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Unrequested distortion of steel workpieces during heat problem
treatment

Motivation
and objective

Figure: entering the furnace Figure: after hardening

source: Krupp Edelstahl Profile, Siegen



Objective
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General purpose problem
m Systematic analysis of the causes of distortion o
m Prediction of distortion and required counteractions for Motivation

and objective

compensation of distortion via simulations
m Minimization of distortion at the end of the production
process

Aim of this work
m Mathematical modeling of the complex material behaviour
of steel
— Coupled system of ordinary and partial differential

equations
—> Existence and uniqueness of solutions???
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Analysis of the
mathematical
problem

Modeling of
the material
behaviour of
steel



Basics
m Mostly used metallic material in various areas of
application

m High demands on quality
m High complexity of the material behaviour

m Alloy consisting mostly of iron, with a carbon content
between 0.2% and 2.14% by weight

m Significance of carbon:
—— Steel properties
—— Phase transitions in dependence of

e surrounding temperature
e carbon concentration
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Steel structure

Analysis of the

Formation of different crystal structures in steel atdimeieE|

problem

Modeling of
the material
behaviour of
steel

Figure: austenite Figure: martensite
m y-iron m  «-iron
m face-centered cubic (FCC) structure m  body-centered cubic (BCC) structure
m 0 >723°C = 0 < O
m a=0.26nm m a=0.29nm

source: Frylunds Fagteori, Denmark



Steel structure

The heat treatment process for most steels involves
heating the alloy until austenite forms, then cooling it so
rapidly that the transformation of martensite occurs
almost immediately

source: Frylunds Fagteori, Denmark
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Transformation-induced plasticity

The presence of two phases due to the volume differences
in the phases leads to plastic deformation

m Temperature
= phase transitions
= change of volume and shape of a crystal
— complex distribution of stress and deformation
— plasticity

m Occurance at
B no stress
m relatively low stress below yield stress
m isothermal and continuous transformation in all phase
transition levels
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Investigated mathematical models
m Linear thermo-elasticity with phase transitions
m Linear thermo-elasticity with phase transitions and
transformation-induced plasticity
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m Great challenge of modeling and simulation of material
behaviour in order to predict
m stress
m deformation
m phase transitions

m Little investigation of coupled models for the material
behaviour which describe in addition to the temperature
and the deformation as well the phase transitions
—— integration of the material behaviour in general models of

thermo-elasticity
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System of equations
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Momentum equation: problem
82 er
po 55 —div (S) = pof in Qr
Energy equation:
0 0
P ~dvla) = 5: g +R in O rEE

models

Equations for the evolution of the phase fractions:

opi . .
Bljf =7i0,p), i=1,....,N in Qrf




System of equations
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Momentum equation: pl:ciblem
2 Bosttcher
£0 gtg — div (5(u7 0, p)) =pof in Qr
Heat equation:
0
Po Ce gt — diV(IQ ve) = -3 Ka 90 div (g;’) =+ R(e, p) in QT Eég%ifltteigal

Equations for the evolution of the phase fractions:

%’Z_i:'y;(ﬁ,p), i=1,...,N in Qf



Linear thermo-elasticity with phase transitions
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Strain tensor: S
5 (VU + VLI )
Stress tensor:

S:=2pe"+Atr(e) Id—3 K, (6 — 6p) Id+

Z < 90) ) Pi Id Investigated

=1 mathematical
models

Right-hand side:

N
R:=po Y Livi(0,p)+r
i=1



Linear thermo-elasticity with phase transitions
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Momentum equation: problem

Fu
£o o

+3 grad (Ko, (0 — o)) + grad <K Z (pg;’o) - 1) p:) =pof

i=1

—2div (pe) — grad (A div(u))+

Heat equation: Investigated

mathematical
models

Po Ce % —div(k V0) =

ou

N
= —3Kaby div <8t> + po ;L;'y,-(&p)—&—r



Boundary— and initial conditions

Boundary conditions:

u=0 on [px]0,T]
Sv=0 on [1x]0, T|
*HV@I/Z&(@*@r) on 897’

Initial conditions:

ou

u(x,0) = uo , 5

(x,0) =1, 6(x,0) = 0o

N
ZPOi::I-v p0i207 I:177N
i=1
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Linear thermo-elasticity with phase transitions and

transformation-induced plasticity

Analysis of the

strain tensor: mathematical
" problem
€ =¢€r+ Etrips tr(etrip) =0

N t
0P, opi 1
rip 1= — E i ; -3 |
Etrip 3 ,-_1/0 G, P max{ B ,0} (5 3 tr(S) d> ds

Stress tensor:

Investigated

S = 2#6; + A tr(ete) Id—3 Ka (9 — 00) Id + mathematical

models
N
Po
—K PO q) pild+
2 (P(9o) ) g

i=1

34 Z/ G ap, {%’:",0} <5 % tr(S) Id) ds




Linear thermo-elasticity with phase transitions and

transformation-induced plasticity

Momentum equation: Analysis of the

mathematical
problem

?u
v —2div (pe) — grad (A div(u))+
N

+3 grad (K, (0 — o)) + grad (K Z < 1) p,-) +
i=1
+3 div Z/G 1% ol (s Lu(s)id) ds) = por
. ap’ 85 ’ 3 - Investigated

mathematical
models

Heat equation:

po Ce — — div(k V) =

4
ot
= —3Kaby d|v<a )eroZL,’y, 0,p) +

ot

i=1



Mathematical investigations
m Preparations
m Definition of the problem
m Solution strategy
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Particularities in the treatment of evolution

equations
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1. Idea: dealing with the space variable x and the time her
variable t in different ways
m For fixed time t, think of the function x — u(x, t) of the
space variable x as an element of the Sobolev space V
m Notation: u(t) € V
m If we now vary the time ¢t in the interval [0, T], then we
obtain a function t — u(t)
m Thus arises from the real function (x, t) — u(x, t) the
function t — u(t) with values in the Banach space V :‘:vaet:sgﬂaatmas'
m We are looking for the function t — u(t) with u(t) € V
for all t € [0, T]



Particularities in the treatment of evolution
equations

2. Two spaces H and V

m H is obtained in connection with the time derivative, and
V results from the elliptic term and the boundary condition
m Concept of the evolution triple

3. We think of the time derivative as the generalized
derivative on |0, T[:

/O u(t) /(1) dt:—/o w(t)(t) dt Vo e GO0, T)

4. Choice of the space for the solution: L2(0, T; V) consists
of all those functions such that the following holds:

u(t) €V Yte(0,T), Fe 20, T)with F(t) := u(- t)[|v
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Function spaces
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Definition 1

3
Vy = {UE[Wl’z(Q)} :u:Oaqu'o}
3
Ho = |3(@)]
Vo = W?(Q)
He = LZ(Q) Mathematical

V, = {pe [LOO(Qx]o, T[)}N : g’; [LOO(Qx]o T[)} }



Linear thermo-elasticity with phase transitions
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Under suitable assumptions a triple (u, 6, p) € L2(0, T, Vi) x L2(0, T; Vi) x Vp with v’ € L2(0, T; V) problem
is called weak solution if the following holds:
S
Bo: r

T T
- /0 /on u' () @’ (t) dx dt+2/0 /np.e(u(t)) () dx dt+

T T
+/0 /n)\(x) div(u(t)) div(e) dxdt+3/0 /QKQ (0(t) — Gp) div(e(t)) dx dt+

U Z ) . _
+/0 ./QK :gl (pi(ﬂo) . 1) pi(t) div(p(t)) dx dt =

:/GT/Q f(f)Lp(t)dth+/ﬂ po u1 »(0) dx

Mathematical
investigations

T P T T
_/0 /on ce O(t) ¥ (t)dxdt+/0 /ane(t)vwdxdt+/0 /aﬂéﬂ(t)wdodt:
T T 0
:/0 /anaer $(t) do dt+3/0 /Q Ko 80 div(u’ (1)) w(t) dx di+
N
+/0T/Q 3L v,-(r)w(t)dxdw/oT/Qr(r)w(r)dxdw/n Po ce 80 (0) dx

pi(t) = 7i(0(t), p(t) , i=1,...,N



Linear thermo-elasticity with phase transitions and

transformation-induced plasticity

Analysis of the
Under suitable assumptions a triple (u, 0, p) € L2(0, T, Vi) x L[2(0, T; Vi) x Vp with v’ € L2(0, T; Vy) mathematical
is called weak solution if the following holds: problem

S
T T Bo: r
- / / po u’(t) @' (t) dx dt + 2 / / pe(u(t)) : e(e)dxdt+
J0o Q J0 Q
T T
+/ / AG) div(u(8)) div(e) dxdt+3/ / Ko, (6(2) — 60) div(e(t)) dx de+
0 Q 0 Q
T N
PO .
+/ / K ( = 1> pi(t) div(p(t)) dx dt+
o Ja ; pi(60) '
T t .
+2/ / u/ bs, £) &* (u(s)) ds e* (o (t)) dx dt+
0 Q 0
T
= / /Q f(t) p(t) dxdt + /Q po u1 ¢(0) dx
Jo .
T T T Mathematical
—/ / po ce O(t) ¥’ (t) dx dt+/ / K VO(t) Vip dxdt+/ / 56(t) ¢ do dt = investigations

0 Q 0 Q 0 o0

T T ;
= /0 /an 5 0r (t)do dt + 3/0 /Q Ko, 0o div(u’ (£)) w(t) dx de+

T N T
+f [0 > v,-(r)w(r)dxdw/o [ e axde+ [ oo o0 w(0) dx

pi(t) = 7i(6(t), p(t) , i=1,..., N



Solution strategy

Fixpunktalgorithmus

Teilproblem A

Bewegungs-
gleichung
u

(hyperbolische PDE)

Warmeleitungs-
gleichung

(parabolische PDE)

'

Teilproblem B

Umwandlungs-
gleichung fiir
Phasenanteile

(ODE)

!
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Existence and uniqueness results
m Problem A
m Problem B
m Full problem
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Problem A

Theorem 5.1

Under suitable assumptions exists a unique weak solution
(u,0) € L2(0, T; V,,)) x L%(0, T; V) of

‘ Problem A ‘
momentum equation
heat equation
bondary— and initial conditions

for fixed p € Vp. Furthermore:
u" € L0, T;H,),u € L=(0,T; V,),ueL>®0,T;V,),

and 0 € L>(0,T;Hp), 6 € L>(0, T; Hyp).
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Outline of the Galerkin method

m Let P be the exact problem for which we intend to look
for the existence of a solution in a space of functions
constructed over a separable Hilbert space V

m Existence of the solution

m Formulation of the approximate problem P,, in the finite
dimensional space V,,, having a unique solution u,,

m A priori estimates on u which show that {u,,} belongs to
fixed balls of certain normed spaces

m By using the results of weak compactness of the unit ball
in a Banach space, it is possible to extract from {u,} a
subsequence {u/,} which has a limit in the weak (weak*)
topology of spaces which occur in the estimates

m u is the solution of problem P

Analysis of the
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Problem A
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Sketch of the proof S

Galerkin method

m A priori estimates provide:

| umlloe 0, k) + ltmll oo 0, 7v) F
+ 110l Lo (0,7:H) + 100l 12(0, 7:v) < 00

m A priori estimates not satisfactory
. Existence and
because of coupling terms uniqueness



Problem A
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Sketch of the proof ma;i::g;:'tnical

Problematical terms:

o by _ 2 div (ue) — grad (A div(u))+
de?

+3 grad (Ka (0 - 90))+grad (K 2 (P(Ho) 1> pi> '

N t A .
. 0P; opi
+3 div E / G; max{ 70} S*ds |=po f
(N = Jo  Opi 5 "

00 ou &
00 Ce 5 div(k VO) =—3 K a0y div (at)+po ; Livi+r

Existence and
uniqueness



Problem A
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Sketch of the proof problem

m A priori estimates because of coupling Soste
not satisfactory
—— Integration by parts in the space variable for simple
boundary conditions [J. Gawinecki, 1986]
—— Differentiation der Galerkin equations with respect to time

m Additional a priori estimates provide:

|l o= 0,7:H,) + lltmll oo 0, 7:v,) +

¢ ||0:1||L00(0,T;H9) 4 ||0:1||L2(0,T;V9) < 0 Existence and

uniqueness

<



Distinction of both cases

Analysis of the
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m Linear thermo-elasticity with phase transitions ./

m Linear thermo-elasticity with phase transitions and
transformation-induced plasticity
m Regularization of the problem
m Additional assumptions for uniqueness

Existence and
uniqueness



Problem B
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Theorem 5.2 problem

Under suitable assumptions exists a unique solution p € V, of P

‘ Problem B ‘

equations for evolution of phase fraction
initial condition

for fixed § € L%(0, T; Hp).
1. Hiissler, 2007 Erx.i':tueen::s: &

&



Full problem
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Theorem 5.3 Detener

Under suitable assumptions exists a unique weak solution
(u,0,p) € L2(0, T; V) x L2(0, T; Vp)) x V, of

| full problem |

momentum equation
heat equation
equations for the evolution of phase fractions
boundary— and initial conditions

Existence and
uniqueness




Full problem
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Sketch of the proof

Let V :=V, x Vy und H := H, X Hy. Already proved: Boettcher

m For given (11, 0) € L2(0, T; H) exists a unique solution

p = p(u,0) € V, of problem B.
m for this given p € V), exists a unique solution
(u,0) = (u(p(D,é)),G(p(U, 0_))) € L2(0, T; V) of problem A

with ||(u, 6 < 00.

)HW1»2(0,T;V,H)
Thus defines the following fixed point operator:

Existence and

T:L%(0,T;H) — V, — L%0,T;V) < L%0, T;H) uniquenees
(@8~ p (6



Full problem

Analysis of the
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Sketch of the proof problem

Applying the Schauder fixed point theorem, we have to prove: her

T : Br(0) C L%(0, T; H) — Bg(0) is continuous and compact
m Mapping of Bgr(0) into itself
e A priori estimates
m Continuity of the operator:
e p,— pinV, for (Un,0,) — (@,0) in L2(0, T; H)
o (un,0,) — (u,0) in L2(0, T; H) for p, — p in V),
m Precompactness of the image Existence and

uniqueness

e Lijons-Aubin theorem provides the compact imbedding
W20, T;V,H) — L?(0, T; H) <&
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Phase transitions in steel 100Cr6

m Presentation of the solution of the coupled system
consisting of the heat equation and the equation for the
evolution of the phase fractions

m Assumptions:
m Homogeneous temperature and phase distribution

m Stress-free phase transition

m Material data from IWT Bremen

m Calculations via MATLAB®
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System of equations

Heat equation: Analysis of the
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4

r L,‘ 40 . !
9/:poc +Zc—p§—Dp0C(9—er) in 10, T|
e I:2 e e

Equations for the evolution of the phase fractions:

pr=—py—P3—py in [0, T[
ph =Hy(0,01,02) (e2(0) + p2)?) max{p> — p2, 0} g>(6) in 10, T[
/

ps =Hs(6,02,03) (e3(0) + p3)®) max{ps — p3, 0} g3(6) in 10, T[
plll- :H4(07 03) max{l_’4 — Pa, 0} poin ]Oa T[
Initial conditions:

Exemplary

pr(0) =1, p2(0) =0, ps(0) =0, pa(0) =0, 0(0) = o



Results
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— Austenit Temperaturverlauf

Perlit
09 f ! 4
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Phasenanteile p [-]
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0 i H 0 i
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Exemplary
calculations

Figure: cooling from the austenitic state



Summary and outlook
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Summary

m Insight into the problem

m Formulation of the mathematical problem of linear
thermo-elasticity taking into account phase transitions and
transformation-induced plasticity

m Existence and uniqueness of a weak solution

m Numerical analysis of a coupled system consisting of the
heat equation and the equation for the evolution of the
phase fractions
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Outlook

Further investigation of the uniqueness and the continuity
with respect to the data of the full problem
Application of further proof techniques

m Regularization methods, e.g. special Galerkin-Bases
m Time-disrecte or fully discrete approximations

Consideration of

m Temperature— and phase-dependent parameters
m Stress-dependent phase transitions

m Nitriding, nitrocarburization and carbon diffusion
m Classical plasticity

Meso-macro-investigations
Non-dimensionalization

Numerical analysis
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Thank you for your attention.
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