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Abstract

We report on a new iterative method for regularizing a nonlinear operator equation
in Hilbert spaces. The proposed algorithm is a combination of Tikhonov regularization
and a fixed point algorithm for the minimization of the Tikhonov—functional. Under the
assumptions that the operator F' is twice continuous Fréchet—differentiable with Lipschitz—
continuous first derivative and that the solution of the equation F'(x) = y fulfills a smooth-
ness condition we will give a convergence rate result. Numerical results with data from
Single Photon Emission Computed Tomography (SPECT) show the rapid convergence of
the proposed algorithms.

AMS Classification. 65J15, 65J20, 65J22, 44A12

1 Introduction

In this paper we consider the computation of an approximation to a solution of a nonlinear
operator equation

F(z) =y (L.1)

from noisy measurements y° with
ly* =yl <o (1.2)

If the problem is ill-posed, then (1.1) cannot be solved in a stable way and reqularization methods
have to be applied.

In recent years, many methods have been proposed for the regularization of nonlinear ill-posed
problems. Prominent examples are Tikhonov regularization [16, 17, 5] and iterative algorithms
like Landweber methods [8, 10], Levenberg-Marquardt methods [6], Gauss—Newton [1, 2], con-
jugate gradient [7] and other Newton—like methods [9]. In many practical applications, iterative
methods show a good performance. On the other hand, convergence results can only be ob-
tained under severe restrictions on the operator, and for applications it seems often impossible
to meet these conditions.



Probably the best understood regularization method is Tikhonov regularization. As an
approximation to a solution, a global minimizer xi of the Tikhonov functional

®o(z) = ly° = F(2)|* + af|z — z||* (1.3)

with regularization parameter « is taken. If z, denotes a solution of F'(x) = y and « is chosen
properly, then it can be shown that SCi — x, as 0 — 0 provided the operator F' fulfills some
slight restrictions (mainly, it has to be assumed that the operator has a Lipschitz continuous
Fréchet derivative). Moreover, if we assume that the solution z, fulfills a smoothness condition
Ty — T = (F'(x)* F'(x,))"), then an estimate

||I* _ xi” _ O<52u/(2u+1))

holds. For more details we refer to [4].

Besides choosing the proper regularization parameter, a main difficulty in Tikhonov regulari-
zation is the actual computation of a global minimizer of the functional (1.3). As the operator
F' is nonlinear, the functional is not convex any more and might thus have several (even local)
minimizer. A chosen optimization routine has to make sure that a global minimizer is recon-
structed. To this end we have introduced the TIGRA-algorithm which combines Tikhonov
regularization with Morozov’s discrepancy principle as parameter choice rule and a gradient
method for the computation of a minimizer of the functional, see [12, 14] and Section 2. Under
relatively mild restrictions on the operator we were able to show that the method is of optimal
order for v = 1/2. Namely, we have to assume that

I) F is twice continuous Fréchet-differentiable
IT) the Fréchet derivative F’ is (globally) Lipschitz-continuous,

1F"(z) = F'(2)|| < Lz — z| (1.4)

IIT) and the solution z, of (1.1) fulfills a smoothness condition
T, — T =F(z.)w (1.5)
with |lw]| < ¢ and p small enough.

In the following, we will refer to these conditions by I-III.

The speed of a reconstruction of the TIGRA algorithm depends mainly on the gradient method
used to reconstruct a global minimizer of the Tikhonov functional with fixed regularization pa-
rameter. It is a well known fact that the speed of convergence for the gradient method is
sometimes slow, so it might be of great interest to replace the gradient method by a faster
algorithm. Moreover, gradient methods for the minimization of a functional ®(x) have the
structure x,,, = x, — 3,®'(z,) with step size parameter () that has to be determined addi-
tionally. In [14] a rule for the choice of (; that uses the knowledge of ||w||, w as in (1.5), was
proposed. In many practical applications ||w|| will not be known explicitly and (; has to be
determined by other methods, i.e. [y = argming{®(z, — 5,®'(z,))}, which increases again
the computational time. Thus the aim of this paper is to introduce faster methods for the
reconstruction of a global minimizer of the Tikhonov functional. In particular, we will focus on



fixed point iterations.

The structure of the paper is as follows. In Section 2 we will recall some useful properties of
the TIGRA-algorithm and the Tikhonov functional. In Sections 3 and 4 we will introduce and
analyze two different fixed point iterations for the computation of a minimizer of the Tikhonov
functional with given parameter o. Based on these results, a fixed point based algorithm for the
regularization of nonlinear problems will be proposed in Section 5. Finally we will illustrate
our results in Section 6 with a numerical example from Single Photon Emission Computed
Tomography (SPECT).

2 Some results on TIGRA

The TIGRA-algorithm combines Tikhonov regularization with a gradient method for the iter-
ative construction of a minimizer of the Tikhonov functional. The algorithm has been investi-
gated extensively in [14]. In principle it works as follows:

e given ¢°, 8, ¢, T, xo and «y
o set k=0, z,_, = 2
e Repeat
o ap = ¢ ag
© compute xik = argmin ®,, (z) by the gradient method

)

with starting value z7,

o k=k-+1

until ||y’ — F(z” )| < 56
k

The analysis in the following sections is based on results from the paper mentioned above, and
thus we will summarize them now. The first result shows that the Tikhonov functional with
nonlinear operator F' is still locally convex in a neighborhood of a global minimizer xi

Theorem 1 Let the conditions I-III be fulfilled, and assume that o with |w| < o is small
enough. For a global minimizer xi of the Tikhonov functional ®,(x) we define the function

O(t) = ®a(a’ +1h) | Il =1. (2.1)

The function ¢"(t) is strictly positive for all 0 <t <r(a), ¢"(t) > ya, with

1 . 2k 2KQ
r(a) = 1+\/§m1n{\17,7} , (2.2)




with constant K > 0, k =1 —3Lp — v and a free parameter v > 0 that has to be chosen such
that k > 0 holds. Thus ¢ s strictly convez in

Kyoy(2’) 1= {x EX:z=2a +h < r(a)} . (2.3)

(see [14], p.441). Based on this result, it was shown that the gradient method converges to a
global minimizer of the Tikhonov functional if it is started with xy € K, (q) (xi) The next two
Theorems are concerned with the choice of o and gq.

Theorem 2 Let xq be given, and assume that the conditions of Theorem 1 are fulfilled. Then
there exists oy such that xg € Kr(ao)(xio)'

(see [14], p.452)

Theorem 3 Let the conditions of Theorem 1 hold and assume that o, = q*ag. Then g < 1

can be chosen such that
5 5

x € Kr(ak)(xak) . (24)

k-1

Moreover, if we assume ||y° — F()|| > 58, then there exists k, € N with

0 < |y’ = Flag )l <56 <lly” = Faa,_ Il (2.5)

Xy —1

and

o, — 2%, | = O(V5) . (2.6)
For a proof, see again [14]. With these results, the convergence proof for the TIGRA method
works as follows. For a given zy (in most cases, it is convenient to set o = Z) we chose
ap according to Theorem 2. As zg € Kr(ao)(xio), the gradient method converges to I5%~ If
q is chosen according to Theorem 3, then ZL‘(;O € Kr(al)($i1)7 and the gradient method for
minimizing ®,,(r) and starting value z°
iteration finally stops, then (2.6) guarantees the order optimality of the method. As we have
pointed out earlier, the main goal of this paper will be the replacement of the gradient method
by a fixed point iteration. As the above given proof for the order optimality shows, it will be
sufficient to show that the new method converges if it is started with a starting function in the

convexity area of the Tikhonov functional.

converges towards x‘;l and so forth. If the outer

3 Tikhonov regularization and Fixed Point iterations:
A first attempt

The starting point for the development of our first fixed point algorithm is the necessary
condition for a minimum of (1.3):

a(z =) = F'(2)"(y* — F(2)) . (3.1)
Setting L )
Sulr) = TP (@) — F(a)) + (3.2)

4



a minimizer of (1.3) clearly is a fixed point of S, . However, S, will be a contraction for large
« only: In case of a linear operator A, we get

IIA]*

[S(z) ~ Sal@)]| = A" Az — D) < o~ 3]

i.e. S, is only a contraction if [|A||* < « holds. As a(§) — 0 for § — 0, it depends on the data
error whether the fixed point iteration z,,, = S,(x,) can be used for the reconstruction of a
solution of (3.1). A slightly more complicated but otherwise similar result holds in the case of
an arbitrary nonlinear operator.

Proposition 4 Assume that the minimizer xi of (1.8) and x,% belong to a ball with radius r
and center x. With an operator F fulfilling I-1I we obtain an estimate

- C ~
15a(2) = Sa(@)ll < ~llz — 2| , (3.3)
with

¢ =Lyl + LAF@)| + |l F' @) + Lr*) + (Lr + | F'(@))* + Lr(Lr + [|[F'@)]) . (3.4)

Proof:
For an operator with I-II we get the Taylor expansion

F(z)=F(x)+ F'(2)(Z — ) + R(z, %) , (3.5)
and R fulfills an estimate

|R(z, 2)|| < Lljz — 2|* . (3.6)
We obtain with (3.2)
~, 1 / AN 1 AL ~, / *
Sale) = Sald) = (F(e) = F'@)" s + - (F(2) F(@) -~ F() F(x))
.5 1 ’ 17 ~\ K 1 (A~ / *
Y (@) - FE) Y+~ ((F@) - F() Fla)

VF(3)F'(2)(7 — 2) + F'(7)"R(z, ;z)) . (3.7)

By using (1.4), the first term can be estimated by

1
1= (F@) - Pyl < A0 gy (3.9
As x,7 € B,(Z), we get
IF@I < IF@) - F@I+IF@] < Lz -l + | F@)
< Lt |F@).
IF@I < IF@]+IF@ e~ ) + Lz -7/
< IF@I+ @)+ L



Using these estimates, the second term in (3.7) can be estimated by

é I(F(2) = F'(2))" F(x) + F'(2)" F'(2)(Z — x) + F'(2)" R(z, )|

< é (LAFE @)+ 1F @)l + L) + (Lr + [|[F(@)])* + 2Lr(Lr + [ F@)]) |z = 2] - (3.9)

Combining (3.8) and (3.9) finishes the proof.
|

If we assume c¢/a < 1, then S, is at least locally a contraction and a fixed point iteration
7., = Sa(z,) can be used to reconstruct a solution of (3.1). However, we should keep in
mind that (3.1) is only a necessary condition for a global minimizer of (1.3), and thus the
iteration might converge to a critical point only. To ensure convergence to a global minimizer,
we have to use some convexity properties of the Tikhonov functional. According to Theorem 1
the Tikhonov functional is convex in a neighborhood K () (xi) of a global minimizer (for the
definition of K, (o) (xi), see (2.3). Now, if we start the fixed point iteration with zq € Ky(q) (xi),
then it is easy to see that the iteration converges to the global minimizer:

Theorem 5 Let the conditions I-1II be fulfilled, and assume that xo € K, () (azi) If = <1,
then the sequence of fized point iterates x,,, = Su(x,) converges to the global minimizer of (1.8)

n Kr(a)(mi) and the error estimate

(5)"
Wl < 1_—£H331 — Zo| (3.10)

«

Hxi —x

holds.

Proof:
The global minimizer xi of (1.3) fulfills (3.1). Now let us assume there exists & € K,(q) (xi)

with (3.1) and  # xi We set h =7 — xi and
G(t) = Bo(z +th), 0<t<1.

In particular we have ¢(0) = (ba(xi) and ¢(1) = ®,(Z). The function ¢(t) is twice continuous
differentiable, and we have

¢'(t) = ¢'(0) + ¢" ()L, 0<¢<1.

According to Theorem 1, the function ¢”(§) is strictly positive for 0 < ¢ < 1 if the conditions
[-1IT hold, and
0=¢(0) < ¢'(1) = -9,/ (2)h .

Thus xi is the only point with (3.1) in Kr(a)(xi). By the contraction property of S, we find

C
s = o = 118a(2,) = Sa(z)ll < o, =21 (3.11)

k+1



and all z, stay within /() (xi) if only z € K, (q) (xi) It follows by induction from (3.11) that

§ c\ kL §
o =l < (5) lao—all,

and the sequence of iterates converges to the global minimizer xi Now, as in Banach’s fixed
point theorem, we get the error estimate

- (2)"
[Tkt — 2| < Z |Zk+i — Tpgioa || < 1i—£H$1 — ol ,
=1 fo

and by taking n — oo follows (3.10).
O

The condition ¢/a < 1 is of course a restriction. It is a well known fact that the regularization
parameter tends to zero if the data error level tends to zero, and thus ¢/a > 1 for § small
enough. However, in practical applications one usually has a fixed data error level, and it
depends on the size of the error level and the operator F' if the fixed point iteration with S,
converges.

Another problem is the choice of the starting value g, as it has to belong to the convexity area
Ki(a) (:ci) As . — 0 for 6 — 0 and r(«a) = O(«) holds, we need a real good guess xq for the

minimizer xi and small error level. We will address this problem in Section 5.

4 A Fixed Point iteration for small regularization pa-
rameters

An advantage of the fixed point iteration x,, , = Sa(x,) with the operator S, defined in (3.2)
is that the evaluation of S|, is relatively cheap. Indeed, we have to evaluate the operator F' and
the adjoint of its Fréchet derivative only once. However, if we want to reconstruct a solution
of (3.1) for small «, then we have to think of a different method. It turns out that we can find
another fixed point formulation describing a minimizer of the Tikhonov functional that turns
out to be a contraction. As nothing is for free, we have to pay with a higher numerical effort
for the reconstruction. Moreover, we require the knowledge of a minimizer of the Tikhonov
functional with a bigger regularization parameter.

Theorem 6 Let :ci be a minimizer of the Tikhonov functional (1.5), xi a minimizer of ®s

with
a=qa , g<1 (4.1)
and
F,(z) = F'(z)'F'(z)+al, (4.2)
1
g 2 1 " s 6
Bz, —x)° = a/F (x+7(x, —2)(x, —v,v, —x)dr (4.3)
0



Then xi is a fized point of the equation x = T,(z) with
Ta(w) = Falz) 'F'(2)"(y° = F(a}) + Bz, —2)*) = qFal) F'(2))" (¢’ = F(a})) +z, . (44)

Proof:
As F is twice continuous Fréchet-differentiable, we have the Taylor expansion

F(2)) = F(z) + F'(x)(z) — ) + Bz —2)*, (4.5)
where B(z) — )? fulfills an estimate
1B — o2 < e, (4.6
see e.g. [18], Vol. L. Inserting this into the necessary condition (3.1) gives
a(z — ) = F'(2)"(y° - F(x)) + B(a] — 2)*) + F'(2)"F'(2) (2, — x)

Fla) F'(z)(x — o)) +a(r — 2’ +2) —7) = F'(2)"(y° — F(z)) + Bz, — 2)?),

which is equivalent to

As wi is a minimizer of &4,
S _ 1 SNkl § 5
a(r, —1) = F'(z)" (y° — F(z,))
holds. Inserting this equality into (4.7) yields

r = Fu(2) P (0)' (4 — F(2) + B’ — 2)?) — qFa(2) 'F/ ()" (4 — F(2)) + 2 .
O

In the following we would like to show that T, is a contraction. To this end, we have to estimate
Fo(x)” 1F’( )'(y° = F(x,) + Bl —x)*)

—Fo(&) 7 F'(2)"(y" = F(x,) + Bz, - #)°)

—q(Fa(w) ™ = Fo(&) ) (2,)"(y* = F(x)) . (4.8)

We are going to investigate the last term in (4.8) first.

To(z) — Ta(@) =



Proposition 7 Let F,(z) be defined as in (4.2), ¢ < 1 and let xi be a minimizer of ®5 with

a = q (4.9)
ly? — F(z))| < 3o . (4.10)

[oN

Moreover, assume that IZ, xr,T € Br(xi), where Br(xi) denotes a ball with center xi and
radius

¢>0. Then
[(Fa(z)™ = Fa(®) Y (2))"(y° = F(2)))|| < 1|z — & (4.11)

holds, where the constant ci 1s given by

_ 3Lo(5 + 24Le)

: 4.12
‘@ 4q (4.12)
Here, L denotes the Lipschitz constant in II) and ||w|| < o, w as in III).
Proof:
Let z, Z be solutions of the equations
Folw)z = F(a))(y’ = F(x)))
Fu@)i = F(&)( - Fal) .
As F,(z), F,(Z) are invertible for o > 0 we have
Fo(x)(2—2)=Fo(2)2 — Fo(T)2 4+ Fo(2)2 — Fu(x)z = (Fu(x) — Fo(2))Z2
-0
or
Z— 2= Fy(z) N(Fo(z) — Fo(8))2
With 2 = F, (&) ' F'(2))*(y° — F())) follows
2~z = Fo(a) (Fala) — Fol@)Fol(@) ' F'(2))"(y° — F(2))) . (4.13)
To simplify the notation we set
A F'(z) 4.14
A = F(2). 4.15)
and
1
Bz —x)(-) = /F"(x+7(a§—x))(a§—:v, -)dr (4.16)
0
1
B —#)(-) = /F(x Lo — B — &, - )dr. (4.17)
0



The operators A and F'(z ) admit the Taylor expansions

A = A+B(i-2) (4.18)
F'(z)) = A+B(a) —1i), (4.19)

with A, A, B(Z — z) and B(xi — 7) fulfilling the estimates

lA—A| < Lljz—3 (4.20)
IBG - a2) < Llli—a (4.21)
s s (1)
1B’ &) < Lo’ -3l < 2Léva. (4.22)

It follows
Fo(2) (Fala > < ) ()" = Fola) (A"A — A A)Fo(7)
Y () N ATA = AT A FL () Fa(e) ' B(E — ) AR, (3)

:Fa(x) "AYA = A)F (7)) + Fo(2) ' B(i — 2)*AF, (%)~ (4.23)
and thus with (4.13)
— 2= Fo(a) TAT (A= D) F(2))"(y" — F(x)))
—T
+ Fo(2) ' B(7 — ) AF,(2) ' F'(2))*(y* — F(z))) . (4.24)
By (4.19), the first term can be further decomposed into
T = Fa(z) 'A*(A— A)F,(3) A"y’ — F(a)))
:?7:11
+ Fale) " AN(A = DF,@) Bl - 2) (v — F(xy)) -
=?-’:12
Using (4.10), (4.9), (4.20) and
|Fa(e) ™ 47 = (474 + aD) A" .
[Fa(@) Al = [(AA+aDA| ] = 2V
(4.25)
HFa(fIJ)jH (A" A+ al)]] } 1
1Fa(@) 7 = (A A + o a
we can estimate T}, by
1Tl < [1Fa(2)” 1A*IIHA AllFa@) ATy = F(a)]
i
3Lo .
= 4—q||x —z| . (4.26)

10



T2 can be estimated in the same way:

Ty < |[Fal2) " ATNIA = AJIFa(@) B, —2) - Fla,)|

(422 [ 2Lé
SR P TR
2/a
3L2%oc .
_ - o — & . (4.27)

By (4.19), T, can be rewritten as

T, = Fole)'B(i —a) AFL(3) P/ (s ~ F(z))

T
+ Fo(z) ' B( )" AF,(2) ' B(a) — 7) (4 — F(z)))
T
Because of 3 ) o . - -
AF (8) 'A = AA" A+ al)'A" = (AA" + al)TAA™

it follows 3 .

|AF,(2) AT <1,
and thus

IToll < |1Fa(e) HIB@E — )l AFa(2) ATy — F(a)l|

IN

1 e~ -
aLHI—JiH?)OéQ: — |l — 2] . (4.28)

Moreover, we have

~% o~

IAFL(@)] = |AA A+ al) 7| = |(AA" + al) Al < 5= |

DO
Q

and we obtain for T
Tl < [[Fa@) ' IIB@E — 2) || AFu(@) | B(a, — &) |y’ — F(a)]]

2Lév/adoa =

IN

—mu—@|¢_ o — &l - (4.20)

Putting (4.13), (4.24), (4.26), (4.27), (4.28) and (4.29) together we arrive finally at
I(Fa(@)™ = Fa(®))F'(2)"(y° = F)] = llz = 2|
STl + [[Ta ] + T[] + [ T22]
3L 3L%0¢ 3L 3L2pc
Y + oc 1 4% + oc
L 4q q

/

11



which concludes the proof.

0
Next we will have a closer look at the first two terms of (4.8).
Proposition 8 Let the assumptions (4.9)-(4.11) hold. If z, Z denote the solutions of
Folx)z = F'(z)*(y° — F(xi) + B(xi —)?)
(4.30)
Fu(#): = F'(#)"(y’ - F(z,) + Bz, - &)?)
then
Iz = 2| < e2f|lz — 7] (4.31)
holds, where co is defined by
oL - 3oL 3 __ -
cy = I (30+ L&q) + e + §LC + L?& . (4.32)
Proof:
By (4.30) follows
F.(x)(z2 - 2) (Fo(z) = Fo(2)Z2 4+ Fo(T)Z2 — Fu(x)z
= (Fu(z) = Fal@)Z+ F'(2)"(y - F(a)) + Bz, — &)?
/@) (- Fla’) + Bla’ - 2))
and thus
Foz = Fulo) ' (Falw) = Fo(@)Z+ Fa(a) " (F'(%) = F'(2))"(y” — F(x)))
b T,
+ Fo(x) " (F'(3)*B(a) — %)% — F'(2)"B(a) — 2)?) . (4.33)
Ty

Once again, these three terms will be treated separately. Using definition (4.30) of Z, we get

Fo()  (Falw) = Fa(@)Z = Falw) ™ (Fa(@) = Fa(@)) Fa(®) T F(@)(y* = F(a,) + Bla, = 7)?) .

i (4.34)
Defining A, A as in (4.14), (4.15), we get as in (4.23)
Fo(z) N(Fo(@)—Fo(2))Fo(2) A" = Fy(z) "A"(A—A)Fo(2) "A +F,(z) 'B(& — )" AF,(z) 'A".
(4.35)
With
(4.10),(4.6) L
ly’ = F(z) + Bz, —2)?| < = 30a+ 5Hwi —z|?
(4.11)

< (30 + Léq)a

12



it follows from (4.34), (4.35)
173l = | Falw) ™ (Fa(w) = Fu(@)2]
< (I Fale) " A1 A = Al Fa@) A7)

) NIBE = ) NAF@) 7 AN) Iy’ - F(al) + B, - 2]

1
<|—= - + La:—:z:) 30+ Lé*q)a
(e~ a7z + Ll = 31 ) (e + L%
(4.9) 5L
<% (30 + Léq) ||z — 7| . (4.36)

The term 75 is estimated with( 4.25) and (4.10) by

IToll = || Fala) ™ (F'(2) = F'(2))"(y° = F(z))l| < gllx — I[|(30a)

= — |z -z, (4.37)

and we are left with the last term in (4.33). By the Taylor expansion of F' we obtain
F(2)) = F(z) + F'(z)(z) — 2) + B(a) — x)?

or
Simultaneously

holds, and thus

= F(a) - F@)+(A-A) (@ —3)+ A@@ —=x) . (4.38)
The Taylor expansion for F' gives
F(z) - F(Z)+ A(z —x) = —B(7 — 2)?,

and inserting these terms into (4.38) yields

Bz — %) - B(z) —2)?=-B(@ — 1) + (A— A) (2] — &) . (4.39)
Now, using (4.14), (4.15) and (4.18) the term T3 can be decomposed as follows:

Ty = Fo(v) ' (F'(@)' Bz —%)* - F'(2)*B(z) — 2)?) (4.40)
= Fo(z) A (B(:c‘; —#)?— B(z) - x)2) + Fu(2) B — )" Bla, — 1) . (441)

=:T31

13



By (4.39), (4.25), (4.11) and (4.9) we obtain

Tl = || = Fa(2) ' A*(B(F — 2)* + (A = A)(a, — 7)]| (4.42)
< ||Fal@) P AN (B@E — )| + [|Fal2) AT A = All|l;, — & (4.43)
1
< ——= =z —z|*+ L|jx — 7|2 4.44
< 5oz (Glle -1+ Ll - 3leva) (1.49)
L
< 2ol (1.45)
FOI'T32 holds
Tooll = |Fale) ' B@E@ —2)"B(x, — 7)?| (4.46)
1 Lo
< =Lz —7|=|z — :
< L -5l - 3 (4.47)
(4.11)
< LPE|x -7 . (4.48)

Thus we have 5
I7all < Tl + el < (5264 222 o =] (4.49)

and, putting together (4.33), (4.36), (4.37) and (4.49) we obtain finally

Iz =2 < Tl + 1T + | T3]]
3oL

5L 3
< <4q (30+ L& )+T+§L6+L26Q> |z — 2| .

Theorem 9 Let the conditions I-III and (4.9)-(4.11) hold. Then the operator Ty, defined in
(4.4), fulfills an estimate
|1Te(x) = Ta(2)|| < éllz =2 , (4.50)

with
¢:=qcr+ ¢y (4.51)
and ¢y, co defined in (4.12), (4.532).

Proof:
According to (4.8),
To(w) = Ta(Z) = Fule) 'F'(2)(y = F(a) + Bla, —x)°
—Fo(B) T F(@) (v — F(a) + Bla, — 7
—q(Fa(z)™ = Fa(®) ) F'(2))"(y* = F(x)))

a

= i q(Fa(e) — Fa(@)TYF(E) (4 ~ F(2))) |
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where z, Z are solutions of the equations given in (4.30). Lemma 8 states
Iz = 2| < collz — 2] -
From Lemma 7 follows
[(Fala)™ = Fa(®) ) F' () (v = F(2))] < geallz = 7|

and thus (4.50).

Proposition 10 Let r(«) be defined by (2.2), and assume xi,x,i" € Kr(a)(xi). Then xi,x,i

Julfill (4.11) with
c=¢C b min 2 26
c-c(a,m,L)—L(l_'_ﬂ) {\/ B,K\/a} : (4.52)

The proof follows immediately from the definition of r(«).

So far, it is not clear at all whether T, is a contraction or not, as we have no information
on the size of the constant ¢. However, this constant depends on several parameters, ¢ =
¢(L, 0,q, k), and we might show that, if the parameters are properly chosen, T, is a contraction:

Theorem 11 Let ¢ be the constant defined in (4.51), 0 < Guin < q < 1, and assume that ¢ is
given by (4.52). If the solution x, of F(x) =y fulfills a smoothness condition

T, —T=F'(v.)w
with ||w|| small enough, then the operator T, is a contraction in K, () (:ci)

Proof:
It remains to show that ¢ < 1 holds for small ||w|| < p¢. First, we would like to rearrange
¢ = qc1 + ¢o in terms of Lé and Lo. We get ¢ = ¢ + ¢,

. (21+36L6>
i = Lo T

L
& = Lé(9+46 C) .

Let us start with ¢;. First we observe that L¢ is bounded, and because of 0 < ¢in < g < 1 we
do observe that

21 + 36L¢
2q

is bounded from above. Thus, if ||w| < ¢ is small enough, we find

. 1
C]_<§.

15



Now let us consider ¢;. From the definition (4.52) of ¢ follows

1 25 2K 2K
Lc = i S —— < /=
¢ 1+\/§mm{\/3’3K\/a}— 3

From Theorem 1 we recall k =1 — 3Lo — =, where p has to be small enough to fulfill 3Lo < 1.
Additionally, v is a free parameter that has to be chosen such that x > 0 holds. Thus we can
choose v such that x and consequently ¢, get arbitrarily small. In particular v can be chosen
such that

. 1
CQ<§.

Finally we get

A

c<1

and T, is a contraction.

g

It might be of interest to discuss the influence of the parameter . A large v means that x is
close to zero, and thus r(«) is small as well. On the other hand, we have ¢"(t) > vya (cf. (2.1)),
i.e. a large v gives a larger lower bound on the second derivative of ¢ in K, ) (a:i)

Next, we can give a convergence result for our fixed point iteration.

Theorem 12 Let the conditions I-III be fulfilled, with ||w| < o and v are chosen such that
¢ < 1. Moreover, let xi and xi be minimizers of the Tikhonov functional with o = qa, q < 1.

If Iiw T € KT(Q)(xi), then the sequéence of fized point iterates x,,, = T, (x,) converges to the
global minimizer of (1.8) in Ky (x_) and the error estimate
Ak

5 C
||$a_$k|| S 1_6

|21 — o] (4.53)
holds.

Proof:
The proof is similar to the proof of Theorem 5.

Because of ||z, — Z|| < [|[F'(z.)]|||w] a smallness assumption on ||w|| automatically induces
the assumption that & has already been close to the solution. However, as the estimate for
|To(2) — To(Z)|| in Theorem 9 is far from being sharp, we expect convergence of the fixed point
iteration even in cases where ||w|| is bigger then it is allowed according to Theorem 11. In
addition, in many practical applications it will not be possible to estimate the constant ¢, as
lw|| and thus g can be only estimated roughly or might be even unknown.

As the evaluation of the operator T, requires the knowledge of a minimizing function mi of
®; we will present an algorithm that successively computes the minimizing functions xi for a

k
given sequence {ay }rer of regularization parameters.
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5 A fixed point based algorithm for the regularization
of nonlinear operator equations

In this section we will use both fixed point iterations to form a regularization method for
nonlinear ill-posed operators. From the numerical point of view the first fixed point iteration
(with operator S,) seems to be more effective, as the evaluation of S,(z) requires only the
computation of F(x) and F'(z)*. In contrast, the evaluation of T, needs the solution of a
linear operator equation. However, the fixed point iteration with S, converges only if « is large
enough (see Theorem 5). Thus it seems a good idea to use the iteration with S, as long as
£ < 1, and to switch to the iteration with 7y, if the condition is violated.

As we have pointed out in the last section, the evaluation of T, (z) needs a minimizer a:i of
4 (x) with asi € Kr(a)(:vi). To recognize this dependence, we will further write 7, xi)

Another important question is the selection of the regularization parameter. As for the
TIGRA algorithm, we will use Morozov’s discrepancy principle, i.e. we will choose a regulari-

zation parameter such that
6 < |y’ — F(a)ll < 56 (5.1)

holds. We wish to remark that a regularization parameter with (5.1) does not exist for arbi-
trary nonlinear operators; its existence for the case of twice Fréchet differentiable operators was
shown in [11]. To find a parameter with (5.1), we are going to compute the minimizers of the
Tikhonov functional for a sequence {ay }ren of regularization parameters with a1 = gay, and
qg<1.

Let & be the regularization parameter with

=1,

Qo

c as in (3.4). Thus we can use the fixed point iteration with S, for all @ > &, see Theorem 5
For simplicity, we define the operator R,(z, xi) by

Sa(x) for a > a |
Ro(z,2)) = (5.2)

Ta(x,xZ) fora <a.

The proposed fixed point regularization algorithm reads as follows.

17



e given ¢°, 8, T, xo

choose ap > @, g < 1

set £ =0 and a:g_l = Xo

Repeat

6 .
), use x as starting
«@

5 . 5
o compute z_ as fixed point of R,, (z,z
“k @ k—1

k—1
value for the iteration

O Qg1 = qay
o k=k+1

item[ Juntil ||y° — F(xik)H < 56

In order to obtain a convergence rate result, we have to ensure
i) Xg € Kr(ao)(x‘;o)

.. 5 s
ii) z, € Koo (z, )

k
iii) The algorithm stops with xik* and 0 < [[y° — F(mik)H < 59.
This can be done by using the following results.

Proposition 13 If the regularization parameter o is chosen large enough, then T € K, () (xi)

Thus we can set xg = I.

Proof:
We have

5 _ 5 S _ 5 _ _
ofl! —7[* < [y — F)IP + alla’, — 2] = Ba(e) < Ba(2) = |7 — F(@)] .

i.e.
_ 1 _
|l — z||* < Elly‘S — F(D)]* .

As T € Kyo(2) if |z° — 2| < r(), it is sufficient to show
L5 (12
Ly — F@)I? < r() (53)

for large oe. But as the left hand side of (5.3) tends to zero for & — oo, and the right hand side

to infinity, this inequation always holds for large «.
O
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Proposition 14 Let o, = qag_1. If |Lw| < 0.241, then there exists ¢ < 1 s.t. xi €
k-1
Kr(ak)(xi ) forallg<gq < 1.
k

The proof of the Proposition has been given in [14], (see Proposition 6.2.) Now we can give a
final convergence rate result.

Theorem 15 Let the conditions I-111 hold. Then the parameters ag > & and 2/3 < §< g <1
in the fized point reqularization algorithm can be chosen s.t. the algorithm terminates within a
finite number of outer iterations. The last iterate, xik , fulfills the estimates

6 < ly’ = Flag )l < 56, (5.4)

lz. =z, | = O(V5). (5.5)

Proof:
According to Propositions 13 and 14, oy and g can be chosen with xy € Kr(ao)(xgo) and

e Kr(ak)(x(; ). As ag > @ holds, at least the first fixed point iteration is carried out by
%k

k-1

using the operator S, (which does not need another minimizer). Because of zg € K, (a,)(22,),

the iteration converges towards z’ . Due to the choice of ¢ we have 20 € K,(a,)(2,). By

induction, we find that the fixed point iteration with operator R,, (-, z’ ) converges towards
-1

5

b A1’

that the outer iteration terminates after a finite number of iteration steps as long as the inner

iteration finds a minimizer of the Tikhonov functional with the actual regularization parameter,
and that (5.4) holds if g is properly chosen. Now, it is a well known fact that a minimizer xik

xi , with mi € K@ In [14], Proposition 6.4. and Theorem 6.5. it was shown
k

of the Tikhonov functional that fulfills (5.5) and a smoothness condition III also admits an

error estimate (5.5), see e.g. [11].
U

We wish to remark that the choice of the parameters ag and ¢ depends on p, the estimate for
|lw||. Although it is possible to determine both parameters exactly (in dependence of p), we
have omitted these calculations because o will be unknown in many practical applications. In
these cases, the algorithm should be carried out with ¢ close to 1 and a large ay.

Let us finish this section with a remark on the numerical realization of the fixed point
iteration with 7,. According to (4.4), we have to evaluate B (xi — z)? for the computation of
the iterates. Looking at (4.3), this requires the evaluation of an integral over an operator and
is thus difficult to implement. However, using (4.5), we get

Bz, —x)® = F()) - F(z) — F'(x)(z, —x) ,
and inserting this equation in (4.4) we get
Ta(x) = Ful@) P'@)' (s = F(2) - F'@)(a’ — 2)) — aFale) P/ (@) (4 = F(a')) +1. .

Moreover, as mi is a minimizer of ®4(x), we have d(a:i —I)= F’(xi)*(y‘s - F(a:i)), and with
a = qa we finally get

To(z) = Fo(z) ' F'(2)*(y° — Fz) — F'(2)(2) — ) — aFu(z) (2] —7) + 2] . (5.6)
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Figure 1: Activity function f, (left) and attenuation function p. (right)

which is much easier to implement.

6 Numerical results

We will present a first numerical result from Single Photon Emission Computed Tomography
(SPECT). In this medical application, the data g(s,w) € Lo(R x S') is described by the
attenuated Radon transform R(f, ),

g(s,w) = R(f, )(s,w) = / Flswh + tw)e [ st trw)dr gy (6.1)
R

with the two unknown functions (f, ) € L2(Q2) x Lo(€2) and a bounded domain 2 C R?. Fréchet
differentiability and mapping properties of the attenuated Radon transform have been investi-
gated extensively in [3], and numerical results for the TIGRA algorithm both with synthetic
and real data have been presented in [13, 14]. It turns out that, due to the non-uniqueness of
the attenuated Radon Transform as operator acting on (f, 1), only the activity function f can
be reconstructed accurately. However, as the task in SPECT imaging is the reconstruction of
the activity function f from measurements g(s,w) and unknown p, a wrong reconstruction for
the density function causes no problems.

For our test computations we will use the so called MCAT phantom [15], that models a cut
through the human torso for the density function u,. The activity f, is concentrated in the
heart, see Figure 1. The data g(s,w) = R(fs, tt«)($,w) is shown in Figure 2; for the inversion
it was contaminated with 5% noise.

We will here focus on the reconstruction of the minimizers of the Tikhonov functional with
given regularization by the fixed point iterations with operators S, and T,. As we have seen
in Section 3, a fixed point iteration with operator S, will only converge if the regularization
parameter « is chosen large enough. In our example, it turns out that the fixed point itera-
tion z, , = Su(x,), v = (f, ;) converges for a > ay = 7000. If oy = goyp with ¢ = 0.7, i.e.
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Figure 2: Generated data g(s,w) = R(f., ps)(s,w).
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Figure 3: fj for a = 7000 and § = 5%.

a1 = 4900, then the iteration with S, does not converge anymore, and we have to switch to
the fixed point iteration with operator T,.

Let us start with some reconstructions for o« € {20408, 10000, 7000}. As mentioned above,
the fixed point iteration with operator S, can be used for the reconstruction of the minimizers
( fj, ui) of the belonging Tikhonov functional. In Figure 3, the minimizer fj of the Tikhonov
functional for a = 7000 can be seen.

In Figure 4 we have plotted the speed of the convergence of the iteration towards the fixed
point of Sy, i.e. the values of ||(fx, tx) — Sa(fr, tx)|| for o € {10000, 7000} in a logarithmic plot.
We do observe that the convergence is faster for bigger o (and it is again faster for a = 20408).
The reason for this observation lies in the fact that the speed of convergence of a fixed point
iteration depends on the size of the contraction factor for the fixed point operator. For S,
we have found that the contraction factor can be estimated by ¢/a with a constant with the
constant ¢ given in (3.4). Thus, if « decreases, the contraction factor is getting bigger and the
convergence speed decreases, too.
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Figure 4: Logarithmic plot of the iteration error.

o Pa Pa
20 408 | 0.2654 | 5416.3
10 000 | 0.5436 | 5436
7000 | 0.7766 | 5436.3

Table 1: Contraction factors p, for different «

Additionally we estimated the contraction factor p from the numerical results. From the
classical error estimates for the fixed point iteration follows

1(frs i) = (Frrns ) | < 2I(fre1s 1) = (Frs )

i.e. we might estimate p by

1 (s i) = (frosss prrr) || (6.2)
I |

2 oot i) — o)
On the other hand, as we have estimated p < ¢/«, we do expect pa to be constant, as can be
seen in Table 1 .

For a = 4900, S, is not a contraction anymore, and 7T, is used to compute the minimizer.
According to (5.6), we need a minimizer of the Tikhonov functional with bigger regularization
parameter for the evaluation of the operator. To this end, we employed ( fj, ui) for o = 7000,
which has been already computed by the first fixed point iteration. The evaluation of T}, is
much more complicated as it is the case for S,, because a linear system has to be solved in
every iteration step. In our implementation, the conjugate gradient method for the solution
of the linear system was used; in all our tests 2-8 cg-iterations were sufficient to compute a
good approximation to the solution of the linear system. As the linear system was solved with
an accuracy of 1079, we expect the fixed point equation (f,u) = T, (f, i) to be approximated
within the same level. Indeed, the numerical tests for a € {4900, 3430,2401} show that this
accuracy level is approached within a few fixed point iteration steps, see Figure 5.
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Figure 5: Logarithmic plot of the iteration error for 7,. The iteration error for @ = 2401 is

almost the same as for o = 3430.

L
25

3 35 4
k—-number of iterations

L
45

a Pa
4900 | 0.045
3430 | 0.0656
2401 | 0.0656
1680 | 0.0394

L
5

L
55

6

Table 2: Contraction factors p, for T,, and different «

The rapid convergence suggests a small contraction factor. Indeed, if we estimate the
contraction factor as in (6.2), we get the factors as shown in Table 2. The numerical tests
confirm that our method is highly recommendable for the reconstruction of a minimizer of the
Tikhonov functional and therefore for the approximation of a solution of F'(x) = y. The tests
suggest in particular that fixed point iteration with operator 7T, converges rapidly. However,
we have to take into account that the solution of the linear equation, which is necessary for the
evaluation of T,, consumes additional computing time. A detailed comparison of the numerical
effort of the suggested fixed point methods as well as a comparison with other algorithms like
TIGRA will be presented in a forthcoming article.

References

[1] A. W. Bakushinskii. The problem of the convergence of the iteratively regularized Gauss—
Newton method. Comput. Maths. Math. Phys., (32):1353-1359, 1992.

[2] B. Blaschke, A. Neubauer, and O. Scherzer. On convergence rates for the iteratively
regularized Gauss—Newton method. IMA Journal of Numerical Analysis, (17):421-436,
1997.

[3] V. Dicken. A new approach towards simultaneous activity and attenuation reconstruction
in emission tomography. Inverse Problems, 15(4):931-960, 1999.

23



[4]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

H. W. Engl, M. Hanke, and A. Neubauer. Regularization of Inverse Problems. Kluwer,
Dordrecht, 1996.

H.W. Engl, K. Kunisch, and A. Neubauer. Convergence rates for Tikhonov regularization
of nonlinear ill-posed problems. Inverse Problems, (5):523-540, 1989.

M. Hanke. A regularizing Levenberg—-Marquardt scheme, with applications to inverse
groundwater filtration problems. Inverse Problems, (13):79-95, 1997.

M. Hanke. Regularizing properties of a truncated Newton—cg algorithm for nonlinear
ill-posed problems. Num. Funct. Anal. Optim., (18):971-993, 1997.

M. Hanke, A. Neubauer, and O. Scherzer. A convergence analysis of the Landweber
iteration for nonlinear ill-posed problems. Numerische Mathematik, (72):21-37, 1995.

B. Kaltenbacher. Some Newton-type methods for the regularization of nonlinear ill-posed
problems. Inverse Problems, (13):729-753, 1997.

R. Ramlau. A modified Landweber—method for inverse problems. Numerical Functional
Analysis and Optimization, 20(1& 2), 1999.

R. Ramlau. Morozov’s discrepancy principle for Tikhonov regularization of nonlinear
operators. Numer. Funct. Anal. and Optimiz, 23(1&2):147-172, 2002.

R. Ramlau. A steepest descent algorithm for the global minimization of the Tikhonov—
functional. Inverse Problems, 18(2):381-405, 2002.

R. Ramlau. Regularization of nonlinear ill-posed operator equations: Methods and appli-
cations. Habilitationsschrift, Universitat Bremen, 2003.

R. Ramlau. TIGRA-an iterative algorithm for regularizing nonlinear ill-posed problems.
Inverse Problems, 19(2):433-467, 2003.

J. A. Terry, B. M. W. Tsui, J. R. Perry, J. L. Hendricks, and G. T. Gullberg. The design of
a mathematical phantom of the upper human torso for use in 3-d spect imaging research.

In Proc. 1990 Fall Meeting Biomed. Eng. Soc. (Blacksburg, VA), pages 1467-74. New York
University Press, 1990.

A.N. Tikhonov and V.Y. Arsenin. Solutions of ill posed problems. Winston Wiley, New
York, 1977.

A.N. Tikhonov, A.S. Leonov, and A.G. Yagola. Nonlinear Ill-posed Problems. Chapman
& Hall, London, 1998.

E. Zeidler. Nonlinear Functional Analysis and its Applications. Springer, New York, 1985.

24



Berichte aus der Technomathematik ISSN 1435-7968

http://www.math.uni-bremen.de/zetem/berichte.html
— Vertrieb durch den Autor —

Reports Stand: 8. Juni 2004

98-01. Peter Benner, Heike Faflbender:
An Implicitly Restarted Symplectic Lanczos Method for the Symplectic Figenvalue Problem,
Juli 1998.

98-02. Heike Faflbender:
Sliding Window Schemes for Discrete Least-Squares Approximation by Trigonometric Poly-
nomials, Juli 1998.

98-03. Peter Benner, Maribel Castillo, Enrique S. Quintana-Orti:
Parallel Partial Stabilizing Algorithms for Large Linear Control Systems, Juli 1998.

98-04. Peter Benner:
Computational Methods for Linear—Quadratic Optimization, August 1998.

98-05. Peter Benner, Ralph Byers, Enrique S. Quintana-Orti, Gregorio Quintana-Orti:
Solving Algebraic Riccati Equations on Parallel Computers Using Newton’s Method with
Exact Line Search, August 1998.

98-06. Lars Griine, Fabian Wirth:
On the rate of convergence of infinite horizon discounted optimal value functions, November
1998.

98-07. Peter Benner, Volker Mehrmann, Hongguo Xu:
A Note on the Numerical Solution of Complex Hamiltonian and Skew-Hamiltonian Figen-
value Problems, November 1998.

98-08. Eberhard Béansch, Burkhard Hohn:
Numerical simulation of a silicon floating zone with a free capillary surface, Dezember 1998.

99-01. Heike Faflbender:
The Parameterized SR Algorithm for Symplectic (Butterfly) Matrices, Februar 1999.

99-02. Heike Faflbender:
Error Analysis of the symplectic Lanczos Method for the symplectic Eigenvalue Problem,
Marz 1999.

99-03. Eberhard Bénsch, Alfred Schmidt:
Simulation of dendritic crystal growth with thermal convection, Marz 1999.

99-04. Eberhard Béansch:
Finite element discretization of the Navier-Stokes equations with a free capillary surface,
Marz 1999.

99-05. Peter Benner:
Mathematik in der Berufsprazis, Juli 1999.

99-06. Andrew D.B. Paice, Fabian R. Wirth:
Robustness of nonlinear systems and their domains of attraction, August 1999.



99-07. Peter Benner, Enrique S. Quintana-Orti, Gregorio Quintana-Orti:
Balanced Truncation Model Reduction of Large-Scale Dense Systems on Parallel Comput-
ers, September 1999.

99-08. Ronald Stover:
Collocation methods for solving linear differential-algebraic boundary value problems, Septem-
ber 1999.

99-09. Huseyin Akcay:
Modelling with Orthonormal Basis Functions, September 1999.

99-10. Heike Falbender, D. Steven Mackey, Niloufer Mackey:
Hamilton and Jacobi come full circle: Jacobi algorithms for structured Hamiltonian eigen-
problems, Oktober 1999.

99-11. Peter Benner, Vincente Herndandez, Antonio Pastor:
On the Kleinman Iteration for Nonstabilizable System, Oktober 1999.

99-12. Peter Benner, Heike Faflbender:
A Hybrid Method for the Numerical Solution of Discrete-Time Algebraic Riccati Equations,
November 1999.

99-13. Peter Benner, Enrique S. Quintana-Orti, Gregorio Quintana-Orti:
Numerical Solution of Schur Stable Linear Matriz Equations on Multicomputers, November
1999.

99-14. Eberhard Bansch, Karol Mikula:
Adaptivity in 3D Image Processing, Dezember 1999.

00-01. Peter Benner, Volker Mehrmann, Hongguo Xu:
Perturbation Analysis for the Figenvalue Problem of a Formal Product of Matrices, Januar
2000.

00-02. Ziping Huang:
Finite Element Method for Mixed Problems with Penalty, Januar 2000.

00-03. Gianfrancesco Martinico:
Recursive mesh refinement in 8D, Februar 2000.

00-04. Eberhard Bénsch, Christoph Egbers, Oliver Meincke, Nicoleta Scurtu:
Taylor-Couette System with Asymmetric Boundary Conditions, Februar 2000.

00-05. Peter Benner:
Symplectic Balancing of Hamiltonian Matrices, Februar 2000.

00-06. Fabio Camilli, Lars Griine, Fabian Wirth:

A regqularization of Zubov’s equation for robust domains of attraction, Marz 2000.

00-07. Michael Wolff, Eberhard Bansch, Michael Bohm, Dominic Davis:
Modellierung der Abkiihlung von Stahlbrammen, Marz 2000.

00-08. Stephan Dahlke, Peter Maaf3, Gerd Teschke:
Interpolating Scaling Functions with Duals, April 2000.

00-09. Jochen Behrens, Fabian Wirth:
A globalization procedure for locally stabilizing controllers, Mai 2000.



00-10. Peter Maaf}, Gerd Teschke, Werner Willmann, Giinter Wollmann:
Detection and Classification of Material Attributes — A Practical Application of Wavelet
Analysis, Mai 2000.

00-11. Stefan Boschert, Alfred Schmidt, Kunibert G. Siebert, Eberhard Bénsch, Klaus-Werner
Benz, Gerhard Dziuk, Thomas Kaiser:
Simulation of Industrial Crystal Growth by the Vertical Bridgman Method, Mai 2000.

00-12. Volker Lehmann, Gerd Teschke:
Wavelet Based Methods for Improved Wind Profiler Signal Processing, Mai 2000.

00-13. Stephan Dahlke, Peter Maass:
A Note on Interpolating Scaling Functions, August 2000.

00-14. Ronny Ramlau, Rolf Clackdoyle, Frédéric Noo, Girish Bal:
Accurate Attenuation Correction in SPECT Imaging using Optimization of Bilinear Func-
tions and Assuming an Unknown Spatially-Varying Attenuation Distribution, September
2000.

00-15. Peter Kunkel, Ronald Stover:
Symmetric collocation methods for linear differential-algebraic boundary value problems,
September 2000.

00-16. Fabian Wirth:
The generalized spectral radius and extremal norms, Oktober 2000.

00-17. Frank Stenger, Ahmad Reza Naghsh-Nilchi, Jenny Niebsch, Ronny Ramlau:
A unified approach to the approzimate solution of PDE, November 2000.

00-18. Peter Benner, Enrique S. Quintana-Orti, Gregorio Quintana-Orti:
Parallel algorithms for model reduction of discrete—time systems, Dezember 2000.

00-19. Ronny Ramlau:
A steepest descent algorithm for the global minimization of Tikhonov—Phillips functional,
Dezember 2000.

01-01. Efficient methods in hyperthermia treatment planning:
Torsten Kohler, Peter Maass, Peter Wust, Martin Seebass, Januar 2001.

01-02. Parallel Algorithms for L.Q Optimal Control of Discrete-Time Periodic Linear Systems:
Peter Benner, Ralph Byers, Rafael Mayo, Enrique S. Quintana-Orti, Vicente Herndndez,
Februar 2001.

01-03. Peter Benner, Enrique S. Quintana-Orti, Gregorio Quintana-Orti:
Efficient Numerical Algorithms for Balanced Stochastic Truncation, Marz 2001.

01-04. Peter Benner, Maribel Castillo, Enrique S. Quintana-Orti:
Partial Stabilization of Large-Scale Discrete-Time Linear Control Systems, Mérz 2001.

01-05. Stephan Dahlke:
Besov Regularity for Edge Singularities in Polyhedral Domains, Mai 2001.

01-06. Fabian Wirth:
A linearization principle for robustness with respect to time-varying perturbations, Mai
2001.



01-07. Stephan Dahlke, Wolfgang Dahmen, Karsten Urban:
Adaptive Wavelet Methods for Saddle Point Problems - Optimal Convergence Rates, Juli
2001.

01-08. Ronny Ramlau:
Morozov’s Discrepancy Principle for Tikhonov reqularization of nonlinear operators, Juli
2001.

01-09. Michael Wollff:
Einfiihrung des Drucks fiir die instationdren Stokes—Gleichungen mittels der Methode von
Kaplan, Juli 2001.

01-10. Stephan Dahlke, Peter Maaf}, Gerd Teschke:
Reconstruction of Reflectivity Desities by Wavelet Transforms, August 2001.

01-11. Stephan Dahlke:
Besov Regularity for the Neumann Problem, August 2001.

01-12. Bernard Haasdonk, Mario Ohlberger, Martin Rumpf, Alfred Schmidt, Kunibert G.
Siebert:
h-p—Multiresolution Visualization of Adaptive Finite Element Simulations, Oktober 2001.

01-13. Stephan Dahlke, Gabriele Steidl, Gerd Teschke:
Coorbit Spaces and Banach Frames on Homogeneous Spaces with Applications to Analyzing
Functions on Spheres, August 2001.

02-01. Michael Wolff, Michael Bohm:
Zur Modellierung der Thermoelasto-Plastizitdt mit Phasenumwandlungen bei Stahlen sowie
der Umwandlungsplastizitat, Februar 2002.

02-02. Stephan Dahlke, Peter Maaf:
An Outline of Adaptive Wavelet Galerkin Methods for Tikhonov Regularization of Inverse
Parabolic Problems, April 2002.

02-03. Alfred Schmidt:
A Multi-Mesh Finite Element Method for Phase Field Simulations, April 2002.

02-04. Sergey N. Dachkovski, Michael Béhm:
A Note on Finite Thermoplasticity with Phase Changes, Juli 2002.

02-05. Michael Wolff, Michael Béhm:
Phasenumwandlungen und Umwandlungsplastizitdt bei Stahlen im Konzept der Thermoelasto-
Plastizitat, Juli 2002.

02-06. Gerd Teschke:
Construction of Generalized Uncertainty Principles and Wavelets in Anisotropic Sobolev
Spaces, August 2002.

02-07. Ronny Ramlau:
TIGRA — an iterative algorithm for regularizing nonlinear ill-posed problems, August 2002.

02-08. Michael Lukaschewitsch, Peter Maafl, Michael Pidcock:
Tikhonov reqularization for Electrical Impedance Tomography on unbounded domains, Ok-
tober 2002.



02-09. Volker Dicken, Peter Maaf}, Ingo Menz, Jenny Niebsch, Ronny Ramlau:
Inverse Unwuchtidentifikation an Flugtriebwerken mit Quetscholdampfern, Oktober 2002.

02-10. Torsten Kohler, Peter Maafl, Jan Kalden:
Time-series forecasting for total volume data and charge back data, November 2002.

02-11. Angelika Bunse-Gerstner:
A Short Introduction to Iterative Methods for Large Linear Systems, November 2002.

02-12. Peter Kunkel, Volker Mehrmann, Ronald Stover:
Symmetric Collocation for Unstructured Nonlinear Differential-Algebraic Equations of Ar-
bitrary Index, November 2002.

02-13. Michael Wollff:
Ringvorlesung: Distortion Engineering 2
Kontinuumsmechanische Modellierung des Materialverhaltens von Stahl unter Berticksich-
tigung von Phasenumwandlungen, Dezember 2002.

02-14. Michael Bohm, Martin Hunkel, Alfred Schmidt, Michael Wollff:
Evaluation of various phase-transition models for 100CT6 for application in commercial
FEM programs, Dezember 2002.

03—-01. Michael Wolff, Michael Bohm, Serguei Dachkovski:
Volumenanteile versus Massenanteile - der Dilatometerversuch aus der Sicht der Kontinu-
umsmechanik, Januar 2003.

03-02. Daniel Kessler, Ricardo H. Nochetto, Alfred Schmidt:
A posteriori error control for the Allen-Cahn Problem: circumventing Gronwall’s inequality,
Marz 2003.

03-03. Michael Bohm, Jorg Kropp, Adrian Muntean:
On a Prediction Model for Concrete Carbonation based on Moving Interfaces - Interface
concentrated Reactions, April 2003.

03-04. Michael Bohm, Jorg Kropp, Adrian Muntean:
A Two-Reaction-Zones Moving-Interface Model for Predicting Ca(OH )y Carbonation in
Concrete, April 2003.

03-05. Vladimir L. Kharitonov, Diederich Hinrichsen:
Ezxponential estimates for time delay systems, May 2003.

03-06. Michael Wolff, Michael Béhm, Serguei Dachkovski, Giinther Lowisch:
Zur makroskopischen Modellierung von spannungsabhdangigem Umwandlungsverhalten und
Umwandlungsplastizitit bei Stdhlen und ihrer experimentellen Untersuchung in einfachen
Versuchen, Juli 2003.

03-07. Serguei Dachkovski, Michael Bohm, Alfred Schmidt, Michael Wollft:
Comparison of several kinetic equations for pearlite transformation in 100Cr6 steel,
Juli 2003.

03-08. Volker Dicken, Peter Maass, Ingo Menz, Jenny Niebsch, Ronny Ramlau:
Nonlinear Inverse Unbalance Reconstruction in Rotor dynamics,
Juli 2003.



03-09. Michael Bohm, Serguei Dachkovski, Martin Hunkel, Thomas Liibben, Michael Wollff:
Ubersicht tiber einige makroskopische Modelle fiir Phasenumwandlungen im Stahl,
Juli 2003.

03-10. Michael Wolff, Friedhelm Frerichs, Bettina Suhr:
Vorstudie fiir einen Bauteilversuch zur Umwandlungsplastizitdt bei der perlitischen Umwand-
lung des Stahls 100 Cr6,
August 2003.

03-11. Michael Wolff, Bettina Suhr:
Zum Vergleich von Massen- und Volumenanteilen bei der perlitischen Umwandlung der
Stdhle 100CT6 und C80,
September 2003.

03-12. Rike Grotmaack, Adrian Muntean:
Stabilitatsanalyse eines Moving-Boundary-Modells der beschleunigten Karbonatisierung von

Portlandzementen,
September 2003.

03-13. Alfred Schmidt, Michael Wolff, Michael Béhm:
Numerische Untersuchungen fur ein Modell des Materialverhaltens mit Umwandlungsplas-
tizitat und Phasenumwandlungen beim Stahl 100Cr6 (Teil 1),
September 2003.

04-01. Liliana Cruz Martin, Gerd Teschke:
A new method to reconstruct radar reflectivities and Doppler information,
Januar 2004.

04-02. Ingrid Daubechies, Gerd Teschke:
Wavelet based image decomposition by variational functionals,
Januar 2004.

04-03. N. Guglielmi, F. Wirth, M. Zennaro:
Complex polytope extremality results for families of matrices,
Marz 2004.

04-04. I. Daubechies, G. Teschke:
Variational image restoration by means of wavelets: simultaneous decomposition, deblurring

and denoising,
April 2004.

04-05. V.L. Kharitonov, E. Plischke:
Lyapunov matrices for time-delay systems,
April 2004.

04-06. Ronny Ramlau:
On the use of fixed point iterations for the reqularization of nonlinear ill-posed problems,
Juni 2004.



