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Time-Harmonic Acoustic Wave Scattering in an Ocean
with Depth-Dependent Sound Speed

A. Lechleiter T. Rienmuller

Abstract

Time-harmonic acoustic wave propagation in an inhomogeneous ocean with depth-
dependent sound speed can be modeled by the Helmholtz equation in an infinite, two-
or three-dimensional waveguide of finite height. Using variational theory in Sobolev
spaces we prove well-posedness of the corresponding scattering problem from a bounded
inhomogeneity inside such an ocean. To this end, we introduce an exterior Dirichlet-
to-Neumann operator for depth-dependent sound speed and prove boundedness, coer-
civity, and holomorphic dependence of this operator in function spaces adapted to our
weak solution theory. Analytic Fredholm theory then yields existence and uniqueness
of solution for the scattering problem for all but a countable sequence of frequencies.

1 Introduction

Propagation of sound waves inside an ocean is an active research area in applied mathematics
and engineering at least since the mid-20th century for its crucial importance for techniques
like SONAR or for oil exploration (see, e.g., the introduction of [BGWX04] or [Buc92]). After
the millenium change, precise models for sound propagation became even more important
due to the observation that man-made ocean noise pollution endangers marine mammals and
legal thresholds for emitted sound energies were set up. Checking these thresholds, e.g., for
acoustic pulses produced by an air guns, requires sufficiently accurate models yielding quan-
titatively exact simulations of sonic intensities. One approach satisfying this requirement
is to model scattering of time-harmonic acoustic waves in the ocean using the Helmholtz
equation and to discretize this equation using established approximation technique as, e.g.,
finite elements or boundary elements.

It is well-known that a sound knowledge on variation theory of weak solutions in Sobolev
spaces, in particular the existence of Garding inequalities, is crucial for proving convergence
of such numerical approximations, see [SS11]. However, to the best of our knowledge, weak



solution theory for ocean scattering problems has up to now merely been set up for the
case of a constant sound speed, restricting the applicability of this approach to shallow
seas. For this reason, it is our aim in this paper is to provide rigorous theory for weak
solutions via a variational approach for wave scattering in a flat ocean with variable, depth-
dependent refractive index. The crucial and non-trivial difficulty compared to known results
for constant sound speed, see [AGLOS|, [AGLII], is that the eigenmodes of the ocean are
not known explicitly for such a setting. In consequence, we exploit on the one hand via
estimates for these modes and their eigenvalues and, on the other hand, obtain holomorphic
dependence of the eigenvalues on the frequency from abstract perturbation theory.

Let us now introduce the model of sound propagation in the ocean investigated in the
result of the paper. The domain of interest is a waveguide Q = R™ x (0, H), m = 2, 3, where
H > 0 is the constant depth. For points x € €2, we write

r= (% x,)" with = 2, for m = 2 and & = (1, 25) " for m = 3.

If we denote by w > 0 the angular frequency and by ¢ : (0, H) — R the speed of sound de-
pending on the depth of the ocean, then the propagation of time-harmonic sound waves with
time-dependence exp(iwt) and small amplitude inside an inhomogeneous ocean is modeled
by the Helmholtz equation

w2

2 (Tm)

In this setting, a local perturbation inside the inhomogeneous waveguide €2 is modeled by a
refractive index n?:Q — C such that the support of the contrast ¢ = n? — 1 is a bounded
set D C Q, i.e., supp(q) = D, such that sound waves in the perturbed ocean satisfy

Au(z) + u(z) =0 for x € Q. (1)
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2 (Tm)

We assume in the following that the background sound speed ¢ € L>(0, H) satisfies

Au(x) + (1+q(x)u(z)=0 for z € Q. (2)

0<c. <clxpy) <cy for almost all z,,, € (0, H). (3)
This implies that
0< L <2 for almost all z,,, € (0, H). (4)
cr —oc(xy) T oo

We model the free surface of the ocean by a sound-soft boundary and the seabed of the
ocean by a sound-hard boundary,
ou

u=0onTly:={zreR’: z, =0} and 8—:OonFH::{xER3:xm:H}, (5)
Tm



respectively. This setting yields a sufficiently accurate to model acoustic waves with small
amplitude in a sea with negligible seabed variation. More flexible boundary models for, e.g.,
the ocean-seabed interface exist, see, e.g., [GLI7|, but for simplicity we restrict ourselves to
the simpler condition Neumann condition from describing a perfectly reflecting bottom.

When an incident sound field u* satisfies the unperturbed Helmholtz equation (1) subject
to the waveguide boundary conditions then the inhomogeneous medium described by ¢
causes a scattered field u* such that the total field u = u’+u* solves the perturbed Helmholtz
equation ([2)) with contrast ¢, subject to u = 0 on I'g and du/Jv = 0 on I'y. On interfaces
where g jumps we prescribe that both the trace and the normal derivative of u are continuous
across the interface. To ensure uniqueness of solution we further need to impose a radiation
condition on u. This condition will be constructed with the help of a modal analysis in
Section |3 below. Note that we seek for weak solutions to the scattering problem, i.e., for a
function u that is locally in H! and satisfies

2
/ (Vu - VU — LL}—(1 + q(x))u@) de =0 for all v e C5°(Q).
Q c?(zs3)

The subsequent sections are organized as follows: Seeking solutions to by separation
of variables, a Liouville eigenvalue problem turns up that we investigate in Section [2 After
showing holomorphic dependence of the eigenvalues on the frequency, we use these eigenval-
ues in Section [3| rigorously set up the scattering problem we investigate, and in Section
to prove spectral characterizations of Sobolev-type function spaces. Those are exploited in
Sections [f] and [6] for analyzing the exterior Dirichlet-to-Neumann operator for the waveguide
scattering problem. Finally, Section[7]contains and proves the main existence and uniqueness
result of the paper via a Garding inequality and analytic Fredholm theory.

2 A Liouville Eigenvalue Problem

We start by seeking solutions u to the Helmholtz equation with boundary conditions
by separation of variables. Separating the horizontal variable  and the vertical variable
Ty, in the form u(z, z,,) = w(Z)@p(x,,) one finds that w and ¢ need to solve the differential
equations
Azw(z) " (2) w?

w(i) P(@m) A (zm)
for some constant A € C. (Here, A; is the m — 1-dimensional Laplacian in the variables 7.)
We first investigate the eigenvalue problem

= \? in Q (6)

2

" () + {“— + /\2] S(zm) =0  in (0, H) (7)

2(Tm)
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with boundary conditions ¢;(0) = 0 and ¢'(H) = 0 corresponding to the boundary conditions
for the solution u to the Helmholtz equation . To this end, we consider weak solutions
to this eigenvalue problem in the Sobolev space

Hy,(0,H) := {3 € H(0,H) : ¢(0) = 0}.

The latter space is well-defined by the well-known continuous embedding of H'(0, H) in the
Holder space C%'/2(0, H). Multiplying (7) with a test function » € H}, ([0, H]), formally
integrating by parts and plugging in the boundary conditions for ¢ shows that the weak
formulation of this eigenvalue problem is to find an eigenvalue A?> € C and a corresponding
eigenfunction ¢ € Hj; ([0, H]) such that

H 2 H
a(p, ) == / (qb’@’ - —02(& )¢E) dz,, = )\2/ ¢ dx,, forall € Hy ([0, H]). (8)
0 m 0

The sesquilinear form a on the left is obviously bounded in Hy;, ([0, H]) and Poincaré’s in-
equality together with the compact embedding of Hy, ([0, H]) in L?*(0, H) shows that a is
coercive in Hy;, ([0, H]) up to a compact perturbation. Since w/c? is real-valued, a is moreover
symmetric, i.e., a(p,1) = a(¥,p) for all p,v» € Hy, ([0, H]). Thus, the eigenvalue theory
for self-adjoint and coercive variational problems in, e.g., [McL00, Theorem 2.7], shows that
there exists a sequence of eigenvalues {)\?}jeN C R such that )\? — +00 as j — oo and
associated eigenfunctions ¢; € Hy, ([0, H]) that are orthonormal in L?(0, H). We order the
eigenvalues /\g € R in increasing order, i.e., —oo < A\? < A2 < A2 < ... and define their
square roots by
)\? if )\? >0 and

Ai=19 " , (9)

—z\/|)\73| if A7 <0,

and extend the square root function from to positive real axis to a holomorphic function in
the slit complex plane with branch cut along the positive imaginary axis. The definition of
a weak derivative of a one-dimensional function in connection with the variational equation

H w2 2 — H ;) ! 1
/D L%m) + Aj] G5 dm = /0 @50 dxy,  for all ¥ € Hy, ([0, H]).
shows that ¢/ belongs to H*([0, H]). We conclude that ¢ € H?([0, H]) and that the eigenvalue

equation
2

¢ (wm) + ng‘;m) + A?] 6:(@m) =0

holds in L2(0, H). Since H%([0, H]) embeds continuously into the Holder space C'1/2([0,
it holds that ¢; € C1/2([0, H]) satisfies the boundary conditions ¢;(0) = 0 and ¢'(H)
hold in the classical sense of a point evaluation.

H])
=0
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Remark 2.1. [t is well-known that the eigenpairs (\j, ¢;) en for constant background sound
speed cy are given by

s (i) Y (o) —sin (- (2j -
)\j—<2H(2] 1)) Z and ¢](xm)—s1n<2H(2] 1)$m>, T, € [0, H].
Lemma 2.2. (a) For j € N it holds that
(W(2'—1))2—“’2<A2<(7T(2'—1))2—w2 (10)
2H 2 =% =\ 2

In consequence, the absolute value |/\§| grows quadratically as j — 0.

(b) There are constants 0 < ¢ < C such that cj < ||¢}l|z20,m) < Cj and ||¢)||p20,m) <
C(1+ |\;]?)Y2 for all j € N.

(¢) There is C independent of j € N such that |p;(xm,)| < C for 0 <z, < H.

Proof. (a) The min-max theorem implies for all j € N that

A\ = min max  a(@;, ¢;
T VcH(0.H)) dim(V))=j #;€V;]lé;ll=1 (©1.91)
H 2
= min max / (|ng;|2 — w—2|¢j|2)da:m
Vi CHy ([0,H]),dim(Vy)=j5 ¢;€Vj.llo5l1=1 /o ()
H 2 2 2
w T w
S min max / &) — =|oF|?)dx :(—Qj—1> - —.
Z Vel (0.H) dim(V)=i 65€V;ilsli=1 J (165 z 7 dem = {577 ) —a

Since (7(25 — 1)/(2H))? grows quadratically in j as j — oo there exists C' > 0 such that
|A3] < Cj for all j € N.
(b) By a partial integration, the boundary conditions ¢;(0) = 0 and ¢;(H) = 0 yield

/OH\¢;\2dxm = —/OH ¢ Giday, + [qﬁj ¢;]H = /OH [ . +A§} |p;2dz,,.  (11)

0 ()

Since {¢;};en is an orthonormal basis in L*([0, H]), part (a) implies that

w225 - 12 ,A - W, . wt oo, w2 -1 A=
4H2 T SerAjSl'QSjl'LZ(O’H)SEJFAjS IV7E R cie?

Thus, choosing ¢ = n%/(2H)* and C = n*/H? + w?(1/c> — 1/c%) implies that 0 < ¢j <
1951|220,y < Cj for all j € N. The second estimate follows from part (a).



(c) To show the uniform boundedness of ¢; we recall that ();, ¢;) satisfies

2

6 (m) + X303 (0m) = — 5 —61(m) (12)
e

with boundary conditions ¢;(0) = 0 and ¢/;(H) = 0. Interpreting the latter eigenvalue prob-
lem as a boundary value problem in [0, H] we choose the ansatz ¢;(z,,) = a(z,,) exp(iX;jzy,)
for its solution and note that

O (xm) = & (2m) exp(iXjrm) + iAo T,) exp(iXjzn),
¢;'(xm) = " (xm) exp(iNjTy) + 2i\;0/ (2,) exp(iXjzm,) — )\?gﬁj (Tm)-

Next, we insert ¢/ (z,,) into (12) to get that o’ (x,,) + 2iA;a/ (Tm) = exp(—iX;jTm) f(Tm), i-e.,
(' (z) exp(2i\jx)) = f(2m) exp(i;z,y,).

Twice integrating this equation shows that

a(zy,) = a0) + o (H)xmy — /Oxm exp(—i)\js)/ f(t) exp(iA;t) dt ds. (13)

Since the Dirichlet boundary condition shows that a(0) = 0, we plug x,, = H into the last
equation and obtain

H H
a(H) = o (H)H — / exp(—i);s) / F(8) explidgt) dtds = o/ (H)H +C. (14)
0 s
Since a(xy,) = ¢;(Tm) exp(—i);z,,) it holds that
& (1) = @(2) exXP(—iA; Ty ) — IN; €XP(—iN; X1 ) D (T ).-
Choosing x,, = H in the last equation shows that

o(H) = —i)\jgxp(—i)\jH)@(Hz. (15)

=a(H)

Consequently, equation and imply that

(o, 1) (i) = ()
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that is, o/(h) = —i\;C/(1 4 iA\;H) and, due to (13),

—i);

lm) = O

Tom H
/ exp(—iA;s) / f(t) exp(i;t) dt ds.
0 s

Plugging the last equation into the ansatz ¢;(x,,) = a(zm)exp(il;jz,,) and then applying
the Cauchy-Schwartz inequality finishes the proof. O]

The eigenvalues A* obviously depend on the frequency w > 0. Writing A = A (w) we
show next that w — )\? (w) can be extended as a holomorphic function into a complex open
neighborhood of R+ in C.

Lemma 2.3. For all w, > 0 there exists an open neighborhood U(w.) C C and and index
functions {; © Ulw.) — N that satisfy Ujenlj(w) = N and {;(w) # €j(w) for j #j € N
and all w € U, such that the eigenvalue curves w — )\?j(w) (w) are real-analytic functions in
U(w,) NR and extend to holomorphic functions in U(w,) for all j € N.

Proof. We exploit results on holomorphic families of operators from [Kat95, Chapter VII,
§2 and §4]. Choose some w, > 0. The differential operators L(w)u = u” + ((w.)?/c*)u on
(0, H) with boundary conditions «(0) = 0 and «/(H) = 0 yield a selfadjoint holomorphic
family of type (A) since u — (w?/c?)u is bounded on L*(0, H), w, + (w?/c?)u is holomorphic
in w, € C, and the domain {u € H?*(0, H), v(0) = 0} of L(€) is independent of w, € C,
compare [Kat95, Ch. VII, §1.1, §2.1, Th. 2.6]. These differential operators also form of a
holomorphic family of type (B) since the associated sesquilinear form a from is bounded.

From [Kat95, Ch. VII, §3.1, Example 4.23] it follows that for each eigenvalue A\3(w.),
J € N, with multiplicity one that there is a complex neighborhood U; of w, such that
w )\5 (w) can be extended from U; NR as a holomorphic function of w into U;. If )\?(w*)
is a multiple eigenvalue, then the function w )\?(w) is in general not differentiable at w*,
such that the eigenvalue index needs to be re-ordered to obtain smooth eigenvalue curves,
compare [Kat95, Ch. VII, §3.1, Ch. 2, Th. 6.1]. Indeed, the latter reference shows that if
)\f(w*) is a multiple eigenvalue then it has finite multiplicity and there exists a complex
neighborhood U; of w, and an index function ¢; : U; "R — N such that w — )‘?j(w) (w)
can be extended holomorphically from U; NR into U;. Thus, while the curves w — A(w)
are merely piecewise analytic for real w > 0 and the corresponding eigenvalue sheets are
piecewise holomorphic in a complex neighborhood of R), analyticity can be obtained by
re-ordering indices via the index functions /;.

It remains to show that the intersection of the neighborhoods U; is non-empty. This
is certainly true for any finite union Uj-V:lUj with N € N. Moreover, the eigenvalue esti-

mates imply that the distance d; of A3(w.) to the rest {A\7(w.), AJ(w.) # Aj(w.)} of the



spectrum of L(wy), i.e.,
(R - g2
B =MW =1

is bounded from below by 1 whenever j > j, € N, with

o JwIH? (1 1 N H?

R EORCR ) A 22 |’
Thus, Theorem 4.8 in [Kat95, Ch. VII], compare also (4.45) in the same chapter, implies
that for all 7 > j. the holomorphic extension of )\?(w*) has a convergence radius of at least

(1+ ||glpoeo,emy) "t (Set e =2and a =1, b= 0, and ¢ = ||q|| oo (o,a) in (4.45).) In particular,
all eigenvalues A\3(w.) extend to a holomorphic functions in U(w,) := U/, U; U B(w,,1). O

Theorem 2.4. There exists an open complex neighborhood U of R~y and index functions
t; U — N such that the eigenvalue curves )\?j(w)(w) are real-analytic curves that extend
to holomorphic functions in U for all 7 € N. For each compact subset W of U, the set
Ko = {w € W, there is j € N such that X}(w) = 0} is finite.

Proof. We cover the positive real half axis [0,00) with the neighborhoods U(w) of w > 0
constructed in Lemma [2.3] For each compact interval [0, ¢] for £ € N there exists a finite sub
cover, which allows to continue the real eigenvalue functions w — )\Z_ (wy(w) into a complex

neighborhood of [0,n] for all j € N and n € N. Finally, Theorems 1.9 and 1.10 in [Kat95l
Ch. VII, §1.3] state that on compact subsets W of U either for each number w € W there
is j = j(w) € N such that \;(w)? = 0 or that the number of such w is finite. Since the first
alternative obviously does not hold, the above-introduced set Kj is finite. O]

3 The Scattering Problem

In this section we rigorously set up the mathematical formulation of acoustic scattering in
the above-introduced ocean model, based on the eigenpairs (\;, ¢;);en-

We first go back to the construction of solutions to the Helmholtz equation by sepa-
ration of variables and note that the series

w(@ zp) = Y c(j)wi(@)d;(z,)  with coefficients c(j) € C (16)

jEN
is a formal solution to the Helmholtz equation whenever w; : R™™' — C solves

A;ij — )\JQUJ] =0 in Rm_l. (17)

8



Thus, the eigenfunctions ¢; give for instance rise to plane wave-solutions u;(x; #) = exp(i); 6-
%)¢;(2,,) of the Helmholtz equation in © with direction § € R™~! such that |f|y = 1. These
so-called waveguide modes satisfy the waveguide boundary conditions at I'y i by construction
of ¢;. They are called propagating whenever \; € iR (i.e., A? < 0) and evanescent whenever
Aj € R (i.e., A7 > 0). The number of such propagating modes is (up to rotation or reflection)
determined by the largest integer J = J(w,c, H) such that A3 < 0. Whenever )\g = 0, the
mode u; is obviously constant in & — this somewhat exceptional will be investigated later on.

If one aims to find physically meaningful scattered fields via the series representation
one additionally needs to prescribe radiation conditions for the functions w;: If iA; € Ryg
is purely imaginary then Sommerfeld’s radiation condition determines solutions that are
outwards radiating in any horizontal direction; if A\; € R is positive then we prescribe that
w; must be a bounded solution to . Obviously, whenever \; = A? = 0 for some j € N
neither of two classifications applies (the corresponding mode does not depend on Z); in this
case, we call the frequency w > 0 an exceptional frequency. As in corresponding studies
of scattering in waveguides with constant sound speed, see, e.g., [AGL0S§], we exclude this
case from now on. (We will show later that such exceptional frequencies form an at most
countable set without finite accumulation point.)

Assumption 3.1. In the sequel we assume that the frequency w > 0 is chosen such that
A?#OforalleN.

Under this assumption we call a solution v to the Helmholtz equation radiating whenever
for some py > 0 > 0 and all x € Q such |Z| > py one can represent u in the form with
solutions w; to (Az — A¥)w; = 0 in {|Z] > po} such that

ow; T
if 1A\; € Ry then lim ﬁ(if + )\jwj> = 0 uniformly in i, (18)
|| —o00 0|z] |Z|
whereas
if A\; € Ry then w;() is uniformly bounded for |Z| > py. (19)

Remark 3.2. The sign in front of \; in the radiation condition for the propagating
modes is indeed correct: As i\; € Ryg, i.e., \; € iR, implies that (Ow;/0|z|) —
il\jlw; — 0 as |Z| — oo. This difference from the usual convention in scattering theory is
due to the choice of the sign of )\5 mn @ that respects the standard choice of Sturm-Liouville
theory.

Recall from the introduction that the contrast function ¢ : 2 — C is supported in the
scattering object D supposed to be a bounded Lipschitz domain included in Q2. It is moreover
physically reasonable to assume that Im(q) > 0, i.e., we allow for energy absorption inside



the penetrable scatterer D. When a source emits an incident sound field u® that satisfies the
unperturbed Helmholtz equation subject to the waveguide boundary conditions,

w? . ou’

Au'(z) + Cz(mm)ul(x) =0forxeQ, u'(r)=0forzel; and

() =0 for x € T'y,

(20)
then the inhomogeneous medium described by ¢ causes a scattered field u® such that the
total field u = u’ + u* solves the perturbed Helmholtz equation with contrast ¢, i.e.,

0T,

w?
()

subject to u = 0 on I'y and Ju/Ov = 0 on 'y and, additionally, the scattered field u* is
radiating, i.e., possesses a representation of the form that satisfies (18H19). On interfaces
where ¢ jumps we prescribe that both the trace and the normal derivative of v are continuous
across the interface.

Since we are interested in existence theory of weak solutions to this scattering problem,
we define for p > 0 domains Q, = {z € Q,|Z| < p} and for arbitrary Lipschitz domains
U C Q the Sobolev space

HL(U) = {v € H\(U), lynga, 0y = 0} .

Au(z) + (I1+q(z))u(z) =0 for x € Q, (21)

This space is well-defined due to the well-known trace theorem in H!. For | € N we further
set
Hyoo(Q) = {v Q= C, wlg € Hip(9,) N H'(Q,) for all p> o} .

Now we can rigorously formulate the above-introduced scattering problem: Given ¢ €
L>(0, H) such that 0 < ¢ < ¢ < ¢y, ¢ € L®(Q) such that Im(q) > 0 and supp(q) C €2,, and
u' € Hyy, () that satisfies the Helmholtz equation in in L2 () and the waveguide

boundary conditions in in the trace sense, we seek for u € Hy,,.(Q2) such that

2
/ (Vu - Vv — %(1 + q)uU) dr =0 for all compactly supported v € Hyj (),
Q C

Tm)
(22)
and, additionally, for some py > 0 it holds that
w'(2) = u(e) — ui(e) = 3 () wy(@)é;(wn)  for all |7 > po. (23)

jeN

The latter series is required to converge in H'(Q, \ Q,,) for all p > py and the solutions
w; € C(|Z] > po) to the Helmholtz equation (Az — A?)w; = 0 in |Z| > po need to satisfy

10



that

|

. ~ 311)]‘ o : 3 T if 2
{hmiHoo ﬁ(% + )\jwj> = 0 uniformly in i it i\; € Ry, forall j €N, (24)

w;(Z) is uniformly bounded for |Z| > po if \; € Ry,

Any solution to the Helmholtz equation outside €2, that satisfies for all j € N is in the
sequel called a radiating solution.

Remark 3.3 (Radiating solutions are well-defined). Any solution v that solves the Helmholtz
equation and the boundary conditions in in Q\ Q,, that belongs to HL.(Q\ Q,,) can
be represented in series form as in since the eigenfunctions {¢;}jen C Hy (0, H) are a
complete orthonormal system of L*(0, H). Thus, the above assumption on the scattered field
u® merely requires the conditions to be satisfies. The series representation automatically
follows from the fact that u® € Hlloc(Q\Q_po) satisfies the homogeneous Helmholtz equation and

the waveguide boundary conditions. In particular, the radiation and boundedness conditions
are well-defined for any such solution to the Helmholtz equation.

4 Characterizations of Function Spaces

To analyze whether the scattering problem defined in the last section possesses a unique
solution we will transform it into a variational problem on the bounded domain €2, for
p > 0 chosen so large that supp(q) C €, for some p' < p. To this end, we define and
analyze exterior Dirichlet-to-Neumann operators in the next section. In the remainder of
this section, we introduce several technical tools and results for those operators; note that
all results hold true even if Assumption [3.1]it not satisfied. First, we introduce the weighted
inner product

H 2
w —_—
@)= | st T ds on L20,H). (25)
o (@m)

Obviously, the norm defined by the inner product (-, -), is equivalent to the standard norm
in L(0, H), i.e., there is C' > 0 such that C™ (¢, d)e < |9l|72(0) < C(¢: @) for all ¢ €
L?*(0, H). Further, as for any separable Hilbert space there exists an orthonormal basis
{t;}jen of (L*(0, H), (-,)s), i.e., the ¢; form a dense subset of L*(0, H) and satisfy

22 -
/0 m%’(ﬁm)%(%m) dt, =06,  jl€N. (26)

11



Second, we note that the standard theory on orthogonal bases in Hilbert spaces allows to
expand a function u € L?(€,) into its Fourier series with respect to the basis {;};en,

00 H
= Z z)pi(Tm) where 4(j,T) = / W(Z, T) D (Tm) ATy (27)
J=1 0
The latter series converges in L*((2,) and Parseval’s identity states that
Huﬂiz(gp Z @ (s, - |\L2({\w|<p}) for u € L*(Q,).
7j=1

Note that we use the notation 4(j,Z) also for vector-valued functions u € L*(Q,)" with I
components.

Lemma 4.1. (a) For u € Hy,(S2,) it holds that the coefficients u(j,-) from belong to
H'({|z| < p}), and
HV:EUH%%QP) = Z IVza(s, ')Hi?({|;z|<p}) :
jez
(b) If u € C*(Q,) then the series expansion converges absolutely and uniformly. Ad-

ditionally, this expansion can be derived term by term with respect to x,, and the resulting
series representation converges absolutely and uniformly,

033 Zﬂ 3, 2) () for x € C(Q,). (28)
m =1

Proof. (a) The function u = 222, a(j, ¥)¢;(xm) € L*(S2,) belongs to H'(S2,) if and only
if its first-order distributional derivatives all belong to L*(Q,). Since u — du/dx; is a
continuous operation from H'(Q,) into L*(Q2,), we can exchange this differential operator
for i =1,...,m — 1 with the inner product of L*(0, H),

The right-hand side is square—integrable, since the left-hand side can be estimated by

2 2

0 0
‘/ au(x L)1) ATy < / 8u(:1: Tm)| drp,
0 O L({ai<op)  [|J0 19 L2({|3|<p})
’ ou ou
<
Orill 2 (z<py 20y I19%ill 120,

12



Thus, all partial derivatives & — du(l, %)/0x; for = 1,. — 1 are square integrable,
which implies that u(l z) € H'({|z] < p}). By (29) and Parseval s identity,

(b) This follows from results on function expansions in terms of the Sturm-Liouville eigen-
functions {¢;};en, compare, e.g., [LS60, Chapter 2, §4-56]. O

00 2

ou
ox;

L2(Q, j=1 L2({|z]<p})

In the next next lemma we write ||u||? ~ ||u||3 to indicate the equivalence of the two norms
| - |l1.2, i-e., the existence of C' > 0 independent of u such that C|ul|? < |lul3 < Cul3.
Working in dimension m = 2 we further abbreviate the weak partial derivative 0u(j, z1)/0x;

by ﬂ/(jvml)'
Lemma 4.2. Form =2 and u € Hyy,(Q,) it holds that

JulFye o Z [0 PG+ G )] o 30

Proof. 1t is sufficient to show the claim for u € Hji,(€,) N C?(Q,), since H},(€2,) NC3(Q,) is
a dense subset of Hy,(Q,). For u € H};,(22,) N C’Z(Q ) Lemma {.1| states that the series rep-
resentation (Ou/0xs)(z) = 377, 0(j, 21)@;(2) of Ou/0w, holds and additionally converges
absolutely and uniformly in €.

Using the expression of the Fourier series in we write uy(z) = Z;VZI (g, z1)pj(xs)
and note that uy — v as N — oo in H 1(Qp) since u is twice differentiable, such that
Lemmaapplies. Clearly, ||UN||%2( fp > la(g, x0) P dey < HuHL2 o, and

Vuy = ?3“7?61 + %62 where e; = (1,0)" and ey = (0, 1). (31)

Lemma mplies that [|Oun /01|72, = J£, 305= N WG, 1) P dry. As uy — win H'Y(,)

and since the norm is continuous, we can take the limit as N — oo to obtain that

/ Z |’ (j, 1) | day.

le

8271

HUHB ©Q,) = Z |@(j, 21)|* dv;  and ‘

-3 L2(Q

Moreover, a straightforward computation shows that

) / Z (g, z)u(y, xy d:vl/ gb T (/5’ (x2) dxs.
P

5.
0xy

13



The variational formulation of the eigenvalue problem @ for (A;, ¢;) shows that

2

L2(9,) / Z (g, z1)a(y’, Il)/ <02< )+/\2)¢ (xQ)ng (x9) dzodxy (32)

Z/ a(j, w1)a(j’, a1) dy {AQ/ $j by dy, + <¢]a¢]>:|

J,3’'=1

_Z/\2/ |0(f, 21)|? dy + Z/ (G, 11)a(y’, v1) day (@5, dyr)o

J,3’'=1

5.
0xy

where we exploited the definition of the scalar product (-,-), in (25). Recall that {¢;} ey is
an orthonormal basis of L?(0, H) for the standard inner product (¢, ¢) fOH ¢p dx,,. Since
(-, )0 is equivalent to the standard inner product, Theorem 2.1 in Chapter VI of [GK69)
implies that the infinite matrix ((¢;, ¢;)o)35-; € C"" defines a bounded and boundedly
invertible operator

AE B {aho o {7 Do) (33)
j=1

Thus, the estimate Z =1 (g, 1)t (', 1) (b, b)) < | Al Zjvzl |4(7,21)|* holds due to
the Cauchy-Schwartz mequahty uniformly in N and implies that

o I

N p N p
< S(1A] + A2 / a(j, o) Pde < CS (14 AP) / i, 20) P der. (34)
=1 —p =1 G

Since A is boundedly invertible, we moreover obtain the estimate

Z/ a(j, x1)a(f’, x1) day (@, dyr)e >CZ/ (g, 1) | doy

J,3'=1

for some ¢ > 0 independent of N. As above we exploit that duy/0zs — Ou/0xy in L*(52))
and continuity of the norm in L?(£2,) to take the limit as N — oo in and to show that

> A7) d
Eat Z+ ) [ a6z, (39)

14



Now we show by a contradiction argument that there is ¢, > 0 such that

o p
Hax Z 1+ |A§|)/ [i(j,z1)|?dzy  for all u € H(Q,). (36)
2 =1 —p

L2 Qp>

Indeed, if the latter inequality does not hold uniformly for all u € Hj,(Q,) there is a
sequence {u}ey C Hy,(€,) such that [|0u® /0|2, — 0 as | — oo while Y227 (1 +
IA2)[1a® (5, )]|* =1 for all I € N.

To derive a contradiction, we show that |[v||z2@,) < C|(0v/0xm)(Z,-)|r2,) holds
for all v € H};,(Q,). To prove the latter estimate we note that for all v € HW(Q )N
C?(Q,) Poincaré’s inequality in one dimension applied to v(Z, -) shows that ||v(Z, -)||2, 0.1 <

(H?/2)|[(0v/dz.m) (T, )HLQ(O’H) and integration over Z implies that

]| 20,y < H|[(Ov/02:m)(T, )| 2(,)- (37)

Since Hy,(Q,) N C2(Q,) is a dense subset of Hi(€2,) holds for all v € H},(Q,). Recall
from Section [2 that J = J(w, ¢, H) denotes the number of propagating waveguide modes,
that is, the number of eigenvalues )\]2- that are negative. Estimate implies that

J

P
> 1+ / @0 (G, 2 dey < Cllu®|3aq,) < CH]|
—p

j=1

ou®
(9:102

—0 asl— oo (38)
12(2,)

for C' = max;<j<s(1 4 |\;]?). (Of course, the same argument holds for any finite truncation
index; truncation at .J is however sufficient for the following argument.) Thus, directly
yields

= oul!
21D (5 N2 <
> A+PIIEOGIE < |G

j=J+1

)12 J 0
A,Q_ ~(1) (s 2d _>O l_> .
L2(Qp)+jzl(| J‘ C)/ ’u (],I1)| T as 50

-p

(. J/

~
HOby

In consequence, Y>>0 (1+[X2))[[a)(j,-)[|> = 0 as | — oo, which contradicts our assumption
and hence proves . Note that the lower estimate finally allows to take the limit as
N — oo in the upper estimate . Together with (35 and the similar bounds for the two
other terms of || - ||g1(q,) this 1mphes the claimed norm equlvalence O

For a norm equivalence corresponding to the last lemma in three dimensions we introduce
the cylindrical part ¥, of the boundary of 2,

5= {z € Q: ] = p} "= {z = (peos g, psing,a5)T, 9 € (0,7), 35 € (0, H)}.  (39)

15



The functions {exp(ing)o; }nez jen form an orthogonal basis of L*(X,). Thus, we can further
expand a function u(z) = Y., u(j, ¥)¢;(x3) € L*(€,) in cylindrical coordinates as

u@) = 0N il n ) expling)oyles), @ = (s ), (40)

j=1 nez

cos ¢

where (j, r (Siw )) =Y ez (g, n,r) exp(ing), ie.,

1 2 H
w(j,n,r) = %/0 /0 u(r, ¢, x3) exp(ing)p;(z3) dzs, dp, neZ, jeN 0<r<p.

The transformation formula and Parseval’s identity yield

b 2
ey = 33 [ aGimrFrdr  for e L(9,)
0

j=1 nez

Lemma 4.3. Form =3 and u € H}y,(Q,) it holds that

- p o v n? .
[l o, 222/0 [(1+|/\jl2)|u(3m77’)|2+|U'(J7nﬂ“)|2+§|U(J,nﬂ“)|2 rdr.  (41)

j=1 neZ

Proof. The same density argument as in the proof of Lemma[4.2]for the two-dimensional case
shows that it is sufficient to prove the above norm equivalence for arbitrary u € Hy, (Q,) N
C?*(Q,). We truncate the Fourier series of dimension three in to define

uy(x) = Z Z u(j,n,r)exp(ing)p;(zs), r e, NeN (42)

j=1 n=—N

As in the proof of Lemma , the orthogonality of the eigenfunctions {¢,};en and the
trigonometric monomials implies that

N N o
[0l a0,y = Jim 30 3 / (G, n, 7P dr. (13)
j=1 n=—N "0
Recall the representation of the gradient in cylinder coordinates,

ouyn 1 dup oun . cos —sing
o e e A0 B = (). = (7).
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and e,, = (0,0,1)". Lemma shows that Vzu € H'({|Z| < p), that |Vz u||L2 ©,) =
> ien IVza(g, ) ||%2({|5:‘<p})7 and the transformation theorem together with the orthogonality
of the trigonometric polynomials implies that (see, e.g., (A.35) in [Kirll])

RATTRINE o o [ (145) ann? + iGonnp| ran @

7=1 nez

Precisely the same arguments as in the proof of Lemma finally also allow to prove the
existence of constants 0 < ¢ < C' independent of u such that

auN 2 i
CZ (T + NP, e gz« < H B3 Z T+ INPa, 2 gz1<p)s
such that yields the norm claimed equivalence. O]

It is well-known that the trace operator T, first defined for continuous functions u €
C(%,) by u — ulg , can be extended to a bounded lincar operator from H'(Q,) into

HY2(%,), see, e.g., [McL00]. We will now introduce special subspaces of this trace space
adapted to Hy,(€2,). To this end, note that in the two-dimensional case the boundary
¥, = XTUX consists of two parts X3 = {(£p,x2) ", 22 € (0, H)}. Thus, in the case m = 2
we set

e}

o= {oe 22E): ol = X 0o A+ IV PEGE <00 € 2(5,)
7=1

with inner product defined by (u,v)v, = > cp >y (14 |A? 202 (5)0(j) for u,v € Va.
The dual of V5 with respect to L*(0, H) is V3, a Hilbert space for the inner product (u,v)y; =
Sou Y (T NP4 4*(§)0(5), defined for u,v € V4. For m = 3, we set

_ {v(z) = ST i n) expling)ey (), (.5) € (0.27) x (0, H) :

=1 n€eZ

SOS 4 P Ron) P < oo} c I7(5,)

j=1 nez

with inner product (u,v)v; == 2mp Y22 37 (1 + [n|* + [A;1?)/%a(4, n)o 0(j,n) for u,v € V.
The dual space V3 with respect to L*(¥,) of V5 is equipped with scalar product (u,v)y; =

2mp 32000 Yonez (L [0l + [N 2) 720G, m, )0 (5, m, ) for u,v € V3.

17



Theorem 4.4. (Trace Operator) In dimension m = 2 and m = 3 it holds that ||Tully,, <
Cllull g (q,) for all u € Hy,(€,).

Proof. Again, we prove the result merely for smooth functions w in the dense set Hi, (€2,) N
C1(Q2) and start with the two-dimensional case. The Cauchy-Schwarz inequality in L*(—p, p)
gives the estimate

oPluti ol = [ " (o + oMt ) d

P P
- / (1 + )2, 1) di +2 / (21 + p)? Re[u(n, p)i(m, p)) des
—p —p
p . 9 p 2 9 p 91 rs ) 1/2
<tp [ fata)Pr+2( [ @ pPlaGe e [ G g2l G P o )
—p —p —p

holds. As 2ab < a? + b2, (21 + p)? < 4p? for |z1| < p, and (1 + [N;|D)Y2 < 1+ |\]?, we
conclude that

L+ N2l < o)+ P | '

—p

o
G o) doi+ [ i) o

—p
Repeating the same computation for —p instead of p and summing over j € N shows that

Tl = 1l uls, I3, = DL+ N2 ([l o) + [ulG, —p) ]
JjeN

&9
WX [ [0 WG )R + G20 don S Ol

jeN

In the three-dimensional case, the Cauchy-Schwarz inequality in L*(0, p) implies that
. Pd .
pPlu(d,n, p)|? = / - (*u(G,n, p)|?) dr
o dr
p P -
=2 [“rlutin ) dr 2 Re [ uu,n,p>u'<j,n,p>r2dr
0

<2/ lu(g,n, p)|27"d7"+2p / \uy,n,o\Qrdr /\u ],np|27"d7">

and, as in the proof for the two-dimensional case, we find that

p
(1 + Inf* + 1) uli n, o) < O+ [nf? + Mz)/ [[u(,m ) + | (., )]
0
‘ 2

o
< cmax(t ) [ (1 B0 ) i)+ 0k PG R + 0GP
0

Summation over n € Z and j € N, together with (41]), thus implies || Tullv, < Cllullz1(q,). O
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Since Vj 4 are the dual spaces to V53 for the pivot space L*(X,) we abbreviate
(u,v) = (U, v)v1 xvp foru eV, and v € V,,, m = 2,3.

Note that the definition of V;, and V;/, and the orthogonality of the basis functions {¢;};en
and {exp(in -)},ez implies that

Zyo'il a(g, 1’1)5(]} 1) for m = 2,
2mp Zjil Znezﬁ(j,n,r)@(j,n, 7”) for m = 3.

This shows that |(u,v)v: xv,.| < ||ullv ||v]v,, for all uw € V) and v € V,.

[{w, 0)| = |(u, 0)vgxvi| < {

5 The 3D Exterior Dirichlet-to-Neumann Operator

Our aim is now to determine a exterior Dirichlet-to-Neumann map on the surface X, that
maps Dirichlet boundary values in V,, to the Neumann boundary values of the (unique)
radiating solution in 2\ ©, to the Helmholtz equation . We establish properties of this
mapping first in three dimensions, before treating to the (easier) two-dimensional case in the
next section.

As above, we assume that Assumption holds, i.e., no eigenvalue )\? € R vanishes.
Thus, in the three-dimensional case, i.e., m = 3, all terms in following series are well-defined,

i . ) ) rcosep
u(z) = Z Z a(j,n)HV (idr) exp(ing) é;(xs), x = <rs;r;so> € 0\ Q,. (45)
j=1 neZ
Hence, u defines a formal solution to the Helmholtz equation in Q\ Q, that satisfies the
waveguide boundary conditions u(x) = 0 for 23 = 0 and Ju/0v = 0 for x3 = H. Indeed, the

Hankel function H" of the first kind and order n satisfies Bessel’s differential equation such
that

cos ¢

T 0j,(T) = Hfll)(i)\jr) exp(iny), T=r (Siw) ,r >0,

satisfies the two-dimensional Helmholtz equation (Az — A?)v,; = 0 in R?\ {0}, see [CK12].
Thus, the results from Section [2| on solutions to (1) via separation of variables imply that
each term in the series solves the Helmholtz equation (I). An asymptotic expansion
of HY for large arguments moreover shows that each term of u satisfies either the radia-
tion condition (18]) or the boundedness condition (19)), i.e., u is a radiating solution to the
Helmholtz equation. We can formally compute the normal derivative on ¥, as

%(m) =iy > Na(j,n)HY (i;p) exp(ing)g;(xs)  for o = (ﬁs;gi) €,

7=1 nez
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This formula motivates the following definition.

Definition 5.1. (Dirichlet-to-Neumann operator) For ¢ € V3 with corresponding Fourier
coefficients 1 (j,n) we formally define the Dirichlet-to-Neumann operator A by

e OFF . R cos
AY(z) = iZZ)\j%mw(j, n) exp(ing)p;(xs) for x = (Zs;gz> €X, (46)

The following result shows that the Dirichlet-to-Neumann operator A is well-defined and
bounded from V3 into V5.

Lemma 5.2. (1) The Dirichlet-to-Neumann operator A defined in is well-defined and
bounded from Vs into V3, i.e., |AY|lv; < Cl[llv, for o € V3 and some constant C' > 0.
(2) If v € V3, then the function

i A Hr(Ll) I\ 7 Cos _
u(e) =Y > (i, n)# exp(ing)¢;(xs), = (22) c0\Q,, (47)
j=1 nez Hy(i)jp) ’

belongs to HL_(Q\Q,) and there is C = C(p) > 0 independent of 1 such that lull g @) <
Cl|Y|lv,- Further, u is a weak solution to the Helmholtz equation
w? _ —
Au—l—muzo in Q\Q, (48)

and satisfies both the waveguide boundary conditions u(x) = 0 for x3 = 0 and du/0v = 0 for
x3 = H and the radiation and boundedness conditions ([24]).

Proof. (1) For simplicity, we introduce the auxiliary coefficients

o U(j,n) for n =0,
W= (1 e 49
) {(W}(Janﬂ? + 105, —n)?)~%  for n # 0. (49)

Due to the relation H_,(z) = (—1)"H,(z) for z # 0 from (9.1.5) in [AS64], we compute that

HY (iAp) _ HU) (iAjp)

HP(iNp)  H(ip)
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Assume now that ¢ € Vj is given by v =372 > U(j,n) exp(ing)p;(xs). By the defini-
tion of the Dirichlet-to-Neumann operator and the Fourier coefficients w(j,n) we compute

[e’) 1) ,. 2
A =3 ST [ o )2 g,y P ()
Vi =T . j TP )
j=1 neZ n J
S HY (izgp) [
:Z (1+ [nl* + [\ )72 (j,n )QAT,J
j=1 n=0 Hn (Z)\JIO)

Note again that all terms are well-defined since A; # 0 for all j € N by Assumption [3.1] and

since \H,Sl) (2)| is strictly positive for z > 0 and for z € C with positive imaginary part (recall
that either \; or ¢\; are strictly positive). From the Appendix of [AGL0S8] we know that

H7(L1)/ H(i)— 5
(2) _ Zin 1) _ for z € C with arg(z) € (—n/2,7/2]. (50)

oMz HY:) 2
2 n2
+ .
A [202

In
We estimate each part of the sum on the right-hand side of the last equation separately. Due
to the definition of the Fourier coefficients w(j,n) in we have

This equality allows to estimate

HY, (iA;p)
HiY(idip)

ALy < Clp) D D (1 [l + B 2N P, n)\2<

7j=1 n=0

2

_ A - n
Z Z(l + |n]* + A7) 1/2\)\j|2\w(‘7,n)!2|)\.|2 2

JEN neNp

a 1
ZZ L+ [nf? + [ P) 72020 (G, n)|* < ?||¢||2vg'

jeN nez

Next, by Lemma A.2 in [AGLO§| we know that for z € C such that |z| > p > 0 and
arg(z) € (—m/2,7/2] and n € N there holds

’ H(l)

P ’ < C(p for |z| > p >0, arg(z) € (—7/2,7/2|, n € Z. (51)
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We recall from that )\JZ < (42, In particular, we find that

0o 00 H(l) )\ 9
SOS Il ) 2| e A2
j=1 n=0 Hpy (Z)\]p)

p) D> (L + NP TN Pl n)P < oY,

J=1 neZ

(2) In this part we abbreviate the domain 2 R\@ for R > p as Q, g and the corresponding
two-dimensional domain {p < |Z] < R} C R? by Q, z. For |Z| > p, the function u from (47))
can be written as

Wi
u(@) = 3" 4, D)y(as)  with 4, 3) = 3 d(.n) ,’gmmmw,fz(%xy

jEN nez n AP

We will first show that the latter series converges in H'(2, g) for arbitrary R > p, such that
HL (2\Q,). Since {¢;};en is an orthonormal basis of L2(0, H) we note, as in the proof
of Lemma B2

ullF20, o + I Vaullieq, » < D 4G, Win@, mloilLze.m < > llags, W@, n-
jEN jEN

Moreover, the proof of Theorem [4.3] shows that
100 /0z3)220, < C S+ PG, Eae
jeN
Thus,
lalBr o, < C D (100G, o + L+ DG e, ] (52)
jeN
For € € R and a parameter k% = 1 + maxjeN(—)\?) < 0o we set
©) VK2 — €2 if k2> &2
« =
i\/E2 — k2 if k? > €2
The latter function is then used to define
;) (ra(€))
i (pa(€))

Ung(7) =

cos ¢

exp(ing) for z=r (Siw) € QP,R and n € Z.
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It is not difficult to see that v, ¢ belongs to Hl(QmR). Moreover, Lemma A6 in [CHOT7] states
that there exists C' > 0 independent of £ € R and n € Z such that

Hf}n,{”?{l(@pﬁ) <C(p,R)(1+ n? 4+ 52)1/2‘

Since k* = 1 + maxjen(—A3) it holds k* + A7 > 1 for all j € N such that there exists a
unique positive solution §; > 0 to £ = k* + A3. Note that the latter equation implies that
a(&;) =iA; and that £ < C(k)(1+ [);]?). Thus,

9, sy < Clou R) (1407 4 €)Y
= C(p, R) (1402 + K+ X)Y2 < Cp, R, k) (1+n2 + |\ ]2) /2.

Since the trigonometric monomials ¢ — exp(iny) are orthogonal on (0, 27), and since their
derivatives are ¢ > inexp(iny), the functions v, ¢, are orthogonal for the inner product of

H'(9,.r). Thus, the last estimate implies that

Hﬁ’(ja Hl(Q = ||Z¢ ]7 U'nﬁjHHl

ne”

<> b, n)IQHQ%,st?p(QP,R)

ne”L

< Clp, R k) Y (1402 + NP 210, m)

ne”L
Of course, the corresponding L?-estimate holds as well due to orthogonality,
L RN 2 Ao -
180, Raga, = | 300G Mg g, ) < S 0GP0, e,
nez neL
In consequence, shows that

el < C D030 [0 402 4+ PRI 4 (14 P g e, ] 106

jEN neZ

The L?-norm of Un,e, is finally easy to estimate: First, for all j € N,

R 2 R
Ines o, = 2 i A
Ung&ill2@,p) = °7

P

<— —d <2n(R —
T ‘H z)\Jp| r < 2n( 2

H (iMr)
H{ (iAp)

23



since ’H (iA;r | /‘H z)\jp)| <1 for r > 0 by Lemma A2 in [CHO7]. Moreover, if j > J,

ie., if A2 > 0, then |H(1) iA;T) ‘ /’H jp)} < exp(—(r — p)|\;]) for r > p due to Lemma
A3 in [CHO?] and

- 2m o 27
an,ngiz(fzp,R)—j ol < o |<1—exp< (R=p)I\) <
P J

47T< C
Al T (L [NV

This shows that
ull3i, o < CY D (A +n+ NP2, n)” = CllyI,.

jEN neZ

The function u satisfies the Helmholtz equation (48)) weakly by construction of the eigen-
functions ¢; to (§), since ¢, solves (Az — A?)ine, = 0 in {|Z| > p} and since the series
in (47) was shown to converge in H'(Q, ). The same argument shows that u satisfies the
waveguide boundary conditions. Well-known properties of Hankel and Kelvin functions show
that 0, ¢; is a radiating solution to the Helmholtz equation if 1 < j < J, i.e., )\? < 0, whereas
Un, is bounded (and even exponentially decaying) if j > J, i.e., A¥ > 0. This implies that
u satisfies the radiation and boundedness conditions . O]

The next lemma formulates a weak coercivity result for A when applied to ¢ € V3 with
representation ¢ = >, 1 (j,n) exp(in -)e;.

Lemma 5.3. There ezist constants C' > 0 and ¢ > 0 such that A is L*-coercive at small
frequencies: For 0 < w < C' it holds that

—(AY, ) > CW”"‘#H%?(EP) Jor all ¢ € V3.

Proof. Due to we can choose w > 0 so small such that the lower bound (7(2j —
1)/(2H))*> — w?/c? of all eigenvalues A} is positive. With this choice, all roots A; are pos-

itive, too, i.e., all waveguide modes are evanescent. For ¢ € V3 we use again the auxiliary
coefficients w(j,n) defined in and note that

(A (iM , N — AJ .
zzi-pw ZZ)\ (1) Z jp | ‘2 ZZZ)\ ( ¢ P) Z;]p)’w(j>n)|2

j=1 n=0 ) 7j=1 n=0 p)

Note that the argument of all Hankel functions in the last expression is purely imaginary
since \; > 0 for all j € N. Thus, we can reformulate the last expression using the modified
Bessel functions K,

1,2,(2) _ K2 (1)

=1 for z € iRy, n € Z.
HO(z)  KD(2)) B
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Note that the modified Bessel functions K, satisfy

K_4(t) (t)
Ko(t) Ky (1)

which is shown in [AGLOS8, Lemma A.1]. Moreover, Ky(t) > 0 and K;(t) > 0 for ¢ > 0 such
that the lower bound Ky(t)/K;(t) > 1 — 2/t ensures the existence of a small constant ¢; > 0
such that Ko(t)/K;(t) > ¢; holds for all t > A\;p. The increasing order 0 < A3 < A3 <
hence implies that Ko(\;p)/K1(Ajp) > ¢ for all j € N. Using this bound together with
those from , we obtain that

— (A, ) = 27rp22( Koo (y0) + 2 i, n)

=1 n=0 p) P

- Aip n
Aj Aj )| Aj 4 —) (4, n) %
g[ (G, 0) + e\l 1 1+Z Cwrn RS wAllA]

5

K, (t t
, and 1> *) >

>1- z = ,
n+1(t) t+ 2TL

> 1,

SR

t>0, (53)

Note that the binomial formula yields that

Ao N n 1/2 1 1/2 A 1/2 s
(=22 P Y son () o [—— ) >2 Al
’ (Ajp+2n i Ajp> - (Ajp+2n) - (Ajp+2) - (A1p+2) ;0

because n — n/(\jp + 2n) and j — A/(Aip + 2) increase in n and j, respectively. By
Lemma [2.2)(a) it holds for j € N and 0 < w < min{(wc_)/(4H), 1} that

2 1
Sw? < W (#(Qj 1) - C—) <A\ (54)

Thus, for w > 0 small enough and ¢, = 3/c¢% it holds that )\2 > c,w? for all 7 € N.
Monotonicity of the square root function hence directly implies that \; > *w and )\1/ 2

i/ 4172 > c*/ w since w 1s smaller than one. If we further choose w > 0 such that w <
min(c*_l/Q, (me_)/(2H)) then A? < 1 due to (54)), i.e., A; < /A;. In consequence, we obtain
for some ¢ > 0 that

—(Ah, ) > ¢ Z[A [w(5,0)[* + As | (j, 1) |2+\/_le3, 2] > aw Y Y [0(G,n)

Jj=1 7=1 n€eZ
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Lemma 5.4. If w > 0 then there exists C' = C(w) > 0 such that for all ¢ € V5 with Fourier
coefficients 1(j,n) it holds that

J
—Re(Ag,v)) = =21pC Y Y [, n))> = =CllY[I72s,),

7=1 nez
where J = J(w, ¢, H) denotes the number of propagating waveguide modes.

Proof. We use again the auxiliary coefficients w(j, n) defined in and, by the same argu-
ments as in the proof of Lemma [5.3] compute that

Hv(zl—)1<i)‘jp) NVSRRND
—Re(Ay, ) = QWpReZZZ j(M 7 B () )\w(y,n)| :

Further, since for j > J all eigenvalues \; are positive, the arguments of the proof of
Lemma show that for j > J all terms in the series are positive. Omitting these terms
we obtain that

RelA S CHDN)
R’e< 1/} ¢> > 27T:0 RGZZZ/\ Z/\ ip H(l) . |w(]7n)|
1 n=0

i (iAjp)
2

because i\; > 0 for j =1,...,J. Since the finite set of numbers {i\;p}7_, C R is bounded
away from zero, estimate implies that

H“ L(iXp)

2
w j?n )
HS)(MJP) o)

=0

H{Y\ (iMp)

<C forj=1,...,J.
HiD (idp)

The constant C' in the last estimate depends on w, p, and of course also on the waveguide
setting. Therefore, we finally deduce that

00 J
—Re(Ay,9) > — ZZ (i, n)[> = =C > > [ n)* > =CllY e,
7=1 n=0

j=1 nez

]

To be able to apply analytic Fredholm theory when establishing existence theory for
the scattering problem (22H24)) we finally show that A = A, depends analytically (i.e.,
holomorphically) on the frequency w.
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Lemma 5.5. For all w, > 0 such that \j(w.) # 0 for j € N and all w* > 0 small enough to
satisfy the assumption of Lemma there exists an open connected set U C C containing
wy and w* such that w — A, is an analytic operator-valued function in U.

Proof. Due to Theorem 8.12(b) in [Muj85] we merely need to show that

> > WG (w
(Au,v) = 27rip; Aj(w) % H[;(i;:\(jj) (Zg)p)ﬁ(j, n)o(j,n) (55)

=21ip ) My (@)
j=1

f: [Hy(l,l);(i)\ej(w) (w)p) n

— - w(j,n)o(j,n), wu,veVy
Hél)(i/\gj(w)(w)p) Z)\Zj(w) (w)p ’

nez

is a holomorphic function in an open connected set U C C that satisfies the properties
claimed in the lemma. From Lemma we know that all eigenvalue functions w A?(w)
can be extended to some open neighborhood U, of R-.y. We choose §; > 0 such that
Uy ={z€U 0<Re(z) <w'+1, [Im(2)] <&} C U is connected, compact and contains wi,
and w*. Due to Theorem [2.4] the set Ko = {w € Uy, there is j € N such that A;(w)? = 0} is
finite. Thus, by further reducing the parameter §; we can assume without loss of generality
that K, contains merely real numbers. Recall that the square root function z — z'/2 that
was defined for complex numbers via a branch cut at the positive real axis is holomorphic in
the slit complex plane C\iRxq. The the roots w + Ay, (. (w) are hence holomorphic functions
in the set Uy := {z € U, Imz < 0if w € Ky}. Further restricting this set we define the
open set Us := {z € Us,, B(z,03) C Uy} for a parameter d, > 0. For dy small enough Us
is open, connected and contains w, and w*. Recall that the Hankel function z — Hél)(z)
and its derivative are holomorphic in the domain {z € C, z # 0, —7/2 < arg(z) < 7}. The
fraction z — H,(f)l(z)/H,(ll)(z) is holomorphic for z # 0 and arg(z) € [0, 7) since z H,(zl)(z)
does not possess zeros in this domain. Moreover, an infinite number of zeros of z — Hnl)(z)
in the lower complex half-plane is contained in the quadrant —m < arg(z) < —m/2, while at
most n zero are contained in —7/2 < arg(z) < 0, compare the paragraph on complex zeros
of the Hankel function in [AS64, pg. 373-374]. If follows from [CS82) eq. (2.8)] or [AS64
pg. 374] that these finitely many zeros lie in the sector —m/2 < arg(z) < —e for some € > 0,
independent of n, i.e., z — Hﬁl)/(z)/HT(LI)(z) is holomorphic in {z # 0, arg(z) € (—e, T+ €)}.
Since the numbers 7); are either positive or purely imaginary with positive imaginary part
we deduce that, upon reducing the parameter d; > 0 for the construction of Uy 23 a second
time, the function w — Hﬁl)/(i)\gj(w) (w)p)/H,Sl)(i)\gj(w) (w)p) is holomorphic for w € Us.
Thus, each term in the series in (55]) is holomorphic in Us and can hence be developed
locally into a power series in w. Holomorphy of the entire series follows from the uniform
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and absolute convergence of this series: If we set

) = M) 3 [ e it i (50
N H2 (5 (@)p) e e NS e
= )\J(w)nezz Hﬁl)(i)\j(w)p) u(g,n)0(j,n) — Rj(u,v), R;(u,v):= %%u(j,n)v(j,n),

then R;(u,v) is a bounded sesquilinear form on V3 independent of w. For all j > J(w* +
1,¢, H) it holds that i\;(w) € iR+ for all w € Us N R such that

HY, (i) (
HE (i) (w)

‘Kn 1(A(@)p)
Aj(w)p)

due to [AGLO8, Lemma A.2 & (A10)]. For 1 < j < J(w*+1, ¢, H) the asymptotic expansion
of the Hankel functions for large orders, see [AS64, (9.3.1)], implies that there is a constant
C > 0 such that the last bound is uniformly valid for all j € N. Thus,

‘SC for w e Us, n € Z,

195 (@) <Y (CIN )] +n/p) laG, n)i(G,n)| < Cllullv o]y (57)

nez

since w — Aj(w) is holomorphic on Uy and hence in particular bounded on the compactly
embedded subset Us. We deduce that the series in (56]) converges absolutely and uniformly
for each w € Us. Since the analytic dependence of each series term on w implies that each
term can locally be represented by its convergent Taylor series with coefficients dl(J)(u,v)
that yield bounded sesquilinear forms,

:Zngj)(u,v)(w—w*)l, w € Us.

n€Z 1=0

Uniform convergence of the series in n € Z implies that the two limits in n and [ can be
interchanged. Thus, g; has a convergent Taylor expansion as well and is hence a holomorphic
function of w € Us.

As in the proof of Lemma one shows that the series of the exterior Dirichlet-to-
Neumann operator A in is also uniformly convergent in 7 € N, such that the Taylor
series expansion of g; can again be interchanged with the series in 7 € N. This finally implies
the claim of the lemma. O
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6 The 2D Exterior Dirichlet-to-Neumann Operator

In this section we study the exterior Dirichlet-to-Neumann operator for a two-dimensional
setting. The derivation of its representation and the results on its boundedness, coercivity
and analyticity are rather analogous and usually easier to prove than in the three-dimensional
case treated in the last section. For this reason we will announce the corresponding results
in this section and merely indicate where the proofs differ from those in dimension three.

As in the last section we assume that Assumption holds, i.e., no eigenvalue )\? eR
vanishes. In the case m = 2, solutions to the Helmholtz equation in Q\ Q, that satisfy
the waveguide boundary conditions u(z) = 0 for 3 = 0 and Ju/0v = 0 for x5 = H gained
by separation of variables take the form

Z ) exp(—=Aj|z1|)p;(xa), r=(z3) €Q\Q,, ie, |z1| > p.

Jj=1

Hence, u defines a formal solution to the Helmholtz equation in Q\ Q,. If \? > 0 then
i\j € iR-o and the mode = — exp(i\;|x1])¢;(x2) satisfies the boundedness condition ([19)).
If /\? < 0 then i)\; € R and the corresponding modes satisfies the radiation condition (|18]).
The normal derivative on ¥ = {z € Q, 21 = £p} equals

9
5 () = 8x1 Z)\ exp(\ |21 )a(f)g;(x2)  forw = (%) € T,

The Dirichlet-to-Neumann operator A, defined by

Aplgs = =D N*(j)g;  for ¢ € Vo such that ¢gs = > 9% (j)g;,  (58)
j=1

=1

is bounded from V5 into Vj since |A\;| < (1 + |);]?), since

1Al =30 S+ )2 A ’ ZZ L+ X202 G =l (59)

®e+ j=1 ®e+ j=1

(In the two-dimensional case this holds even in case that some eigenvalue A7 vanishes.)

Lemma 6.1. For i) € V,, the function

u(z) = {Z] 1¢+(])%¢]($2) L1 > p,

= () € 2\ Q,, 60
ST (J)eeff;’(”l bi(rs) wr<—p, (Z) e\ (60)
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is the unique weak solution in Hyy,, (Q\Q,) to the Helmholtz equation Au+ (w?/c*)u = 0 in

Q\ Q, that satisfies the boundary condition u =1 on X, and the radiation and boundedness
conditions [24).

Proof. The function u belongs to Hy, (€2 ©,) since

loc

luliy oo =3 [ @ PGP doy

JEN p<|$1|<R

<Y1+ 0P / exp(=A([e1| — p)) das | 19G)?
jEN p<|z1|<R
_ 12y [exP(=2A;p) — exp(=A;(R + p))
=23 - 196
<O 0+ NEIG)E.
JjeN

Moreover, as in each 7 € N; the function z; — fOH u(xy, x2)pj(x2) dry
" continue !!!
O
Lemma 6.2. There are constants C' > 0 and ¢ > 0 such that for 0 < w < C it holds that
— (1, AY) = Cwl||F, for all ) € Va.

Proof. As in the proof of Lemma we choose C' > 0 so small that for 0 < w < C
no propagating modes exist, i.e., A\j(w) > ¢; > 0 for 0 < w < C. Orthogonality of the
eigenvectors ¢; implies that

o0

(0 A) =Y Y INITGIE Y = (L 1fe) ™ Y+ NPT (G)P = e[,

®c+ jeN ®c+ j=1
]

Lemma 6.3. Assume that w > 0 is so large that J = J(w,c, H) propagating waveguide
modes exist. Then there ezists C'= C(w) > 0 such that

—Re(AY ) > —ClWllf2s,)  for all i € Va.

The proof is analogous to the proof of the corresponding result in three dimensions, i.e.,
m = 3, see Lemma [5.4l As for m = 3, the Dirichlet-to-Neumann operator A = A, in
two dimensions depends analytically on the frequency w. Proving this result is easier than
the corresponding one in Lemma since, in two dimensions, A does not involve special
functions possessing singularities.
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Lemma 6.4. For all w, > 0 such that \j(w.) # 0 for j € N and all w* > 0 small enough to
satisfy the assumption of Lemma there exists an open connected set U C C containing
wy and w* such that w — A, is an analytic operator-valued function in U.

7 Existence Theory for Weak Solutions

We have now prepared all tools to provide existence theory for weak solutions of the waveg-
uide scattering problem (2224).

Assume that v’ € Hy,,.(€) is an incident field that solves the Helmholtz equation (20)
and the waveguide boundary conditions. Assume further that u € Hyy,,.(Q2) solves for

all v € Hy,(Q) with compact support and satisfies the radiation conditions . Since
implies that Au = div Vu is locally square integrable, we acn integrate by parts,

oz/ﬂ(vu-w—%(wqm) dx:/Q<Au+%(1+q)u)mx

for all v € H(Q2) with compact support in €, to show that u satisfies A+ (w?/c®)(1+q)u =0
in the L*(Q,) for every r > 0. Since w?/c*(1 + q) is bounded, we infer that Au € L2 (Q)
and elliptic regularity results hence imply that v € HZ_(Q). Moreover, u® = u — u' is by
assumption a radiating function outside of {2,. Hence, Lemma in dimension three, i.e.,

m = 3, and Lemma (6.1)) for m = 2 imply that

= Au’ls)) in V,.

In consequence, the normal derivative of u = u’ + u® on X, equals

%_&ﬁ_i_aus _8ui
ov  Ov ov  Ov

+A(u—ui|zp) in V,,.

Thus, we multiply the Helmholtz equation by a test function v € Hy,(€2,) and integrate by
parts in 2, to find that

_ w? _ ou _ ou _ ou _
0—/Qp (VUVU—m(l—FQ)uv) dJT—/Epgvds—}—/ro,pgvds—}—/rlﬂp%vds

:/Qp (vu-w— CQme)(l—l—q)uU) dx—/sz(mds—/Ep @f —A(ui))ms,

31




where v denotes the unit normal vector corresponding to the boundary of €2,. Hence, the
variational formulation of the waveguide scattering problem (22H24) is to find u € Hy,(£2,)
solving

2

Bw(u,v)Z/Q (vu-w—#ﬁm)(uqm) dz—/sz(u)vdséF(v) (61)

P

for all v € H},(Q,), where the continuous anti-linear form F is defined as

Flv) = /E p (‘?;5 - A(ai)) vds,  ve Hy(9Q,). (62)

Of course, the variational problem (61)) can also be considered for arbitrary continuous anti-
linear forms F : Hjy, (Q2,) — C.

Theorem 7.1 (Existence and uniqueness of solution). (1) The sesquilinear form B,, in
and the anti-linear form F in are bounded on Hy,(Q,) and B, satisfies a Gdrding
inequality. Thus, the Fredholm alternative holds: Whenever the variational problem for
u' = 0 possesses only the trivial solution, existence and uniqueness of solution holds for any
continuous anti-linear form F : H},(Q,) — C.

(2) There exists wg > 0 such that the variational problem 18 uniquely solvable for all
incident fields u® for all frequencies w € (0, wy).

(3) The wvariational problem is uniquely solvable for all incident fields u* and all
frequencies w > 0 except possibly for a discrete set of exceptional frequencies {wj}le C Roy,-
If there are infinitely many exceptional frequencies, then w; — 0o as j — oo.

Proof. (1) Due to the boundedness of A, see Lemma for m = 3 and for m = 2, and
the trace estimate shown in Theorem , the boundedness of B, and F on Hj(£2,) follows
from

(JJ2
Bl < (145 + I8l ) Tl ollno,, o € H(9).

Together with the trace estimate [|0u’/Ov||g-1/2(s,) < [[divVul]|r2(,) < (W?/)]lu'||2q,)
the same arguments shows that

w® i i
F(v)] < L—Quu ez + Al ov rrmm,,)] Wiy, v e Hi@,).

The Garding inequality for small frequencies follows from the lower bound of A at arbitrary
frequencies. First, the assumption that c_ < ¢(z,,) for x,, € (0, H) yields

2

w _
Re(Bu(u,w)) > Jul%y ) — (C—2<1 + lallz=@,) + 1) Jul2(a,) — Re ( / A ds)

- P
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for arbitrary u E HI}V( »). Second, Lemma for m = 3 and Lemma for m = 2 imply
that — Re( fz vds) = —Cllul[72 s, for some constant C' > 0. Thus,

w2
Re(B.(u,u)) > [[ull%y g, ~ (C—m + llgllz=(ay) + 1) lul22(0, — CllullZee

Since the embedding of Hy,(€,) in L*($,) is compact and since further the trace operator
from H},(Q,) into L2(X,) is compact due to the compact embedding of HY/2(3,) in L*(%,)
the latter estimate is indeed a Garding inequality for the form B,. In consequence, the
variational problem is Fredholm of index zero. In particular, uniqueness of solution
implies existence of solution together with the continuous dependence of the solution on the
right-hand side F'.

(2) The L*-coercivity of A shown in Lemma [6.2| and Lemma [5.3| for m = 3 and m = 3,
respectively, implies that A is a positive operator for small frequencies. Thus,

Re(Bw(wU))ZIIVUH%z(Qp)— (1+||CJ||L°° ullzao,) + ewllullfags,),  w € Hy(Q,).

] &

Poincaré’s inequality states that ||u||L2(Q ) < <H2/2)||VUHL2 . for all uw € Hy(Q,). In
consequence,

)

1
Re(Bu(u,u)) = 5 [[Vulja,) +

|w|E

s lulltze,) = = 1+ ldllz=@)lul 320,

and the left-hand side is equivalent to HUHJZLQV(Q,,) if w? < (1 + ||glloeo,))/H?. Thus, if w
is small enough to satisfy this bound then B, is coercive on Hy,(€2,) and the lemma of Lax
and Milgram implies that is uniquely solvable for any right-hand side.

(3) Part (2) of the proof shows that is uniquely solvable whenever w > 0 is less
than some wy > 0. If w is larger than or equal to wy we exploit that the operator-valued
function w — A, depends analytically on w. More precisely, fix an arbitrary w* > 0 such that
A3(w) = 0 and some w, € (0,wp). Depending on the dimension m = 2,3, either Lemma
or Lemma show that there exists an open connected set U C C containing w, and w*
such that w — A, is an analytic operator-valued function in U. In consequence, the entire
sesquilinear form

Bw(u,v):/ﬂp (vu-w—%(uq) )dx—/EpA(u)vds

depends analytically on w in U. Moreover, choosing the frequency w, € U, the variational
problem ((61)) is uniquely solvable due to part (2) of this theorem. Hence, analytic Fredholm
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theory implies that problem is uniquely solvable for all w € U except possibly for a
countable sequence of exceptional frequencies without accumulation point in U. In particu-
lar; there exists at most a countable set of real frequencies where uniqueness of solution fails.
If there exists an infinite set of real-valued exceptional frequencies then these frequencies
necessarily tend to infinity. m

Remark 7.2. Analytic Fredholm theory is not able to prove uniqueness of solution for those
frequencies where some eigenvalue )\g (w) vanishes; this does however not imply that unique-
ness of solution does indeed fail at those frequencies, compare [AGLOS/.

Theorem 7.3. Assume that Assumption holds. (1) If the variational problem s
uniquely solvable for any incident fields u', then any solution u € Hy,(Q,) can be extended
to a weak solution i € H. () of the waveguide scattering problem by setting g, =
ulq, and

0+ 330 O pingyo e fore = () i\, (09
j=1 nez ( /\]p> )

where the coefficients u(j,n) are defined by

/ / u— u’ ZZﬂf?ﬁ) e " dp das, jeN, neZ. (64)

Moreover, u is the unique weak solution to the wavequide scattering problem .

(2) If Im(q) > co > 0 on a non-empty open subset D of 2, then there are no exceptional
frequencies, i.e., the variational problem and the scattering problem are both
uniquely solvable for all incident fields u* and all frequencies w > 0.

Proof. (1) Assume that u € H},(€,) is the unique solution (61)). As in the beginning of this
section, we note that implies that divVu € L*(€2,). Choosing v € Hj;(f2,) such that
’U|Zp = 0 we can hence integrate by parts in , to find that

0= /Q (Vu - Vv — ngm)(l + q)u@) dx

P

2
:—/ (Au+2w—(1+q)u> 6dx+/ ﬂvds
2 c(@m) run{lal<py OTm

Integrating now a second time by parts for a test function v € Hyj,(2,) and exploiting the
definition of the right-hand side F'(v) in . then shows that

/E (% — Alu )) vds = /E (%f - A(ui)) o ds (65)
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for all v € H},(Q,). We define u* € Hj,(Q,) by u = u* + u* and note that implies that
the equation (Ou®/0v)|s, = A(u’|y; ) holds in V.
Let us in the following indicate by ()|§p if a trace on ¥, is taken from the inside (-) or

from the outside (4) of Q. Further we define u® in Q '\ ©Q, by the series in such that
@ = u’ + u® holds in Q\ Q,.

By the trace trace estimate from Theorem and the representation of functions in V,,
we note that the coefficients 4(j,n) in (64) are defined such that

(u— ul)‘;p () = Z Zﬂ(j, n)exp(ing)p;(rs), == (g%g) €x,,

j=1 nez

holds in V3. This implies that that uEp equals the restriction '&];p, i.e., the extension
@ is continuous over Y, in the trace sense. By construction of A and @, it follows from
Lemma in dimension three and Lemma in dimension two that @ is a radiating
solution to the Helmholtz equation in © \ 2, with normal derivative

.~ 5]
s, v
since we already showed above that (0u®/0v)|; = A(u’ls). Since the normal derivative of
@ across X, is hence also continuous in the trace sense, the latter function is a weak solution
in H'(Q) to the Helmholtz equation in all of €. In consequence, @ solves the waveguide
scattering problem ([22H24]). Note that interior elliptic regularity results [McL00, Chapter 4]
show that @ € HE ().

Finally, uniqueness of this scattering problem finally follows from uniqueness of solution
of the variational problem , since any non-trivial solution to the scattering problem for
u' = 0 is a non-trivial solution to the variational problem with vanishing right-hand side.

(2) Assume that Im(g) > 0 on a non-empty open subset D C 2, and consider a solution
u € Hj,(Q,) to with vanishing right-hand side F' = 0 or, equivalently, vanishing incident
field v’ = 0. Since u’ vanishes, the first part of this proof shows that du/dv = A(u) on X,,.
We extend the solution u to all of {2 using the formula and, by abuse of notation, call
the extended function again u. Recall from part (1) that this extension belongs to HZ ()

and is a radiating solution to the Helmholtz equation Au + w?/c*(z,,)(1 + ¢)u = 0 in Q.
Since v is the exterior unit normal to €2,, taking the imaginary part of with v = u shows

+

@
ov

+A(uly)

Xp

+ _ ou’ N ou®
ov ov

ou’
FaGels) = |5 ]

s, S
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that

21
0=1Im B, (u,u) :—/ u)—m(Q)\u]?daﬁ—Im A(u)uds

Q, (Tm) 2,
w21
:/ w Ima),, |2dx—1m/ s
Q, € (Tm)
21 2
:/ QL()MQCM—FIIH {|Vu|2 ~ |u|2] dr —Im @uds
o ¢ (:L‘m) Q:\Q, (me) b v

The second-to-last term of the last equation obviously vanishes. We investigate the last
term, relying on the orthonormal expansion u(x) = > 7=, 0(j, ¥)¢; () valid in Q,

—ud _Z/ @“3’ ) a(j, ) ds.

Since u is a radiating solution to the Helmholtz equation, the two-dimensional function
T + 4(j, %) solves the Helmholtz equation (Az — A?)a(j,Z) = 0 for |Z] > p. Moreover,
for 1 < j < J, the wave number ¢A\; > 0 of the latter Helmholtz equation is positive and
u(yg, -) satisfies Sommerfeld’s radiation condition; for j > .J the wave number i); € iR, of
the latter Helmholtz equation is purely imaginary and @(j,-) is bounded in |Z| > p. For
the solutions u(j,), 1 < j < J, to the Helmholtz equation with positive wave number that
satisfy Sommerfeld’s radiation condition it is well-known that

Im/ au(j’x)’&(j,f:) ds >0, 1<j<J
& aV

since the latter expression equals (a constant times) the L?-norm of the far field pattern of
u(j,-) (see, e.g. ,[CKI12]). For j > J, —\? is negative and the solution u(k, -) is a bounded
solution to the latter equation; since ¢A; € iR is the wave number of the corresponding
Helmholtz equation, this bounded solution, together with all its derivatives decays exponen-
tially. (If m = 3, this also follows from the estimates of the Hankel functions in the proof of
Lemma [5.2} if m = 2, then the exponential decay is obvious from the series representation
of the solution, compare ([59).) Thus,

ov

S0l i
Im/ Mﬁ(j,i‘)ds%() as r — 00, Jj>J
|Z|

Choosing r > 0 large enough, we hence conclude by our assumption on Im(q) that

2I O 2
O:Imb(u,u):/ w—m(q)|u|2dl‘~l—lm/ —uudSZCO/ - lu|® dz > 0.
s, OV D

() ()

P
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Thus, u vanishes on the open, nonempty set D. Now, the unique continuation property
for solutions of the Schrodinger-type equation Au + (w?/c*(x,))(1 + ¢)u = 0, see [JK85|
Theorem 6.3, Remark 6.7], implies that u vanishes in all of Q. Thus, uniqueness of solution
to holds and implies by Theorem that is uniquely solvable for all right-hand
sides. Part (1) of this theorem then yields the claim. O

Remark 7.4. If the inhomogeneous medium described by the contrast q is replaced by an
impenetrable obstacle D C Q, with either Dirichlet, Neumann or impedance boundary con-
dition, then the variational problem for the total field is posed in V = H},(Q, \ D) for a
Neumann or impedance boundary condition. For a Dirichlet boundary condition, functions
in V' additionally have to satisfy a Dirichlet boundary condition on 0D. The results of
Theorem [7.4] and Theorem [7.3(1) hold analogously.
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