilgn inf Fy« (o) = 0.

Thus, Fy- (o) = 0. It implies that ||[Fp (oF)y — ¢* | g1 () = 0. Hence o™ is a solution of the equation
Fp (0)y = ¢".
Moreover, since ® (+) is weakly lower semi-continuous in L? (), by using (24) we get

o) (a+ — O’O) < liin inf ® (U""‘ — UO) < li}gn sup ® (U""‘ — 00) <o (& — O'O) : (25)

It implies that o is a ®-minimizing solution. Finally, choosing 6 = ¢ in (25), we have ® (¢™* — o) —
® (0" -0 as k — oo. Since {o™ — 0"} weakly converges to o7 — ¢® in L? () and @ (0™ —0°) —
® (0t —0°) ask — 00, @ (0™ —0") = 0ask — 0 and thus [|o" — 0|5y — 0.

In the case the minimizer o+ is unique, the convergence of the original sequence {¢" — 0’} to o7 — &
follows by a subsequence argument. ]

0

4 Convergence Rates

As shown before, for o € A, the operator

Fp(o)y(:): LU(Y) — H (Q) with g € (C;Q200:|

is continuous and linear. Denote by

(Fp(0)y)" () : H™1(Q) = (HE ()" — LT (@) with é + ql _1



the dual operator of F, (¢)y. Then,
<(FID (U) y)* (w*) 719>(Lq1 (Q/)?LQ(Q/)) = <w*a FII:) (O’) Yy (19)>(H*1(Q),H%(Q)) . (26)

Convergence rates of sparsity regularization are given in the following theorem.

Theorem 13 For q € (622—?2,00} ,% + % = % and y € L" (Q) . Assume that H¢5 — ¢* H(

a solution of (2). Moreover, assume that there exists a function w* € H~'(Q) such that

) < § and 02’5 is

&= (Fp (oT) y)* (w*) € 0@ (o — 00) . (27)

Then

D (ohp ™) = 0(0) and |[Po (o25) v =, =06
¢ (0ns 0 O (9) an p\0as)y—¢ ) O (9)
as 6 — 0 and o ~ 4. In particular, for p € (1,2], we have

=0 (Vs).

L2Q)

o]

Ui,s
Proof. The proof follows the ideas of Hao and Quyen in [14, 16]. By the definition of ag 5> we get
Fys (U§’5> +ad (aﬁﬁ — 00) < Fys (a+) +ad (a+ — 0’0) . (28)

Then, we have

= Fys (ai)é) +« <<I) (02,6 —00> —<I>(UJr —cro) - <§,05)5 —a+>

< Fys (J+) fa< o?

(Lo (Q’)yL‘I(Q’))>
'Y a,d

_ U+>
(L (Q7),L1(Q))

~o*) .
' (L1 (), Le(Q2))

From (26) and (27), we get

<§, ob 5 — g+>(m ooy = <w Fp (o%)y (05,5 - o'+) >(H_1(Q)7H&(Q)) . (30)

By Riesz’s representation theorem, there exists an element w € H{ () such that
<w*, Fp(ot)y (UZ’Cs — 0+>> = <w, Fp(ot)y (05,5 — 0+)>

Since ot > X > 0, the scalar product

(H-1(2),H}(2)) H(Q)

[0, v]Hé(Q) = /(20'+V¢ - Vudz, for all p,v € H} (Q)

is equivalent to (¢, v) g1 (q) on Hg (). Therefore, there exists an element @ € H} (Q) independent of o” ,
such that

(ot P+ _ o TR (ot P+
<w,FD (c)y (aa’(; o )>Hé(9) = /Qa Vi - VFp (o) y (ora’(; o )dac. (32)
From (30), (31) and (32), we have

<£’ Tas ™ 0+>(L<11 (@).La(2)) /Qzﬁvw VI ()Y (0275 N 0+) do =i A

10



From the weak solution formulas of Fp (oF)y and F}, (c7)y (ai}é - 0+> (see (6) and (10)), we deduce

al a/ ot Vi VFp (0%) y (oh ;0" ) da
Q
— —a/Q (o5 — ") Vi VFp (o) yda
= a/ otV - VFp (oF) ydw — a/ ol sV - VFp (%) ydx
Q Q
= a/ ob sV - VFp (0515) ydx — a/ ob sV - VFp (1) yda
Q Q
= oz/QUQ(;Vu? -V (FD (Ui’a) y—Fp(oh) y) dx
= a/Qagévuv -V (Fp (o) y— o) do+ a/ﬂag&vw V(¢ — ¢7) da.
Using the Cauchy-Schwartz inequality, we obtain

olAl < a (/Q o’ s |Vzi)|2dx>1/2 (/ o 5|V (FD (02,5) y—¢") ‘2dx>
+a (/Q (0’25)2 |V1ﬂ|2dm) (/ IV (¢ )1/2

1/2

<o} [ v ) (0 <az,5>>”+‘:</ witar) 1=l

/2
_—/|vw| dz + F¢5 o5 </V|dm> :

Here, we used the inequality ab < “T“z + % for the first term. Together with (29), we deduce
1 9 ad
2Fw (ohs) +aDe (g0 ><)\5 +2A01 3o
o \1/2
with C; = ( Jo [V dx) . This inequality implies that

Df( O65,0+):O(§) as a — 0 and o ~ 0.

By (8) and (34), we have
HFD (O’Z,5> Y — (béHj{l(Q) < éF(z,a (0275) =0(6%) as§ —0and a ~ 4.

In particular, for p € (1, 2] there exists a constant C}, > 0 such that D¢ (02’ b a*) >

see [13, Lemma 10.]. Therefore, we have

p + ‘

~0(V5).

L2(Q)

(33)

2
il

(@)’

Remark 14 Our source condition is very simple and is the simplest among the source conditions in [18,

13, 9, 26]. Especially, we do not need the smallness requirement in the source condition.

5 Conclusion

In this paper, sparsity regularization incorporated with the energy functional approach was analyzed for
the diffusion coefficient identification problem. The regularized problem was proven to be well-posed and

11



convergence rates of the method was obtained under a simple source condition. An advantage of the new
approach is to work with a convex energy functional. Another advantage is that the source condition of
obtaining convergence rates are very simple. We want to emphasize that our source condition is the simplest
when it is compared with that in the least squares approach. We did not need the requirement of smallness
(or its generalizations) in the source condition.
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