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Abstract. This paper deals with Ha-norm optimal model reduction for linear time invariant
continuous MIMO systems. We will give an overview on several representations of linear systems
in state space as well as in Laplace space and discuss the Hz-norm for continuous MIMO systems
with multiple poles. On this basis, necessary optimality conditions for the H2-norm optimal model
reduction problem are developed.
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1. Problem formulation. Consider the following linear time invariant (LTT)
descriptor system

5= (A1 B . [ @) = Aa() + Bu(), a1
(T’i> {y(t)—Ox(t), }

where x € C", u € C™ and y € CP are called the state variable, the input variable and
the output variable, respectively. The matrices A € C*", B € C™™ and C € CP"
are constant matrices w.r.t. the time variable t. The system X is referred to as stable
if all eigenvalues of A are in the left half complex plane (LHP), i.e., all eigenvalues
Aj of A satisfy Re()\;) < 0. Let us now introduce the reachability matriz R, and the
observability matriz On defined by

R.(¥) =[B,AB,..., A" 'B] € C""™,
O, (%) = [C*, A*C*, ... (A" LC*])* € P,
A system is called reachable, resp., observable if R,,, resp., O, has full rank n. In

this paper we assume that all occuring systems are stable, reachable and observable.
The goal of model reduction is to find a reduced system

S @) = Az(t) + Bu(t),  g(t) = Ci(t) (1.2)

with 2 € €7, A € €7, B € €™ and C € CP" with the property that a certain
norm of the so-called error system

A 0 |B
»y-2= 0 A |B
c —Clo

is small. In this paper, we are interested in optimal model reduction with respect to
the Ho-norm of the system which is defined as follows. The Laplace transform

CLF(0}(s) = / f(t)e dt
0

applied to the system (1.1) leads to a purely algebraic system of equations in the
frequency domain:

sX(s) —x(0) = AX(s) + BU(s), Y(s)=CX(s) (1.3)
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where X (s) = L{z(t)}(s), U(s) = L{u(t)}(s) and Y (s) = L{y(t)}(s) denote the
Laplace transform of the state, input and output, respectively. For simplicity, we
assume z(0) = 0. Solving system (1.3) for Y leads to

Y (s) = H(s)U(s)
where
H(s)=C(sl,—A)™'B, seC (1.4)

with I, being the n-th order identity matrix is called the transfer function. The Ho-
norm of the system is X is defined as the Ho-norm of its transfer function H given
by

1 o0
|H|[3,, = 7 / trace (H (iw)* H (iw)) dw, (1.5)
T
cf., e.g., [1] where i is the imaginary number with i = —1. Hence, the aim of Ha-norm
optimal model reduction is
minimize J(X) = ||Z - ||, . (1.6)
b
or equivalently,
minimize J(H) = ||H — H||?,. (1.7)
b

We note that representation (1.1) of the system ¥ is not unique as the state basis can
be transformed by x = Sz with any regular matrix S € C™" which yields

z(t) = Az(t) + Bu(t), y(t) = Cz(t) (1.8)

with A = S~'AS, B=S"'B and C = CS where A and A have the same eigenvalues.
However, the transfer function for (1.8) is the same as for (1.1). Therefore, it is
common to identify the system not with its matrices A, B and C but with its transfer
function H and hence, also to speak of H as a system.

DEFINITION 1.1 (Real system). A system H is called real if there exist real
matrices A, B and C such that H = C(sId — A)~'B holds where 1d is the identity
mapping.

In the following, we will also use the function H defined by

H(s) := H(s*)* = B*(sl, — A")~'C*, s¢€C. (1.9)

2. Properties of a transfer function.

2.1. SISO. We will now introduce different representations of a transer function
H. On the one hand, H can be written as a quotient of two polynomials:

Zz:l aksk
H(s) = SF——, Bu=1, (2.1)
> k=0 Brs®
with complex coefficients ay, k = 0,...,n — 1 and B, k = 0,...,n. Here, the zeros

of the denominator are the poles of the system, resp., the eigenvalues of the matrix
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Ain (1.1). On the other hand, around each pole \;, j =1,...,n, we can expand H
into its Laurent series, i.e.,

H(s)= > yuls = \)". (2:2)

l=—n

Here, the Laurent series starts at | = —n as H is a rational function with the denom-
inator’s polynom degree being equal to n. The coefficients «;; are called the Laurent
coeflicients of H at A; and 7;_1 is called the residue denoted by Res(H, \;). The
order —lo(j) of a pole \; is defined as the highest index ! such that v; = 0 holds for
all I <ly(j). The case lo(j) = —1 will be referred to as simple pole, for lp(j) < —1 we
use the notation multiple pole. We note that —n < ly(j) < —1 holds as H is rational.

We will now give a third representation based on partial frations which will be
helpful in the following proofs.

2.1.1. Simple poles. In many applications, the system has n different simple
poles, i.e., lg(j) = —1 holds for j = 1,...,n. Therefore, it is worth to investigate this
situation in more detail. By expanding the transfer function H into partial fractions,
we obtain

H(s)=>_ i $; #0, j=1,...,n, (2.3)
j=1

)
S—)\j

where the pairwise different A; are the poles of the system and ¢; = Res(H, A;) are
the residues at A;, j = 1,...,n. Obviously, the matrices A, B and C defined by

A=diaght,.... ], B=[1...1" C=l¢w..., o (2.4)

describe the system (2.3). Hence, the entries ¢; of the vector C in the representation
(2.4) are the residues of H at the poles A;.
PROPOSITION 2.1. The following three conditions are equivalent:
(i) H is real,

(i) ar, k=0,...,n—1, and B, k=0,...,n, in (2.1) are real,

(iii) the poles \;, 7 = 1,...,n, and the residues ¢;, j = 1,...,n, in (2.3) appear
in conjugale pairs, i.e., if A\; is a pole with residue ¢;, then A is a pole with
residue ¢j.

Proof: Implication (i)=-(ii) is obvious. For implication (ii)=-(iii), equation (2.1)
yields
H(s) = ngé Oékf‘Tk _ ngé f?ksk — H(s)
Do BrS* Do Bust

as ai and (B are real. On the other hand, (2.3) implies

— b; B n (;3
H(S)_Zg—])\j _;S—]j\j'

Hence, we obtain

b N~ 9
s—)\j_;s—jxj
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and comparison of coefficients leads to (iii). For implication (iii)=-(i) we will now give
a representation with real matrices A, B and C' if poles and residues of H appear in
conjugate pairs. Without loss of generality, we consider the case n = 2. The proof
for n > 2 can be done blockwise. If we have two different real poles with — due to
condition (iii) — real residues, one can take representation (2.4). For nonreal poles
A1 = A5 =: X\ with residues ¢; = ¢5 =: ¢ the transfer function is given by

¢ ,_ &

H(S):s—)\ §— A*

Consider the system represented by the matrices

A—<_§§§ Iﬁii) B—<1>7 C=(Rep—Imp,Rep +Img). (2.5)

Its transfer function is given by

-1
(Re¢)(s — Re\) — (Im ¢)(Im

=2 (s —Re M2 + (Im \)2
__9 P _
B s—)\+s—)\* = H(s).

This completes the proof. We note that the well-known reachable (and observable)
canonical form is also a proof for impication (ii)=-(i).
The funtion H is given by

H(s) = Z

with ¢; and \; from (2.3). Due to Proposition 2.1, we obtain H = H for real systems.

(2.6)

2.1.2. Multiple poles. In this case, the transfer function has the following form:

N nj (b N
1 .
ZZ J o Y nj=n, ¢jn, #0, j=1,...,N, (2.7)
j=11=1 j=1
where the pairwise different A;, j = 1,..., N, are the poles, each of order n; with
corresponding coefficients ¢;;, [ =1,...,n;. For 1 < j < N, rewrite (2.7) as
N ng N Nk n;
Pri Pri b1
H) =3 ) mooyi= 2 2 T+ 2
k=1 1=1 (s = Ax) k=1k£j I=1 (s = Ax) =1 (s =A5)

The first sum is holomorphic around each A;. Therefore, it can be expanded into
the Taylor series around A; which coincides with all summands of the Laurent series
of H(s) around A; with nonnegative indices. The second term corresponds to all
summands of the Laurent series with negative indices, i.e., ¢p;; = v;,—; forl =1,...,n;.
This term is often called principal part of the Laurent series around A; and we will
therefore denote the coefficients ¢;;, { = 1,...,n; as principal coefficients. For a closer
investigation of the principal coefficients define the Jordan matrices J;, j =1,..., N,
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as the n; xn;-dimensional matrix with A; on each diagonal, ones on the super-diagonal
and zeros elsewhere. Due to

(S—)\j)_l (S—)\j)_nj
(sl, —J;) "' = : : (2.8)
0 (S — /\j)_l

the following matrices A, B and C' describe the system (2.7):

A=diaglJy,...,Jn], B=leh,....et ]

nyo ’

C=1d1n,-- P11, BNy - ONa - (29)

Here, e; is the j-th unity vector, i.e., e; = (0,...,0,1)* € R7. Therefore, the entries of
the matrix C' in representation (2.9) are the principal coefficients ¢;; in representaion
(2.7) of H.
PROPOSITION 2.2. The following three conditions are equivalent:
(i) H is real,

(i) ag, k=0,....,n—1, and Bx, k=0,...,n, in (2.1) are real,

(iit) the poles A;j, 7 = 1,...,N, and corresponding principal coefficients ¢ji, j =
1,...,N,l=1,...,nj, in (2.7) appear in conjugate pairs, i.e., if \; is a pole
with coefficients ¢ji, then X} is a pole with coefficients ¢7;.

Proof: Again, (i)=-(ii) is obvious and (ii)=-(iii) was already proven in Proposition

2.1. For (iii)=(i), it is without loss of generality sufficient to find real matrices

A, B and C which represent the following transfer function H with two nonreal

poles A1 = A5 =: X\ and corresponding principal coefficients ¢11 = ¢35; =: ¢, resp.,

G12 = g3y = ¢

¢ ¢ v v*
H(s) = s—)\+s—)\* + (s —N)2 + (s — A*)2’

Consider the system represented by

o A1 IQ _ Bl _
= (M E) m= (). oo

ReA ImA\ 0 1
Al:(—lm/\ Re/\)’ Bl:(o)’ B2:(1>’

C;=Re¢p—Imp,Rep+Im¢), Co=(Retp —Ime,Retp +Imu).

where

Its transfer function is
C(sli— A)'B=C ( (s> = Al)_; Ejﬁz - ﬁigj > B
= 01(812 — Al)_2B2 + CQ(SIQ — Al)_lBQ
(Red)(s — ReA) — (Im¢)(Im )
(s —ReA)?2 + (Im\)?
(Re ) ((s —Re\)? —Im )\) —2(Im¢)(Im A)(s —Re )
((s = ReA)? 4 (Im \)2)?

=2

+ 2
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which completes the proof.
The funtion H is given by
N ny (b*

ﬁ<s>:ZZ@_—ﬁjw-

j=11=1

Equivalently to the SISO case, Proposition 2.2 yields H = H for real systems.
2.2. MIMO. Now, B and C are matrices:

B=[B'... B"], C=[CY*" ... (CP)*]",

with column vectors B! = (Bi,...,B:)T € C" representing the i-th input for i =
1,...,m and row vectors C* = (C¥,... C¥) € C" representing the k-th output for
k =1,...,pof the system. Therefore, the transfer function H is a (p x m)-dimensional
matrix with components Hy;, t =1,...,m, k=1,...,p:
Hll(S) Hlm(S)
H(s) = . Hyi(s) = C*(sl, — A)7'B', (2.10)
Hyi(s) ... Hpm(s)

and each Hj; can be seen as a SISO transfer function with input B* and output C*.

2.2.1. Simple poles. Here, each Hy; has the form

n ki
Hyis) =Y % (2.11)

= s — )\j
where \;, j = 1,...,n, are the poles of Hy; (which are the same for each Hy;) and
;”, j=1,...,n are the residues of A;. We note that for p > 1 and m > 1 it is not

possible to give representations A, B and C for the system as in (2.4) with B being
a constant vector. Hence, the residues now depend on both B and C. Consider a
representation where A is diagonalized, i.e., A = diag[\1, ..., \,]. By definition of H,
each component Hy; is given by

Hyi(s) = Z P - /\j_

and comparison of coefficients yields that the residues satisfiy
o =Cr B, i=1,....,m, k=1,....p, j=1,...,n. (2.12)

2.2.2. Multiple poles. Here, the entries Hy; of H have the following represen-
tations:

N
Hki(s):-zz(s_iﬂ)\j)l, > nj=n (2.13)

with gbf; being coefficients in the principal part of Laurent series of Hy; around the
poles A; of order n;, 5 = 1...,N. For a better understanding of the residues we
consider a Jordan representation of A, i.e. A = diag[Jy, ..., Jn] (cf. the SISO case).
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We will first investigate the case of one pole A of order n. Then, we have A = J and
(2.8) leads to a transfer function with components

n n Bi n Zn I+1 Csz
_ § k E q _ § : q+1-1

=1 q:l =1

For N > 1 poles, we divide B = (Bf,..., B%)* with matrices B; € €""™ and
C = (Ch,...,Cyn) with matrices C; € CP»™ for j = 1,...,N. Due to H(s) =
Zj-v:l Cj(sI, — J;)~'Bj, equation (2.14) implies that each component of H is given
by

N nj n l+1( ) (

k
sz ZZ S :1\

j=11=1 J

B )q+l71
)’ '

Hence, we obtain the following representation for the residues:

n—I+1

o= > (Cie(Blarir. (2.15)

q=1

3. The Hs-norm. We will now give explicite formulas how to derive the Hs-
norm of a given system H. Due to (1.9), the Ha-norm becomes to

ico

| H|[2, = % /trace (H(—iw)H(iw)) dw = % trace (ﬁ(_z)H(z)) dz. (3.1)

—ico

3.1. SISO. As in this case H is scalar, (3.1) simplifies to

\HIB, =5 [ H2HEE 3:2)

—ico

We will calculate this complex integral via the classical Residue Theorem from com-
plex analysis (cf., e.g. [2]) which we state here in a simple version suitable for our
purpose.

THEOREM 3.1 (Residue Theorem). Let F : C — C be a complex meromorphic
function and v be Jordan curve, i.e., a simple closed curve, in C such that F' has no
poles on . Then, the following holds:

1
5 | Fle)dz = > o Res(F, \). (3.3)
v A pole of F inside ~y

Here and in the following, a point is referred to lie “inside” a curve if its winding
number is equal to one. For example, each point z with |z| < 1 is inside the anti-
clockwise parametrized unit circle, i.e., y(t) := €2™, t € [0,1]. We note that the sum
in (3.3) is finite as the function F is meromorphic. The following result will be helpful
for the computation of formula (3.2).

PROPOSITION 3.2. Let F: € — C be a rational function of order o < —2, i.e.,

SN apz®
F(Z):IIC\/[Lv o‘NvﬁM#Ov O::N_M§—2,
Ek:o 6kzk
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iR

§a!

R Y

Y2 -iR

Fic. 3.1. The curves v1 (dashed line) and 2 (solid line)

with no poles on the imaginary axis. Then the following holds:
ioco

1
5= | Fla)dz= > | Res(F, \).
—ioco A pole of F in LHP

Proof: Consider for a fixed R > 0 the Jordan curve v defined by

. yi(t), telo,1], y1(t) := —iR + 2iRt, t € [0,1],
M= -1, telL2 () = iR, €01

for ¢ € [0, 2] as shown in Figure 3.1. Then, we have

fF(Z)dz = /Vl F(z)dz = /WF(z)dz - /W F(z)dz. (3.4)

—iR

The first integral can be computed via the Residue theorem:

1

5o | Fle)dz= > Res(F,\) — > Res(F, \).
Tr — 00

v A pole of F inside ~y A pole of F' in LHP

The second integral in (3.4) is bounded by

/W F(z)dz

For sufficiently large R, there exists a constant ¢ such that |F(z)] < ¢|z|V =M holds
for |z| > R which implies

< |y2| max |F(z)| < 7R max |F(2)].
ZE€72 |z|=R

F(z)dz < erRN—M+1 < o 0.

Y2 R—o0

This completes the proof.

Due to (2.1), H(—z)H(z) is a complex rational function of order o0 > 2. Since for
a stable system H, the function H(—z) has no poles in LHP, the function H(—z)H (z)
has the same poles in LHP as H(z) and the Ha-norm becomes to

| HI|Z2, = 3 Res (H(—Z)H(z), 2= /\) . (3.5)
A pole of H(z) in LHP
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3.1.1. Simple poles. The following result is well-known in complex analysis
and can be found, e.g., in [2].

PROPOSITION 3.3. Let F' be a meromorphic complex function and X be a simple
pole of F with residue ¢. Let furthermore G be a complex function which is holomor-
phic in X. Then, we have Res(F - G, \) = Res(F, \)G(\) = ¢G()\).

This brings us to the main result in this paragraph.

PROPOSITION 3.4. The Ha-norm of a stable system H with simple poles \; and
corresponding residues ¢5, j =1,...,n, is given by

[HFe, =Y @ H(=X)" =Y ¢ H(=X)). (3.6)
j=1 j=1
If H is real, we have
|H|13, = ¢ H(=N)). (3.7)
j=1

Proof: Using equation (3.5), we directly obtain (3.6) where the second equality
arises from the fact that ||-|| = || -||* holds. Furthermore, Proposition 2.1 yields (3.7).

3.1.2. Multiple poles. Due to (3.5), we have to calculate residues of H(—z)H(z)
in A\j, 5 =1,..., N, which are now poles of order n;, respectively. We can use the
following well-known result, cf., [2].

PROPOSITION 3.5. Let F' be a meromorphic complex function and A be a pole of
order k of F'. Then, the residue of the function F in X is given by

Res(F, \) = (k%l)' lim (((z - /\)’“F(z))(k_l)) . (3.8)

where the superscript (k — 1) denotes the (k — 1)-th derivative with respect to z.
In the following, we will calculate the right hand side of equation (3.8) for F' = H.
LEMMA 3.6. For j=1,...,N andl=0,...,n; —1 we have

tim (2= M) HE)™ ) = g (ny — 1= 1)) (3.9)

z—= N
Proof: The term ((z — ;)™ H(z))(nj_l_l) can be written as

(nj—1-1)

N n;i (b (2_)\)" n; (nj—1=1)
PP RELIE e
t k=1

i=1,i#j k=1
Here, the first summand vanishes for z = A; since

((=a)mE=2™M) ") =0

Z:>\j

holds, whereas for the second summand we obtain

I+1
<Z Gjr(n; —1 =Dz — )\j)1+l—k>
k=1

= ¢jir1(n; —1=1)!
Z:)\j
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Now we come to the main result of this paragraph.
PROPOSITION 3.7. The Ha-norm of a stable system H with simple poles \; and

corresponding principal coefficients ¢j;, j=1,...,N,l=1,...,n;, is given by
N nj N nj
1H115, = ZZ H0 (- =ZZ azH“ DX
j=11=1 j=11=1
(3.10)

If H is real, we have

N nj

1 H][3, = ZZ (bﬂH(l V(=) (3.11)

j=11=1

Proof: Using Proposition 3.5 and Lemma 3.6, we obtain

Res(ﬁ(—z)H(Z)a Aj)

1=0
N (n; 1_ 1! =0 njl_ > zlilr)\l] (((Z —A )njH(Z))(njilil)) (EI( ))(l)’Z R
1 nj—1 ny — 1
- (nJ—l)! — l >¢Jl+1(nj 1—1) ( )H(l)( A )
B nj (_1)l71 0
= 2 =1 G D (= );)

Equation (3.5) directly yields (3.10), and (3.11) can be obtained from Proposition 2.2.
3.2. MIMO. The Hs norm is given by

oo

% /trace(H(iw)*H(iw))dw:%/;(Hki(iw)*ﬂm(iw))dw

)

14 [3,

= Z / Hyi (iw)* Hy; (iw)dw ZHH/WHHQ

ik
(3.12)
and hence, the results from the previous section about SISO systems can be used to
compute the Ho-norm of a MIMO system.
3.2.1. Simple poles. Due to (3.6), for each Hy; the norm is given by

n

| il 3, = D (5)" Hii(=A])

j=1
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which, together with (3.12), implies

115 = 33 (8 Hsl ) = S Hu-%) - 619)

=1 i,k
3.2.2. Multiple poles. Due to (3.10) and (3.12), the norm is

N nj

|H|Z, = Y HD (<) (3.14)

j=11=1 4,k
4. Necessary optimality conditions.
4.1. SISO.

4.1.1. Simple poles. As mentioned in the previous section, for simple poles it
is possible to find a representation A, B and C of a system such that B = e, holds
and the only free paramters are the poles of ¥ on the diagonal of A and the residues
in C. Hence, minimization problem (1.7) can be seen as

minimize J(v) = ||H — fl||§_(2 (4.1)
with the optimization variable

v=A1,..s A, 015, 0,) € CF. (4.2)

If we assume that the poles of the original system are different from the poles of the
reduced system, the error system H — H has n +r simple poles A1, ..., Ap, )\1, ey A
with corresponding residues ¢1, ..., ¢n, (;51, . (;5T Formula (3.6) 1mphes that the
cost functional in (4.1) can be written as

o7 (H=X) — X)) + ié; (f1(=35) - 1(=3))

which yields a nonsmooth optimization problem with the complex optimization vector
v € C?". We consider three different types of optimization problems:

n

Jj=1

Case 1: minimize J(v) subject to v € R?", (4.3)
v
e., the optimization vector v shall real. This is a reasonable task if the original
system H is real or even has real poles and residues. In this case, due to (3.7), all %
superscripts can be deleted in J and we obtain

_i@(ﬂ(_x K quj( (—4) = H(=A)) - (4.4)

Furthermore, instead of adding the constraint v € IR?", one can also directly see the
problem as a real unconstrained one. Therefore, we obtain a smooth unconstraint
optimization problem with the real optimization vector v € R?".

THEOREM 4.1. Necessary optimality conditions for problem (4.8) are given by

H(=X\;) = H(=)\;), H'(=\;)=H'(=)\)), j=1,...,m (4.5)
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i.e., interpolation OfH and its first derivative with H at —j\j, j=1...,r

This result together with a proof was already given by Meier/Luenberger [4] and
Gugercin/Antoulas/Beattie [3]. However, we note that in both references the authors
did not mention that their proof is only applicable in case 1, i.e., for real poles and
residues, as for complex v one has to minimize the cost functional J in (4.1) which
is not differentiable w.r.t. the optimization variable. We furthermore note that,
nevertheless, in both publications the result is claimed to be correct and used in
examples also for nonreal poles and residues. We will now investigate in which cases
the result is still true for a complex v and when it should slightly be modified.

Case 2: minimize J(v), (4.6)

i.e., there shall be no constraints. The typical approach for such nonsmooth optimiza-
tion problems with a complex variable v € R?" is to consider the real variable o € R*"
consisting of real and imaginary parts of the components of v as optimization vector
in the general case:

o= (ReA;,ImAq,...,ReA, Im A\, Re gy, Im ¢y, ..., Re gy, Im )" € R (4.7)

Then, J is smooth w.r.t. v and hence, we obtain a smooth unconstrained optimization
problem with optimization variable o € IR*".
For the statement of the main result in case 2, the following lemma will be helpful.
LEMMA 4.2.
(i) For p=1,...,r we have:

OH(=X1) OH(-X:) OH(-X;) OH(-\})
(’QRe(;ASH B Blméu B 8Re¢?u B 8Im¢gu
OH(-\;) 10H(=X) 1 OH(-\;) 10H(=X) 1

OReg, 1 Olme,  —ANi—X,  ORed, 1 dlmg,  —\i-A\,

3

(i) For p=1,...,r we have:

OH(=);) _ OH(-X}) _ 0 OH(—X) _ 10H(=X;) _ bu
ORe A, Alm A, " ORed, 1 dImA, (N ALY
OH(=X;) _ 10H(-X) _ { 0,  i#m
8Re§w i (’QImS\H _HI(_)\;)a J =t
A b .
OH(=A}) _ ) o A J#
IRe A, —H'(=X}) + ()\iﬁv J =t
N . b )
OH(=A}) - 1W7 ) J# 1
dTm A, iH' (=) — ﬁ j=p.

THEOREM 4.3. Necessary optimality conditions for problem (4.6) are given by

H(=N5)=H(=-X), H(=X)=H'(-X)), j=1,...,m (4.8)

i.e., interpolation offl and its first derivative with H at —5\;2 j=1,...,r.
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Note that —5\;, j=1,...,r, are called mirror images.

Proof: In view of Lemma 4.2, differentiating J with respect to Re (;ASH yields

8Re¢u JZ:: .y ~Ne) 4 qu 5 — H(=\p)
—H(-) ) H(-\) + H( Au) — H(—X;) (4.9)
H(— ;Z)* H(=X,) + H(=X)" — H(=A})

— 9Re ( (=An) — H(—A;)) .
Analogously, we obtain

aJ A o o )
— = SH(=A0)" —iH(=AL) + (=MD +iH(=X%)
O0lm ¢, (4.10)
— 2Im (ﬁ(-ﬂ;) - H(—X;)) .

In view of equations (4.9) and (4.10), the necessary optimality condition 9.J/0z = 0
implies the first condition in (4.8). Differentiation of J with respect to real, resp.,
imaginary part of A, yields

ORe Pl CVECD VA ERE p R OV D L
°r/ N (5 e Tk 17! A *
= G (=3) — b H' (<A — G5 H (= X0) + G4 H (—A%)
= 2Re (4 (H'(-X;) - H'(-3)), (4.11)
8‘] - * Q/A),u - s QB#
— =iy ¢ — + ¢F 1
Olm \ ; NP WE IJ:U# HCHEPWE
+i (ﬁ’(— ") O o — &L H' (=A%)

In view (4.11), 0J/0% = 0 implies the second condition in (4.8) which completes the
proof.

REMARK 4.4. If the resulting system in problem (4.6) for case 2 turns out to be
real, corresponding optimality conditions (4.8) are equivalent to conditions (4.5) for
case 1.

Case 3: minimize J(v) subject to H is real. (4.12)
v

This case is reasonable if already the original system H is real what we will assume in

the following. Now, v can be complex but all poles and residues appear in conjugate

pairs as shown in Proposition 2.1. For simplicity of notation, we assume that all
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components of v are purely imaginary and hence, that »r = 2R, R € N, is even. For
all real components one may use the results of case 1. Then, (4.12) is equivalent to

minimize J(9) subject to Aj = Ap ;. ¢ =0hr; Jj=1,....,R  (413)

v

This can be seen as a constrained smooth optimization problem using again v from
(4.7) as optimization vector.
THEOREM 4.5. Necessary optimality conditions for problem (4.12) are given by

H(=\) = H(=)\)), H'(=\)=H'(-X), j=1,...,n
Proof: The Lagrangian function in normal form for (4.13) is given by

R R
L(p,x,v) = J(v) + Y _Rewyj(Red; —ReAj ;) + Y Imyy;(Im A, +Im Ay, )

Jj=1 j=1

R R
+Y Rex;(Red; —Redjy;) + > Im;(Imd; + Im d ;)

j=1 j=1

with the complex Lagrange multipliers 1 = (¢1,...,%r), x = (X1,---,xr) € C. In
view of (4.9), for p=1,..., R we obtain

oL 1/17 ) 2 NS N
(;T;iw = 2Re (H(=A;) = H(=A})) + Re (4.14)
and

8L(1/}5X7’U) 3 3 * \ *
—————= =2Re (H(— — H(- — R
Redn., e( (=Artp) ( R+u)) € Xp (4.15)

= 2Re (ﬁ(-ﬂ;) - H(—X;)) — Rex,

since ;\j = ;\*R +; holds and H and H are real. Necessary optimality conditions for
(4.13) imply that OL(v, x,v)/00 vanishes. Setting equations (4.14) and (4.15) to zero
and subtracting them, we obtain Rex, = 0 for j = 1,..., R. Analogously, one can
see that Im x, = Re,, = Im1, = 0 holds which means that all Lagrange multipliers
vanish and we obtain the same necessary conditions as in (4.8), resp., (4.5) since H
and H are real.

4.1.2. Multiple poles. Due to (2.9), for any system H it is always possible to
find a representation A, B and C with the same matrix B and only the poles and the
principal coefficients as free variables. Hence, the optimization variable for problem
(1.7) in the case of multiple poles is given by

v = ()\1; CI) XR) lela CI) le,'rlv sy QASRla CI) QBR,TR)T S (DR+T (416)
where R is the given and fixed number of poles in the reduced system, each of
given and fixed order r;, with corresponding principal coefficients, ¢;;, j =1,..., R,
Il =1,...,rg, "1 + ...+ rr = r. Assuming again that all poles of the origi-

nal system are different from the poles of the reduced system, the error system
H — H has n + R simple poles A1,...,An, A1, ..., Ag with corresponding coefficients
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D115 ONmns —du1, ..., —qu_,TR. Due to (3.10), we have the following cost func-
tional:
Sl (D! (1-1) (-1
I =323 (HODX) = B (=A)
T _
(—1)l ' F70-1 (I-1)(

As for simple poles, we will consider the following three cases.

Case 1: minimize J(v) subject to v € R*", (4.17)
Case 2: minimize J(v), (4.18)
Case 3: minimize J(v) subject to H is real. (4.19)

v

We begin with the general case 2 and consider again the real optimization variable

o € R2(E+7) consisting of real and imaginary parts of the components of v. The

following result can be proved analogously to Lemma 4.2 in the case of simple poles.
LEMMA 4.6.

(i) Foru=1,...,R, v=1,...,r, we have:

OHU=D(=Xr)  9HU=D(=X5)  oHE=V(=Xy)  9HI-D(=X})

h _ _ — h _ _ J — O7
ORe ¢ Olm ¢, ORe ¢ Olm ¢,
OH'"V(=X) 10HD(-)) (- (v+k-2)!
ORe by, i0lmu, (v — 1)1+ A
OHI=D(=)x) 1OHV(-N) (=) (v +k-2)
ORe b, i 9Tm ¢, (v = DIA; + A=t
(i) For u=1,...,R we have:
OHU=D(=X1)  oHU=D(=A%) 0
ORe ;\u B Olm ;\u o
OH(=D (=) TOHTD(=)) N (D) Y+ 1= D)lgu
ORe i amA, = (k= DI+ AR
OHU"V(=X;)  19HCI(=y) { 0,  i#m
(’“)Re;\H i BImS\M _H(k)(_/\;)a J =
- DR 1)1 ,
OH!=D(=)r) kzz:l (o 1)|(&*+& )k+l ’ J#

ORe \ i (- 1)’“ 1k+z 1>'¢>u _

Tu

N (_1)k71(k+l_1)!¢uk .
8H(l71)(_)\;‘) _ g::l (k—D)I(Xr A FH J#u,
OTm \ AW ey S CDF T R =D s

' HEEX) k; IO VS WL
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THEOREM 4.7. Necessary optimality conditions for problem (4.18) are given by
l 3 Fr(l N .
HO(=X5) = HO(=X), j=1,...,R, 1=0,...,7; (4.20)
i.e., interpolation offl and its first v; derivative with H at —5\;, i=1,...,R.

Proof: Similar to the case of simple poles and using Lemma 4.6, differentiating
J with respect to v yields

oJ (-1 o .
&w@W‘Q@—nﬁm(( (X) = HOV(4) (4.21)

07 (_1)U r(v—1 N * v—1 N
Mm@W‘Q@—nFm@ﬂ (X) = HO(4) (4.22)

forp=1,...,Randv=1,...,r, and

oJ (-t 1
8R65\ 22 (1 -
(

Re (35, (HO(X) - BO(-5))

=1
s, 25201 m (45, (HO(3) - HO(-3) )

for p = 1,...,R. Equations (4.21) and (4.21) gives interpolation of the first r; — 1
derivatives which, together with (4.23), implies interpolation of r;-th derivatives in
each —5\;, j=1..,R.

For case 1, one can use the previous proofs. We obtain all derivative formulas
w.r.t. v by omitting the “Re” notation in all preceding formulas for derivatives w.r.t.
the real parts of the components of v. This directly yields the optimality conditions
(4.20). Using Proposition 2.2, we obtain the following result.

THEOREM 4.8. Necessary optimality conditions for problem (4.17) are given by

(4.23)

DAy =HD(=X), j=1,...,R 1=0,...,7
i.e., interpolation OfH and its first v; derivative with H at —j\j, i=1...,R.

Case 3 can be handled as for simple poles. Again, we obtain that the Lagrangian
multipliers of problem (4.19) vanish and we obtain the following result.

THEOREM 4.9. Necessary optimality conditions for problem (4.19) are given by

H(l)(—j\j)zﬁ(l)(—j\j), jzl,...,R, ZZO,...,T]‘

i.e., interpolation offl and its first v; derivative with H at —S\j, 7=1,...,R.

4.2. MIMO. For MIMO systems, we will only consider the general case (i.e.,
case 2 for SISO) of optimization problem (1.7) without constraints. Contrary to the
SISO case, the residues of a transfer function now depend on both B and C' if A is
given in eigenvalue decomposition form. Hence, both B and C act as optimization
variables additionally to the eigenvalues of A.

4.2.1. Simple poles. The optimization vector is now given by

v=,..., A\, Bl,...,B™ Cl, ... ,C»)T e grmrter, (4.24)
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resp., o = (Rev”,ImoT)T € R2(+mr+p7) - Similarly to the SISO case we consider
the error system H — H which has the n + 7 simple poles A1, ..., A\, 5\1, e 5\T with
corresponding residues ¢, ... ¢k —¢h . —dF in the ki-th component of the error
system. In view of (3.13) and (2.12), the optimization problem can be formulated as

minivmize iz (b]” (sz Aj) — f{ki(_/\;))
J=1 i,k

T

+ ZZ (45" (Hlm A7) = Hki(_j‘;))

j=1 i,k

(4.25)

which is smooth with respect to ¥ and unconstrained.
THEOREM 4.10. Necessary optimality conditions for problem (4.25) are given by

H(=X5)Br = H(—X})B;,
CrH(=X) = CrH(=X)), j=1,....m (4.26)
C:H'(-X0)Br = CrH'(—X;)B:,

where
C'j = j-th column of C, Bj = j-th row of B.

In other words, the optimal reduced transfer function Hisa left sided tangential inter-
poland into the directions C7, a right sided tangential interpoland into the directions
B and a both sided tangential interpoland into the directions C3, resp., B} of the
original transfer function H.

Proof: Since J can be written as J = sz Jii with

T = 30680 (Hial =) = Bl =3) + Y008 (=) - Hia(=5))

Jj=1 7j=1

we can use the derivative formulas from the SISO case for each J;; to calculate the
derivatives of J. Define the vectors

ngi = (Allﬂ.v R ngl)T € (DT, (5 = (95115 N '7(5pm) € (D’l“pm.
Then, we have

aJ < dJ11 8T pm > aJ ( dJ11 0T pm )
Re ¢ ORe !’ Re ppm Im ¢ Olm¢!1’ " AIm grm

with entries as in the SISO case given in (4.9) and (4.10). Due to (2.12), the residues
satisty ¢§i = C]’?B;, resp.,

Re¢h = ReCFRe Bi — ImCfIm B!, Im ¢}’ = Re CFIm B! + Im C*Re B,

Hence, for i = 1,..., m we obtain

ORe Pk . OIm @k . ORegk . Olm gkt N
% _ Re Bl o _ Im BY,, o _ ~Im B, % _ Re B!,
ORe C;j ORe C;j Olm C;j Olm C*
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if Kk =k and pu = j. For k # k or pu # j, the derivatives are zero. Then, the chain rule
yields
oJ 0J OReg oJ Olm¢
OReC%  OReddReCls  Olmo OReCs
0Jri  ORe ¢ n Z 0Jyi  Olm ¢
. ORe Pkt ORe C'f Olm ¢kt ORe Cy

ik

—2 iRe (Fi(=A;) = Hus(=A})) Re B
i=1

+2 Zlm (ffm(—;\Z) — H,.;i(—;\;)) Im EL
i=1

=23 Re [(Hm(—X;) ~ Hu( A;)) (B;)*}
=1
Analogously, we obtain

01 N (s ) (Bie]
iy " 2;Im (=) = Hei(=A0)) (BL)']

8. N . )
m:2;Re (A (=) = Hi (=) (€5)']

7 0Nt [(H (=30 — (3 (€)'
gy~ 220 (A A — Hu3) ()]

Hence, the necessary optimality condition 8.J/9Z = 0 imply

E[ﬁz(_;\Z)(EL)* Hm(—;\:i)(f?;)*, k=1,...,p,

.

@
I
s

[

i=1

NE
[
NE

(CEY Hy(—X3) (CEY Hy(=X), v=1,...,m,

E
Il

1

b
Il

1

for p = 1,...,r which is equivalent to the first two conditions in (4.26). Differentiation

of J with respect to real, resp., imaginary part of 5\# via formulas (4.11) for J;;, directly
yields

9 VRN (o ARy FT R
s (-
a0J _ ik * / ] * 2zl N
i (- 3)
for p=1,...,7. Due to necessary conditions and ¢}* = C¥ B!, we obtain
> (G (=N (BL) =30 (G HL(=N)(B)" p=1,or
i,k ik

This is equivalent to the third condition in (4.26) and hence, completes the proof.



Necessary optimality conditions in model reduction 19

4.2.2. Multiple poles. Now, the optimization problem is given by

N ny -1 .
rninivmize J(v) = Zl ; Zk ((l i)l)! ( ;c;)* (H;gfl)(—/\;) - ngé_l)(_)‘;))
LS O G (05 - BV A))
bk (l — 1)' gl ki J ki J

with the optimization vector

v=(A,. . Ar (BT, (BN (COLL o (C ) )F € CRFmrter - (4.28)

nN?

resp., = (Rev”, ImvT)T € R2(FE+mr+p7) and the principal coefficients ¢l and Aff
as in (2.15).

THEOREM 4.11. Necessary optimality conditions for problem (4.27) are given by

= 1 < 2 L (e . 2 .
C o350 (Bia) = 2 SR HO A (B)ira)”
7=0 q: =0 q'
1 qye s . he (4.29)
C gy B0 (-5 = 32 CL (i) OS5,
q=0 ¢ q=0 q
forj=1,...,r,1=1,...,1; and
T (_1)1_1 -1 N . . R §
Z (l _ 1)[ Z ((CJ)Q) H(l)(_)‘j)((Bj)q-i-l—l)
= q=0
J (_1)1_1 -1 N A . R (430)
Z (l _ 1)[ Z ((CJ)Q)* (l)(_A;k)((B])Q'f‘l—l)*
=1 =0
forj=1,....r where

(éj)q := g-th column of the matriz é'j, (éj)q := gq-th row of the matriz éj.

Proof: Again, we write J = sz Jir and use the formulas from the SISO case.
Due to the principal coefficients representation (2.15), for i =1,...,m we have

6Re¢’?li B

——"— =Re(Byu), 411
ORe (C)5

ifk=kpu=j,1<v<r; =141, resp.,, for k=1,...,p we obtain

ORe ¢§f

————"— =Re(C)y_111
ORe (By);,
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ifo=d,p=73,1<v—-14+1<r; =141, whereas derivatives for other indices vanish.
Similar formulas hold for derivatives of imaginary parts of ¢ and also for derivatives
with respect to imaginary parts of B and C. Therefore, the chain rule yields

Wy e (A3 — T E80) (Bubaa) ]

m Tu—v+1 (_1)l—1
ORe (éﬂ)ﬁ i=

1 =1
o.J m ru—vr+l (_1)l71 S (1-1) C (-1 C 2 N
m = 2; 2. mlm |:<Hn7, RICOWES N (—)\,)) ((Bu)ysi-1) } :
aJ - (D F0-0 5oy _ 0D 5 (B )
_ =2 -—~—Re H -2 - H - CH v—I+1 ’
ORe (B#)IL/ ; o (l _ 1)| [( ke ( ,u) ke ( ,u)) (( ) I+ ) :|

87‘]* ~\ _(_1)l71 m r(I=1) 3%y =1 3% A \k *
3Im(§#)§j—2;; =1 KHk (=) = Hy, ( M) ((Cu)o—is1) }

As all derivatives have to vanish, we obtain the two conditions in (4.29). Furthermore,
from (4.23) we have

e 1)i-1 . . . A
oy e (@ (1A - BOA))

ORe A, ik =1
oJ B L (_1)l—1 ki 0 . o) .
ek DIy LI CAN CHS AR )

which, together with the representation (2.15) for the principal coefficients, yields
condition (4.30).

REMARK 4.12. Note that in case of multiple poles we do not have tangential
interpolation as necessary conditions but the sum of certain directions multiplied with
certain derivatives of H and H must coincide. This furthermore implies that contrary
to the SISO case, we cannot use the first two conditions (4.29) to obtain a simple third
condition which involves only r;-th derivatives of the transfer functions.
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