
�81,9(56,7b7�����=HQWUXP�I�U�7HFKQRPDWKHPDWLN
�%5(0(1��������������)DFKEHUHLFK���±�0DWKHPDWLN�XQG�,QIRUPDWLN

5HFXUVLYH�PHVK�UHILQHPHQW�LQ��'
*LDQIUDQFHVFR�0DUWLQLFR

5HSRUW������

%HULFKWH�DXV�GHU�7HFKQRPDWKHPDWLN
5HSRUW�������������������������������������������������������������������������������������������������)HEUXDU�����



5HFXUVLYH�PHVK�UHILQHPHQW�LQ��'
*LDQIUDQFHVFR�0DUWLQLFR

$EVWUDFW
,Q� WKLV�SDSHU�D� WKUHH�GLPHQVLRQDO�PHVK�JHQHUDWRU� LV� LQWURGXFHG�� � 7KH�PHVK�JHQHUDWRU� WDNHV� WKH

ZRUNV�RI��%lQVFK�DQG�.RVVDF]N\�>����@�DV�VWDUWLQJ�SRLQW��7KH�GHYHORSHG�PHWKRG�VKRZV�KRZ�WR�GLYLGH�D
UHJXODU�GRPDLQ�LQWR�QRQ�GHJHQHUDWLYH�WHWUDKHGUD��XVLQJ�D�UHFXUVLYH�DSSURDFK��,W� LV��SRVVLEOH�WR�LQYHUW
WKH� SURFHVV� DQG� WR� UHVWRUH� SUHYLRXVO\� UHILQHG� WHWUDKHGUD�� � :H� ZLOO� DOVR� VKRZ� KRZ� WKH� XVHG� GDWD
VWUXFWXUH�DOORZV�IRU�WKH�VWXG\LQJ�RI�LUUHJXODU�GRPDLQV�

.H\ZRUGV
)LQLWH� (OHPHQW� 0HWKRG�� GRPDLQ� GLVFUHWL]DWLRQ�� DGDSWLYLW\�� FRQIRUPLW\�� PHVK� UHILQHPHQW� �� PHVK

FRDUVHQ�

���,QWURGXFWLRQ
0DQ\�SK\VLFDO�SUREOHPV�LQ�D�ZLGH�UDQJH�RI�VFLHQFH�DUH�PRGHOHG�XVLQJ�SDUWLDO�GLIIHUHQWLDO�HTXDWLRQV

�3'(V���)RU�H[DPSOH��LW
V�SRVVLEOH�WR�GHWHUPLQH�WKH�HOHFWUR�PDJQHWLF�ILHOG�RI�RSWLFDO�VWUXFWXUH��DV�XVHG
LQ�WHOHFRPPXQLFDWLRQ��VROYLQJ�WKH�0D[ZHOO�HTXDWLRQV��� ��� �RUGHU�3'(V��XQGHU�VXLWDEOH�FRQGLWLRQV��VHH
H�J�� >��@��� $QRWKHU� DSSOLFDWLRQ� FRQFHUQV� LPDJH� SURFHVVLQJ� LQ� SUREOHPV� OLNH� LPDJH� VPRRWKLQJ�
UHVWRUDWLRQ��VHJPHQWDWLRQ��HGJH�GHWHFWLRQ�DQG�VKDSH�DQDO\VLV��,Q�SDUWLFXODU�LW�KDV�EHHQ�VKRZQ�KRZ�WKLV
PHWKRG�FDQ�EH�DSSOLHG�WR�LPDJH�PXOWL�VFDOH�DQDO\VLV��VHH�H�J��>����@��

7KH�HQKDQFHPHQW�RI�FRPSXWHUV�SHUIRUPDQFH�LQ�WKHVH�ODVW�IHZ�\HDUV��LQ�WHUPV�RI�FDOFXODWLRQ�VSHHG
DQG� DYDLODEOH�PHPRU\�� KDV�PDGH� LW� SRVVLEOH� WR� LPSURYH� WKH� FRPSOH[LW\� RI� QXPHULFDO� DOJRULWKPV� IRU
SUREOHPV� UHTXLULQJ� KXJH� FRPSXWDWLRQDO� UHVRXUFHV�� 7KLV� LQFOXGHV� DOJRULWKP� XVHG� WR� VROYH� 3'(V�� $
QXPHULFDO� SURJUDP� WKDW� VROYHV� WKH� HTXDWLRQ� DQG� GHWHUPLQHV� WKH� VROXWLRQ� FRQVLVWV� JHQHUDOO\� RI� WKH
IROORZLQJ� WKUHH� SDUWV�� D� SUH�SURFHVVRU�� ZKLFK� LV� WKH� VXEMHFW� RI� WKLV� DUWLFOH�� WKDW� SURYLGHV� WKH� GDWD
VWUXFWXUH�IRU�WKH�GHVFULSWLRQ�RI�WKH�GRPDLQ��D�VROYHU�WKDW�XVHV�WKHVH�VWUXFWXUHV�WR�GHWHUPLQH�WKH�OLQHDU
SUREOHP�WKDW�IROORZV�IURP�WKH�GLVFUHWL]DWLRQ�RI�WKH�GRPDLQ��D�SRVW�SURFHVVRU�WKDW�XVHV�WKH�RXWSXW�RI�WKH
VROYHU�IRU�JUDSKLFDO�UHSUHVHQWDWLRQ�

,Q�6HFWLRQ���EHORZ��ZH�ZLOO�VKRZ�KRZ�WR�GLYLGH�D�WKUHH�GLPHQVLRQDO�GRPDLQ�LQWR�WHWUDKHGUD��:H�ZLOO
VKRZ�DOVR�WKH�DOJRULWKP�WKDW�UHILQHV�DQG�FRDUVHV�WKH�JULG�

,Q�6HFWLRQ���VRPH�H[DPSOH�RI�GLYLVLRQ�RI�WKH�GRPDLQ�ZLOO�EH�VKRZQ�



���'LVFUHWL]DWLRQ�RI�WKH�GRPDLQ
2QH�LPSRUWDQW�DVSHFW�ZKHQ�VROYLQJ�3'(V�LV�WKH�VXEGLYLVLRQ�RI�WKH�FRPSXWDWLRQDO�GRPDLQ�ZKLFK�LV

UHTXLUHG� WR� REWDLQ� DQ� DSSUR[LPDWH� VROXWLRQ� WKDW� LV� DFFHSWDEO\� FORVH� WR� WKH� H[DFW� VROXWLRQ� RI� WKH
GLIIHUHQWLDO�HTXDWLRQ�XQGHU�VWXG\���$�SDUWLFXODUO\�ZHOO�NQRZQ�NLQG�RI�VXEGLYLVLRQ�LV�WKH�WULDQJXODWLRQ�

$�WULDQJXODWLRQ�T�LV�D�VHW�RI�QRQ�GHJHQHUDWH�HOHPHQWV�ZLWK�YHUWLFHV�LQ�§N, N = 2, 3. The elements of T

are called non-degenerate if the angles of the elements of the triangulation are lower and upper bounded for all t

³T.  In a three-dimensional domain solid angles will be considered.

T  is called conforming if the interSection of any two non disjoint non-identical  elements consists either of a

common vertex or a common edge or a common face. An element t ³T  is said to have a non-conforming node,

if there is a node P of the triangulation which is not a vertex of t but P ³T .

Let’s introduce the relation T1 � T2   if  T2    is obtained by refinement of T1. We call a sequence  T0 , T1, T2 ...

stable if all the elements  t ³ � T � �DUH�QRQ��GHJHQHUDWH�

)LJ������([DPSOH�RI�D�FRQIRUPLQJ�WULDQJXODWLRQ�LQ��§2�

7KH�PDLQ� GLIILFXOWLHV� WR� RYHUFRPH�DUH� UHODWHG� WR� WKH� VWDELOLW\� DQG� FRQIRUPLW\� RI� WKH� JULG�� $QRWKHU
LPSRUWDQW�DVSHFW� LV� WKH�DGDSWLYLW\�RI� WKH� WULDQJXODWLRQ� WKDW�PHDQV� WKDW� WKH�PHVK� LV� UHILQHG� LQ� UHJLRQV
ZKHUH�KLJK�DFFXUDF\�RI�WKH�VROXWLRQ�LV�UHTXLUHG��7KH�VSHHG�RI�WKH�VROYHU�LV�LQYHUVHO\�SURSRUWLRQDO�WR�WKH
QXPEHU� RI� HOHPHQWV� RI� WKH� JULG�� EHFDXVH� WKH� QXPEHU� RI� XQNQRZQV� LQFUHDVHV� ZLWK� WKH� LQFUHDVLQJ
QXPEHU�RI�HOHPHQWV�RI�WKH�WULDQJXODWLRQ���WKHUHIRUH��WKH�GLVWULEXWLRQ�RI�HOHPHQWV�ZLWKLQ�WKH�GRPDLQ�LV�DQ
LPSRUWDQW�DVSHFW�

$Q� HOHPHQW� RI� WKH� GRPDLQ� FDQ� EH� GLYLGHG� XVLQJ� GLIIHUHQW� PHWKRGV�� LQ� WKLV� SDSHU� WKH� EL6HFWLRQ
PHWKRG�LV�XVHG��,I�ZH�FRQVLGHU��IRU��H[DPSOH��D�ELGLPHQVLRQDO�GRPDLQ��WKDQ�HYHU\�HOHPHQW�RI�WKH�JULG
LV�D�WULDQJOH��(DFK�WULDQJOH�KDV�DQ�HGJH�FDOOHG�UHILQHPHQW�HGJH�DQG�WKH�VXEGLYLVLRQ�RI�WKH�WULDQJOH�ZLOO
EH� REWDLQHG� VLPSO\� E\� MRLQLQJ� WKH� PLGGOH� SRLQW� RI� WKH� FKRVHQ� HGJH� ZLWK� WKH� RSSRVLWH� YHUWH[�� ,W
V
SRVVLEOH�WR�SURYH�WKDW� WKLV�PHWKRG�SURGXFHV�D�FRQIRUPLQJ�JULG� LQ�D�ILQLWH�QXPEHU�RI�GLYLVLRQ�VWHSV��$
JRRG�FKRLFH�IRU�WKH�UHILQHPHQW�HGJH�ZRXOG�EH�WKH�ORQJHVW�HGJH�RI�HDFK�WULDQJOH��VHH�>�@�



)LJ�����%L6HFWLRQ�RI�RQH�HOHPHQW�LQ�§2�

7KH�GRPDLQ�FDQ�EH�GLYLGHG�XVLQJ�WZR�DSSURDFKHV�
7KH� ILUVW� LV� D� QRQ� UHFXUVLYH� DSSURDFK�� KHUH�� DW� HYHU\� VWHS� RI� WKH� UHILQHPHQW� DOJRULWKP�� RQO\� RQH

HOHPHQW�DW�D�WLPH�LV�GLYLGHG��7KLV�PHDQV�WKDW�DIWHU�WKH�H[HFXWLRQ�RI�WKH�UHILQHPHQW�DOJRULWKP�VRPH�QRQ
FRQIRUPLQJ�SRLQWV�DUH�LQWURGXFHG�DQG�WKDW�FRQIRUPLW\�LV�EURNHQ��,W�LV�WKXV�QHFHVVDU\�WR�FKHFN�WKH�JULG
WR�ILQG�RXW�DQG�ELVHFW�DOO�WKH�QRQ�FRQIRUPLQJ�HOHPHQWV��7KH�UHILQHPHQW�DOJRULWKP�LV�WKH�UHSHDWHG�IRU�DOO
WKH� QRQ�FRQIRUPLQJ� HOHPHQWV� RI� WKH� JULG� XQWLO� D� FRQIRUPLQJ� JULG� LV� REWDLQHG�� )XUWKHUPRUH�� WKLV
DOJRULWKP�SURFHVVHV�RQO\�RQH�HOHPHQW�DW�D�WLPH�

7KH�VHFRQG�LV�D�UHFXUVLYH�DSSURDFK��LQ�WKLV�FDVH�ZH�ZDQW�WR�DSSO\�WKH�UHILQHPHQW�DOJRULWKP�DW�PRVW
RQFH� WR�DQ�HOHPHQW�EHFDXVH�ZH�GRQ¶W�ZDQW� WR� LQWURGXFH�DQ\�QRQ�FRQIRUPLQJ�SRLQW� DIWHU� WKH�GLYLVLRQ
SURFHVV��7KLV�LV�SRVVLEOH�LI�ZH�GLYLGH�D�ZKROH�VHW�RI�HOHPHQWV�WKDW�VKDUH�WKH�VDPH�UHILQHPHQW�HGJH��,W¶V
VR� FOHDU� WKDW� LQ� WKLV� FDVH�� DW� � WKH� HQG� RI� WKH� � UHILQHPHQW� DOJRULWKP�� WKH� FRQIRUPLW\� RI� WKH� JULG� LV
PDLQWDLQHG��7KLV�JXDUDQWHHV�WKDW�WKH�FRQIRUPLW\�LV�QRW�ORVW�

������7KUHH�GLPHQVLRQDO�FDVH

7KH� VWDUWLQJ� �PDFUR�� JULG� LV� RQH� RI� WKH� IXQGDPHQWDO� SUREOHPV� WR� IDFH� ZKHQ� ZRUNLQJ� ZLWK� WKUHH�
GLPHQVLRQDO�GRPDLQV��EHFDXVH�WKH�VWDELOLW\�RI�WKH�WULDQJXODWLRQ�GHSHQGV�RQ�LW�

�/HW
V�FRQVLGHU�D�FXEH�GHQRWHG�E\�0��7KH�VWDUWLQJ�JULG�FRQVLVWV�RI� VL[� FRQJUXHQW� WHWUDKHGUD� �VHH
)LJ������7KUHH�HGJHV�RI�HDFK�WHWUDKHGURQ�FRUUHVSRQG�WR�HGJHV�RI�0��WZR�DUH�GLDJRQDO�IDFHV�RI�0�DQG
RQH�LV�WKH�GLDJRQDO�RI�0�

7KLV�LQLWLDO�HPEHGGLQJ�ZDV�LQWURGXFHG�E\�%äQVFK�>�@�IRU�D�QRQ�UHFXUVLYH�GRPDLQ�GLVFUHWL]DWLRQ�DQG
LV�H[FHOOHQW�IRU�WKH�JHQHUDWLRQ�RI�VWDEOH�WULDQJXODWLRQ��.RVVDF]N\�>�@�KDV�DOVR�DSSOLHG�WKLV�VWDUWLQJ�JULG
DQG�SURYLGHG�D�UHFXUVLYH�GRPDLQ�GLVFUHWL]DWLRQ�DOJRULWKP�



)LJ���

/HW� XV� FRQVLGHU� QRZ� RQH� RI� WKH� WHWUDKHGUD� DQG� GLYLGH� LW� E\� XVLQJ� WKH� EL6HFWLRQ�PHWKRG� LQ� WKUHH
VXFFHVVLYH�VWDJHV��DV�VKRZQ�LQ�)LJ������7KH�WHWUDKHGURQ�LV�GLYLGHG�E\�FXWWLQJ�WKH�WZR�IDFHV�WKDW�VKDUH
WKH� UHILQHPHQW� HGJH��:H�ZLOO� FRQVLGHU� WKH� ORQJHVW� HGJH� DV� UHILQHPHQW� HGJH�� $W� HYHU\� VWDJH� RI� WKH
EL6HFWLRQ�� WZR� FRQJUXHQW� WHWUDKHGUD� DUH� REWDLQHG�� LQ� )LJ�� �� RQO\� RQH� RI� WKH� WZR� HOHPHQWV� WKDW� DUH
REWDLQHG�DW�HDFK�VWDJH�LV�VKRZQ��1RWH�WKDW�DW�WKH�HQG�RI�WKH�WKUHH�VWDJHV��WKH�UHVXOWLQJ�WHWUDKHGURQ�LV
FRQJUXHQW�WR�WKH�LQLWLDO�WHWUDKHGURQ�FRQVLGHUHG�EHIRUH�DSSO\LQJ�WKH�EL6HFWLRQ�PHWKRG��7KLV�WXUQV�RXW�WR
EH�YHU\�LPSRUWDQW�EHFDXVH�ZH�FDQ�ILQG�RXW�WKDW�RQO\�WKUHH�FODVVHV�RI�VLPLODULW\�DUH�DOORZHG�DQG�KHQFH
WKH� �VROLG�� DQJOHV� RI� WKH� WHWUDKHGUD� LQ� WKH� JULG� DUH� IL[HG� D� SULRUL�� 7KH� WKUHH� FODVVHV� RI� VLPLODULW\� DUH
FDOOHG�W\SH�RQH���W\SH�WZR�DQG�W\SH�WKUHH�UHVSHFWLYHO\�
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5HVXOW�DIWHU�VWDJH�RQH�RI�EL6HFWLRQ

�������������

5HVXOW�DIWHU�VWDJH�WZR�RI�EL6HFWLRQ
             

5HVXOW�DIWHU�VWDJH�WKUHH�RI�EL6HFWLRQ

)LJ���

/HW�XV�QRZ�FRQVLGHU�KRZ�WR�VWRUH�WKH�GDWD�RI�HDFK�WHWUDKHGURQ��7KH�SUH�SURFHVVRU��KDV�WR�FUHDWH
DQG� GHVFULEH� WKH� WULDQJXODWLRQ�ZLWK�GDWD� VWUXFWXUHV� WKDW� DUH� WKH� LQSXW� IRU� WKH� VROYHU�� )LUVW� RI� DOO�� LW� LV
QHFHVVDU\� WR� WUDFH� WKH� YHUWLFHV� WKDW� IRUPV� WKH� WHWUDKHGUD�� IRU� H[DPSOH�9 � �� 9 � �� 9 � DQG 9 � �� 7KH� EHVW
FKRLFH�IRU�VLPSOLI\LQJ�WKH�EL6HFWLRQ�DOJRULWKP�LV�WR�VWRUH�WKH�IRXU�YHUWLFHV�UHODWHG�WR�HDFK�WHWUDKHGUD��LQ
D�ZD\�WKDW�WKH�YHUWLFHV�UHODWHG�WR�WKH�ORQJHVW�HGJH�DUH�VWRUHG�LQ�WKH�ILUVW�WZR�SRVLWLRQV��:KHQ�VSOLWWLQJ
WKLV�WHWUDKHGURQ��WZR�VLPLODU�WHWUDKHGUD�DUH�REWDLQHG�DQG�LW�LV�SRVVLEOH�WR�VWRUH�WKH�YHUWLFHV�RI�WKH�WZR
UHVXOWLQJ� WHWUDKHGUD� LQ� WKH�VDPH�ZD\��7KLV�DOJRULWKP�FDQ�HDVLO\� EH� LPSOHPHQWHG�DV�VKRZQ� LQ�)LJ���
ZKHUH�LW�LV�SRVVLEOH�WR�VHH�KRZ�WR�REWDLQ�WKH�YHUWLFHV�RI�WZR�FKLOGUHQ�VWDUWLQJ�IURP�WKH�IDWKHU��7KH�RQO\
H[FHSWLRQ�LV�ZKHQ�WKH�GLYLVLRQ�RI�D�W\SH�RQH�WHWUDKHGURQ� LV�FRQVLGHUHG�� LQ�WKLV�FDVH�D�SHUPXWDWLRQ�RI
WKH�HOHPHQWV�LQ�WKH�VHFRQG�DQG�WKLUG�SRVLWLRQ�RI�WKH�ULJKW�FKLOG
V�YHUWLFHV�LV�QHHGHG�

��������7\SH���

������7\SH���

�7\SH����



9 � �9 � �9 � 9 �

9 � �9 � �9 � 9 � ��������� �9 � ��9 � �9 � �9 �

9 � ��9 � �9 � �9 � ��

�3HUPXWDWLRQ��ZKHQ�GLYLGLQJ�D�W\SH���WHWUDKHGURQ�

)LJ���

$QRWKHU� LPSRUWDQW� DVSHFW� UHJDUGV� WKH� PHPRU\� VWRUDJH� IRU� WKH� QHLJKERUV�� 7KDW� LV�� IRU� HDFK
WHWUDKHGURQ� ZH� KDYH� WR� GHWHUPLQH� ZKLFK� DUH� WKH� DGMDFHQW� WHWUDKHGUD�� 8VXDOO\�� ZLWK� WKH� H[SUHVVLRQ
QHLJKERUV� ZH� DUH� GHVFULELQJ� WKRVH� WHWUDKHGUD� WKDW� VKDUH� D� IDFH� ZLWK� WKH� WHWUDKHGURQ� XQGHU
FRQVLGHUDWLRQ��,Q�WKLV�ZRUN�ZH�ZLOO�XVH�D�GLIIHUHQW�DSSURDFK�DQG�FRQVLGHU�DV�QHLJKERUV�DOO�WKH�HOHPHQWV
WKDW� VKDUH� D� FRPPRQ� HGJH��2Q� WKH� RQH� KDQG� WKLV� FKRLFH� LQFUHDVHV� WKH� VL]H� RI� WKH� GDWD� VWUXFWXUH�
EHFDXVH�HYHU\�WHWUDKHGURQ�KDV�IRXU�IDFHV�DQG�VL[�HGJHV��EXW�RQ�WKH�RWKHU�KDQG�LW
V�VLPSOHU�WR�ILQG�WKH
WHWUDKHGUD� WKDW� VKDUH� WKH� VDPH� UHILQHPHQW� HGJH�� ,W
V� DOVR� SRVVLEOH� WR� HDVLO\� GHOHWH� VRPH� RI� WKH
WHWUDKHGUD�RI� WKH� JULG�� IRU� H[DPSOH�ZKHQ� VWXG\LQJ� LUUHJXODU� GRPDLQV�� 7KLV� DVSHFW�ZLOO� EH� GHYHORSHG
ODWHU�LQ�WKH�H[DPSOHV�6HFWLRQ�

,Q�)LJ���� WKH�GDWD�VWUXFWXUH�RI� WKH� WHWUDKHGUD�DQG� WKH�FRUUHVSRQGLQJ�QHLJKERUV�DUH�VKRZQ��(YHU\
WHWUDKHGURQ� RI� WKH� JULG� LV� QXPEHUHG�� VR� ZH� FDQ� UHIHU� WR� WKH� GDWD� RI� WHWUDKHGURQ� QXPEHU� µL¶� VLPSO\
FKHFNLQJ�WKH�FROXPQ�µL¶�RI�WKH�UHODWHG�VWUXFWXUH��,Q�HDFK�FROXPQ�RI�WKH�ILUVW�PDWUL[�WKH�IRXU�YHUWLFHV�RI
HDFK�WHWUDKHGURQ�DUH�VWRUHG��DQG�LQ�WKH�VHFRQG�PDWUL[�WKH�QHLJKERUV�RI�WKH�VL[�HGJHV�RI�HDFK�HOHPHQW
DUH�VWRUHG��/HW¶V�QRZ�FRQVLGHU�WZR�YHUWLFHV�RI�RQH�RI�DQ\�WHWUDKHGUD��E\�REVHUYLQJ�WKH�QHLJKERUV�PDWUL[
LW� LV� SRVVLEOH� WR� HVWDEOLVK� ZKLFK� WHWUDKHGURQ� VKDUHV� WKH� VDPH� HGJH� �WZR� YHUWLFHV�� ZLWK� WKH� ILUVW
FRQVLGHUHG�HOHPHQW�� ,Q� IDFW�� LW� VXIILFHV� WR�REVHUYH� WKH�QXPEHU�RI� WKLV� WHWUDKHGURQ� IURP� WKH� DGMDFHQW
PDWUL[�� LQ� WKH�SRVLWLRQ�FRUUHVSRQGLQJ� WR� WKH�SDLU�RI�YHUWLFHV�FKRVHQ�� ,W
V�SRVVLEOH� WR� UHSHDW� WKH�VDPH
SURFHGXUH�IRU�WKH�IRXQG�WHWUDKHGUD��WKXV�ILQGLQJ�QHZ�HOHPHQWV�WKDW�VKDUH�WKLV�HGJH��7KDW�OHDGV�WR�WKH
FRQFHSW� RI� FKDLQ�� 1RWH� WKDW� WKH� RUGHU� RI� WKH� WHWUDKHGUD� LQVLGH� WKH� FKDLQ� LV� QRW� LPSRUWDQW� VR� LW� LV
VXIILFLHQW�IRU�DOO�WKH�HOHPHQWV�ZLWK�WZR�FRPPRQ�YHUWLFHV�WR�EH�VWRUHG�LQ�D�UDQGRP�RUGHU��2I�FRXUVH��WKH
FKDLQ�KDV�WR�EH�FORVHG�WKDW�PHDQV�WKDW�PXVW�EH�SRVVLEOH�WR�JR�WURXJK�WKH�FKDLQ�DQG�FRPH�EDFN�WR�WKH
HOHPHQW�ZH�VWDUWHG�



0DWUL[�RI�WHWUDKHGUD
�UHIHUUHG�WR�ILJ����

���������������������������������������������������������������������������

a � � � � � �
b � � � � � �
g � � � � � �
d � � � � � �

0DWUL[�RI�DGMDFHQW
�UHIHUUHG�WR�ILJ����

a-b � � � � � �
a-g � � � � � �
a-d � � � � � �
b-g � � � � � �
b-d � � � � � �
g-d � � � � � �

)LJ���

)RU�([DPSOH��LI�WKH�YHUWLFHV�FRQVLGHUHG�DUH���DQG����DQG�ZH�VWDUW�IURP�WHWUDKHGURQ����WKH�FKDLQ�ZLOO
EH�

�� �

�� �

� �

)LJ������([DPSOH�RI�FKDLQ�ZLWK�YHUWLFHV���DQG���



�����5HILQHPHQW�DOJRULWKP

7KLV�DOJRULWKP�ZRUNV�IRU�HYHU\�HOHPHQW�RI�WKH�GRPDLQ�DQG�WKH�UHILQHPHQW�HGJH�FDQ�DOVR�EHORQJ�WR
WKH�ERXQGDU\�RI�WKH�GRPDLQ�

7KH�UHILQHPHQW�DOJRULWKP�FDQ�EH�LPSOHPHQWHG�DV�VKRZQ�EHORZ�

5HFXUVLYH�3URFHGXUH�5HILQH�W�

/HW�H�EH�WKH�UHILQHPHQW�HGJH�RI�WHWUDKHGURQ�W
/HW�G�EH�WKH�WHWUDKHGURQ�WKDW�VKDUHV�WKH�HGJH�H�ZLWK�WKH�WHWUDKHGURQ
W���G�LV�ILQG�RXW�IURP�WKH�DGMDFHQW�PDWUL[�
ZKLOH�>G���W@�^

ZKLOH�>H�LV�QRW�WKH�UHILQHPHQW�HGJH�RI�G@�^
5HILQH�G�

`
G
� �G�
G� � WHWUDKHGURQ� WKDW�VKDUHV� WKH�HGJH�H�ZLWK� WKH� WHWUDKHGURQ�G

�G�LV�ILQG�RXW�IURP�WKH�DGMDFHQW�PDWUL[�

`
5HILQHPHQW�RI�DOO�WHWUDKHGUD�WKDW�VKDUH�WKH�UHILQHPHQW�HGJH�H

`

������&RDUVHQ�DOJRULWKP

7KLV�DOJRULWKP�UHYHUVHV�WKH�UHILQHPHQW�SURFHVV��,Q�WKLV�FDVH�WKH�FRDUVH�HGJH�LV� LQWURGXFHG��ZKLFK
FRQVLVWV�RI�WKH�YHUWLFHV�LQ�SRVLWLRQ�RQH�DQG�IRXU�LQ�WKH�³PDWUL[�RI�QRGHV´��+HUH��ZH�KDYH�WR�ILQG�DOO�WKH
HOHPHQWV�WKDW�VKDUH�WKH�VDPH�FRDUVH�HGJH�DQG�WKHQ�MRLQ�HYHU\�HOHPHQW�ZLWK�WKH�UHVSHFWLYH�VRQ��1RWH
WKDW�DIWHU�WKH�H[HFXWLRQ�RI�WKLV�DOJRULWKP��WKH�QRGH�LQ�WKH�IRXUWK�SRVLWLRQ�RI�WKH�PDWUL[�RI�QRGHV�GRHV�QRW
H[LVW�DQ\PRUH��7KXV��WKLV�QRGH�LV�UHPRYHG�VR�WKH�RULJLQDO�HGJH�LV�UHVWRUHG�



7KH�FRDUVHQ�DOJRULWKP�FDQ�EH�LPSOHPHQWHG�DV�VKRZQ�EHORZ�

5HFXUVLYH�3URFHGXUH�&RDUVH�W�

/HW�H�EH�WKH�FRDUVH�HGJH�RI�WHWUDKHGURQ�W
/HW� G� EH� WKH� WHWUDKHGURQ� WKDW� VKDUHV� WKH� HGJH� H� ZLWK� WKH
WHWUDKHGURQ�W���G�LV�ILQG�RXW�IURP�WKH�DGMDFHQW�PDWUL[�
ZKLOH�>G���W@�^

ZKLOH�>H�LV�QRW�WKH�FRDUVH�HGJH�RI�G@�^
&RDUVH�G�

`
G
� �G�
G� �WHWUDKHGURQ�WKDW�VKDUHV�WKH�HGJH�H�ZLWK� WKH� WHWUDKHGURQ
G
��G�LV�ILQG�RXW�IURP�WKH�DGMDFHQW�PDWUL[�

`
)XVLRQ� RI� DOO� WHWUDKHGUD� WKDW� VKDUH� WKH� UHILQHPHQW� HGJH� H�ZLWK
WKHLU�VRQV

`

����([DPSOHV

,Q�WKLV�6HFWLRQ�VRPH�H[DPSOHV�RI�DGDSWLYH�UHILQHPHQW�RI�D�GRPDLQ�ZLOO�EH�VKRZQ�
,Q�)LJ����WKH�PHDQLQJ�RI�DGDSWLYLW\�LV�H[SODLQHG��/HW¶V�VXSSRVH�WKDW�LW�LV�LPSRUWDQW�WR�UHILQH�WKH�JULG

DURXQG�D��FHUWDLQ�SRLQW�FDOOHG� µ$¶��,W� LV�SRVVLEOH�WR�REVHUYH�WKDW�WKH�VL]H�RI�WKH�WHWUDKHGUD�DURXQG�WKLV
SRLQW�DUH�VPDOOHU�WKDQ�WKH�RQHV�RI�WKH�WHWUDKHGUD�IDU�DZD\�IURP�WKH�SRLQW�FRQVLGHUHG�



)LJ���

,W� LV� SRVVLEOH� WR� DQDO\]H� DOVR� LUUHJXODU� GRPDLQV�� ,Q� WKLV� FDVH�� DV� PHQWLRQHG� LQ� 6HFWLRQ� ��� LW� LV
SRVVLEOH�WR�HUDVH�VRPH�RI�WKH�WHWUDKHGUD�RI�WKH�JULG�DFFRUGLQJ�WR�DQ�LQSXW�IXQFWLRQ��$OO�WKH�WHWUDKHGUD
WKDW�GR�QRW�PDWFK�WKLV�IXQFWLRQ�DUH�GHOHWHG�IURP�WKH�PDWUL[�RI� WHWUDKHGUD��2I�FRXUVH� LW� LV� LPSRUWDQW� WR
XSGDWH� QRW� RQO\� WKH� PDWUL[� RI� WHWUDKHGUD� EXW� DOVR� WKH� PDWUL[� RI� DGMDFHQWV�� 7KLV� LV� SURYLGHG� E\
VKRUWHQLQJ� WKH� µFKDLQV¶� RI� WKH� QHLJKERUV� WKDW� FRQWDLQ� WKH� GHOHWHG� HOHPHQWV�� ,Q� )LJ�� �� WKH� IROORZLQJ
GRPDLQ�LV�FRQVLGHUHG�

�� �^�[�\�]��_�����[���
�
� �RU�

�
� ���[����������\�

�
� �RU�

�
� ���\������

�
� ���]���

�
� `

$



,W�LV�QRZ�SRVVLEOH�WR�VWXG\�LQ�GHWDLO�WKLV�GRPDLQ�LQ�D�ZHOO�GHWHUPLQHG�]RQH��ZH�ZDQW��IRU�H[DPSOH��WR
IRFXV�WKH�DWWHQWLRQ�LQVLGH�RXU�GRPDLQ�DW�WKH�LQWHUVHFWLRQ�ZLWK�D�VSKHUH�

7KH�UHVXOW�LV�VKRZQ�LQ�WKH�SLFWXUH�EHORZ�

)LJ����±1RUPDO�YLHZ�DQG�WRS�YLHZ�

5HIHUHQFHV

>�@� 7�� -�� %DNHU�� 'HYHORSPHQWV� DQG� WUHQGV� LQ� WKUHH�GLPHQVLRQDO� PHVK� JHQHUDWLRQ�� $SSO�
1XPHU��0DWK�������������SS��������

>�@�(�%äQVFK��$Q�DGDSWLYH�ILQLWH�HOHPHQW�VWUDWHJ\�IRU�WKH�WKUHH�GLPHQVLRQDO�WLPH�GHSHQGHQW
1DYLHU�6WRNHV�HTXDWLRQV��-��&RPSXW��$SSO��0DWK����������������

>�@� (�%äQVFK�� /RFDO� PHVK� UHILQHPHQW� LQ� �� DQG� �� GLPHQVLRQV�� ,03$&7� RI� FRPSXWLQJ� LQ
VFLHQFH�DQG�HQJLQHHULQJ�������������������
>�@�(��%äQVFK��0HVK� UHILQHPHQW� LQ� WZR� DQG� WKUHH�GLPHQVLRQV�� ,15,$� ������� SS�� ��������

FRXUVH�³&DOFXO�G¶HUUHXU�D�SRVWHULRUL�HW�DGDSWLRQ�GH�PDLOODJH´��5RFTXHQFRXUW��������
>�@� (�� %äQVFK�� .�� 0LNXOD��$� FRDUVHQLQJ� HOHPHQW� VWUDWHJ\� LQ� LPDJH� VHOHFWLYH� VPRRWKLQJ�

FRPSXWLQJ�DQG�YLVXDOL]DWLRQ�VFLHQFH��������������
>�@�'��-��+HEHUW��6\PEROLF�ORFDO�UHILQHPHQW�RI�WHWUDKHGUDO�JULGV��7HFKQLFDO�5HSRUW�,&0$����

�����8QLYHUVLW\�RI�3LWWVEXUJK��-��6\PEROLF�&RPSXW��������������SS���������
>�@�'��+HPSHO��/RFDO�PHVK�DGDSWDWLRQ� LQ� WZR� VSDFH�GLPHQVLRQV�� ,03$&7�RI�&RPSXWLQJ

VFLHQFH�HQG�(QJLQHHULQJ�����QR�������������������
>�@� ,�� .RVVDF]N\�� $� UHFXUVLYH� DSSURDFK� WR� ORFDO� PHVK� UHILQHPHQW� LQ� WZR� DQG� WKUHH

GLPHQVLRQV��-RXUQDO�RI�FRPSXWDWLRQDO�DQG�DSSOLHG�PDWKHPDWLFV������������������



>�@�-��0��0DXEDFK��/RFDO�ELVHFWLRQ�UHILQHPHQW�IRU�Q�VLPSOLFLDO�JULGV�JHQHUDWHG�E\�UHIOHFWLRQ�
6,$0�-��6FL��&RPSXW�����������������

>��@�$��3HWULQL��6WXGLR�GL�JXLGH�RWWLFKH�FRQ� LO�PHWRGR�GHJOL�HOHPHQWL� ILQLWL� ��7HVL� GL� ODXUHD�
8QLYHUVLW\�RI�%RORJQD�������

>��@�0��&��5LYDUD��6HOHFWLYH�UHILQHPHQW�GHUHILQHPHQW�DOJRULWKPV�IRU�VHTXHQFHV�RI�QHVWHG
WULDQJXODWLRQ��,QWHUQDWLRQDO�-��1XPHU��0HWKRGV�(QJUJ�����������������������



%HULFKWH�DXV�GHU�7HFKQRPDWKHPDWLN���������������������������,661����������
http://www.math.uni-bremen.de/zetem/berichte.html

�� 9HUWULHE�GXUFK�GHQ�$XWRU�±

5HSRUWV���������������������������������������������������������������������������������6WDQG������)HEUXDU�����
������� 3HWHU�%HQQHU��+HLNH�)D�EHQGHU�

$Q�,PSOLFLWO\�5HVWDUWHG�6\PSOHFWLF�/DQF]RV�0HWKRG�IRU�WKH�6\PSOHFWLF
(LJHQYDOXH�3UREOHP��-XOL������

������� +HLNH�)D�EHQGHU�
6OLGLQJ�:LQGRZ�6FKHPHV�IRU�'LVFUHWH�/HDVW�6TXDUHV�$SSUR[LPDWLRQ�E\
7ULJRQRPHWULF�3RO\QRPLDOV��-XOL������

������� 3HWHU�%HQQHU��0DULEHO�&DVWLOOR��(QULTXH�6��4XLQWDQD�2UWt�
3DUDOOHO�3DUWLDO�6WDELOL]LQJ�$OJRULWKPV�IRU�/DUJH�/LQHDU�&RQWURO�6\VWHPV��-XOL
�����

������� 3HWHU�%HQQHU�
&RPSXWDWLRQDO�0HWKRGV�IRU�/LQHDU�4XDGUDWLF�2SWLPL]DWLRQ��$XJXVW������

������� 3HWHU�%HQQHU��5DOSK�%\HUV��(QULTXH�6��4XLQWDQD�2UWt��*UHJRULR�4XLQWDQD
2UWt�

6ROYLQJ�$OJHEUDLF�5LFFDWL�(TXDWLRQV�RQ�3DUDOOHO�&RPSXWHUV�8VLQJ�1HZWRQ¶V
0HWKRG�ZLWK�([DFW�/LQH�6HDUFK��$XJXVW������

������� /DUV�*U�QH��)DELDQ�:LUWK�
2Q�WKH�UDWH�RI�FRQYHUJHQFH�RI�LQILQLWH�KRUL]RQ�GLVFRXQWHG�RSWLPDO�YDOXH
IXQFWLRQV��1RYHPEHU������

������� 3HWHU�%HQQHU��9RONHU�0HKUPDQQ��+RQJJXR�;X�
$�1RWH�RQ�WKH�1XPHULFDO�6ROXWLRQ�RI�&RPSOH[�+DPLOWRQLDQ�DQG�6NHZ�
+DPLOWRQLDQ�(LJHQYDOXH�3UREOHPV��1RYHPEHU������

������� (EHUKDUG�%lQVFK��%XUNKDUG�+|KQ�
1XPHULFDO�VLPXODWLRQ�RI�D�VLOLFRQ�IORDWLQJ�]RQH�ZLWK�D�IUHH�FDSLOODU\�VXUIDFH�
'H]HPEHU������

������� +HLNH�)D�EHQGHU�
7KH�3DUDPHWHUL]HG�65�$OJRULWKP�IRU�6\PSOHFWLF��%XWWHUIO\��0DWULFHV��)HEUXDU
�����

������� +HLNH�)D�EHQGHU�
(UURU�$QDO\VLV�RI�WKH�V\PSOHFWLF�/DQF]RV�0HWKRG�IRU�WKH�V\PSOHFWLF�(LJHQYDOXH
3UREOHP��0lU]������

������� (EHUKDUG�%lQVFK��$OIUHG�6FKPLGW�
6LPXODWLRQ�RI�GHQGULWLF�FU\VWDO�JURZWK�ZLWK�WKHUPDO�FRQYHFWLRQ��0lU]������

������� (EHUKDUG�%lQVFK�
)LQLWH�HOHPHQW�GLVFUHWL]DWLRQ�RI�WKH�1DYLHU�6WRNHV�HTXDWLRQV�ZLWK�D�IUHH
FDSLOODU\�VXUIDFH��0lU]������

������� 3HWHU�%HQQHU�
0DWKHPDWLN�LQ�GHU�%HUXIVSUD[LV��-XOL������

������� $QGUHZ�'�%��3DLFH��)DELDQ�5��:LUWK�
5REXVWQHVV�RI�QRQOLQHDU�V\VWHPV�DQG�WKHLU�GRPDLQV�RI�DWWUDFWLRQ��$XJXVW
�����



������� 3HWHU�%HQQHU��(QULTXH�6��4XLQWDQD�2UWt��*UHJRULR�4XLQWDQD�2UWt�
%DODQFHG�7UXQFDWLRQ�0RGHO�5HGXFWLRQ�RI�/DUJH�6FDOH�'HQVH�6\VWHPV�RQ
3DUDOOHO�&RPSXWHUV��6HSWHPEHU������

������� 5RQDOG�6W|YHU�
&ROORFDWLRQ�PHWKRGV�IRU�VROYLQJ�OLQHDU�GLIIHUHQWLDO�DOJHEUDLF�ERXQGDU\�YDOXH
SUREOHPV��6HSWHPEHU������

������� +XVH\LQ�$NFD\�
0RGHOOLQJ�ZLWK�2UWKRQRUPDO�%DVLV�)XQFWLRQV��6HSWHPEHU������

������� +HLNH�)D�EHQGHU��'��6WHYHQ�0DFNH\��1LORXIHU�0DFNH\�
+DPLOWRQ�DQG�-DFREL�FRPH�IXOO�FLUFOH��-DFREL�DOJRULWKPV�IRU�VWUXFWXUHG
+DPLOWRQLDQ�HLJHQSUREOHPV��2NWREHU������

������� 3HWHU�%HQQHU��9LQFHQWH�+HUQiQGH]��$QWRQLR�3DVWRU�
2Q�WKH�.OHLQPDQ�,WHUDWLRQ�IRU�1RQVWDELOL]DEOH�6\VWHP��2NWREHU������

������� 3HWHU�%HQQHU��+HLNH�)D�EHQGHU�
$�+\EULG�0HWKRG�IRU�WKH�1XPHULFDO�6ROXWLRQ�RI�'LVFUHWH�7LPH�$OJHEUDLF�5LFFDWL
(TXDWLRQV��1RYHPEHU������

������� 3HWHU�%HQQHU��(QULTXH�6��4XLQWDQD�2UWt��*UHJRULR�4XLQWDQD�2UWt�
1XPHULFDO�6ROXWLRQ�RI�6FKXU�6WDEOH�/LQHDU�0DWUL[�(TXDWLRQV�RQ
0XOWLFRPSXWHUV��1RYHPEHU������

������� (EHUKDUG�%lQVFK��.DURO�0LNXOD�
$GDSWLYLW\�LQ��'�,PDJH�3URFHVVLQJ��'H]HPEHU������

������� 3HWHU�%HQQHU��9RONHU�0HKUPDQQ��+RQJJXR�;X�
3HUWXUEDWLRQ�$QDO\VLV�IRU�WKH�(LJHQYDOXH�3UREOHP�RI�D�)RUPDO�3URGXFW�RI
0DWULFHV��-DQXDU������

������� =LSLQJ�+XDQJ�
)LQLWH�(OHPHQW�0HWKRG�IRU�0L[HG�3UREOHPV�ZLWK�3HQDOW\��-DQXDU������

������� *LDQIUDQFHVFR�0DUWLQLFR�
5HFXUVLYH�PHVK�UHILQHPHQW�LQ��'��)HEUXDU������


