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Stokes equations

Given (f,g). Find (u, p) s.t.

—Au+Vp =
divu =
U =

in Q,
in Q,
on 0N.
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Stokes equations

Given (f,g). Find (u, p) s.t.
—Au+Vp = f inQ,
diveu = g in{Q,
u = 0 on0Q.

The Stokes equations describe two- or three-dimensional viscous
flow.

If g =0, the flow is incompressible.
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Variational formulation
Find (u,p) € X x Q s.t.

{a(u,v)+b(v,p) = (f,v) VveXx,
bu,p) = (g,1) Vn€Q,

where

a(u,v) = /Vu : Vvdxdy, b(v,p) = —/divvpdxdy,
Q Q

()= [ £y, (g [ audy
Q Q
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Variational formulation
Find (u,p) € X x Q s.t.

{a(u,v)+b(v,p) = (f,v) VveXx,
bu,p) = (g,1) Vn€Q,

where

a(u,v) = /Vu : Vvdxdy, b(v,p) = —/divvpdxdy,
Q Q

()= [ £y, (g [ audy
Q Q

We call this the saddle point problem. Why?
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Operator equations
Define a linear mapping
L:XxQ — X xQ
(u,p) — (f.8)

where X = H&(Q), Q= L%(Q) = {p cL?(Q): | pdxdy = O}.
Q
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Operator equations

Define a linear mapping
L:XxQ — X x@

(u,p) — (f,8)
where X := H}(Q), Q@ := L%(Q) = {p € L%(Q): [ pdxdy = O}.
Q
For the bilinear form a we can find operator A

A X — X,
(Au,v) = a(u,v) VYveX.
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Operator equations

Define a linear mapping
L:XxQ — X x@

(u,p) — (f,8)
where X := H}(Q), Q@ := L%(Q) = {p € L%(Q): [ pdxdy = O}.
Q
For the bilinear form a we can find operator A

A X — X,
(Au,v) = a(u,v) VYveX.
For the bilinear form b we can find operator B
B:X — Q BT:Q— X/,
(Bu,p) = b(u,pu) Vue Q (BT p,v) =b(v,p) VveX.
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Operator equations
The variational problem (1) is equivalent to

Au+BTp
Bu =

I
-
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Operator equations
The variational problem (1) is equivalent to

Au+BTp = f
Bu = g.

Lemma

The following statements are equivalent

b
1 There exists some 3 > 0 with |nf sup ———- ( ) >
neQ vex [[v| [|ul

> 3.

2 The operator B : V- — Q' is an isomorphism.
Vi={veX:b(v,u)=0 Vuec@}.
3 The operator BT : Q — V0 is an isomorphism.
0 :{IGX/:(I,V):ONG V}.
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Brezzis Splitting Theorem

Brezzis Splitting Theorem
The solution operator
L:XxQ — X x@Q
(v,p) — (f.g)
is an isomorphism iff the following conditions are fulfilled

1 the bilinear form a is coercive, i.e. 3o > 0 s.t.
a(v,v) > a|v|?,vv e V.

2 the bilinear form b fulfills the inf-sup condition.
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Discrete variational problem

Find (un, pn) € Vi X Q4 such that

{ a(up, v) + b(v, pn)
b(uh,q)

(f,v) VveV,cCX,

O, quQhCQ7
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Discrete variational problem

Find (un, pn) € Vi X Q4 such that

{ a(up,v) + b(v,pp) = (f,v) VveV,CX,
b(uh7 q) = 0, vq €QnC Q7

Regarding existence and uniqueness of solutions, we have to specify
adequate finite element subspaces V}, and Qp such that the discrete
inf-sup condition

b(V,ph)

33 >0: sup |Zﬁ,Vph€Qh

vev, [IvIlips

is fulfilled.
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P2-P1 Triangulation

Not every finite element space satisfies the discrete inf-sup condition. The
P2-P1 approximation, so-called Taylor and Hood elements in [1], works.

VANNVAN
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P2-P1 Triangulation

Not every finite element space satisfies the discrete inf-sup condition. The
P2-P1 approximation, so-called Taylor and Hood elements in [1], works.

VANNVAN

V, = {v € COQ)2 | v]a, € P(Q)?, VA€ Th}

Qn = {q € CO ‘ q‘Ak € Pl(Q), VA € Th}.
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Linear system
Let (®;), (1) be the basic functions of Vj, and Qp, then we have

2N M
up, = Zaicbia Ph:Z%‘%/Ji
i1 i1
a(up, ®;) = Za;a(d);,d)j), Ajj = a(®;, ¥;)

b(di, py) = Z% Oi ), B = b(®;, )

by = (fi)7 fi =(f, ;)
oy = {Oéi}7 PMZ{’W}-

(6 %)) -(5)
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Linear system
The stiffness matrix A has the block form

(AL O
A= (0 a)
where A; = (fQ V@;chjdxdy)ij i, j=1,---, N. The matrix BT has

also the block form
BT
BT _ 1
(67)

BT — /890:%(1)«]}/7 i=1,--- ,N;j=1,---,M
Q

0pi i ]
wwjdxdy, i=N+1,--- 2N;j=1,--- M
y

A
\'
Il
I
P
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Basic functions

In element E the basic functions of V are given by

x y X y
x, = a--Da-= -2y,
P1(x,y) ( A h)( oh 2h)
(x,7) =2 -
X, = — (= —1)
w2(x,y YA
y .y
xy) = 2 -,
#3(x,y) YA )
x x y
valx,y) = ;(2 i ;)7 (2h,0)
xy
esloy) = o
y x y
X, = T(2->-2).
we(x,y) h( P

satisfying Ap,-(xl-,yi) = 6;j. The basic functions of Qj in element E are given by

Pa(x,y) 1- = Y
by (x, = - — - =
16y 2h 2k
Ya(x,y) l
2(X,y = 2h’
y
X, = —.
P3(x,y) o
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Example

The velocity field:

mo= x*(1-x)"2y(1-y)(2y - 1),

wm = y*(1—y)*2x(1 - x)(1 - 2x).
The pressures:

p(x,y) =x(1—x)(1—y)
The right-hand side:
filx,y) = 4(x*(6—12y)+x*(=3+6y) + y(1 -3y +2y?)

—6xy (1 — 3y +2y?) + 3x%(—1 + 4y — 6y + 4y?))
+y(1 - y)(l - 2X)a
—4(=3(—1+y)’y* — 3x*(1 — 6y + 6y?)
+2x3(1 — 6y + 6y?) + x(1 — 6y + 12y2 — 12y 4 6y*)
+x(1 — x)(1 —2y)).

H(x,y)
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Results
ch=1L1
Case: h= 15.
approximated solution of velocities. correct solution of velocities.
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Saddle point problem Mixed FEM for Stokes equations Numerical Results 14 /21



http://www.uni-bremen.de

@ Universitat Bremen

Fachbereich 03
Mathematik/Informatik

Optical flow estimation

u+b-Vu=0
divb =0

AM\b+Vq=pVu

ul0)=1u

p(T)=—(u" —ur)

b =0 on 00
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Testl
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The calor plot of the velocity field The absolute value of the flaw,

The reference calor map.
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The calor plot of the velocity field

The reference color map,

Numerical Results

The absolute value of the flow,
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D Franco Brezzi and Michel Fortin.
Mixed and Hybrid Finite Element Methods.
Springer-Verlag, 1991.
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Thank you for your attention!
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