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Abstract

The construction of complete-type Lyapunov-Krasovkii functionals for a linear time-
invariant delay system depends on so-called delay Lyapunov matrices which satisfy a
matrix delay equation with additional boundary conditions. We study existence and
uniqueness issues for these delay Lyapunov matrices.

1 Introduction

The use of Lyapunov methods for the stability analysis of time-delay systems has been
an ever growing subject of interest starting with the pioneering works of Krasovskii [7]
and Razumikhin [9]. Recently, Kharitonov and Zhabko [5] introduced modified Lyapunov-
Krasovskii functionals for which the time derivative includes terms with not only depend
on the present but also on the past states of the delay system. This modification allows
to use the functionals for robustness analysis of time delay systems. The construction of
these functionals is based on a solution of a linear matrix differential-difference equation on
a finite time interval which satisfies additional symmetry and boundary conditions. This
solution is called a delay Lyapunov matriz as it inherits properties of the classical quadratic
Lyapunov functions for ordinary delay free differential equations. Delay Lyapunov matrices
have also been used in [4] in order to derive exponential estimates for the solutions of
exponentially stable time delay systems. In both papers the existence of these matrices
was shown only to the case of exponentially stable systems. The uniqueness issue was not
studied there. This paper closes this gap by showing that a unique delay Lyapunov matrix
exists when the delay equation is exponentially stable. For the general case, however,
there are currently no results available, but in the case of one delay systems we give here
necessary and sufficient conditions for the existence of the delay Lyapunov matrices.



2 Preliminaries

We consider a linear time-invariant delay system of the form

B(t) = Agr(t—h), t>0 (1)
k=0
where A, ..., A, € R™" are given matrices, 0 = hg < hy < --- < h,, = H are given

delays, and m > 1. To specify an initial value problem we prescribe a piece-wise contin-
uous initial function ¢(0), § € [—H,0] and call the associated unique solution z(¢; ). A
trajectory segment of x(t,y) is denoted by x; : [—H,0] — R™. When it is necessary to
indicate the initial condition the trajectory segment will be denoted as z;(¢). The set of
all continuous function segments is given by € = C[—H, 0.

The zeros of the characteristic equation A(s) = det (sI — > Are™"+*) are the eigenval-
ues of (1), its spectrum is given by o((1)) = {s € C| A(s) = 0}. If 54 is such an eigenvalue,
then there exists an eigenmotion z(t) = e*°'n of (1) where n € C™.

The system (1) is called exponentially stable if there exist constants M > 1, # > 0 such
that for every solution x(t; ¢)the following inequality holds

Jo(t )l < Me ol where ol = sup o]
TE|—H,

A necessary and sufficient condition for the exponential stability of (1) is that all of its
eigenvalues reside in the open left half-plane C_. As in the delay-free case one can check
this stability property by using Lyapunov functions.

Definition 1. A functional v : € — R, is called a Lyapunov-Krasovskii functional for (1)
if it has the following properties: There exist aq,ay > 0 such that ay ||z(t)||> < v(z;) <
g ||24||3,, and there exists 3 > 0 with o(z,) < -3 [|z(t)]*.

To construct a Lyapunov-Krasovskii functional we first choose a quadratic functional w :
€ — R, and then determine a functional v(-) satisfying 0(z;) = —w(z;). The following
result has been shown in [5].

Proposition 2. Given a quadratic functional of the form

i /0 oL (t + )W, e (t +60)do (2)

k=1 " ~hk

w(zy) =Y’ (t = hy) W (t — hy) +

where Wo, W1, ..., Wa,, € R™"™ are positive definite weight matrices. If the system (1) is
exponentially stable then there exists a unique quadratic functional v with v(x,) = —w(xy).



This functional is given by

m 0
v(ze) = 2" (U 0)a(t) + > 227 (1) / U(—hy, — 0) Apx(t + 0)do—+
k=1 —hi
m.m 0 0
+Y > / / T(t+ 0)ALU (0, — 01 + by, — hy) Aj(t + 601)d6 dbs+
k=1 j=1 Y ~hx J=h;

+Z/ Tt 4 0) Wi + (e + )W g 2(t + 0)d0 (3)

where

T) Z/OOO KT(t) [i(Wk+thm+k) K(t+7)dt, T€eR.

Here K(t) : R — R™" is the fundamental solution of (1), i.e. K(t) = 0, fort <0,
K(0) =1, and K(t) = >, AxK(t — hy,) fort > 0.

As U(7) in (3) takes over the role of a classical quadratic Lyapunov matrix for systems
without delays we call it the delay Lyapunov matriz associated with (3). In the following
we will study its properties. Note that U(7) is of the form

= /OO KT(t)WK(t + 7)dt, TeR (4)

where W € R™"™ is a positive definite matrix. Moreover, for the construction of the
functional v of (3), U(7) needs only to be known for 7 € [-H, H].
We have the following characterization of U(7).

Problem 3. For a given symmetric matric W € R™" find a continuous solution U(T) of
the following matrixz delay differential equation

U'(r) =U(m)Ao+ Y U(r —hp)Ay, 720 (5)

which satisfies the conditions

U(—1) =U"(1), T>0, (6)
U(0)Ag + ATU(0) + > U (hy) Ay + ALU(hy) = =W, (7)

The condition (6) is called the symmetry condition, while (7) is called the algebraic condi-
tion. Let us comment on the smoothness of solutions. If the initial function U[—H, 0] is €°,
then the solution of (5) is C!. But by symmetry (6), the initial function is then itself C!.
Repeating this argument, we see that U is infinitely smooth, with a possible exception of

3



7 = 0 where the delay equation (5) only describes the one-sided derivative U’(+0). It is eas-
ily verified that the improper integral (4) gives a solution of Problem 3. It is well-defined for
all 7 € R because (1) is exponentially stable. For the choice W = Y7 [Wy 4+ hp W]
we obtain a matrix U(7) that can be used for the construction of Lyapunov-Krasovskii
functionals in Proposition 2.

3 Uniqueness of the delay Lyapunov matrix

We will now show that equation (5) and conditions (6),(7) uniquely determine the delay
Lyapunov matrix. We state the following uniqueness theorem.

Theorem 4. Suppose that the delay equation (1) is exponentially stable. Then the matriz
U(T) given by (4) is the unique solution of (5) satisfying the conditions (6) and (7).

Proof. Assume that for a given W, Problem 3 has two different solutions U;(7) and Us (7).
We define two functionals of the form

vi(z,) = 27 ()Us(0)x(t) + Z 227 (1) / Ui(—hy — 0)Arx(t + 6)do+
k=1

+§:§:/'QF@+@VQMM%—91+m—JmAﬂ@+emwﬂw2(a

corresponding to U; and U,, respectively. Note that this choice mimics the construction
presented in Proposition 2, where the weights are given by Wy =W, W, = ... = W, = 0.
By direct calculations one can check that

0i(z(0)) = =27 (t, ) Wa(t, ©) for t>0,i=1,2.

Hence the difference v(z;) = vo(x;) — v1(2¢) satisfies the equality v(x;) = 0, ¢ > 0, which
implies that for all initial conditions ¢ and all ¢ > 0 we have v(x;(¢)) = v(p) as v is constant
along solutions. By exponential stability of (1), ||x(t,¢)|| — 0 ast — oo, therefore it follows
from Definition (1) that v(z(p)) — 0 for ¢ — oo which implies v(¢) = 0 for every initial
segment ¢. From Equation (8) we obtain

0= () = va(p) — 1) = " (O)U(0)p(0) + > 2 (0) /h U(—hy, — 0) App(0)do+
+ ; ; /_hk p' (02) A} (/_hj U6y — 01 + hy, — hj)Ajw(el)d@) s, (9)

where U(7) = Us(7) — Uy (1) satisfies the conditions of Problem 3 with W = 0. Now for
v € R™ consider the initial segment given by a piecewise continuous function,

Rt 0 =0,
M@—{Q 6 c[—H,0). (10)



For this initial segment ¢, all integrals in (9) vanish and hence (9) reduces to v7U(0)y = 0.
Since 7 is an arbitrary vector and U(0) is a symmetric matrix, U(0) = 0 must hold. Now, fix
an index i € {1,2...,m} and choose 7 € [—h;,—h;_1) and £ > 0 such that 7+ ¢ < —h;_;.
For any given vectors v,n € R™ consider now the initial function

v, 0=0,
p0)=qn  OelrT+e],
0, for all other 60 € [-H,0).

For this initial segment, (9) now reads

m T+e
0= Z 2" (/ U(—hi — Q)Akde) n+
P T

m T+e pTHE
+Y 0> nTA] (/ / U6y — 0y — hy + hj)deldeg) Ain. (11)

k=i j=1

If £ > 0 is small then the first integral is proportional to ¢ while the double integral is
proportional to €2 so that (11) can be written as

0= 2ey" (Z U(—hy — T)Ak> n+o(e),
o

where @ — 0 as € — 0. The fact that v and n are arbitrary vectors and that € can be

made arbitrarily small implies that

Y U(r—h)A =0 for 7€ (hiy,hi]. (12)

k=i

Now, (12) holds for all ¢ = 1,2,...,m. For i = 1 we therefore obtain the differential
equation U'(1) = U(7)Ao, as > .-, U(r — hg)Ax = 0, 7 € (0, hq]. But we already know
U(0) = 0, and hence U(7) = 0 for all 7 € [0, hq]. On the interval (hq, hs] equations (5)
and (12) for ¢ = 2 now yield the delay equation U'(7) = U(71)A¢ + U(T — hy)A;. But on
the interval [0, hy], U(7) is constantly 0, therefore U(7) = 0 for 7 € (hq, hy]. Continuing
this process we conclude that U(7) =0, 7 € [0, H], i.e. U(7) = Us(7) for all 7 € [-H, H].
Hence every solution of Problem 3 when (1) is exponentially stable is given by the integral
equation (4). O

Let us now investigate under which conditions equation (5) has no solution satisfying the
conditions (6) and (7). Of course, by the previous Theorem 3 such a situation may only
occur if system (1) is not exponentially stable. We need the following technical lemma.

Lemma 5. For two nontrivial vectors x,y € C" there exists a real symmetric matric

W € R™™ such that x" Wy # 0.



Proof. If there exists an index j such that x;y; # 0 then W = eje? satisfies 27 Wy # 0.
Here e; denotes the j-th unit vector. If z;y; = 0 for all j then there exist indices ¢ and k,
k # i, such that x; # 0 and x;, = 0 while y; = 0 and y; # 0. Hence setting W = e;el +epel
gives T Wy = zyp + 21y; = 25y # 0. O

Proposition 6. If the delay system (1) has two eigenvalues s; and sy with s1+ sy = 0 then
there exists a symmetric matric W for which (5) has no solution satisfying the conditions

(6) (7).

Proof. Assume by contradiction that for any symmetric matrix W equation (5) has a solu-
tion satisfying conditions (6)—(7). We can pick two eigenmotions of system (1) associated
with the eigenvalues s; and s, which are given by

W (t) = etz 23 (t) = ey, x,y e C".

By Lemma 5 there exists a symmetric matrix W such that 27 Wy # 0. Now by assumption,
(5) has a solution U(7) which satisfies the conditions (6)—(7). Let us define the bilinear
functional

) = ST OUOW0)+ 360 / U=y — 0)A;(0)d0+

—h;
+ Z/ 0)ALU (hy, + 6)d6(0)+
0
+ Z Z/ T(6y) AT /h. U(fy — 6, + hy, — h;)Ajab(60;)dfydb,.
k=1 j=1 J

Given two solutions of (1) one can verify by direct calculation (analogously to the calcu-
lation of ©(x;) = —w(x;) where v is defined by (3)) that

%Z(xtQP% z1 (V) = —2t (t; ) Wa(t; ).

In particular, for the solutions () (¢) and () we obtain
d Z(l‘gl),léQ)) [ — [l»(l) (t)]T Wl»(Q)(t) — _6(81+82)tl,TWy — _ITWy # O (13)

On the other hand, direct substitution of these solutions into the bilinear functional yields

m 0
Z($§1),1‘§2)) _ plsitso)t T [U(O) + Z/ ( —h; —0)Aje 520 4 ATU(h +0)e 516) do+

2
k=1

/ / S261+5162ATU(02 _ 01 + hk —h; )A d@ldeg]
1Y P

Jj=



Observe that the matrix in square brackets does not depend on ¢. The condition s;+s5 = 0

therefore implies that

e
%z(azg ),:c,g )) = 0.

But this is in contradiction to (13). Hence there exists no solution of (5) satisfying (6)—
(7). O
Proposition 6 shows that delay Lyapunov matrices do not exist if there are two eigenvalues
of (1) with sum 0. It is generally not known if these are the only critical conditions. We
will investigate this question for systems with one delay (m = 1) in the next section.

4 Existence and uniqueness issues for the one delay
case

Let us now assume that system (1) has only one delay term,
z(t) = Agx(t) + A1x(t — h), h > 0. (1)

Then the symmetry condition (6) allows us to extract a delay-free ordinary differential
matrix equation from the delay matrix equation (5). This case has been studied in [3]. A
recent analysis of this approach may be found in [8] where this technique is used to locate
those eigenvalues of (1’) which lie on the imaginary axis. Consider the following

Problem 7. For a given symmetric matriz W € R™™ find a solution U : [—h, h] — R™*"™
satisfying
U(r)=U(r)Ao + U(T — h) A4, T € [0, hl, (14)
U(r) =U"(-7) (symmetry condition),
U(0)Ay + U (W) A, + ALU(0) + ATU(h) = —W (algebraic condition).

As this problem is just a reformulation of Problem 3 for the one delay case, any solution
of Problem 7 is called a delay Lyapunov matrix for (1’). Note that we do not assume
exponential stability, so the integral representation (4) may be not defined. Therefore, not
only uniqueness, but also existence of delay Lyapunov matrices must be checked. Now,
consider the following boundary value problem for a delay-free system.

Problem 8. For a given symmetric matrizc W € R™" find solutions U,V : [0, h] — R™*™
of the ordinary differential system
U'(r)=U(1)Ay + V(1) A, V(t) = -ATU(r) — ATV (7) (15)
U'0)—V'(h) = =W, U(0) —V(h) =0. (16)
Here U’(0) and V'(h) are a short-hand notation for the one-sided derivatives, U'(0 + 0) =
U(0)Ag +V(0)A; and V'(h — 0) = —ATU(h) — ATV (h).

Problems 7 and 8 are equivalent in the following sense.
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Proposition 9. IfU(7) is a solution of Problem 7 then the pair (U(7),V (7)) = (U(7),UT (h—
7)) solves Problem 8. If the pair (U(7),V (7)) solves Problem 8 then U(r) = Y2(U(T) +
VT(h — 7)) solves Problem 7 if we extend U : [0, h] — R™™ to [—h, h] by setting U(r) =
UT(=7) for T < 0.

Proof. Suppose that U(7) solves Problem 7. Set V(7) = UT(h — 7). By symmetry,
U/(T) = U(T)Ao + U(T — h)A1 = U(T)AO + UT(h —T)Al = U(T)AO +V(T)A1,
V(t) = -AJUY(h— 1) — ATVT(h — 1) = —ATU(7) — ATV (7),
moreover the symmetry and boundary conditions U(0) = UT(0) and U(0) = VT (h) give
U(0) = V(h). Applying this result and the condition V(0) = UT(h) to the algebraic
condition yields
— W =U(0)A¢ + U (h)A; + ATU(0) + ATU(h) =
= U(0)Ag + V(0)A; + AJV (h) + ATU(h) = U'(0) = V'(h)

Now, suppose that the pair (U, V) solves Problem 8. Then the pair (U(7), V(7)) = (VT (h—
7),UT(h — 7)) also solves Problem 8 since

A~

U'(r) = = [-ATU(h —7) = ATV(h —7)]" = U(r) Ay + V() Ay,
V()= =[U(h—7)Ag+ V(h —1)A)|" = —ATU (1) — ATV (7).
Furthermore we have U(0) — V (k) = VT (k) — UT(0) = 0 and by symmetry of W
U'(0) = V'(h) = U(0)Ag + V(0)Ay + ATU(h) + ATV (R) =
=VT(h) Ay +UT () A, + ATVT(0) + ATUT(0) =
— (ATU(0) + ATU(h) + V(0) Ay + V(h)Ag)" = (U'(0) — V'(h))" = —W.

From U and U we can construct the solution U(7) = : ( () 4+ U(r )) It satisfies

U'(r) = YU+ VI(h—1) A+ L (V(r) + U (h— 1)) A = U(1) Ao + U (h— 1) A, (17)

As a final step we have to verify that U satisfies the conditions of Problem 7. Since U is
defined on 7 € [—h,0) by U(r) = UT(—7) we only need to check U(0) = U?(0). But the
condition U(0) = V(h) of (16) implies that

U(0) =4 (U0)+VT(h) = 5 (V(h)+U"(0)) = U (0). (18)

2

Since W is symmetric, we have by (16) that —W = 1 [(U’(O) +V'(h)) 4+ (U'(0) + V’(h))T] :

2
From this equation we obtain using (18)

— W =1 ((U(0) + VT (h)) Ao + (V(0) + U" (h))A;) +
+ 1 (AT(U(R) + VT(0)) + AT (V(h) + UT(0))) = U(0)Ag+ T (h) A, + ATU(h) + ATU(0)
which is the algebraic condition of Problem 7. Hence U is a solution of Problem 7, if we

extend U to [—h, h] by U(r) = UT(—7) since then (17) is equivalent to (14). O

8



From the proof of Proposition 9 we get the following corollary.
Corollary 10. Given a pair (U(1),V (1)) that solves Problem 8.

1. The pair (U(T), ‘7(7'))~: Yo(U(T)+VT(h—7),V(7)+UT (h—7)) also solves Problem 8.
Additionally U(t) = VT (h — 7).

2. If the solution pair is uniquely determined then U(t) = VT (h — 7).

The last item immediately rises the question of unique solutions, for which we present the
following uniqueness theorem.

Theorem 11. The solution pair (U(7),V (7)) of Problem 8 is uniquely determined if and
only if the spectrum of (1’) does not contain two eigenvalues with sum 0.

For the proof we recall the following technical lemma, see e.g. [1].

Lemma 12 (Unique Representation of Quasi-Polynomials). Given a quasi-polynomial
o(1) = Zle eMTpi(T) where N\; € C, N\; # A\; for i # j, and p; € C[r] are polynomials.

Then ¢ =0 implies p; =0 foralli=1,...,¢.

Proof (of Theorem 11). Given a nontrivial solution pair U,V : [0, h] — R™*" corresponding
to W = 0. By Corollary 10 we can assume without loss of generality that U(7) = VI (h—1)
holds for 7 € [0, h]. By continuation of the solution we obtain U,V : R — R™" which
satisfy Problem 8 on R, i.e. (15) and U(7) = VT(h — 7) are satisfied for all 7 € R. The
algebraic condition U’(0) = V’(h) then holds with two-sided derivatives.

We now show that the symmetry condition U(—7) = U?(7) automatically holds for all
7 € R. For this we prove U(7) = V(7 + h). Consider the second order derivatives

U'(t) =U'(1)Ag + V(1) A, = U' (1) Ag — [AlTU(T) + AgV(T)} A =
=U'(1)Ay — AJU' (1) + AJU(1)Ag — ATU(7) Ay,

V(1) = -ATU' (1) — AgV’(T) = AT [U(1)Ag + V(1) AL] — AgV’(T) =
=V'(1)Ag — ALV'(7) + ATV (1) Ay — ATV (1) Ap.

Hence U and V are subject to the same second order differential equation
X"(1) = X'(1)Ag — AJ X' (1) + A{ X (7)Ag — AT X (1) Ay (19)

Now, U(0) = V(h) and U’(0) = V'(h) which yields by time-invariance of (19) the symmetry
result U(7) = V(7 +h) = UT(—7). The solution U(7) is given by a sum of eigenmotions of
the finite-dimensional system (15). Namely, there exist A\; € C and matrices Z; € C™*",
1=1,...,0, k=0,...,N;, such that {e)‘”TkZik} forms a basis of the solution space for
the U-component of (15) where \; are the associated eigenvalues and Z;, € C"*" are the
U-components of generalized eigenvectors of (15). Therefore

Ur)y=> ey 2z, Tc{l,... 0}, K c{0,...N}, reR,

el keK;



(coefficients are incorporated in Zy, # 0). Since U(1) = VI(h — 1) = V(h + 1), U(7)
satisfies U'(1) = U(1)Ag + U(7 — h)A;. As the components of U’(7) are formed by quasi-
polynomials we obtain from Lemma 12 that

)\i <Z TkZZk>+ Zk’?’kflzik = <Z TkZ@k> A0+€7>\¢h (Z (7_ . h)ksz> Al, icl

keK; keK;\{0} keK; keK;

Now consider for a fixed index i the coefficient matrix of 7 belonging to the highest
degree k; = max(K;). Then Zg (M — Ag — e ™" Ay) = 0. As Z;, # 0 we conclude that
det(\I — Ag—e " A}) =0, i.e. \; € 0((1)). The symmetry property implies that U(7) =
>ier € N D ek, (=7)*Z],.. Hence, if (generalized) eigenmotions of \; contribute to U(7)
so do (generalized) eigenmotions of —\;. The same reasoning as above shows that —\; is
also contained in o((1)). Now let us suppose that there is A € o((1’)) such that —\ €
o((1)). We can construct a non-trivial pair of solutions (U, V') of Problem 8 which satisfies
U’(0) = V'(h), hence breaking uniqueness of the trivial solution (U, V') = 0. To see this we
set U(T) = eMwovl and V(1) = M7 MwoT where v, w € C" satisfy vT (M — Ag—e M A,) =
0, (M + AL + eMAT)w = 0. Then

U'(1) = XeMwo? = eMwo (Ag + e M A) = U(r)Ag + V(1) Ay,

V(1) = AT MapT = AT (AT — A ATV = —ATU (1) — ATV (7).
and U(0) = V(h), U'(0) = MwvT = V'(h). Switching to the real parts if necessary, we have
obtained a real non-trivial solution pair of Problem 8 which corresponds to W = 0. O

If the condition of Theorem 11 does not hold then there always exist non-trivial solutions
of Problem 8 corresponding to W = 0. Moreover, Proposition 6 shows that under these
conditions there exist matrices W for which there exists no solution at all. Applying

Proposition 9 to the Theorem 11, we obtain the following conclusion for solution set of
Problem 7.

Corollary 13. A delay Lyapunov matriz U of Problem 7 is uniquely determined if and
only if for all A\, pp € o((17)) : A+ p # 0.

With the help of Kronecker products Problem 8 can be vectorized and the resulting equa-
tions can be utilized in the numerical computation of solutions. The Kronecker product
satisfies vec AXB = (BT ® A)vec X, where vec X € R™ is obtained from X € R™" by
stacking up its columns, see [2]. Problem 8 takes the following vectorized form.

Problem 14. Given a symmetric matrix W € R™™. Find a solution pairu,v : [0, h] — R"’

such that
Do) (k) e
)
)

yar (ATl ATeI\ . (I®AT I®AL
)= (5) = (H7T ) = (05

(21)

10



where u = vec U, v = vec V, and w = vec W, A, M, N € R¥"**2n*,
Let us analyze the structure of the eigenvectors of the system matrix A in (20).

Proposition 15. Suppose that )y is an eigenvalue of the linear operator A given by

. mnxXn nxn nxn nxn U UAO + VAl
A:C x C"" — C x C" (V)'_)(—AlTU—AgV)

and —Xg does not belong to o(Ay), then there exists an eigenvector corresponding to Ao of

the operator A which is given by a pair of the form (sz;o) where Yo € C™" and (y € C.
Moreover, if (l‘ig) 1s an etgenvector of A corresponding to Ao, then the pair (ZO;) forms an
0

eigenvector of A corresponding to the eigenvalue —\g.

Proof. Using the representation of Problem 14 we have that

det(A] — A) = det <()\]I_®A§2{® ! 7 ®_(ji€ % 1145)) (22)
This determinant is equal to
det(A — A) = det [(A] — AJ) ® (A + A) + A] @ AT].
It vanishes if and only if there exists U € C™*" U # 0, such that
LU = (M + ADHUN — Ay) + ATUA, = 0.
Now, let (‘[ig) be an eigenvector of A corresponding to A\g. Then
Us(Ag — MoI) + Vodr =0,  ATUy + (Ao + ANV, = 0. (23)

By pre-multiplying the first equation with A\oI + AL and post-multiplying the second one
with A\l — Ag, we get

(Mol + A Up(Ag — XoI) + (Mol + ANVA, = 0,
ATU (AT — Ag) + (Mol + ADWVo(Nol — Ag) = 0.
Substitution of (23) into these equations gives L(Ao)Uy = 0, and L(X\g)Vp = 0. Hence

both components of any eigenvector corresponding to Ao are contained in ker L(Ag). We
therefore can define the following linear operator on the kernel of L(Ag)

M(A) = ker L(Ng) — ker L(Ng), UV = (Nl + AD)ATU,

so that the pair (‘(f) forms an eigenvector of A corresponding to A\g. Now, this linear
operator M(\g) posesses an eigenvector Yy with M(A\g)Yy = (oYo. Hence there exists an
eigenvector (Cﬁ}o) of A corresponding to Ay which is formed from the eigenpair ((p, Yy) of

11



M( ).
Finally, if ()\0, (\(ig)) is an eigenpair of A then

A<V0T> _ ( (ATVy + AlTUO)T) L <VOT)

vl (=VoA; — UpAop)T vl

173
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Remark 16. 1. If A\g € o(A), but \g € 0(Ap) then there exists an eigenvector of A
corresponding to A\g which is of the form (C(;,fo), ¢ € C.

i.e. —)\ is also an eigenvalue of A, and the pair ( ) forms a corresponding eigenvector. [

2. If A; is a regular matrix, then the conditions —\g & o(Agy) or A\g &€ o(Ap) can be
dropped.

3. If A; is singular and Ay € o(A) No(Ag) No(—Ap) then eigenvectors corresponding
to Ag can be constructed explicitely: they are formed by pairs (uv”,0) and (0, zy?)
where ATu= Ay =0, vT (A — X\oI) =0, and (Mol + AL)z = 0.

We are now able to decide if the delay Lyapunov matrix for (1°) is uniquely determined
just by looking at the eigenvectors of the operator A.

Corollary 17. Under the conditions of Proposition 15, if the operator A only has eigenval-
ues of geometric multiplicity 1, then a delay Lyapunov matriz of (17) is uniquely determined
if and only if ¢ # e holds for all eigenpairs (X, (CI{]OO))

Proof. Assume that there exists an eigenpair such that ¢ = e " ie. Uy(Ag+ e "A; —
Aol) = 0. It means that Ay € o((1’)) No(A). But this implies —Ag € o((1’)) No(A) whence
by Theorem 11 there is no uniquely determined delay Lyapunov matrix.

On the other hand, a nontrivial solution of Problem 8 corresponding to W = 0 satis-
fies V(7 + h) = U(7). Considering an eigenmotion e*0” (CUUOO) with non-zero coefficients
in the eigendecomposition of the solution pair (U(7), V(7)) # 0 for Problem 8, we have
T Ty = o7l therefore ¢ = e and A\ € o((17)) N o (A). O
Let us look at some examples.

Ezample 18. Consider the “hot shower problem” [6]
(t) = —ax(t — h), a>0,h>0.

Then the system matrix A and the matrices M, N for the left and right boundary condition
in the Kronecker formulation of Problem 14 are given by

0 —« 0 —« —a 0
(0 (0w v ()

If the determinant of M + Ne“" does not vanish, every w = vec W uniquely defines an

initial value via (%)(0) = (M + Ne*")~!(7,"), which then gives a unique solution. Now,

| —sinah  —cosah with determinant  2a(1 — sin ah).

M+ NeAh — (—acosah asinah—a)

12



The determinant vanishes for ah = 27k + 7, k € N. In this case, M + NeA = 0 so
every choice of initial values leads to a solution which corresponds to w = 0. Here any
initial value (%) yields the first component of a solution of Problem 8 given by u(r) =
ucos(ar) —vsin(ar), while a solution of Problem 7 has to be in the form @(7) = u cos(ar)
whenever ah = 2rk+Z, k € N. Note that io— (—a)e ™" = iatae s = 0if ah = 2rk+3,
hence +ia are common eigenvalues of the delay equation in Problem 7 and of the system
matrix in Problem 8.

Example 19. Let us now look at the following second order system given by the data

-1 -7 2 3
AO:(O —4)’ Al:(-z —2)'

With the help of Corollary 17 we can now decide for which delay terms h the delay Lya-
punov matrix associated with &(t) = Apz(t) + Ajz(t — h) is not uniquely determined. The
spectrum of the operator A is numerically given by

o(A) = {—4.3 £ 0.384i, 4.3 + 0.3844, +1.67i, —0.341, 0.341},

0

the matching scaling factors ¢ with Vi = (U for the eigenvectors (\(io) are given by
¢ € {—0.0989 £+ 0.182i, —2.31 £ 4.244,0.0931 4+ 0.9967, —0.329, —3.04}.

Now if A > 0 is a critical value for the delay, then log({) = —Agh has to hold. For real
eigenvalues, negative values of ( are of no interest. The only critical delays h are given as a
solution of 0.0931 — 0.996i = e~ 17" which has infinitely many positive solutions starting
with hg = 0.886. As the system is stable for h = 0, o(Ag + A1) = {—2.5 + 2.78i}, we see
that the spectrum of the delay equation (1’) hits the imaginary axis at hq for the first time
when varying the delay term h. The boundary condition matrix M + Ne#" € R8*® has
rank 6, hence there are some weights W for which there does not exist any delay Lyapunov
function, while other weights lead to non-unique delay Lyapunov functions.

5 Conclusions

This paper provides useful steps towards a systematic analysis of delay Lyapunov matrices
and answers the uniqueness question for exponentially stable delay systems and for systems
with one delay term. Unfortunately, the ideas presented in Section 4 are not directly
applicable to general non-stable and/or non-commensurable multi-delay systems.
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