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Abstract

This note deals with two-mechanism models (= 2M models). 2M models (or, generally, multi-
mechanism models) are a useful tool for modelling of complex material behavior. They have been
studied and applied for the last twenty years. This note is focused on the modelling of 2M models in
continuum-mechanical framework mainly in the case of plastic behaviour. In particular, some classes
of 2M models are described, thermodynamic consistency of some 2M models is proved, coupled
evolution equations for the backstresses are derived. Moreover, an extension concerning coupling
between isotropic and kinematic hardening is proposed. Finally, some mathematical problems arising
from 2M models are formulated.

1 Introduction

1) Two-mechanism (or, generally, multi-mechanism) models have been studied and applied for the last
twenty years. Their characteristic trait is the additive decomposition of the inelastic (i.e., plastic or
visco-plastic, e.g.) strain into two (or multi) parts (sometimes called “mechanisms”) in the case of small
deformations. In comparison with rheological models (cf. Palmov (1998), e.g.), there is an interaction
between these mechanisms (see Figure 1). This interaction allows to describe important observable
effects, but, it requires additional efforts in modelling and simulation. Each inelastic strain part may
exhibit plastic, or general inelastic behavior. The (thermo-)elastic strain is not regarded as an own
mechanism. FEach mechanism has its own internal variables with corresponding evolution equations.
Moreover, each mechanism may have an own yield criterion, or, there may be common yield criteria for
several mechanisms. Thus, in the case of two mechanisms, there are possible models of the type 2M1C
and 2M2C. That means two mechanisms with one or two yield criteria (see Figure 2). A mechanism
without yield criterion like creep can be formally treated as a mechanism with its own criterion with zero
yield stress.

If the inelastic strain is seen as one mechanism (as it was historically first), one refers to about
a “unified model” (or Chaboche model) (cf. the survey by Chaboche (2008) and the references cited
therein). (That means plastic and viscous components are considered together in the same variable.)
As explained in Contesti and Cailletaud (1989) and Cailletaud and Sai (1995), there are experimentally
observable effects (inverse strain-rate sensibility, e.g.) which can be qualitatively correctly described by

the two-mechanism approach.
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Figure 1: Scheme of a two-mechanism model. The two inelastic mechanisms 1 and 2 have their own
evolution equations. But, they are not independent from each other. The thermoelastic strain &;. is
usually not regarded as a mechanism.

2) Up to now, there are only relatively few publications dealing directly with multi-mechanism models.
We refer to Contesti and Cailletaud (1989), Sai (1993), Cailletaud and Sai (1993), Cailletaud and Sai
(1995), Blaj and Cailletaud (2000), Besson et al. (2001), Sai et al. (2004), Aeby-Gautier and Cailletaud
(2004), Taleb et al. (2006), Velay et al. (2006), Sai and Cailletaud (2007), Wolff and Taleb (2008),
Chaboche (2008), Hassan et al. (2008), Taleb and Hauet (2009), Taleb and Cailletaud (2010), Wolff et al.
(2010a). Finally, there is a recent survey by Sai (2010).!

In contrary to this manageable number, there is a large variety of papers dealing with complex material
behavior of metals, soils, composites, biological tissues etc. in which the inelastic strain is decomposed
into several parts. But, as a rule, multi-mechanism models are not directly addressed. We give some
examples below.

To our knowledge, a first systematic formulation and investigation of two mechanism models was
given by Contesti and Cailletaud (1989). Besides, the papers by Cailletaud and Sai (1995), by Sai and
Cailletaud (2007), by Taleb and Cailletaud (2010) and, by Sai (2010) give overviews and possibilities of

IThe paper by Sai (2010) has been directly published before ending our study.



applications. Moreover, we refer to the thesis of Sai (1993) and to the book by Besson et al. (2001). The
survey article by Chaboche (2008) contains comments concerning multi-mechanism models, too.

Wolff and Taleb (2008) proved thermodynamic consistency of two-mechanism models dealt with in
Taleb et al. (2006). The question about thermodynamic consistency is not trivial, if one leaves the class
of “generalized standard models” (cf. Besson et al. (2001), e.g.). This is the case for important model
modifications (cf. Taleb et al. (2006), Sai and Cailletaud (2007)). Additionally, there is the typical mutual
influence of mechanisms (in particular via the backstresses). Thus, generally, a separate investigation
of thermodynamic consistency with respect to each mechanism is not successful. This is a substantial
difference to rheologic models (cf. Palmov (1998), e.g.).

Generally, the material parameters depend on temperature. Most of the papers about multi-mechanism
models cited above only consider the isothermal case, as ratcheting experiments, up to now, are only per-
formed under constant temperature. In the current paper we will also address the non-isothermal case.
This leads to more complex equations at some places.
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Figure 2: 2M2C model with two plastic mechanisms with kinematic hardening.

3) An important application of two-mechanism models is cyclic plasticity including ratcheting. There
are many papers dealing with ratcheting both in modelling as well as in simulation and comparison
with experimental data. For general modelling and simulation we exemplarily refer to Portier et al.
(2000), Bari and Hassan (2002), Taleb et al. (2006), Kang (2008), Jiang and Zhang (2008), Hassan et al.
(2008), Abdel-Karim (2009), Taleb and Hauet (2009), Krishna et al. (2009), Abdel-Karim (2010) and the
references therein.

In the majority of the literature ratcheting is dealt within the framework of one-mechanism models.
Investigations of ratcheting with the aid of two-mechanism models can be found in Cailletaud and Sal
(1995), Blaj and Cailletaud (2000), Sai et al. (2004) [using a 2M2C model], Taleb et al. (2006), Velay et al.
(2006), Sai and Cailletaud (2007), Hassan et al. (2008), Taleb and Hauet (2009), Taleb and Cailletaud
(2010).

Finally, experiments and simulations must decide, in which situation which model delivers the better

approximation of the reality. In Hassan et al. (2008), a direct comparison between a modified Chaboche
model and a 2M model has been performed.
4) Another important application of two-mechanism models lies in modelling of complex material behavior
of steel under phase transformations. The two-mechanism approach directly used in Videau et al. (1994)
and Wolff et al. (2008) allows a good description of interactions between classical and transformation-
induced plasticity. On the other hand, in Leblond et al. (1986a), Leblond et al. (1986b), Leblond et al.
(1989), Leblond (1989), Fischer et al. (1998), Fischer et al. (2000), Devaux et al. (2000), Taleb and Sidoroff
(2003), the transformation-induced plasticity itself is the focus, and the two-mechanism approach arises
in natural way without a special reference.

More recent experiments and simulations (cf. Taleb and Petit (2006), e.g.) show that, in some cases,
the transformation-induced plasticity after a pre-deformation of austenite cannot be qualitatively cor-
rectly described with the aid of the model developed in Leblond et al. (1986a), Leblond et al. (1986b),
Leblond et al. (1989), Leblond (1989), Devaux et al. (2000), Taleb and Sidoroff (2003). However, the con-
sistent access via the two-mechanism model allows a qualitatively correct description of this phenomenon
(cf. Wolff et al. (2008), Wolff et al. (2009)). Based on this approach, in Suhr (2010) and Wolff et al.
(2010b), a semi-implicit algorithm for numerical simulations has been developed, and some simulations
are presented.

Contrary to Videau et al. (1994), Wolff et al. (2008), Mahnken et al. (2009) and others, in Aeby-Gautier
and Cailletaud (2004) the material behavior of steel is described by a multi-mechanism model at the macro
level as well as at the meso level (sometimes called micro level), whereas the proof of thermodynamic
consistency still remains open. Furthermore, it should be noted that some authors combine classical and
transformation-induced plasticity in one model (“unified transformation-thermoplasticity”, cf. Inoue and
Tanaka (2006)).



5) The complex material behavior of important materials (such as visco-plastic materials, shape-memory
alloys, soils, granular materials, composites, biological tissues) leads to multi-mechanism models, when
taking the additive decomposition of the strain tensor into account. However, in most cases, the concrete
application is is not set in the framework of multi-mechanism models in the sense of Cailletaud and Sai
(1995). We give some examples.

When modelling shape-memory alloys, sometimes, the inelastic part of the strain tensor is decomposed
into two parts (into two summands in the case of small deformations). We refer to Helm and Haupt (2003),
Helm (2007), Reese and Christ (2008), Kang et al. (2009), Kan and Kang (2010) e.g.

The material behavior of salt in deposits is very complex, and its modelling uses an additive decom-
position of inelastic strain into three parts (cf. Munson et al. (1993), e.g.). In Chan et al. (1994), Koteras
and Munson (1996), an additional summand is used which is induced by damage.

Further references to modelling via several mechanisms can be found in some papers in geomechanics,
for instance, for cohesionless soil in Shi and Xie (2002), for clay in Modaressi and L. (1997), for sand in
Akiyoshi et al. (1994), Fang (2003) and for granular material in Anandarajah (2008). Similarly, complex
material behavior of biologic tissue is modelled using a multi-mechanism approach (cf. Wulandana and
Robertson (2005), Doehring et al. (2004), e.g.).

6) This work is organised as follows:

e In Sections 2, 3, and 4, some classes of 2M models are described in the thermodynamical framework.

e In Sections 3, 4 some results on thermodynamic consistency are presented.

In Section 5, we present useful relations generalizing the classical Armstrong-Frederick equations
for backstresses.

In Section 6, an extension concerning coupling between kinematic and isotropic hardening is given.
e In Section 7, some resulting mathematical problems are formulated in short.

Basically, the material in Sections 2, 3, 4, and 5 can be found in Wolff et al. (2010a). Generally, the
material in Section 5 is known. However, here, it is comprehensively presented. The topic in Subsection
5.4.2 is based on investigations in Taleb et al. (2006). Section 7 gives an outlook for further mathematical
investigations, including simulations.

In this note, we focus on 2M models with plastic mechanisms. But, generally, 2M models with
viscoplastic, creep or more complex mechanisms can be dealt with in an analogous manner (cf. Remark

3.2).

2 Some basic facts on two-mechanism models

In this section we provide important basic relations for 2M models. At first, there will be common items
for models with one and with two yield criteria. After this, we deal separately with 2M models with one
and with two criteria.

2.1 General assertions

We restrict ourselves to small deformations. Thus, the equation of momentum, the energy equation and
the Clausius-Duhem inequality are given by

(2.1) ou—dive =§f
(2.2) oé+divg=0oc:€+r
: . 1
(2.3) —gw—gne+a:e—§q-vezo.

The relations (2.1) - (2.3) have to be fulfilled in the space-time domain 2x]0, T'[. The notation is standard:
o - density in the reference configuration, that means for ¢ = 0, u - displacement vector, € - linearized



Green strain tensor, 6 - absolute temperature, o - Cauchy stress tensor, f - volume density of external
forces, e - mass density of the internal energy, q - heat-flux density vector, » - volume density of heat
supply, ¥ - mass density of free (or Helmholtz) energy, n - mass density of entropy. The time derivative
is denoted by a dot. « : 3 is the scalar product of the tensors a and 3, q - p is the scalar product of the
vectors p and gq. We note the well-known relations

1
(2.4) e=¢(u) = i(Vu +Vul), p=e—0n.
In the general case of inelastic material behavior, the full strain € is split up via
(25) € = E€te + €in

(et - thermoelastic strain, €;, - inelastic strain). Usually, the inelastic strain is assumed to be traceless,
i.e.

(2.6) tI‘(€in) =0.
The accumulated inelastic strain is defined by

1

2.7) sin(t) = /O (gém(T):ém(T))i dr.

We drop the dependence on the space variable .
We propose for the free energy v the split

(2.8) Y = Yre + Yin.
The thermoelastic part is given by
1 * * K 2
(2.9) Pie 1= E{M €, ), + E(tr(ete)) —3K a0 —0p) tr(ee) + C(0 — )}

i > 0 - shear modulus, K > 0 - compression modulus, « - linear heat-dilatation coefficient, 8y - initial
temperature, i.e. for ¢ = 0, C - calorimetric function (cf. Helm and Haupt (2003), e.g.), &}, - deviator of
Ete, defined (in 3d case) by

1
(2.10) Ef, = Ete — gtr(ete)I (I - unity tensor).

We assume that the inelastic part 1;, of 1) has the general form

(2.11) Yin = Yin(, 0).

& = (&,...,&m) (& - scalars or tensors) represent the internal variables. Further on, these variables
will be chosen in accordance with concrete models under consideration. Internal variables are used for
description of phenomena like

e inelastic deformations, including

— dislocation-based plasticity and viscoplasticity with kinematic and isotropic hardening as well
as with softening

— transformation-induced plasticity in steels

— specific inelastic deformations in shape-memory materials
e phase transformations
e damage

e changes in microstructure, in polymers, e.g. (cf. Lion and Hofer (2007))



In the case of damage, the thermoelastic part ;. of the free energy may depend on internal variables
too (cf. Besson et al. (2001)). Internal variables have to fulfil evolution equations which are usually
ordinary differential equations (ODE) with respect to the time t. As a rule, one poses zero initial
conditions, i.e.

(2.12) £(0)=0 for j=1,...,m
Taking (2.8), (2.9) and the general relation in thermodynamics
oY
2.13 =
(2.13) T =05 -

into account, one obtains the usual material law in thermo-elasto-plasticity:
(2.14) o =2ue;, + Ktr(ege)I —3K a(6 —6p)1.

For materials with phase transformations, this relation (as well as (2.9)) will be extended (cf. Wolff et al.
(2008))

Using standard arguments of thermodynamics (cf. Lemaitre and Chaboche (1990), Maugin (1992),
Besson et al. (2001), Haupt (2002), e.g.), from (2.3) one obtains the dissipation inequality (as a reduced
Clausius-Duhem inequality):

1
(2.15) o Ein — QZ (w”‘ 51 V0=0

As common, a model is regarded as thermodynamically consistent, if the dissipation inequality (2.15)
holds for all possible processes. Sufficient for this is, that (2.15) is fulfilled for arbitrarily chosen sets of
its variables. As usual, we assume the Fourier law of heat conduction

(2.16) qg=—-xVo,

k > 0 - heat conductivity (scalar or positive definite tensor). Therefore, the heat-conduction inequality
1

(2.17) —3 q-V0>0

is always fulfilled. Hence, the model under consideration is thermodynamically consistent, if the remain-
ing inequality

(2.18) o i — QZ (;2”“ '
J

is fulfilled.
By (2.2) and standard arguments (cf. Besson et al. (2001), Haupt (2002), e.g.) one obtains the
heat-conduction equation:

A . _ e i wzn a/(/)zn '_ 8£
(2.19) 0ca0 —div(k V) =0 : &, sz:: 26 Z(‘?G (% 80 D€+ T

(ca = 9%27’5 > 0 - specific heat).
In the theory of 2M models the following decomposition is crucial:

(220) Ein = A1€1+ As e,
Aq, Ao are positive real numbers. As usual, the inelastic strains are trace-less:
(2.21) tr(e;n) = tr(ey) = tr(eq) = 0.

Remark 2.1. (i) The parameters A; and As open opportunities for further extensions and special
applications. We refer to Sal and Cailletaud (2007). A; and Ay can depend on further quantities as, for
instance, they can constitute phase fraction in complex materials (steel, shape memory alloys, e.g.). In
this sense, here is a bridge from the macro to the meso (or micro) level of modelling.

(ii) In case of n mechanisms, instead of (2.20), one has the split

(222) Ein = ZAJ €j
j=1



For both €; we introduce separate accumulations
t 9 . . 1 .
(2.23) si(t) := ; (§ g;i(1):€(m)2 dr j=1,2.

Note, that s;, (as defined in (2.7)) is not the sum of s; and sg. As the roots in (2.7) and (2.23) are
norms, one gets useful inequalities

(224) |A1 31 —AQ 82| < Szn < A1 $1 +A2 52.
We introduce the local stresses o1, o2 via
(2.25) o =40 i=1,2

From now on, we deal separately with 2M1C and 2M2C models. In order to focus, we preferably deal
with plastic mechanisms obeying yield criteria. Other types of (inelastic) mechanisms can be dealt with
analogously. As mentioned in the Introduction, a mechanism without yield stress can be formally treated
as a mechanism with zero yield stress.

2.2 Two-mechanism models with one yield criterion

We specialize the ansatz for the inelastic part of the free energy in (2.11), focussing on plastic mechanisms,
and assuming the internal variables to be given £ = (a1, a2, ¢). This leads to

(226) "/)zn = win(gaalaa%q)'

The tensorial symmetric internal variables a; and as are related to kinematic hardening, the scalar
internal variable ¢ is related to isotropic hardening. All of them are of strain type. «; and as are
associated with the mechanisms €1 and €5, respectively. We define the backstresses X1 and X5 associated
with the mechanisms €1 and &5, respectively, as well as the isotropic hardening R by

(2.27) X; = 9, (j=1,2),
(2.28) R=p R

(2.25), (2.27), (2.28) and (2.18) imply the following remaining inequality
(2:29) (01— X1): €1+ (02— X3) €2+ X1 : (61— 6u)+ Xo: (62— ) — RG220,
and, via (2.19)
(2.30)  0caf —div(k V) =(o; — X1): €14 (00 — Xo) 1 éa+ X1 : (61 — &) + Xa: (€2 — o) +
X, 0X o OR

e 10952 6, 102851997 g
20 L O o0 By e %)) 69(] 89.6255 r.

Based on the von Mises stress, we define the quantities

—Rqg+0

(2.31) J; = (g(a;_x;) (o -XD)E (j=1,2)
(2.32) J = (JN + I~

The material parameter N has to fulfil
(2.33) N > 1.
The yield function is given by

(2.34) fi=J—(R+ Ry),

(2.35) Ry := V20y.



The initial yield stress o9 = 0¢(f) can be determined by a standard tension experiment. Since we are
dealing with plastic behavior, we suppose for all 2M1C models the subsequent constraint

(236) f(0-170’27X17X27R7R0) SO

Clearly, the condition f(o1,02, X1, X2, R, Ry) < 0 describes the elastic domain, and plastic deformation
can only occur, if .][‘(0'17 g2, Xl, X27 R, Ro) =0.
Based on (2.31), (2.32), (2.34), we define

of  30;-X; (Jj)“

2. o9 Ji
(237) WX, T2 U 7

Remark 2.2. The importance of the parameter N in (2.33) for application consists in the fact, that, if
it growths, the two quantities J; and .Js become more and more independent of each other. We refer to
Wolff and Taleb (2008), Taleb and Cailletaud (2010) for details.

2.3 Two-mechanism models with two yield criteria

Contrary to (2.26), now the inelastic free energy is given by

(2~38) Yin = 1/)m(9,011,a27Q1,(J2)

with a; and as as above. ¢; and ¢y are related to the isotropic hardening of the first and second
mechanism, respectively. The backstresses X1 and X are defined as in (2.27), the isotropic hardenings
Ry and R, are defined by

awin

2. = =12
(2.39) Rj=o a4, (=12

By (2.25), (2.27), (2.28) and (2.18) we infer
(240) (0’1 —Xl) : E"l + (0’2 —XQ) : é2+X1 : (81 —d1)+X2 : (ég —dg) _qul —RQQQ 2 0.
Similarly as above, we obtain the specialized heat-conduction equation

(2.41) ché—div(mVH) = (0’1 —X1)2é1+(02—X2):é2+X1 : (él —d1)+X2 : (ég—dg)“r

. . 0X L. 0X o L. ORy . ORy . ({90'. .
7R1Q17R2(ZQ+9 90 a1+ewa2+ew 1+0W(]2+0%.Et5+7'.
Now, the two yield functions are
(242) fj = Jj — (R] + Roj) j=12, (J] defined by (231))

Ry; is the initial yield stress of the j*" mechanism. For all 2M2C models (in case of plastic mechanisms),
the subsequent constraints are supposed

(243) fJ(U]vXﬁR]aRO])SO Jj=12.

And, as a consequence, a plastic deformation due to the j** mechanism can only occur, if the j** yield
criterion is fulfilled, i.e. if

(2.44) filej, X, Rj, Ro;) = 0.

Now, there are two elastic domains defined by f;(o;, X;, R;, Ro;) < 0.
Finally, based on (2.31) and (2.42), for 2M2C models we define

of; 30, —Xj

(245) ’I’L]' = _8Xj = 2 Jj



2.4 General remarks concerning the modelling

In this paragraph, we expose the further approach we follow.
(i) In order to obtain complete 2M models, one has to

e propose a concrete expression for the inelastic part of the free energy v, (cf. (2.26) and (2.38)),
e to formulate evolutions laws

— for the inelastic strains €1 and €5 as well as

— for the internal variables a1, ag and ¢ (or g1 and g2).
Doing so, one has to take care that

e the inelastic free energy 1;, is convex (with respect to the variables describing hardening) for frozen
temperature (cf. remark 3.1),

e the remaining inequality is fulfilled for all admissible arguments. Thus, the model under consider-
ation is thermodynamically consistent.

(ii) Moreover, the chosen model should approximate the reality as well as possible. This is an requirement
of very great practical relevance, but it does not concern the theory itself.

(iii) We do not use dissipation potentials for modelling. This way opens more possibilities, as the
evolution equations may be chosen independently of each other. We refer to Cailletaud and Sai (1995),
Besson et al. (2001), Sai and Cailletaud (2007), Sai (2010) for using dissipation potentials in modelling
of 2M models.

(iv) All arising material parameters (or more precisely material functions) may depend on temperature.
Moreover, those parameters which do not occur in the free energy may additionally depend on stress and
further quantities. This last dependency gives more possibilities for modelling, and, it does not influence
the thermodynamic consistency.

(v) In case of more than two mechanisms, there are more possibilities of yield criteria. For instance, in
a 3M model, there may be three separate criteria, or one common for all mechanisms, or one mechanism
with a separate criterion, while the remaining two mechanisms have a common criterion.

3 Description and thermodynamic consistency of some 2M1C
models

Now, we discuss two types of 2M1C models. Again, we collect the common things at the beginning.

3.1 Common features of 2M1C models

The inelastic free energy in (2.26) is further specialized as

1 1
(3.1) Yin(ay, 02,q,0) := 30 {c11(0) a1 : a1 +2¢12(0) a1 : az + c22() ez - an} + ?QQ(Q) 7,

Remark 3.1. (i) For each temperature, the inelastic free energy v, in (3.1) is a convex function with
respect to a1, as and g, if there hold (for all admissible #) the conditions

(3.2) 011(9) Z 0, 612(9)2 S 611(9) 622(9),
Q(0) = 0.

We note that the quadratic form related to ¢;; is also positive semi-definite (cf. Wolff and Taleb (2008),
e.g.). From the physical point of view, it is more precise to require that this part of the free energy is
convex.

(ii) In order to focus, in this Section, we do not consider a possible coupling between kinematic and
isotropic hardening in (3.1). This type of coupling will be considered in Section 6.

Assuming additionally

(34) c11 >0 cog >0 Q >0,

10



we exclude simpler cases.
Due to (2.27), (2.28) and (3.1), the following equations for X;, X2 and R hold

2 2 2 2
(3.5) X1=§C11CX1+§C12012, X2=§C12041+5022042,
(3.6) R=Qq.

We assume evolution laws for the mechanisms €1 and €5:

37) éj = )\Ilj

0 if f(0-170-27X1»X27RaR0)<03

(

(n; - defined by (2.37)). The common plastic multiplier for both mechanisms A > 0 has to fulfil
( A=0,

( A>0, if flo1,02,X1,X2,R,Ry) =0 (flow condition).

3.8)
3.9)
Moreover, we assume an evolution law for ¢:

b
3.10 G=r\A— =R\,
(3.10) 0

with r and b fulfilling
(3.11) r >0, b>0,

(b = 0 corresponds to the simpler case of linear isotropic hardening.) From (2.23), (2.31), (2.32), (2.37)
and (3.7) one gets

(3.12) 5= AN + Iy w N

and, after this,

(3.13) A= ((31) %7 + (52)¥57) %

We denote by A the primitive of A, i.e.

(3.14) A(t):/o A(T)dT.

There remain the approach for the evolution equation for a¢; and az.We will discuss two variants
leading to 2M models which are named here by 2M1C-a and 2M1C-b.

Remark 3.2. Viscoplastic mechanisms can be dealt with analogously without difficulties. Let be f as
in (2.34) and n as in (2.37). Here, we consider 1C models. 2C models with viscoplastic mechanisms can
be dealt with in the same manner. Formally, the evolution law for £; and €2 looks like (3.7). Contrary
to the plastic case, there is no constraint as in (2.36). The elastic domain is defined by

(3.15) flo1,02,X1, X2, R, Ry) <0.

In general, the stress is not a-priori bounded. Hence, the viscoplastic multiplier is not determined by the
flow condition, but it must be defined separately, for instance by

2 1
1 = < =
(3.16) A <5

:377 f(01a027X17X27R7R0) >n'

The McCauley brackets < e > are defined by < x >:= z for x > 0 and < x >:= 0 otherwise. The exponent
n > 0 and the viscosity > 0 generally depend on temperature (and maybe on other quantities). The
drag stress (cf. Chaboche, 2008) is a positive scalar generally following its own evolution. Finally, there
hold the relations (3.12) and (3.13) hold for A and sy, ss.

Other inelastic mechanisms like creep can be dealt with in the same manner, if the rate of the
corresponding inelastic strain is explicitly given.

11



3.2 The model 2M1C-a
We assume (3.1) - (3.4) and (3.7) - (3.11). In Addition, the evolution of &; is given by

. . 3d; )
(3.17) &, :ajEj*ch {@=n;) X +n;(X; : mj) my} A (j=1,2).
JJ

The material parameters a;, d;, n; have to fulfil

(3.18) aj >0, d; >0, 0<n; <1 (j=1,2).
(d; = 0 corresponds to a simpler case.) The tensors m; are defined as

1 =X .
(3.19) m; = n; [|n;||" = W (j=12).

The isothermal case of this model 2M1C-a (with a3 = a2 = 1 and 71 = 172 = 0) was proposed by
Cailletaud and Sail (1995). In Taleb et al. (2006), ratcheting experiments were simulated based on this
model. The idea of the projection of X ; onto m; is due to Burlet and Cailletaud (1987).

Using the evolution equations (3.7), (3.10) and (3.17) as well as (2.34), (2.37), one can re-write the
dissipation inequality (2.29) in the form

b 3d
(3.20) (Ro+(1—7)R+ éRQ)/\ +(1—a)X1:61+ (1 —a)Xy:6x+ 2?1(1 —)AX s X+
11

3d 3d
P21 —m)AXa: Xo+ o2 (Xa : my)? > 0.
2¢a2 2co9

Clearly, the model 2M1C-a (characterised by (3.1), (3.7), (3.10), (3.17)) is thermodynamically consistent,
if the dissipation inequality (3.20) holds. In Wolff and Taleb (2008), the special case r = 1 has been
considered. The following theorem covers the more general case.

Theorem 3.3. Assume (3.2) - (3.4), (3.11), (3.18).
(1) In the case of

+ —mA (X :my)? +

(3.21) a; = ag = 1,

the model 2M1C-a is thermodynamically consistent, if

bR

(3.22) P12y 2
Q
holds.
(ii) In the general case
(3.23) a; #1, as # 1
the model 2M1C-a is thermodynamically consistent, if
(3.24) m<l, m<l,
C11 2 C22 2
3.25 ——— 1 —ai|"+ —— |1 — a2]” < 4Ry,
( ) dl(l_nl)‘ 1| d2(1—7’]2>| 2| 0
b c11 2 C22 2)

3.26 r<l4+/=|4Rp— ———|1—a1|"———""|1—a
(3:20) - \/Q < ’ dl(l—fh)‘ . d2(1—772)| d

Before proving Theorem 3.3, we provide some preliminary results.

Lemma 3.4. (i) Let be r, b, Q, Ry > 0. Then there holds the equivalence
Rob

b
(3.27) (wzzo : Ro+(1—r)R+éR220) & r<ien/ce

(ii) (Young’s inequality with a small factor)

1
(3.28) Va,beR V>0 |ab|§ga2+ﬁb2

12



Proof. (of Theorem 3.3) The strategy is to estimate the left-hand side of (3.20) from below by simpler
expressions, and to show, that, at the end, the last expression is non-negative.

At first, we note that terms containing (X, : m;)? are non-negative. Hence, they can be omitted in
(3.20). Therefore, it is sufficient to prove the validity of

(329) (R() + (]. — T)R+ %R2))\ + (]. — al)Xl : él + (]. — a2)X2 : é2 +

3d1 3d2

— (1 —-g)AX1: X1+ —(1—-1m2)AX3: X5 >0.
+ 2011( m)AX1: X1+ 2022( N2) AX o1 Xo >
Clearly, in the simple case a1 = a2 = 1, (3.29) is valid, if
b
(3.30) Ro+ (1 —7)R+ §R2 >0 VR > 0.

Due to (3.27), this is the case, because of the assumption (3.22).

In the general case, the terms containing X ; : €; are not definite. But, there is a hope to compensate
their behavior by the definiteness of the remaining terms. Using (2.32), (2.37), (3.7) as well as Young’s
inequality (3.28) and Cauchy-Schwarz inequality, one gets the following estimates:

|(]. —al)Xl : €1| = |(1 —al)Xl : ()\Ill)‘ =

3 JlN_2 * *
2|1a1{ﬁJN_l||mX1n Avaixal} <
(3.31) 2(N—1)

61 J1 3|1—a1| 2
<|1- — | = —— )X <
<p-ahg (3) PR <

51 3|1—a1| 2
<|1- —+ ———)|X

where d; > 0 will be appropriately chosen in 3.29. Analogously, one obtains

. 0 31—a
(332) |(1 — GQ)XQ . €2| = |(1 — CLQ)XQ : ()\1’12)| S |1 — a2|)\52 + |T22|>\HX2H2

for some d2 > 0 (cf. 3.31). From (3.29), (3.31), (3.32), one gets

(333) (RO + (1 — T)R+ %RZ)/\ —|— (1 — CL1)X1 . él + (1 — ag)XQ : ég +

3d 3d
+ 271(1 - 7’]1))\X1 : X1 + 72(1 - 172))\X2 : X2 +
ci1 2c92

5 5 b
> (Ro — |1 —a1|>\51 —1 _a2|A§ +(1-7)R+ @R2)H

|]. —a1|

3d; s 3
1 — )| X —
( n2) M| X || 15,

2 (1 =) A X))
+2€11( )X 1" +

11—

a2|
72A||X2||2~

3d2 2 3
_ = AMX _
X112 - =

2022

As R, X; and X5 are independent of each other, it is reasonable to require assumption (3.24). Now,
we chose d; and do such, that the last four terms cancel each other. This can be done by setting

[1—ai|enn |1 — aslcos
334 6 =, 6 = e
( ) ! 2(1 — T]l)dl 2 2(1 — T]Q)dQ

This implies from (3.33): (3.33) can be read as

|1—a1|2011 |1—CL2‘2022| b 2
— +(1—-r)R+ =R“)A > 0.
4(1 — nl)dl 4(1 — ng)dg ( ) )

(3.35) (Ro — 0

Clearly, it is necessary, that

|]. — a1|2011 _ |]. — a2|2C22
41 =m)dy 41 —m)dy ~

(3.36) R*:= Ry —

13



This is assumption (3.25)! It remains to ensure that
b
(3.37) R*+(1—-7)R+ aR2 >0 for all R > 0.

Obviously, (3.26) is sufficient for (3.37). O

Therefore, in the “trivial case” a3 = az = 1, r < 1, the model 2M1C-a is thermodynamically consis-
tent. Generally, Theorem 3.3 ensures thermodynamic consistency, if 7; < 1, and, if the a; do not differ
“too much” from 1, and, if r is not “too much greater” than 1.

Remark 3.5. Theorem 3.3 is also valid in the viscoplastic case (cf. Remark 3.2). The viscoplastic
multiplier is only positive, if J > Ry + R, while the plastic multiplier is only positive, if J = Ry + R.
Hence, the validity of (3.20) is also sufficient for thermodynamic consistency in the viscoplastic case.

3.3 The model 2M1C-b

Again, we assume (3.1) - (3.4) and (3.7) - (3.11). Contrary to the 2M1C-a model in Subsection 3.2,
instead of (3.17), the evolution equations for ar; and i are given by

(3.38) & =ajé; —{(1—n;) o +nj(e :my)m;}d; A (j=1,2).

That means, in the right-hand side of (3.38), the backstresses X ; are substituted by the internal
variables aj. This approach was proposed in Taleb et al. (2006) in order to get a better description of
ratcheting behavior. Analogously, we let the parameters a;, d; and n; fulfil the conditions (3.18). The
m; are defined by (3.19).

Remark 3.6. Contrary to the corresponding evolution equations for the 2MnC-a models (as well as the
1M models), in (3.38) and (4.22), the factor 3/2 does not appear. This way, we keep the notation in
Taleb et al. (2006), Wolff and Taleb (2008) and Hassan et al. (2008).

Using the evolution equations (3.7), (3.10) and (3.38) as well as (2.34), (2.37) and (3.5), one can
re-write the dissipation inequality (2.29) in the form

b 2
(339) (RO + (1 — T)R + éR2)/\ + gdl/\(cnal + Clgag) : {(1 — 771)(11 + T]l(Oél : ml)ml} +

2
(1 — (11)(611@1 + 012(12) . ()\Ill) =+ g(l — ag)(Clgal =+ CQQ(Xz) . ()\IIQ) +

2
+ §d2>\(012011 + 622(12) : {(1 — T)Q)OéQ + 7]2((12 . mg)mg} Z 0.

+

Wl N

The case a3 = ag = 1, 7 = 1 and 1 = 1 is dealt with in Wolff and Taleb (2008). In the general case,
there arise more complicated conditions to ensure thermodynamic consistency.

Theorem 3.7. Let be given the assumptions (3.2) - (3.4), (3.11), (3.18). The model 2M1C-b is thermo-
dynamically consistent, if

(3.40) r<1

(3.41) m<1l, mn<l,

(3.42) (1 —a1)? + c2y(1 — a2)?® < Rodyerr (1 —m),
(3.43) ciy(1 —a1)? + c39(1 — as)? < Rodacaa(1 — n3),

1
(344)  cfy(dy + d2)* < 4(dierr (1 —m) — E(C%l(l —a1)® + ciy(1 — a2)?)) -

 (daean(1 — ) — R%J(c%g(l —a)? 4 (1 - az)?).

The proof of Theorem 3.7 is similar to the proof of Theorem 3.3, but more complex. Additionally,
one needs a result about quadratic forms.

14



Lemma 3.8. Let ¢ be a quadratic form on R"™ defined by
(345) p(ar,az) i =ci1ag a1 +2c1201 t g+ g g =
m m m R
=ci1 Y 01y Quij+ 2012 Y Ot Qoij+Can Y Qi oy Voo, €RT
1,j=1 1,j=1 3,j=1

where c¢q1, ¢12, 02226 R. Then the following two assertions are equivalent
() Vaj,as e R glag,a2) >0
(ii) C11 Z 0, 6%2 S 011822

The proof of Lemma 3.8 is elementary, we refer to the Appendix of Wolff and Taleb (2008), e.g.

Remark 3.9. In the simpler case a1 = as = 1 and r = 1 (cf. Wolff and Taleb (2008)), the above 2M1C-b
model is thermodynamically consistent, if (3.41) holds and if

_ _ _ 22
(3.46) (dy — d2)2 < 4dyds cricaa(l 771)2(1 n2) 012.

C12

That means, contrary to the 2M1C-a model, the condition (3.46) restricts 1; and 72 even in the simpler
case a1 = as = 1.

Remark 3.10. In the case r > 1, more complex conditions are sufficient for thermodynamic consistency
which involve b and Q.

4 Description and thermodynamic consistency of some 2M2C
models

In an analogous way, we investigate two types of 2M2C models. Again, we collect the common features
in one subsection.

4.1 Common features of 2M2C models
We assume for the inelastic part 1, of the free energy (cf. (2.38) and (3.1)):

1
(4.1) tin(ar,02,q1,q2,0) := 3*9 {c11(8) a1 : a1 +2c12(0) o1 : 2 + c22(0) a2 - o} +

+ 2%9 {Q11(9) ai +2Q12(0) q1g2 + Qa2(0) q%} .

Now, there are two scalar internal variables ¢; and ¢o of strain type. They correspond to isotropic
hardening in each mechanism. The coefficient ()12 stands for a possible interaction of these two kinds
of isotropic hardening (cf. Cailletaud and Sai (1995)). Possible interactions of isotropic and kinematic
hardening within 1;,, will be considered in Section 6.

Remark 4.1. The inelastic free energy v;,, in (3.1) is convex (for frozen temperature), if for all admissible

0
(4.2) c11(6) 2 0, c15(0) < c11(8) e22(0),
(4.3) Q11(0) = 0, 12(0) < Q11(0) Q22(0),
Again, in order to avoid simple cases, we restrict ourselves to
(44) c11 > 0, Coo > O, Qll > O, QQQ > 0.
In accordance with (2.27), (2.28) and (4.1), the backstresses X; and Xz as well as R; and Ry fulfill
(4.5) X1:§Cua1+§cl2a2, X2:§Cual+§0220¢2,
(4.6) Ri=Quq + Qi2q2, Ry = Qi2q1 + Q22 ¢2.

15



We assume the subsequent evolution equations for the inelastic strains:

(47) éj = )‘j nj (l’lj defined by (245) j = 1,2),

The plastic multipliers for both mechanisms A; > 0 have to fulfil

(4.8) Aj=0,  if  fi(e, X, Ry, Roj) <0,

(4.9) Aj >0, if fi(o;, X, R;j,Roj) =0 (flow conditions).

Moreover, we assume evolution laws for g;:

(4.10) G; =15 Nj — C;)ijj Aj (1=1,2).

The material parameters b;, r; are assumed to fulfil

(4.11) r; >0, b; > 0, (j=1,2).
(Again, we neglect the simpler case b; = 0.) (2.23), (2.31), (2.45) and (4.7) yield
(4.12) A =4, (G =1,2).

4.2 The model 2M2C-a

Now, we deal with some specifics of the 2M2C-a model. Analogously to Subsection 3.2, we assume the
evolution equations for a¢; and ao:

. . 3d; .
(4.13) G = a;é; — o {1 =) X +n;(X; s my)my} A (j=1,2).
Ji
The m; are defined by (3.19), and the material parameters a;, d;, n; must fulfil (cf. (3.18))
(4.14) aj > 0, d; >0, 0<nm <1 (j=1,2).
(d; = 0 corresponds to a simpler case, again.)

Repeating arguments as above, the dissipation inequality is

b b .
(4.15) (Ro1 + (1 — Tl)Rl + 71R%))q + (Roz + (1 — TQ)RQ + iRS))\Q + (1 — al)Xl 1€+

Qll Q22
) 3d
+(1—a2)Xo: €+ flll {@ =) X1 Xy +m(Xy:my)* A+
3dy )
—‘r@ (1—7}2)X2:X2+7]2(X21m2) })\220

Thermodynamic consistency can be ensured similarly as in the case of the 2M1C-a model. Since there
are two multipliers (A\; = §;, 7 = 1,2), there is some “decoupling” (cf. Theorem 3.3).

Theorem 4.2. Assume (4.2) - (4.4), (4.11) and (4.14).
(1) In the case

(4.16) a; = a = 1,

the model 2M2C-a is thermodynamic consistent, if

(4.17) r; <142 ﬁ (j=1,2)
33
(ii) In the general case
(4.18) a; #1 for one or both j,
the model 2M1C-a is thermodynamic consistent, if
(4.19) n; <1 for the same j as in (4.18),
(4.20) cjijﬂ — aj|2 < 4Ry, for the same j as in (4.18),
d; (1 —mn;)
(4.21) ry <1+ \/clg)jj (4Roj - ﬁu - ajz) for the same j as in (4.18).
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As for the 2M1C-a model, there is a “trivial case” for the 2M2C-a model: a; = 1, r; <1 (cf. Theorem
3.3). Generally, Theorem 4.2 ensures thermodynamic consistency, if n; < 1, and, if a; do not differ “too
much” from 1, and, if 7; is not “too much greater” than 1. Contrary to Theorem 3.3 for the 2M1C-a
model, in Theorem 4.2, the conditions for j =1 and j = 2 are separated (cf. (4.18)-(4.21)).

4.3 The model 2M2C-b

Now, we investigate the formal two-criteria analogue to the 2M1C-b model, letting (4.7) and (4.10) be the
same. Additionally, in (4.13), one could substitute X ; by a;, analogously as in the case of 1C models.
Unfortunately, then it becomes very difficult to prove thermodynamic consistency. Hence, instead of
(4.13), we assume the following evolution equations for oy and o

(422) dl = ai él — {(1 — 771)011 + 771((11 : ml)ml + d12 ag}dl )\1,
(4.23) G = az €z — {(1 — n2)aa + oz : mp)my + doy 1} da As.

a;, d; and n; are supposed to satisfy (4.14); see (3.19) for m;. For the new material parameters dio and
do1 we assume

(4.24) dia #0, doy #0.

Using arguments as above, we obtain from (2.40) the dissipation inequality in the specific form of our
2M1C-b model:

b b
(4.25) (R01 + (1 — Tl)R1 + QiilR%))\l + (R02 + (1 - T2)R2 + ?;R%)/\Q +

2
(1 — al)(cual =+ Clgag) : (/\1n1) + g(l — ag)(61201 =+ 62202) : (/\QHQ) +

[SSRN )

+

2
+ §d1/\1(0110é1 +cp02)  {(1 —m)ag + m(ar : my)my + dison} +

2
+ gdz)\g(Cmal + ngag) : {(1 — 172)(12 + 772(&2 : mg)mz + d210él} Z 0.

Remark 4.3. (i) Generally, for 2C models one has A\; # Ay. Therefore, if d15 = do; = 0, some (for
the mathematical argument needed) quadratic terms cease to exist in (4.25). Hence, in comparison with
(3.39) (and with the exception ¢15 = 0), it is more difficult to fulfil the inequality (4.25).

(ii) The coupling in the evolution equations (4.22), (4.23) is a new item in the modelling of 2M models
and indicates possible further generalizations.

Theorem 4.4. Assume (4.2) - (4.4), (4.11) and (4.24). The model 2M2C-b is thermodynamically
consistent, if

(4.26) r <1, re <1,
(4.27) m <1, My <1,
(4.28) 2 (1 —a1)?> <2Rpydycr1(1 —n1), c2y(1 —a1)? < 2Ro1 dy 12 dya,
(4.29) 2y (1 — az)? < 2 Rga do co2(1 — 1m2), 2y (1 — az)* < 2 Rya dy c12 doy,

(4.30)  di(ler2] + crrldiz])® <

1 1
<4 (dlcll(1 —m) — %0%1(1 - al)Q) (d1012d12 - %0%2(1 - a1)2) ;

(4.31)  d3(|crz| + caaldar|)? <
1 1
<4 (d2022(1 — 1) — mcé(l — a2)2> <d1612d21 - mcfg(l — a2)2) )

Similarly as for the 2M1C-b model, even in the simple case a1 = as = 1, r1 < 1, 79 < 1, Theorem
4.4 only ensures thermodynamic consistency in the case n; < 1, 92 < 1. Besides, (4.30), (4.31) describe
smallness conditions with respect to the parameters cio, di2, d2; which express the coupling of the two
mechanisms.
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5 Important relations for the backstresses

It is possible to obtain relations for the isotropic hardenings as well as for the backstresses generalizing the
classical Armstrong-Frederick relation. These relations are useful for further mathematical investigations
and for numerical simulations. In some cases, the variables ¢ or ¢; and ¢s as well as a1 and as can
be excluded, and differential equations can be obtained, even in the case of temperature-dependent
parameters. This is very helpful for simulations, when one has to update inelastic quantities in each
time step. At first, we consider the isotropic hardening. After this, relations for kinematic hardening are
derived.

5.1 Relations concerning isotropic hardening

Because, there is an essential difference between 1C and 2C models, we deal separately with them.

5.1.1 Isotropic hardening in the case of 2M1C models
(3.6) and (3.10) imply an integral equation for R

(5.1) R(t) = Q1) { /O ) A dr — /0 t b((?)R(T)A(T) dr},

Q

as well as an ordinary differential equation (ODE) (differentiate the relation (3.6) and express ¢ via the
same relation)

(5.2) R(t) = Q(t) r(t) A(t) — {b(t) A(t) — } R.

For the sake of notational simplicity, we write Q(¢) instead of Q(8(t)) etc. Besides this, the space variable
x is suppressed. The unique solution of (5.2) (for the initial value R(0) = 0) is given by

(5.3) R(t) = Q1) /0 r(5) A(s) exp (- /O b(r) A(7) d7> ds.
Moreover, R is non-negative for t > 0 (cf. (3.4), (3.11), (3.13)). From (5.3) one obtains the estimate
(5.4) 0 < R(t) < Q(t) max{r}(min{b}) ! (1 — exp(— min{b}A(t))) for ¢ > 0,

A is the primitive of A (see (3.14)). Maximum and minimum refer to all admissible temperatures (and
possibly other quantities). Clearly, if plastic deformation occurs, R(t) is positive. For constant @, r and
b we have

_Qr

(5.5) R(A) = =

(1 —exp(—bA)).

That means, R is a function of A alone. The curve R = R(A) has the initial slope @ r, and its saturation
value is (Qr)/b. Besides this, R is an increasing function of A, as one can expect in the case of isotropic
hardening.

5.1.2 Isotropic hardening in the case of 2M2C models

Any attempt to eliminate g; in order to obtain relations for R; leads to a substantial difference with
respect to the case of 1C models: A system of integral equations comes up. Using (2.41) and (4.11), one
obtains the following system of integral equations for R; and Rs.

bl (T)
Q1(7)

(56) Rl(t) = Qu(t) /0 <’I“1(T))\1(T) — Rl(T))\l(T)) dr +

bQ(T)
Q22(7')

+ Q12(t) /0 t (7”2(7'))\2(7') - RQ(T)AQ(T)) dr,
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)Rl(T))\l(T)) dT+

Qu) [ (m(mz() 2 R (>)d7.

Again, the dependence on the space variable x is suppressed, and (Q11(¢) stands for Q11(6(t)). In the
subsequent cases, one can obtain from (5.6), (5.7) differential equations:
1) For constant Q;;, differentiation in (5.6), (5.7) leads to a coupled system of differential equations:

65 R0 = QuraO )+ Qurael) ~ OROM) - Qa2 Ra(t)a(t),
(59) Rg(t) = Q12’I“1 (t)/\l(t) + QQQ’/‘Q(t)/\Q(t) — ng bl (t) R1 (t)/\l(t) — bg(t)RQ(t)/\Q(t).

Qll

Note that the two systems (5.6), (5.7) and (5.8), (5.9) are equivalent, if one assumes the usual initial
condition R;(0) = R3(0) = 0. In comparison to the case of 1C models, a simple solution of (5.8), (5.9)
like (5.3) does not exist. Thus, there is a mathematical challenge to formulate appropriate conditions
such that R; + Ro; > 0. Furthermore, due to the interaction in the isotropic hardening (if Q12 < 0),
there can be a softening in one mechanism caused by the hardening in the other one.

2) In the regular case

(5.10) Ag = Q11Q2 — Q3, >0 for all admissable arguments,
from (5.6), (5.7) one gets

(5.11) /0 (7‘1 (M)A1(7) — 537(—7)_) Rl(T))\l(T)) dr = AlQ(szRl — Q12R2),

(5.12) /O (mmg(r) - ijéz) RQ<T)A2(T)) dr = AlQ(QHRQ — QuRy).

Hence, by differentiating (5.6), (5.7) with respect to ¢, and using (5.11), (5.12) we obtain

(5:13) fa(t) = QulOra (M (0) + Quatira())halt) = (O ROM 0 ~ Qualt) g2 s Fa(0alt) +

1 .dQu 1 dQlQ

+ TQQ 20 (Q22R1 — Q12R2) + — AQ —=(Q11R2 — Q12R1),
(5:14) a(t) = Qualt)ra (BN (0) + Qea(Bra(e)alt) = Qualt) G Ra (610 () ~ o) Ba(02alt) +
+ AL@dQu (Q22Ry — Q12R3) + AL@de (Qu1R2 — Q12Ry).
Q Q

3) In the singular case
(5.15) Ag = Q11Q2 — Q35 =0 for all admissible arguments,
(4.4) implies

Q12 Q22
5.16 = 0
(5.16) Qi Qi 7
as well as
(5.17) Ry = kR;.

k is allowed be negative and temperature-dependent. Thus, one obtains an integral equation for R

(5.18) Ri(t) = Qu(t) { / (P (r) dr 4 k() / o) () dT} .

¢ bl(T)
o Qui(7)

Only for constant k one obtains from (5.18) a differential equation for R;.

¢ bQ(T)

~@n() o Q22(7)

R1 (T)/\l(T) dT — k‘(t)Qn(t)

kE(T)Ri(T)\dT.
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5.2 Generalized Armstrong-Frederick relations for the 2MnC-a model

We distinguish between the models 2MnC-a and 2MnC-b (with n = 1 or n = 2). Concerning the models
2MnC-a, the only difference is that one has one common multiplier A in the case of 1C models, and two
multipliers A\; and Ay otherwise. We formulate the subsequent formulas for the 2M2C-a model. Setting
A = A1 = \g, one obtains the case for the 2M1C-a model. (3.5) and (3.17) imply integral equations for
X1 and Xli

(5.19) Xl(t)zgcu(t){/ot a1 (7)é1(7) dT—/O S ) X+ (X my)my} o dT} 4

2011

+ ;Clg(t) {A QQ(T)éQ(T) dT—‘/0 3ds (1 —?72)X2+’I72(X2 mg)mg})\l d’T}

2022

(5.20) Xg(t) = §612(t) {/Ot al(T)él(T) dr _/0 ;))jlll (1 — 771)X1 —|—’r]1(X ml)ml})\l dT} +

+ ;CQQ(t) {/Of a2<7')é2(7') dT—/O 3ds (1 — ’172)X2 +’I72(X2 ms mg})\l dT}

2622

Note: 5.19 and 5.20 do not involve ar; and . Analogously as in the case of two isotropic hardenings,
Ry and R, in Subsection 5.1.2, one can derive differential equations. This follows from (5.19), (5.20)
some under additional conditions:

1) For constant c11, c12, co2 one can differentiate (5.19), (5.20) with respect to time ¢. This yields

. 2 ) 2 .
(521) X1 = 561167/151 + 50120,252 — dl{(]. — 771)X1 + 771(X1 : ml)ml})\l +

_ Cadp

s {(1 = m2) X g+ m2(X2 : ma)ma}Ag,

c1od
1211 {@—m) X1 4+ m (X1 smy)my A +

—da{(1 = m2) X2 + n2( X2 : ma)ma Ay,

These last two equations generalize the Armstrong-Frederick equation (cf. Armstrong and Frederick
(1966), Lemaitre and Chaboche (1990), Haupt (2002) e.g.) as well as the approach by Burlet and
Cailletaud (1987). Indeed, in the case of only one inelastic strain (i.e. €;, = €1, €2 =0, ag =0, X1 =
X, X5 =0, A = $ipn), (5.21) reduces to

. 2 . 2 .
(5.22) X5 = gclgalsl + 5022a2€2 -

(5.23) X = %caém —d{(1 =) X +n(X : m)m}5,,.

Finally, for n = 0, (5.23) turns into the classical Armstrong-Frederick relation; for n = 1, one gets the
proposal by Burlet and Cailletaud (1987).
2) In the regular case

(5.24) A, = c11C90 — c?z >0 for all admissible arguments,

the brackets {} in (5.19), (5.20) can be expressed by X; and X:

! : 3d 3
(525) {/ al(T)El(T) dr — / 2 ! (1 — 771)X1 + 771(X ml)ml} )\1 dT} = 7(022X1 — 012X2),
0 0 C11 QAC

(5.26) {/Otag(f)ég(f)df—/o 3% 1 )Xy + (X mQ)mg}Aer} Qi (11 X5 — c1aX1).

2622

Now, analogously to Subsection 5.1.2, one gets differential equations not containing a; and ao:

. 2 ) 2 .
(527) X1 = 56110151 + §612a2€2 — dl{(]. — 771)X1 + 771(X1 : ml)ml})\l +

C12
— di2022{(1 —12) X2+ 12(X 2 : mo)mo}ie +

Jr7061011( X X)+—9d612( X —c12X1)

a0 Coo X1 — ClaX2 a0 Cl11A2 — Cl2AA 1),
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. 2 . 2 . c
(528) Xy = 5812a1€1 + 5022@252 - %CH{(I - 7]1)X1 + 771(X1 : ml)ml}/\l +
1
—da{(1 = 12) X2+ 72(X2 : m2)ma} Ao +
1 ~d612 1 -d022
— 00— (29X 1 — 12X —O0—=(c11 X2 — 12X ).
+ N (c2a X1 — c12X2) + N ] (c11 X2 — c12X1)
3) Finally, the singular case
(5.29) A, = c11C99 — C%Q =0 for all admissible arguments

can be dealt with analogously as the singular case in Subsection 5.1.2.

5.3 Generalized Armstrong-Frederick relations for the 2MnC-b model

Since the 2M2C-b model is more complex than the 2M1C-b model (cf. (4.22), (4.23)), we write down
only the expressions for the 2M1C-b model. Analogously to Subsection 5.2, from (3.5) and (3.38) we
obtain integral equations for X; and Xo:

2

(530 X1(0)= 2en(t) {/Ot a1 (7)1 (7) dr — /Ot %{(1 — e + (e : ml)ml})\dT} +

0 2¢:12(1t) {/Ot az(7)éz(r)dr — /Ot 2{(1 —1)as + 20 m2)m2}>\d7} :

3 C22

(5.31) Xs(t) = Zena(t) {/Ot a1 (7)éx(7) dr — /Ot D1~ e +m(an ml)ml})\dT} +

3 C11

2 ¢ . td

+ §C2Q(t) {/ ag(T)EQ(T) dr — / 72{(1 — 7’}2)&2 + ?’]2(&2 : mg)mg})\ dT} .
0 0o €22

An elimination of a; and aw is only possible under the additional condition (5.24). Then the equations

in (3.5) are uniquely solvable with respect to a1 and a:

(5.32) «a

CQQXl —012X2), « CllXQ —C12X1).

_i( _i(
DY 27 9A,

Inserting (5.32) into (5.30), (5.31), one obtains integral equations not containing a; and .
Again, for constant c;; one can take the derivatives with respect to ¢ and obtains the following general-
izations of Armstrong-Frederick relations:

. 2 2
(5.33) X, = §C11a1é1 + 5012a2é2 +
d
- Cuxl {1 —m)(c22 X1 — 12X 2) + 1 (c22(X 1 :my) — c12(X2 :my))m; f A+
(&

d
- ClZKQ {(1 - 7)2)(011X2 - 012X1) + ?72(011(X2 : mz) - C12(X1 : m2))m2} A,

. 2 . 2 .
(5.34) X, = 3C1201€1 + 3C2202€2 +

d
- C12A*1 {1 —m)(c22 X1 — c12X2) + mi(co2 (X1 :my) —ci12(Xo :my))my F A+

d
- szA*Q {(1 - 772)(011X2 - 012X1) + 772(011(X2 : mz) - 012(X1 : m2))m2} A

Remark 5.1. (i) In the case of constant ¢;;, the Armstrong-Frederick relations (5.21), (5.22) and (5.33),
(5.34) have a similar structure. But, in the case of 2M1C-b model, in (5.33), (5.34), there are the
additional coupling terms (X2 : m))my, (X : ms))mo.

(ii) In the case of the 2M2C-b model, one gets similar integral equations as in (5.30), (5.31). In the
regular case (5.24), ay and as can be excluded.

(iii) In the regular case (5.24), one can get elaborated differential equations for X; and X5, if some of
the ¢;; depend on the temperature.
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5.4 Some mathematical consequences of the Armstrong-Frederick relations
5.4.1 Tracelessness of backstresses and of kinematic variables

Here, the inelastic strains €;, as well as €; and €9 are assumed to be traceless (cf. (2.6), (2.21)). Hence,
it is reasonable to ask whether the backstresses X; and X5 as well as a; and «a are traceless, too. One
can prove the following result.

Theorem 5.2. Under the assumption (5.24), there hold
(535) tI‘(Xl) = tI‘(XQ) = tI‘(OLl) = tr(ag) =0
for both 2MnC-a and 2MnC-b models.

Proof. In case of a 2MnC-a model, X and X fulfil the system of integral equations (5.19), (5.20).
These are linear Volterra integral equations. The general mathematical theory says that there is a unique
solution (X1, X3) for given &1, €2, 01, o2. (The relation (3.19) for the quantities m; and my is taken
into account.) As €1, €9, 0%, o} are traceless, the deviators X} and X3 also fulfil the same system of
Volterra equations (5.19), (5.20). Due to uniqueness, there must be X; = X7 for j = 1,2. As (5.24)
holds, ar; and a are linear combinations of X1 and Xo (cf. (5.32)). And, so they are traceless too.

In the case of 2MnC-b models, after expressing a; and s in accordance with (5.32), (5.30), (5.31)
becomes a linear Volterra integral equations for X; and X5 alone. The further reasoning is as above. [

Remark 5.3. (i) In case of 2MnC-a models, one has trace-less backstresses, not assuming (5.24).

(ii) The above results make it reasonable, to assume that the symmetric tensorial internal variables o
and ag are trace-less (at least, if the inelastic strains are traceless). Then, due to (2.27), the backstresses
X1 and X4 are traceless not only in the regular cases.

5.4.2 Equations for the total strain and its rate

We notice further interesting relations. Assuming the regular case (5.24), one gets from (3.5) and (4.5),
respectively,

Ay 3 A As 3 A,

(5.36) — oy = Ea(czz —c12) X1, — 02 =

—2(c11 — c12) X
ay ag ZAC ag (Cll 612) 2

Using the evolution equations for a; and e for the 2MnC-a models (cf. (3.17) and (4.13), respec-
tively), one obtains an equation for the total inelastic strain:

3 [A A
(5.37) €in = A {(111(022 —c12) X1+ afj(cn - 012)X2} +

" 341dy
+/ 72 {(1—771)X1 +’I71(X1 :ml)ml})\ldT—i—
0 <40a1C11

" 345ds
—|—/ B {(1—7’]2)X2—|—772(X2 ng)mg})\ng.
0 4@2C22
For 1C models one has to set A\; = Ay = A. Sometimes, this equation can be useful for estimating
the total strain. For 2MnC-b models, an analogous equation can be derived, substituting c¢; and «s in
(3.38) and (4.22), respectively, via (5.36). Taking (5.24) and (3.4) into account, there hold

(5.38) 0 < |e12] < Verieaa < max{eir, cao}

And therefore, the differences (co2 —¢12) and (¢11 — ¢12) do not vanish at the same time. Hence, the term
outside of the integral on the right-hand side of (5.37) does not vanish, if there is inelastic motion.

In the case of constant c¢;j, a;j, A;, differentiation of (5.37) gives an equation for the total inelastic
strain rate

_ 3 (A . A :
(5.39) & = A {1(022 —c12) X1+ ?5(011 - C12)X2} +

ay
3A:d
t3 (1 =) X+ (X s my)my} A+
aicCii
3A5d
+3 22 (1~ 72) X2 + 172(X2 - ma)ma} Ao
a2C22
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Special cases of (5.38) can be found in Taleb et al. (2006).

In the general case of non-constant ¢;;, aj, A;, one can differentiate (5.37) with respect to ¢, obtaining
generally a quite complex formula. An easier way is to start with differentiation of (3.5), taking (5.32)
into account. This gives

. 2 . 2 . 2 .dc 2 .dc

(5.40) X = Platied + 3C12002 + STQT;I(CnXl —c12X2) + A 97;2(611)(2 —c12X1),
. 2 . 2 . 2 .dc 2 .dc

(5.41) X3 = —crp0 + e + 9£(022X1 —c12X2) + 9£(C11X2 —c12X1).

3 3 3A. db 3A. df

Due to (5.24), ¢&; and &g can be excluded. Using the evolution equations for a; (cf. (3.17), (3.38),
(4.13), (4.22)), one gets an equation for the rate of the total inelastic strain.

Remark 5.4. If (5.24) is not fulfilled, one cannot resolve the system (3.5) with respect to a; and as.
Therefore, in this case, an analogous equation to (5.37) equation contains at least one a;.

6 An extension of 2M models

The 2M models described above are “in use” (besides the new proposal for the 2M2C-b model in (4.22),
(4.23)), or, they are simple extensions of such models. Besides, they have been applied to simulation
of ratcheting (cf. Sal et al. (2004), Taleb et al. (2006), Hassan et al. (2008) and the references therein)
as well as to modelling of material behaviour of steel undergoing phase transformations (cf. Wolff et al.
(2008) for details).

Now, we want to present a possible extension concerning the coupling between kinematic and isotropic
hardening. Again, we only deal with 2M models, remarking that the subsequent extension can be generally
applied to multi-mechanism models.

A general reference to coupling between kinematic and isotropic hardening can be already found in
Cailletaud and Sai (1995). Here, we want to give a more concrete example for this. We focus on 2M1C
models. Keeping the inelastic part of the free energy as a quadratic form, we propose

1
(6.1) Yin(ar,as,q,60) := 3—9 {c11(0) a1 : a1 +2¢12(0) @1 = g + ca2(0) a2 : an} +

+ 2% {QUO)¢* +2¢Qu(0) : a1 +2qQa(0) : 2} .

Besides the scalar material parameters c;; as above, there arise two matrices Q1 and Q2 playing the role
of material parameters. Clearly, for all admissible 6, v;,, must be a convex quadratic form of a1, as and
q with positive diagonal. The Sylvester criterion provides a sufficient condition for that:

(62) c11 > 0, Cog > 0, 0%2 < c11 ¢a2, Q > 0,

(6.3) Q (c11 22 — ¢F5) + |Qzll (el Q1| — e11 1Q2ll) + [|Qull (|er2] |Qall — 22 [|Qall) > 0

for all admissible temperatures. Due to (6.1), there arise the subsequent coupled relations for backstresses
and isotropic hardening (cf. (2.27), (2.28)):

2 2
(6.4) X1 = Fciat! + 3120 +4qQu,
2 2
(6.5) X9 = 3C120n + gC2 02+ qQq,
(6.6) R=Qq¢+Qi:a1 +Q2:a

Now, one can propose evolution equations for €1, €2, a1, a2 and ¢ as in (3.7), (3.10), (3.17). This
leads to the dissipation inequality (3.20), and Theorem 3.3 applies analogously.

Alternatively, one can propose several couplings within the evolution equations. For instance, besides
(3.7), there can be supposed:

(67) dj:ajéj—dej)\—DjR)\ (j:1,2)
(6.8) G=rA—bRA—B;: X A—By: X\
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(D; and B are further (tensorial) material parameters.) Now, in comparison with (3.20), the dissipation
inequality has additional terms. Thus, an analogue to Theorem 3.3 requires more conditions.

Moreover, one needs conditions ensuring that Ry + R > 0. Clearly, this leads to further restrictions
for Q; as well as for the parameters in (6.7), (6.8).

Besides, from (6.4) - (6.8) one obtains quite complex Armstrong-Frederick relations, also in the case
of constant c;;, @, Q1 and Qa.

7 Mathematical problems for 2M models

We want to formulate mathematical problems resulting from the modelling given above. As usual in
structure mechanics, the mathematical challenge consists in determining the fields of displacements and
of temperature. Sometimes, there is an interest in finding other quantities like stresses. The modelling
of 2M models given above is quite complex. And thus, the resulting mathematical problems keep this
complexity. We will sketch this for 2M models under special conditions allowing to exclude the internal
variables.

Taking (2.1), (2.4) — (2.6), (2.14), (2.20) into account, one gets the impulse equation in the displace-
ment formulation

(7.1) ot —div(2ue(u) + prtr(e(w)l —3 K a0 — 0p)I) = f — div(2u (A1 &1 + Az €2))
(ur = K — 2 - 2nd Lamé coefficient). We re-write the heat-conduction equation (2.30)

(72) gcdé—div(nVG) :(017X1)2é1+(0'2*X2) teo+ X1 (El 7@1)+X2 : (ég*dg)‘F

0% 0952 5, 0981997 gy
gg TV g TR TV g AT g e T

(Using (2.14) and (2.25), the stresses o and o; can be excluded.)

—Rg+96

1) 2M1C models: The evolution of the inelastic strains is given by
(7.3) €; =An,
The common plastic multiplier A has to fulfil
(7.4) A=0, if flo1,02,X1,X5,R,Ry) <0,
(7.5) A >0, if fle1,02,X1,X5,R,Ry) =0 (flow condition).

As usual, A can be determined by the flow condition (7.5) and by the consistency condition which follows
from (7.5). Usually, in numerical schemes, the plastic multiplier will be simultaneously calculated in each
time step.

Considering the “regular” case (5.24), the internal variables a; (j = 1,2) can be excluded, and, one
obtains the evolution equations for the backstresses (cf. (5.27), (5.28))

. 2 . 2 .
(7.6) X1 =-c110181 + =c120282 — di{(1 —m) X1+ m1 (X1 : mp)m PN+

3 3
¢
- ﬁczz{(l —12) X2+ no( X2 : mo)ma} +
1 .dc 1 .de
+ Kco dél (c22 X1 — c12X2) + A*f d: (c11 X2 — c12X1),
. 2 . 2 . 12
(7.7 Xo= §C1QG161 + 5822@62 — 7611{(1 =) X1+ (X1 :my)my A+
1
— do{(1 = m2) X2+ m2(X2 : my)myo} A +
1 .dc 1 .dec
+ EQT;(Cle —c12X2) + EQT?(Cqu —c12X1).

Moreover, the evolution for R is given by

(7.8) R(t) = Q(t) r(t) A(t) — {b(t) A(t) — } R.



2) 2M2C models: The evolution of the inelastic strains is given by
(7.9) € =X\mn; j=12),
The plastic multipliers for both mechanisms A; > 0 have to fulfil

(710) )\j =0, if fj(O'j,Xj,Rj,Roj) <0,

(7.11) Aj >0, it  fi(o;,X;,Rj,Roj) =0 (flow conditions).

Again, the multipliers A\; can be determined by the corresponding flow conditions (7.11) and by the
consistency conditions which follows from (7.11).

Considering the “regular” case (5.24), the internal variables a; (j = 1,2) can be excluded, and, one
obtains the evolution equations for the backstresses (cf. (5.27), (5.28))

. 2 . 2 .
(712) X = 58116“61 + gclgagéfg — dl{(l — 7]1)X1 + ’171(X1 : ml)ml}/\l +

¢
— %622{(1 —12) X2+ 12(X2 : mo)mo e +
2
+gden g, x Xo) 4+ 092 (0 X, — e X)),
T c22 X1 —c12X 2 NPT c11 X2 —ci2

. 2 . 2 N c
(713) X5 = —c12a1€1] + =C22a9E2 — 2011{(1 — 771)X1 + 171(X1 : ml)l’n1})\1 +

3 3 dy
— d2{(1 —n2) X2 +n2(X2 : m2)ma s +
dc -dc
+ KGT;Q(CQQXl c12X2) + KG d;2 (c11 X2 — c12X1).

Now, there are two isotropic hardenings R;. In the “regular” case (5.10), there hold (cf. (5.13), (5.14))

ba(t)

(7.14)  Ri(t) = Qui(t)ri(t)M(t) + Quz(t)ra(t)Xa(t) — by (t) Ry ()1 (t) — le(t)QT()Rﬂt))\Q(t) +
+ Al(g‘gd?an (Q22Ry — Q12R3) + Al@ dQ12 (Q11R2 — Q12Ry),

(7.15)  Ra(t) = Qu2(t)r1 ()M () + Qaz()r2(t)Aa(t) — Qua(t >C§ f())Rl( JAL(t) = ba(t) Ra(t) Na(t) +

1 .d 1 .d
+ TQ Q12 (Q22R1 — Q12R2) + r9 Q22
Q Q

(QuR2 — Qi2Ry).

The above equations must be fulfilled in a space-time domain 2 x]0, T'[, where Q is a bounded Lipschitz
domain describing the body (workpiece) in its reference configuration, 7' > 0 is the process time.
Finally, one needs initial and boundary conditions. We require, with given wug, ui, and 6y:

(7.16) u(z,0) = up(x), w(z,0) = uy(x), 0(z,0) = by.

Modelling heat treatment, homogeneous initial conditions for u seem to be reasonable. To obtain correctly
posed mathematical problems, there must be boundary conditions for u and 6 prescribed, for instance,
mixed conditions for w:

(7.17) u=0 only, ov=0 onTy,

I'y and 'y are disjoint parts of the whole boundary 90f2 of . v is the outer normal on I's. Concerning
the temperature, we put a boundary condition which models the heat exchange:

06
(7.18) Ko = 0(6 —6r) on 0.

0 > 0 is the heat-exchange coefficient, 0 is the ambient temperature.

25



Moreover, we put initial conditions for €;, X; and R (or R;):
(7.19) g(2,00=0  X;(x,0)=0,  R;(x,0)=0.

In general, the system of equations and initial and boundary conditions listed above constitutes a
quite complex mathematical problem. To our knowledge, existence results are unknown. In Suhr (2010)
and Wolff et al. (2010b), a semi-implicit algorithm for numerical simulations for a special 2M model
describing the material behaviour of steel has been developed, and simulations have been performed.

8 Conclusion

In this study, we have dealt with two-mechanism models (2M models), focussing on their modelling in
the case of plastic behaviour. 2M models with one and with two yield criteria have been considered (see
Section 2).

e In Sections 3, 4 some results on thermodynamic consistency have been proved. When considering
non-standard cases without dissipation potentials, the proof of thermodynamic consistency is not
trivial.

e In Section 5, relations for backstresses and isotropic hardening have been derived generalizing the
classical Armstrong-Frederick relations. These relations are very useful for further mathematical
investigations including numerical simulations (cf. Wolff et al. (2010b) for a special case).

e In Section 6, an extension concerning coupling between kinematic and isotropic hardening has been
given. References to further extensions can be found in Taleb and Cailletaud (2010) and Sai (2010).

e In Section 7, some resulting mathematical problems have been formulated in short. Clearly, the
corresponding mathematical investigations remain for future work.

For further discussions and applications of multi-mechanism models we refer to the recent paper by Sal
(2010).
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