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Motivation Problem statement Results Application

Automotive manufacturing network A5
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Customer requests and
deliveries from component suppliers
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Automotive manufacturing network A5

State of a node

number of jobs
quality
x; — | adherence to delivery dates
1
reliability

State parameters of a node depend on state parameters of other
nodes

Assume: x; = fi(x;, u)
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» Personnel in factories adapts service rates to parameter states,
queues, etc:

» Service rate is increased if own queue gets longer
» Service rate is decreased if queues at subsequent nodes
become longer

» Quality, adherence to delivery dates, and reliability of a node
depend on parameters of preceding nodes
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State equations A5
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. ax1+b/x1

X1 = - 14+x0+x3

. laxatbyx

2= 3T 12 m|n{b3, c3x3} — min{ by, coxa }

. 1aat+byx

X3 = 30004 + 5 mln{bz, C2X2} — mln{b3, C3X3}

: 1ax+b

X4 = 1+X2_;/X; +3 L min{by, cox2} + min{bs, c3x3} — min{by, caxs}
. 1 .

X5 =5 mm{b4, C4X4} — C5X5 - -

. . =< )i
X6 = %mln{bz;, Caxa} — CoXp T\ %" \ 5
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What does stability give us? A5

Motivation Problem statement Results Application
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» boundedness of queues
> estimates for queues with respect to inputs
» hints on reliability of discrete event simulation
» predictability of the system
If a system is not stable, then a small disturbance of initial

conditions of the input parameters may cause large fluctuations of
state parameters/queues (see, e.g., Bramson94-Example)
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Comparison functions A5

Definition K

> v:R>9 — R>q is L-function, if v is
continuous, strictly increasing with
~(0) = 0.
v is called Coo-function, if it is
unbounded.
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Comparison functions A5

Definition K

> v:R>9 — R>q is L-function, if v is
continuous, strictly increasing with
7(0) =0.
v is called Coo-function, if it is
unbounded.

> ,3 : RZO X RZO — RZO is called
K L-function, if

» (3 is continuous L
> (-, t) is a K-function ¥t > 0 and
» B(s,t) | 0fort — oo and all s > 0.
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Input-to-State Stability (ISS) A5

Definition (Sontag, 1989)
A system — X =f(x,u)
x(t) = £(x(t), u(t))

is called ISS, if there exist
6 € KL and v € K, such that

B, £) +(llull)

(I BAXOIL )+l fy

for all x(0),t > 0, u ess.
bounded.
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)'(1=fl(X1,...) )'<2=f2(X1,...) | E—

)'(3:f3(X1,...) )'(n:f,,(xl,...) e

i [

(I < B(IXiO)]£) 4+ 325 7ii (| [oo) + (I ul]o0)
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V12
)'(1 = fl(Xl,...) 3T )'<2 = f2(X1,...) I V22
Vi3 n1 V2 7

V3n
)

(I < B(IXiO)]£) 4+ 325 7ii (| [oo) + (I ul]o0)
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V12
)'(1 = fl(Xl,...) 3T )'<2 = f2(X1,...) I V22
Vi3 n1 V2 7

V3n
)

Xn = fn(Xl, .

i [

Definition: ' = (v;;).  Operator: ['(s); = > 7ii(s;) for s € R’}

j=1
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Stability condition A5

Theorem (DRW 2005)
If 3D, D= diag,(id+ «) for some o € Koo, such that

[oDs) 25 520,540

then the network is input/state stable.
M(s)i=227i(s)  and  ToD(s)i =370 (id+a)(s)
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Equivalent formulations A5

Theorem
The following are equivalent:

» 3D :ToD(s)#?s Vs>0,s#0
» dD:Dol(s)#s Vs>0,s#0

There is also a Lyapunov version of this theorem: The small gain
condition is then stated in terms of Lyapunov gains and allows for
an explicit construction of an ISS-Lyapunov function for the
composite system.
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Induced Dynamics A

Discrete systems

St sk +1) = r(s(k))
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Motivation Problem statement Results
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Induced Dynamics

Discrete systems
S: s(k+1):=T(s(k))

and
R: r(k+1):=ToD(r(k))onR].
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Induced Dynamics A5

Discrete systems
S: s(k+1):=T(s(k))
and

R: r(k+1):=ToD(r(k))onR].

Observation: Stability of S/R has something to do with stability
condition of ISS network.
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Linear Case A

I linear operator, [ € R."*", D can also taken to be linear,
D =diag,(1+a), a >0

»loD¥id r#id
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I linear operator, [ € R."*", D can also taken to be linear,
D =diag,(1+a), a >0

»loD#id < r#id
» <= spectral radius p(') < 1

GFB 637 Selbststeuerung logistischer Prozesse — Ein Paradigmenwechsel und seine Grenzen  se————————— t@] Universitat Bremen
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I linear operator, [ € R."*", D can also taken to be linear,
D =diag,(1+ @), a >0
»ToD#id <«  T#id
» <= spectral radius p(I') < 1
» < S: s(k+1):=T(s(k)) is globally asymptotically
stable (GAS)
» <— R: r(k+1):=T0oD(r(k)) is globally
asymptotically stable (GAS)
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D is necessary A

where y(t) = t- (1 — e ") (clings to id).
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10
r_VO

where v(t) = t- (1 — e~ ") (clings to id).
F#idand S: s(k+1)=T(s(k))is GAS.
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10
r_VO

where v(t) = t- (1 — e~ ") (clings to id).
F#idand S: s(k+1)=T(s(k))is GAS.

Can't consider R, since no D = diag(id + «) exists, such that
oD #id.
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Instability for non-matrix operators A5

Fix some real constants A €]0,1[ and x> 0.

r <[51]> _ {)\51 + 51252 + ,usz]
So /\52

for all s = (s1,52)" € R2.
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Instability for non-matrix operators A5

Fix some real constants A €]0,1[ and x> 0.

r <[51]) _ {)\51 + 51252 + ,usz]
So /\52

for all s = (s1,52)" € R2.
» [ #id
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Instability for non-matrix operators A5

Fix some real constants A €]0,1[ and x> 0.

r <[51]> _ {)\51 + 51252 + ,usz]
So /\52
for all s = (s1,52)" € R2.

» [ #id
» D= (1+ 5;)-idgn even gives [ o D % id
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Instability for non-matrix operators A5

Fix some real constants A €]0,1[ and x> 0.

r <[51]> _ {)\51 + 51252 + ,usz]
So /\52
for all s = (s1,52)" € R2.
» [ #id
» D= (1+ 5;)-idgn even gives [ o D % id
» but neither R nor S are GAS
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Micro and macro dynamics correspond A5

Theorem
Let T € (Koo U{0})™". Then the following are equivalent:

1. There exists a p € Koo such that for D = diag,(id + p) we
have I o D # id.

2. There exists a § € Koo such that for D = diag,(id + J) the
discrete dynamical system defined by

R: r(0)eR], r(k+1):=To0D(r(k)), k € Np,

is globally asymptotically stable in 0.
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Some related sets

Q, = SGR{:_

v, = SGR:_

Results Application

0OO000000000 0000

25> i(s)

J#i

EEDRC)

J#i
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Some related sets A

Qi = (seRl:s> Z'y,-j(sj)
J#i

v, = SGR{}_ :S,'ZZ’}/,'J'(SJ')
J#i
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Some related sets A5

Q, = sGRi:S;>Z’yU(Sj)
J#i

v, = SGRi :S,'ZZ’}/,'J'(SJ')
J#i
Q = N Q

Q3
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Radial unboundedness of A5
Theorem

I : R7 — R monotone, continuous, I'(0) = 0.

Then T # id implies QN S, # 0 for all r > 0, S, denoting sphere
around the origin in R"} of radius r > 0 with respect to the
I-norm, S, ={s e R} : Y7 si=r}.
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Radial unboundedness of A5

Motivation Problem statement Results Application
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Theorem

I : R7 — R monotone, continuous, I'(0) = 0.

Then T # id implies QN S, # 0 for all r > 0, S, denoting sphere
around the origin in R"} of radius r > 0 with respect to the
I-norm, S, ={s e R} : Y"1 ;si=r}.

Proof.
Based on famous theorem by Knaster-Kuratowski-Mazurkiewicz,
1929. 95!

95}

Q3 0
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Numerical stability test A5

Question: When does I # id hold?
For I € (Koo U{0})™", T #id, by KKM-Theorem can find x € Q.

GFB 637 Selbststeuerung logistischer Prozesse — Ein Paradigmenwechsel und seine Grenzen  se————————— t@] Universitat Bremen



Motivation Problem statement Results Application
000000 000 00000000000 0000

Numerical stability test A5

Question: When does I # id hold?
For I € (Koo U{0})™", T #id, by KKM-Theorem can find x € Q.

If T has no zero rows, then {I*(x)}?2, C Q, also

(1= ark(x) e Q, k>0.

GFB 637 Selbststeuerung logistischer Prozesse — Ein Paradigmenwechsel und seine Grenzen  se————————— l@] Universitat Bremen



Motivation Problem statement Results Application
000000 000 00000000000 0000

Numerical stability test A5

Question: When does I # id hold?
For I € (Koo U{0})™", T #id, by KKM-Theorem can find x € Q.

If T has no zero rows, then {I*(x)}?2, C Q, also

1= arkx)eQ, k>o.

This implies [ # id on [0,x] C R7.

Similar for [ with zero rows.
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Automotive manufacturing network A5
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X2 X4 X5
Germany Spain Disp. B

Customer requests and
deliveries from component suppliers
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Automotive manufacturing network A5

France V42 Poland Y54 Disp. A
X2 X4 X5
V21 32 V43 V64
2
Y12
41
Germany #E2 Spain Disp. B
Y13
X1 X3 X6
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State equations A5
- axi+by/x:

X1=u— l-li-xz-‘:\-/X?

. x1+by/X . .

Xy = %711;2@ + % min{bs, csx3} — min{by, cox2}

. b . .

X3 = %—aﬁ;;ﬁ? + % min{ by, coxa} — min{bs, c3x3}

: b . : .
X4 = %% + 2 min{b2, c2xo} + min{ b3, c3x3} — min{bs, caxs}

=1 min{ba, caxa} — csxs

&<.
|
Nl

. \ =< |
= L min{bs, caxa} — cox6 R NG\ \ ]

&

|

NI
[ R
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0 72 m3 0 00

Y1 0 123 0 00

71 2 0 0 00

() Y41 Va2 743 0 0 O

0 0 0 74 0 O

L0 0 0 v 0 O

For example:
axy + by/x1 axy + by/x1

= ma ’ y
Y21(x1) X 36 3min{by, c2, b — 3 b3}

Additional constraints: ¢ > ¢c3 > by > %b3 > 0.
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Numerical stability test A5

Choose r > 0 and use an efficient algorithm to find s € QN S,
(see, e.g. Scarf, Eaves, ...),

Q={seR]:T(D-s)<s}

for some D = (1 +¢) - id or similar.
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Numerical stability test A5

Motivation Problem statement Results Application
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Choose r > 0 and use an efficient algorithm to find s € QN S,
(see, e.g. Scarf, Eaves, ...),

Q={seR]:T(D-s)<s}

for some D = (1 +¢) - id or similar.

If such an s can be found, deduce stability on [0, s] € R, by
monotonicity of I'.

In our example this yields a condition on the constants
a, b’ b27 b37 2, C3.
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Conclusions

» Stability is an important concept for logistic networks

» A stability criterion for arbitrary logistic networks has been
derived

» The criterion is applicable for networks incorporating
autonomous control

» Using an explicit example it was shown how to verify this
condition
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