Input-to-state dynamical stability of interconnected systems

Sergey N. Dashkovskiy and Lars Naujok

Abstract— We consider networks of input-to-state dynami-
cally stable (ISDS) systems and provide a small gain condition
under which the entire network is again ISDS. A Lyapunov
formulation of the nonlinear small gain theorem for two
interconnected ISDS systems is proved. It provides a construc-
tive method to find an ISDS Lyapunov function for such an
interconnection.

I. INTRODUCTION

In this paper we consider nonlinear systems of the form
w(t) = f(z(t), u(t)), €9)

where ¢ € R is the time, ©(t) denotes the derivative of the
state z(¢) € RY with initial value o, input u(t) € R™ is an
essentially bounded measureable function and f : RVt —
RN, N,m € N. To have existence and uniqueness of a
solution of (1), let the function f be continuous and locally
Lipschitz in x uniformly in u. The solution is denoted by
x(t; xg,u) or z(t) in short.

Stability analysis of such systems can be performed in
different frameworks such as passivity, dissipativity [7],
input-to-state (ISS) stability in [8] and others. We will use
the notion of input-to-state dynamical (ISDS) stablility intro-
duced in [4] and [3] respectively. This property is equivalent
to ISS, however the advantage of ISDS over ISS is that the
bound for the trajectories takes essentially only the recent
values of the input u into account and in many cases it
gives a better bound due to the memory fading effect of the
disturbing input. Moreover the gains in the trajectory based
definition of ISDS are the same as in the definition of the
ISDS-Lyapunov function, which is in general not true for the
ISS systems.

We are interested in interconnections of such systems

mz(t) = fl(‘rl(t)’ s 7$n(t)7u(t))’ L= 17 EEERL2 (2)

where n € N, 2;(t) € RY:, f; - REj=1 Nitm _, RNi and
each subsystem is ISDS. The question arises under which
conditions the whole system of the form (1) with x =
(xf, ... ,J:Z)T , flr,u) = (fl(x, uw)?, ..., fn(:c,u)T)T is
ISDS with respect to the state x and input wu.

The stability condition for an interconnection of two ISS
systems was developed in [5] and [6]. In [2] a small gain
theorem for n € N interconnected systems was proved.
Since ISS Lyapunov functions are an important tool to
verify the ISS property, a Lyapunov formulation of the small
gain theorem was given for two interconnected systems in
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[6]. There, an explicit construction of the ISS Lyapunov
function of the whole system was shown. In [1] an explicit
construction of an ISS Lyapunov function for the overall
system of n interconnected systems was derived under a
sufficient small gain condition.

The equivalence of ISDS of system (1) and the existence
of an ISDS Lyapunov function for system (1) was proved in
[4]. Also an ISDS small gain theorem for two interconnected
systems with no input u can be found in [4].

The purpose of this paper is to extend the mentioned
results for ISS systems for the case of ISDS systems. In
particular we present a small gain theorem for n € N
interconnected ISDS systems of the form (2) and provide
a construction of an ISDS Lyapunov function for the entire
system consisting of two interconnected ISDS systems under
a small gain condition.

The organisation of this paper is the following: The next
section introduces necessary notions. Section III contains
the main results of the paper. The conclusions and future
directions of research are in Section IV.

II. NOTATION AND DEFINITIONS
By z” we denote the transposition of a vector z €
R™, n € N, furthermore R := [0,00) and R’} denotes the
positive orthant {x € R™ : © > 0} where we use the standard
partial order for z,y € R™ given by
x>y >y, i=1,....nand x 2 y< i x; <y

We denote the standard euclidian norm in R™ by || and
the essential supremum norm of a function f by ||f||. VV
denotes the gradient of a function V. For a function v :
R, — R™ we define its restriction to the interval [s1, so] by

Vo oa) (£) = { v(t)

Definition 2.1: We define following classes of functions:

P={f:R" =Ry | f(0) =0, f(x) >0, 270}
K:={y:Ry — R, | v is continuous, y(0) = 0

if t e [81782},

. t, s1, s2 € R,.
otherwise, » b o2 +

and strictly increasing}
K :={v € K| = is unbounded }
L:={y:Ry — R4 | v is continuous and strictly
decreasing with tlgglo ~(t) =0}
KL:={p:R; xRy — R, | 8 is continuous,
B(,t)e K, B(r,:) € L, Vt,r >0}
KLD :={pe KL| p(r,t +s) = p(u(r,t),s),Vr,t,s >0}

We will call functions of class P positive definite.



Remark 2.2: Condition p(r,t+s) = p(u(r,t), s) includes
w(r,0) =r,¥ r > 0, which can be easily checked.

Note that, if v € K, then there exist the inverse function
v Ry — Ry with v € K.

Definition 2.3: System (1) is called input-to-state stable
(ISS), if there exist § € KL and v € K, such that

| (t; 20, w)| < max{B(|xzo|, 1),y ([lul])} 3)

ISS

V xo € RN, t € Ry and any input u. ¥ is called gain.
This concept has been first introduced in [8], where an
equivalent formulation with sum of the both terms instead
of max in (3) has been used. It is known for ISS systems
that if lim sup u(¢) = 0 then also lim;_, o (¢) = 0 holds.

Howeverta;oprovides only a finite positive bound for u # 0.
The following stability concept was introduced in [4] and [3]
respectively:

Definition 2.4: System (1) is called input-to-state dynam-
ically stable (ISDS), if there exist functions p € LD,
7, V™ € Ky such that

| (t; 2o, w)| < max {p(n(|xol), ), v(u, 1)} )

VteR,, xo € RN and any input u € R™, where

(1) =ess sup (x™ (ju(r)]), £ — 1),
T€[0,t]

SDS- robustness

w is called decay rate, n overshoot gain and -y
gain.

Note that for large ¢ the bound (4) takes essentially only the
recent values of the input v into account. And in particular

it follows immediately from (4) that lim sup u(t) = 0 =
t—o0
Remark 2.5: Since p(n(r),t) is a KL-function from ISDS
follows ISS with

Br,t) == p(n(r),t), r,t >0 and " = 4",

Theorem 2.6: Assume system (1) is ISS with a KL-
function  and v*% € K. Then for each K, -function "
with 4™ (r) > 4"5(r), Vr > 0 there exists a LD-function
v such that system (1) is ISDS.

The proof can be found in [3]. Combining Remark 2.5
and Theorem 2.6, ISDS is equivalent to ISS.

In the rest of the paper we assume:

Assumption 2.7: Functions p, 1 and 7" in Definition 2.4
are C*° in Ry x R or R respectively.

Remark 2.8: For given nonsmooth rates and gains from
Definition 2.4 one can find rates and gains arbitrarily close
to the original ones, such that Assumption 2.7 and Definition
2.4 remains valid. Hence Assumption 2.7 is rather mild. (See
[3] Appendix B for details.)

An important tool for the stability analysis of system (1)
are Lyapunov functions. It is known that ISS implies the
existence of an ISS Lyapunov function for system (1) (see
[9]). A similar result for ISDS systems was proved in [4]:

Theorem 2.9: System (1) is ISDS with u € KLD and
1, 7" € K, which satisfy Assumption 2.7, if and only if
for each £ > 0 there exists an ISDS Lyapunov function V,

ie, V:RY — R, is smooth on R\ {0} and satisfies for
each ¢ > 0

(I —e)fz] < V() < (1 +e)n(|z]) ©)
Vi(z) = 7™ (1 +¢) [ul)
=>VV(z)- f(z,u) < -(1-¢)g(V(z))

vV 2 € RN\ {0} and all u € R™, where function x solves
the ordinary differential equation

(6)

d
a/l’(h t) =g (,u (Tv t)) ) T,t >0 (7)

for a locally Lipschitz continuous function g : R, — R,.

Remark 2.10: An advantage of Theorem 2.9 to a corre-
sponding theorem in the case of ISS is that the decay rate p
and gains 7, " in Definition 2.4 are exactly the same as
in (5), (6) and (7) respectively, whereas in the case of ISS
the gain defined in terms of trajectories (Definition 2.3) and
the ISS Lyapunov gain are different in general.

For the main results we use locally Lipschitz continuous
ISDS Lyapunov functions, which are differentiable almost
everywhere (a.e.).

Definition 2.11: A function V : RV — R, which is
locally Lipschitz continuous on R\ {0} is called ISDS
Lyapunov function of system (1), if there exist v n €
Koo, 1 € KLD and V satisfies for each € > 0

|z]

17_'_5 SV(x) Sn(lw|)a VxERN\{O}, (8)
V(@) >y (Jul) = VV(2) - f(z,u) < — (1 - 6)9(V($()9))

for almost all z € R™\ {0} and all u € R™, where function
g is locally Lipschitz continuous and p solves (7).

The following theorem is a counterpart of Theorem 2.9
for the case of nonsmooth ISDS Lyapunov functions

Theorem 2.12: System (1) is ISDS with y € KLD and
1, v € Ko, which satisfy Assumption 2.7, if and only if
there exists a locally Lipschitz continuous ISDS Lyapunov
function V' as in Definition 2.11 with p € KLD and
n, ,YISDS € Keo.

Proof: "=-": This is Lemma 16 in [4].

"«<": Fix z € RY and ¢ > 0. Integrating (9), we obtain

V(z(t,z,u)) < uw(V(x),t), for all u € R™ with (10)
Y (Ju(T)]) < w(V(x),t), for almost all T € [0, ],

where u solves i = —g(p), p(r,0) = r. Now (10) implies
Vi(x(t,x,u)) < max u(V(x),t,v(u,t)), which follows sim-
ilarly to the proof of Lemma 15 and with Lemma 13 in [4].
By application of Theorem 4 in [4] the assertion follows. B

In order to have ISDS Lyapunov functions with more
regularity one can use Lemma 17 in [4], which shows that for
a locally Lipschitz function V' there exists a smooth function
V arbitrary close to V.

Now we consider interconnected systems of the form (2).

Definition 2.13: We call the i-th subsystem of (2) ISS, if
there exists a K L-function 3; and functions }*, v € K, U

¥
{0}, 4,5 = 1,...,n with 4%* = 0 such that the solution

%



z;(t; 29, u) = x;(t) of the i-th subsystem with any initial
value z;(0) = z? and any inputs z;, u satisfies

|z;(t)| < max[B; (

i (llul)]

9 ) ) maX%}g(H%[m ||)

1SS 1SS

for all ¢ € Ry. Functions 7;37 and ~;* are called (nonlin-
ear) gains. Furthermore we deﬁne the gain matrix '™ :=
(’yfjs) i,j=1,...,n and the map I'* : R} — R7 by

' (s) :=

(Injax Y15 (85)5 ... ,mjaX’ynj(sj))T, s € RY.

12)

valued functions =
Ry — RM:

Definition 2.14: For vector
(zF,.. 2T Ry — RXi= N with a4

rrn

and times 0 < t; < {9, t € Ry we define

Nengml)” €RE

T n
slea ()" e RE.

"ff[tl,tQ]" = (Hﬂcl,[tl,.
l(t)] = (o1 (1),

For u € R™, t € Ry and s € R} we define

T n
YRl == el - e Ulul)” € RY
ﬂ(sa ) = (51(51, )a"'vﬂn(snvt))T GRZL_,
where v}, 3;, ¢ =1,...,n are from (11).

Now we can rewrite (11) for ¢t € R and any initial value
20 =2(0) = (297, ..., (22)T)T and any input u as

lz()] < max[s (12°1,¢) , T (lz0.411) ;7™ (Jul)]. (13)

Note that the maximum used in (13) for vectors is taken
componentwise.

Definition 2.15: We call the ¢-th subsystem of (2) ISDS, if
there exists a CLD-function p; and functions 7;, 7> and
Vi € Ko U {0}, 4,5 = 1,...,n with ¥ = 0 such
that the solution x;(¢,z%,u) = xz( ) with any initial value
z;(0) = 29 and any inputs z;, u satisfies

|$Z(t)| < maX[Mz‘ (ni (|1‘?‘) >t) 7mjaX {Vij(xj’t)}>yi(u’ t)]
(14)

for all t € R, where

vi(u,t) :=ess sup (77" (lu(7)]),t — 7)

T€[0,t]
vij (@, t) :=ess sup p; (i7" (|25 (7)]), t — 7)
T7€[0,t]
1,7 =1,...,n. *y;SJDS, ~i°P% are called (nonlinear) robustness

gains. The ISDS gain matrix ™™ is defined by I'™ :
(’Y;SJDS) 1,7 =1,...,n and the map I : Ri N Ri by

[P (s) := (max 77" (s;), - - - (15)
Note that by 7, € Ko U {0} and for v, w € R!} we get
v>w = I(v) > T (w). (16)
Definition 2.16: Foru e R™,t € Ry and s € ]R’_f_ denote
Y (@) == ™ (u@)), - (u®))” € RE,
u(s,t) = (m(s1,8), - pin (50, 1)" €RY,
n(s) = (m(s1), - malsa))” € R

Lmax 2 (s), s € RY

Now we can rewrite condition (14) in the form

()]
<max[u (n (12°) ,¢) ,esz[gl;]p w(T>(z(m)]),t —7),

ess sup p(Y* (u(T)[), ¢ — 7)]
T€[0,t]
for all t € R;.
If we define N := Ny + ...+ N, 2 := (2T ,..., 2I)T
and f = (f{,..., fI)T, then (2) becomes

#(t) = f(2(t),u(t)), t € Ry.

Now we are interested in conditions guaranteeing that
the whole system (17) is ISDS with respect to the input
u and state z. The next section provides an ISDS small
gain theorem for general networks and as the second result
a Lyapunov formulation of the small gain theorem for two
interconnected systems with an explicit construction of the
ISDS Lyapunov function and corresponding gains and decay
rate of the whole system.

a7

III. MAIN RESULTS
A. ISDS small gain theorem

Recall that the small gain theorem for two interconnected
ISS systems was proved in [5]. In [2] this result was extended
for the case of n > 2 interconnected ISS systems:

Theorem 3.1: Consider system (2) and suppose each sub-
system is ISS, i.e. condition (11) is satisfied for all i =
1,...,n, n € N. Let I'™® be given by (12). If

I'™(s) 25, Vs e R\ {0} (18)

then the whole system (17) is ISS from u to .
The first main result of this paper is the small gain theorem
for n > 2 interconnected ISDS systems:

Theorem 3.2: Consider system (2) and suppose each sub-
system is ISDS, i.e., condition (14) holds forallt =1,...,n
Let I'*™ be given by (15). If

I'%(s) 25, Vs € R\ {0}

holds then system (17) is ISDS from u to x.

Proof: Each subsystem of (2) is ISDS. Since p € KLD,
v € Ko, and by application of Remark 2.2 and (16) we
get

lz(t)l

<max[p (n (12°1) ,¢) , ess sup (T (z(7)]),t — 1),
T€10,t]

ess sup p(y*”(Ju(7)]),t — 7)]
T€10,t]

<max[p (n (12°1) ,¢) ,ess sup w(T™**(z(7)1),0),
T€[0,t]

ess sup pu(y*”(|u(7)]), 0)]
T€0,t]

<max [ (12°1,) , T (1), 7> ([|ul)],



where (lxol,t) = (7] (lxol) ,t). Now set 'S ;= J'SPS
and " := 4" and we obtain

lz()] < max[8 (I2°1, ) , T (1), v (||u])).
This is an ISS condition in the sense of (13) and in addition
[P%(s) =T"(s) 25, V s € R\ {0}.

With application of Theorem 3.1, the whole system (17) is
ISS with some ((r,t) € KL and ¥°(r) € Koo. By Theorem
2.6 for each Ko-function ¥*%(r) > 4™(r) for all » > 0
there exists a JCLD-function fi such system (17) is ISDS. ®

Unfortunately we loose quantitative information of the
ISDS gains of the whole system in the proof of Theorem 3.1.
In order to conserve the quantitative information of the ISDS
gains of the overall system we prove as the second main
result an ISDS small gain theorem using ISDS Lyapunov
functions in the following section.

B. ISDS Lyapunov formulation of the small gain theorem

In this section we provide a Lyapunov version of the ISDS
small gain theorem for two interconnected systems.

For the main result in this section we consider system (2)
with n = 2 and define the ISDS Lyapunov functions of the
subsystems:

Definition 3.3: A function V; : R — R,, which is
locally Lipschitz continuous on RN\ {0} is called ISDS
Lyapunov function of the i-th subsystem of system (2) for
i =1, 2, if it satisfies:

(1) There exist functions 7; € K, and constants &; such

that

;) < i (|zi]) (19)
for all z; € RYi\ {0}.

(ii) There exist functions p; € KLD, v € Ko and
Yiy" € Koo, 1,5 = 1,2, i # j such that

Vi(w;) > max[ve™ ([ul) , v (V;(z;))]
= VVi(z) fi(zi,zj,u) < — (1= &) g:(Viws)),

1 > ¢; > 0, for almost all z; € RY:\ {0} and all u € R™,
where function p; € KLD solves the ordinary differential
equation

(20)

Culrt) = g (i (1), 71> 0
for locally Lipschitz functions ¢g; : R — R, i =1,2.
For the proof of the main result in this section we will
need the following lemma.
Lemma 3.4: Let y; € K and 72 € K4 such that v1(r) <
~2(r), Vr > 0. Then there exists a K -function o such that
@) m(r) <o(r) <~2(r) for all » > 0,
(ii) o(r) is continuous differentiable in (0, c0) and o’ (r) >
0 for all » > 0.
The proof can be found in [6].

The second main result gives an explicit construction
of an locally Lipschitz ISDS Lyapunov function of two
interconnected ISDS systems under a small gain condition.

Theorem 3.5: We consider system (2) for n = 2. Assume
that for ¢ = 1,2 each subsystem of (2) is ISDS, functions
Miy My VP and V5" satisfy Assumption 2.7 and for each
subsystem there exists an ISDS Lyapunov function V;, 7 =

1,2, which satisfies (19) and (20). If

Mz oar (r) <7, V>0, @21
then there exists an locally Lipschitz ISDS Lyapunov func-

tion for the whole system (17) of the form

V(z) =4~ (max{o (Vi(z1)), Va(22)}) ,

i.e., conditions (8) and (9) hold true with ¢ = max {e1,¢e2},
P(t) = min;o; (t), t € Ry, o1(r) = o(r), o2(r) =
Id(r) = r, r € Ry, where o is as in Lemma 3.4 for v, (r) =
~A5PS (1) and 4o (r) = (¥%°) " (r), r > 0. Furthermore the
whole system (17) is ISDS with

g(r) = (™) (¥(r) min {31 (¥(r)), g2( (1))} , >0,
n(r) =y~ (max{o (n1(r)), m(r)}), v >0, (22)
Y (r) = 97 (max {o (15" (1)), 95™()}), 7> 0.

where g1(r) = o’ (671(r)) g1 (c71(r)) and p solves the
ordinary differential equation g pu(r,t) = —g (u(r,t)).

Remark 3.6: The small gain condition (21) we used here
is without an operator D, which is necessary if the ISS
property is defined in terms of sum over gains instead of
the maximum (see [2], Section 4.3). Furthermore (21) is
equivalent to

W oW (1) <7, V>0,
which can be easily checked.

The proof of Theorem 3.5 follows the idea of the proof of
Theorem 3.1 in [6] with corresponding changes to construct
the gains and rate of the whole system as in (22).

Proof: First we define a function V' for the whole
system, which consists of ISDS Lyapunov functions of the
subsystems. With this definition we construct a function V,
which satisfies the conditions from Theorem 2.9 such that
the whole system is ISDS.

From (21) and application of Lemma 3.4 to ~57° and
(i)~ ! we know that there exists a continuous differen-
tiable in (0, 00) function o € Koo with o'(r) > 0 for all
r > 0 such that

WP (r) <ol(r) < (15

We define

ISDS

(r), V.r>0. (23)

V(z1,22) := max {o (Vi (z1)), Va(a2)}.

At first we check condition (6) for V. Vi and V5 are
locally Lipschitz in RY:\ {0}, i = 1,2 and 0 € K
o (Vi(x1)) is differentiable almost everywhere in R\ {0}
and V is locally Lipschitz in RV\ {0}, N := N; + Na.



By Rademacher’s Theorem V is differentiable almost every-
where in R\ {0}. Now we define the following sets with
T = (x{,:vQT) e RY:

A = {.’L‘ : Vg(xg) < U(Vl(xl))}u
B = {x:Vy(x2) >0 (Vi(z1))},
A = {z:Va(nz) =0 (Vi(a1))}

We fix a point p = (p1,p2) # (0,0), p € RY, an input
v € R™ and consider three cases.
_Case 1: p € A. It holds Va(x2) < o (Vi(z1)) hence
V(z1,22) = o (Vi(r1)) in a neighborhood of p. Because
V is differentiable almost everywhere in A we get

VYV (p)f(p,v) =o' (Vi(p1)) VVi(p1) fr(p1, p2,v), ae. (24)
From (23) follows
Va(p2) < o (Vilp)) < (53°) ™" (Valpy))

and then Vi(p1) > 1%° (Va(p2)). Whenever Vi(p1) >
¥ (Jv]) we get from (20)

VVilp1) fi(pi,p2,v) < — (1 —e1) g1 (Vi(pr)), ae,
1> &1 > 0. With (24) we have

W( )f(p.v)
—(1—e)o ((p )> 1 (Vi(p1))
~(1—e1)o (07 (0 (Vi(p1))) g1 (7 (0 (Vi(p1))))
—(1—e)) o (e " (V())a (e (V(p)))
—(1—e)n(V(p)), ae,

whenever V(p) > o (7% (Jv])) = ), where gy is a
positive definite and locally Lipschltz function, since g; is
€ P and locally Lipschitz, o’ > 0 (see Lemma 3.4), o~ ! is
again a K, function for o € K, and V maps R” into R,
_Case 2: p € B. It holds V(w2) > o (Vi(z1)) so it is
V(x1,22) = Va(x2) in a neighborhood of p. As in case 1
we get

VV(p)f(p,v) =

and from (23) it follows Va(p2) >
525 (Vi(p1)). We have

VVa(p2) fa(p1,p2,v) < — (1 —€2) g2 (Va(p2)), ae,

1> e9 > 0, whenever Va(p2) > 75" (Jv|). Hence we get

YV (p)f(p,v)
=VVa(p2) fo(p1,p2,v) < —
— (1 —22) g2(V(p)), ae

whenever V(p) > 75 (|u
and positive definite. B
Case 3: p € A. For the locally Lipschitz function V'

d ~
dtV( (1), ae.,

ISDS (

VVa(p2) f2(p1,p2,v), ae
oVi(p1)) >

(1 —¢2) g2 (Va(p2))

), where go is locally Lipschitz

VV(p)flp,v) =

holds, where ¢(t) = (¢1(t), p2(t)) is the solution of the

initial value problem
@(t) = f (o(t), ), ©(0) =p.

Assume p is such that

Vi(p1) > 1" ([v])
=Vo (Vi(p1)) f1(p1,p2,v) <
Va(pz) > 75> (|v])
=>VVa(p2) fo(p1,p2,v) < — (1 —€2) g2 (V(p)) -

Since p1,ps # 0, o is continuous differentiable, V7, V5 are
locally Lipschitz and f is continuous there exist neighbor-
hoods U; of p; and Us of po such that

—(1-e1)g: (V(p)), (25

(26)

Vo (Vi(z1)) fi(e1,72,0) < — (1 —e3) (1 - 1) §1(V(p))
<—(1-&)a(V(p), 27

VVa(@2) f2(21,72,0) < — (1 — &) (1 — &2) g2(V (p))
<—(1-5)gV(p), @93

hold almost everywhere, V(z1,22) € Uy X Uy and fixed
g3, €4 € (0,1),1 > &1 =e14e3 >0, 1 > &g =ea4e4 > 0.
Furthermore there exists 6 > 0 such that ¢(t) € U; x
Uz, V0 <t < 4. Now let At € (0,0). If ¢ (At) € AUA,
then with the mean value theorem (MVT)
V (0 (A1) = V(p) =0 (Vi (1 (A1) — o (Vi (p1))
= Vo (Vi (¢1 (1) p1(0)AL < = (1 = &1) g1 (V (p)) At

holds true, where the last inequality follows from (27). If
¢ (At) € BU A, then again with the MVT we get

V (¢ (A1) — V(p) =Va (g2 (A1) — Va(pa)
= VVa (2 () ga(t) At < — (1 — &) go(V (p)) At

where the last inequality follows from (28). Hence, if V is
differentiable at p, we get

SV0) = V) p.0) = i HEEDZ VD)
- (1-93(V(p),
where & := max{&,&}, g(r) = min{gi(r),g2(r)}.

Assumptions (25) and (26) hold true, if V(p) >
with 3%3(r) 1= max {3 (r), 75" (r)}.

Now we combine all three cases and get, if V is differen-
tiable at p

YV(p)f(p,v) < —(1-8)a(V(p))

whenever V(p) > 7 (Jv)).

_Since V is differentiable a.e., (29) holds a.e., i.e. function
V' satisfies condition (9). Now we check condition (8). By
definition of o1(r) = o(r), oz(r) == Id(r) = r, € :=
max {e1,€2} and with |z;| = |z|, for some j = 1,2 we
have

(vl

(29)




By definition of 7j(r) := max {o (1 (1)), n2(r)} we have

V(z) < max {o(m(je1])), na(|z2))}
< max {o(m(|z])),n2(lz])} = 7(|z]).
By definition of ¢(r) := min; o;(r), i = 1,2, » > 0 it
follows
T <y (V(@) < v (illal)-

Function V (z) := ¢~ (V(x)) is the ISDS Lyapunov func-
tion candidate and satisfies condition (8) with n(r) :=
=1 (7(r)) as seen before. Note that 1) =1 € Ko, and V(z)
is locally Lipschitz continuous. To check condition (9) for
function V' it follows from (29)

V(@) >y (3% (lul)) =4 (Jul)
=&V =@ ) (V@) VV(2) - flz,u)
< -(1=a)@ ) (V(@)i(V ()

—(1=8)g(V(z)), ae.,

where g(r) = (1) (3(r)) g (v»(r)) is locally Lipschitz
continuous and positive definite. This means V(x) satis-
fies (9), where p solves the ordinary differential equation
Lyi(r,t) = —g (u(r,t)). Hence V(z) is the locally Lips-
chitz ISDS Lyapunov function of the whole system and by
application of Theorem 2.12 the whole system is ISDS, i.e.,
it holds
|2(t)] < max{pu(n(|=°]), 1), ess sup p(™ (lu(m)]), ¢ = 7))}
|
The following example illustrates the application of the last
theorem for a construction of an ISDS Lyapunov function.
Example 3.7: Consider two interconnected systems

T, = —2x1|x1|+m2\x2|+u
SbQ = x1—3x2+u

x1,22 € R and any input u € R. We choose V4 (1) = |z1]
and Va(z2) = |za|?> as Lyapunov function candidates for
the subsystems. Whenever v (|u|) := /2 |u| < |x;1| and

Vi8S (Va(zg)) := |a:2\ < |x1] holds, we get
VVi(x1) fr(@1, 22,u) < —2]21]? + [z2]? + [u] < =1 |21 ]
) = df < [l and
oS (Vi(zq)) := \xl\ < |zo|® holds, we get

VVa(x2) fo(a1, 22,u) < —(6 — 4v2) |22

g1(r) := 3r? and g(r) := (6 — 4v/2)r are positive definite
differentiable functions V r € R;. We conclude that V; are
the ISDS Lyapunov functions of the subsystems, hence both
subsystems are ISDS with

and whenever

/’(‘l(r t) - 1:’_1 ) MQ(T t) - eXp( 6— i\/ﬁ)ra
ISDS ISDS ISDS

2" r
771(7“) = Id(?”), T]Q(T) = TQ,T > 0 and ’7]1§12)§a Y215 Y1 s V2
as defined before. The small gain condition is satisfied, since

2
'ylfgsoq/[;fg( ):%(ﬁ) :%7"<7“7 r > 0.

We choose o(r) =

of Lemma 3.4. Then we have ¢ (r) = min {, / %r,r} and

¢~ (r) = max {2r?,7}. Now we apply Theorem 3.5 from
which it follows that the whole system is ISDS with

: 2
%|5€1|a |332| }

9(r) = max{3¢(r), 1} min{3¢*(r), (6 — 4v2)v(r)},

n(r) = max{r, 2r*,\/3r,r*},
™% = max{v2r, %7“4, %\/ 2r, %7‘2},

where g is locally Lipschitz and positive definite. The decay
rate of the whole system u can be obtained by solving (7).

IV. CONCLUSIONS AND FUTURE WORKS

We have proved that a system consisting of n intercon-
nected ISDS systems is again ISDS under the small gain
condition (18). For two interconnected ISDS systems we
provide an explicit ISDS Lyapunov construction of the entire
system. The advantage here is, that the decay rate and gains
of the whole system can be immediately used to obtain a
bound for the trajectories of the solutions.

In a future work we are going to extend the given con-
struction of an ISDS Lyapunov function for the case of n > 2
interconnected ISDS systems under a small gain condition,
such that the decay rates and gains will be calculated by the
rates and gains of the n subsystems.

,/%r, which satisfies the conditions

V(x) = max{|zy], § |z2|"
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