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Abstract

Goodness-of-fit tests for discrete data and models with parameters to be estimated are usually based
on Pearson’s x? or the Likelihood Ratio Statistic. Both are included in the family of Power-Divergence
Statistics SD, which are asymptotically x? distributed for the usual sampling schemes. We derive
a limiting standard normal distribution for a standardization T of SD, under Poisson sampling by
considering an approach with an increasing number of cells. In contrast to the x? asymptotics we do
not require an increase of all expected values and thus meet the situation when data are sparse. Our
limit result is useful even if a bootstrap test is used, because it implies that the statistic T should be
bootstrapped and not the sum SD). The peculiarity of our approach is that the models under test
only specify associations. Hence we have to deal with an infinite number of nuisance parameters. We

illustrate our approach with an application.
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1 Introduction

In this article we consider goodness-of-fit tests for discrete data with parameters to be es-
timated. For those tests, observed and expected counts for a given parametric model are
compared by applying a certain “distance measure”. This should be small if the model is true
and large if it is not. Of course, the distribution of the distance under the null hypothesis,
i.e., when the model holds, is needed in order to check the goodness-of-fit. The best known
statistics are Pearson’s x? and the Likelihood Ratio Statistic (“deviance”). Cressie and Read

1, 2 have embedded them in a family of “Power-Divergence Statistics” SD) (A € R). Each



member SD) is a sum over all deviations between observed and expected counts:

SD, = ZaA(observed,empected)

cells

with distance function ay : [0, 00) x (0,00) — [0, c0),

@) = o =g (5 1) - yage-m =0

The values A = 0, where ag is defined by continuity, A = —1/2 and A = 1 indicate known

goodness-of-fit statistics:

a_yow,p) = 4(z? — p1/?)? (Freeman—Tukey),
ap(z,pu) = 2(3: logz/p— (x — u)) (Likelihood Ratio),
w(ep) = (- w2/ (Pearson’s x2).

Cressie and Read 2 further suggested A\ = 2/3 as an intermediate value. To allow zero
observations, which are typical when data are sparse, we will consider only values A €
(—1,00).

The data consist of a J x K contingency table (see Table 1) of observed counts X of
objects (Z, D) belonging to group j and category k. The J groups are often represented by

different values z; of a covariate vector Z € RM: the variable D denotes K categories.

Table 1: J x K contingency table

categories

group/code D
(covariates) | 1 --- k «++ K | sum
1(z1) | X11 -+ X1k o Xik | Xay
i (%) | Xj Xk Xjx | Xj+
J(zs) | X - Xk o Xuk | Xy
sum | Xyp o oo Xk e Xgk | Xgy

We consider Poisson sampling, i.e., Xi1,..., X i are independent Poisson distributed

random variables. Typical applications are epidemiological studies where the variable D
stands for different states of a disease and all available data (Z, D) are collected within a
fixed period. Besides its practical meaning, the Poisson model plays a key role for theoretical

investigations of contingency tables: The usual sampling schemes derive from the Poisson



model through fixing of certain marginal sums. Important examples are case-control and
cohort studies. Both consider product-multinomial tables (the columns respectively rows
are independent multinomials) and hence distribution models being conditional Poisson.

The main interest in the investigation of contingency tables lies in the description of asso-
ciations within a table rather than in the marginal distributions of covariates and categories.
Thus, the models to be tested specify dependencies between covariates and categories by a
finite-dimensional parameterized model and leave the marginal distributions arbitrary. Since
the distribution of a contingency table is uniquely determined through marginal distributions
and odds ratios, the actual models of interest are “odds ratio models”, i.e., only the odds
ratios are specified. We will consider models for the conditional distribution of the categories
given the covariate groups. They will be shown to cover the class of odds ratio models.

It is known that for increasing sample size SD) is asymptotically x? distributed for the
common sampling schemes. This approach assumes the number of cells J - K to be fixed
— hence the number of parameters is finite — and, moreover, an increase of all expected
values. These assumptions are often violated, especially when the expectations of the cells
are small (“sparse data”). Since x? tests are standard tools in statistical software packages,
they are used even so, especially when odds ratio models are to be checked. We argue that
in the sparse data situation a different asymptotic approach with an increasing number of
covariate groups J is more realistic. In this article we derive a limiting normal distribution of
S D) for these asymptotics. In particular, we do not require all expectations to be large. The
difficulty in proving such a result is that our models under test do not specify the marginal
distribution of the covariate groups. Hence we have to deal with an asymptotically infinite
number of nuisance parameters.

Our limiting result provides a new tool for goodness-of-fit testing. However, the tests
derived are not designed for specific directions of departure and thus are likely to be too
optimistic. Hence, the result is, in the first place, useful for comparisons, in particular,
to check how the classical x? approximation (and the critical region for the test statistic)
relocates when our different asymptotic approach is appropriate.

The problem of x? testing in the sparse data situation was mentioned early, for example
by Haldane 3 in the context of a simple parametric model: He derived the exact conditional
mean and variance of Pearson’s statistic (conditional on marginal sums) for the model of
homogeneity, i.e. all odds ratios are one. The possibility of taking a normal rather than a
x? approximation using the increasing cells approach was discussed later. Morris 4, who
did not consider estimated but given expected values, proved the asymptotic normality of
Pearson’s x? and the Likelihood Ratio Statistic for multinomial sampling. He made explicit

use of the fact that the multinomial distribution is a special conditional Poisson distribu-



tion. McCullagh 5 considered Pearson’s x? and the Likelihood Ratio Statistic for Poisson
and binomial sampling with all expected values, and hence the distribution of the table,
being specified by a finite-dimensional parametric model. Osius 5 derived the asymptotic
normality of SD (for a general distance measure) under binomial sampling and later ex-
tended these results to the case when the underlying model fails. Rojek 7 generalized and
strengthened these arguments for product-multinomial sampling with the rows being J in-
dependent multinomials (e.g., cohort studies). His limiting result for the null hypothesis, an
outline of its derivation and further supplementary information are given in Osius and Rojek
8. In terms of expected values, Osius and Rojek examined the same models as this article.
Hence several results could be adapted for our approach. Because of the underlying sampling
scheme, though — the group sizes are given, they did not have to deal with an increasing
number of nuisance parameters. The same applies to the work of Koehler 9 and Dale 10 who
studied product-multinomial sampling as well. Koehler derived the limiting normality for
the Likelihood Ratio Statistic when the dimension of the parameter vector increases as well.
Dale considered Likelihood Ratio and Pearson’s x? Statistic, assuming the expectations of
all cells to be bounded.

This article has its origin in the thesis of Miiller 11 which treats the described subject
in detail and, beyond Poisson sampling, suggests an approach to derive goodness-of-fit tests
for product-multinomial sampling with the columns being independent multinomials (case-
control studies). We will focus on Poisson distribution and present a more general result
than that thesis by admitting an extended class of models under test.

The paper is organized as follows. Section 2 and 3 provide the general background. We
will describe sampling scheme and asymptotics, explain the models under test and specify
the estimators. In Section 4 we state our main result, namely the asymptotic normality of the
Power-Divergence Statistics under the null hypothesis, i.e., when the model holds. Further,
the decision rule for a goodness-of-fit test will be given. Section 5 contains a discussion of the
assumptions. It turns out that the marginal distribution of the covariate groups will have to
satisfy certain conditions. In particular, the data may not be extremely sparse. In Section
6 we sketch the derivation of the limiting result. Since the considered approach requires
comprehensive calculations, the proof cannot be given in full length. Readers interested in
technical details should refer to 11. In Section 7 we discuss our approach by means of a real

data application. Section 8 concludes the paper with some final remarks.

2 Stochastic model and asymptotics

In view of the comparatively complex asymptotics, let us describe the stochastic model first.

This is necessary to explain the way of grouping and to clarify the meaning of the number



of (covariate) groups to be a non-stochastic quantity. The asymptotic will now be indicated
through a running index n.

We consider contingency tables ( ]"k)]k with observed counts of objects belonging to
group j € {1,...,J"} and category k € {1,...,K}. Each row of a table represents a
group and each column a category (see Sec. 1, Table 1). In applications, a group is usually
characterized by a certain range of values of a covariate vector Z € R where Z consists
of explanatory variables such as gender, weight or blood pressure. Formally speaking, we

consider for each n € N a disjoint decomposition of the image space of Z, namely

Jn
ImZ= ]I} with If,...,I%. pairwise disjoint.
j=1
Hence, in the presence of covariates, the groups are specified by the partitions I, ..., I7%,.

In practice the groups are often characterized by some representative covariate value zj. For
example, if Z is a continuously distributed random variable and I7" some interval, then z7
might be taken to be the middle of I7.

The natural sampling scheme leading to Poisson distributed contingency tables ( ]”k) jk 18
an independent sample of N™ individuals (Z;, D;), i =1,..., N", each characterized through
a covariate vector Z and a category D, which arrive by chance within a fixed period. Then,
under nearby assumptions, the counts of each cell are Poisson distributed with expected

value u?k.,

=11 <i< N"Z; € I}, D = k}| ~ Pois(ujy,) for every j,k,n,

X1, ..., X stochastically independent.

This applies when the distribution of the counts is given through independent Poisson pro-
cesses (see, for example, Billingsley 12, Section 23). The marginal sums, e.g., i+, and the
total sample size N™ = XY also are Poisson, with parameter p7, and ply ., respectively
(The subscript “-” will always denote the vector and “+” the sum over the corresponding
index).

For the asymptotic we assume:

e The expected total sample size tends towards infinity, ut |, — oo,
e the dimension M of the covariate vector is fixed,

e the number K of categories is fixed.

For applications, the running index n can be regarded as the realized sample size. Since the
sample size is stochastic, we treat n as a formal index which increases proportionally to the
expected sample size u'} , i.e., p't . = n - const + o(1), where const denotes some positive
constant.

Additionally, and in contrast to the classical x? asymptotics, we suppose:



e The number of groups J” increases, J” — oo.

One basic requirement to accomplish the increasing cells approach is the existence of a

Jn
Jj=1

sequence of decompositions (J7_; I?), where the number of partitions increases and, in
particular, each partition has a chance to be filled, i.e., P(Z € I]") > 0 for all j,n. This is,
for example, not given if the distribution of the covariates is discrete with finite domain. Even
stronger, we will have to demand that asymptotically all groups be filled with probability one
(see cond. (LCO), Sec. 5). Further some conditions on the unspecified marginal distribution
of the covariates and the way of grouping will have to be satisfied. These are given in

Section 5.

3 Parametric modeling and estimation

Keeping the notation of the last sections now the models under test will be described. We

consider the table of expectations (u7);x € (0, 00)”"*K and the conditional probabilities
T = P(D = k|Z € Ij") which are of particular interest for applications. In the Poisson

model they equal the ratios p7 / O
i =P(D=k|Zel})=puj/ujy forj=1,....,J"k=1,...,K,n€N.

We will model them in dependence on a finite-dimensional parameter vector § € ©, where ©
is some open parameter space, and call the models briefly 77, (6). The functions 77 (-) should
depend on the category k and on the covariate group j: If, for example, D denotes a disease
state, we expect that more people from risk groups will belong to the category “infected”
than people who are not exposed. Parametric models for typical hypotheses like this should,
of course, be covered by our general class of models 7r]”k() Since the covariate groups or
covariate vectors zj' € RM may vary with n, we further allow our modeled probabilities to

depend on n. In the presence of covariate vectors z7', a simple example of such a model is

T (0) = Fr(27,0) for every j,k,n,

where Fi,...,Fg denote given functions. Here the dependence on j and n only comes
in through the covariates. In particular, for each category (disease state) k a different
dependence on the covariates is assumed.

Besides the parameter vector 6 for the modeled ratios, we take the expected row sums
KTy« -5 MWy into account as additional parameters. This means, in particular, that we
do not specify the marginal distribution of the covariate groups. Hence we have M;-‘k(Q) =
pi w7 (0), 6" € ©, as a model for the cell expectations.

The hypothesis to check with a goodness-of-fit test states the model is true:

Hp : For each n there exists 0y € © such that uf, = p7, 7. (0y) for all j, k. (1)



Since W = W45 we can, equivalently, formulate Hy in terms of probabilities, i.e., o =
W;Lk (03). The reason why the true parameter vector i should depend on n will probably be
explained best by the next important example, the odds ratio model.

In applications typically the odds ratios are parameterized. They can be derived from a

log linear model with linear predictor 77, = log 17,
log pjfy = i, = ™ + pj + i + Y5i

Interpretation and uniqueness of the parameters are given through suitable marginal con-
ditions, e.g., pT =" = 0, ¥57" = 0, ¥y = 0. Under these constraints the parameters ]k

equal the log odds ratios,

Mk - 111
711;1? = U;‘Ik +my — 77;'11 — iy, = log ]—n
31" Mg
Log odds ratio models assume ¢7) = ?k(ﬁ) A popular example is the log linear odds ratio

model with the odds ratios given by the scalar product, ¥7,.(8) = (27, Bk), B € RM . Here
81 = 0 and, without loss of generality, 2z = 0 is set in order to meet the marginal conditions.
For each category we again assumed different dependencies on zj" by writing 5. Rewriting
shows that the log odds ratio models accomplishes our model for the conditional probabilities
from above: Under the null hypothesis we have for the general log odds ratio model
exp(vp +¥5r)  exp(yp +¢5(6))

Siyexp(y +¢58) ity exp(f + ¢(8))

with 6 = (74, ...,7%, ). In the explicit log linear odds ratio model with ;Lk(ﬂ) = (2}, Br)
the parameter vector states 05 = (V%,...,7%, B2, ..., 0x) € R%, S = (K —1)- (1 + M). Be-

W;z = 7r 3 (00) =

(2)

sides the odds ratio parameter vector 3 of interest, 6 consists of further nuisance parameters,

namely

¥ P(D =k|Z € I
Mlk'ul+>:10gp( ’ € 1) k}:l,,K (3)

1
= log 5k = log ( (D=1Zel})

B BT H

At this point it becomes clear why we let 6§ depend on n: We are interested only in as-

sociations within a table. Hence we let 7}’ (and thus 6f) vary with n in order to to avoid
additional restrictions concerning the distribution within the first row of the table.

For the estimation of 6 we will take the maximum likelihood estimator 0", or some

equivalent estimation function in regard to the approximability through information matrix

and scores (see Sec. 5). The log likelihood function {"(#) and the score vector U™() are

given by
Jn K
1"(6) = Z(ZXjkloguj++ZXklog — - Zlog i)
j=1 k=1 k=1
J J" K
) =D UPO) =) > XjDg logj.(0) = Dgl"(0).
j=1 Jj=lk=1



The information matrix under the null hypothesis is obtained by simple calculus:

I" (%, 0y) = Cov(U™(6)) Zluﬁkz nk 977-]]6(00) Doy (65)-
i 1

Since for the vector of expected row sums p”, no structure is specified, the observed counts
in every covariate group will be used for its estimation: 47, = X7 for j=1,...,J" They
are easily seen to be maximum likelihood estimators. In conclusion, the estimators for the

expectations in the model will be ﬂ?ﬂrﬁ(é”) for all 7, k,n.

4 Limit theorem and goodness-of-fit test

With the fitted expectations being specified, the test statistic SDY (4% ,0") is given (47, is

the vector of row sums as stipulated: 7% = (47,); = (X7);):

DY) = 3 an (X il (67))

j=1k=1

We now state the main result, the limiting normal distribution of the statistic for the in-
creasing cells asymptotics. Having the central limit theorem in mind, this behavior is not
surprising: We consider an increasing sum with J” nearly independent components — cor-
relations arise since the parameter estimator 6" is involved. The idea of proof is a standard
one: We derive an approximation of the test statistic which does not depend on estimators
any more and apply the central limit theorem. The standardization terms in Theorem 1 are
expected value and standard error of the approximated statistic, evaluated at its estimates.

The result will be given for the null hypothesis, i.e., when the assumed model holds. A
similar normal limit can be derived for arbitrary alternatives. This will, however, not be

carried out here.

Theorem 1 Consider the increasing cells asymptotics described in Section 2 and assume
that condition (LC0O) — (LC3), (RC0O) — (RC3), (MD0) — (MD2) and (VC) given in Section
5 are satisfied. If the null hypothesis (1) holds, i.e., the model fits, the family of Power-Di-

vergence Statistics SDY (A > —1) has a limiting normal distribution as follows:

SD™ (™ AN\ o kN T én
p = SPRGLON A0 e NGy s oo).
J;\L(M@+’9n)

The asymptotic expectation m}" is

my (A, 07) = mR (A0 — "

where mY denotes the expectation of SDY,

Jn

K
my(p,05) = E(SDX(p’y, 0 > Blan(X 1,75 (63))),
Jj=1k=1



and is evaluated at the estimate (4, é”) Additionally, m3}"™ involves the number of groups
J™ which is the expectation of Pearson’s statistic for the row sums, i.e. Z —1 a1 (X7, piy ).
This term is part of the approximation of SDY(i”, 0”) and must be incorporated in order
to handle the bias caused by the estimation of the marginal distribution of the covariate
groups (see Sec. 6 for details). Of course, this also effects the asymptotic variance, i.e., the

variance of the approximation, which computes to

‘71\12(”?1793)
= Var(SD3 (4. 0f Zm R )) — A O I 0) (L )T (4)
J' K L
=D > Var(ax(Xj, ufemfi(05)) + 20" + > ——
j=1k=1 =1 M+
Jn
2y Zcov ax (XD, 1 T (08)), (X7%)?)
j= L
Jr K
+ 430" 7 (08) Cov(an (X, 1 7 (08)), X1
j=1k=1

— R oI (i, 05) e (ul, )T

The quadratic form at the end of the formula comes from the estimation of the parameter
vector . It involves the S-dimensional vector of covariances between SDY and the score

vector U",
A(ul,05) = COU(SDA(M+7‘90) Un(6p))

= ZZDglog 5:000) - Cov(ax( X, 1 m5.(00)), Xk,
J=1k=1

and the inverse of the information matrix I"(u”,, 63).
Since large deviations between observed and fitted expectations, i.e., large values of SDY,
speak against the null hypothesis, the limiting result suggests the following one-sided level

a test (z, denotes the upper a—quantile of the standard normal distribution N(0,1)):
rejection of Hy < Ty > z,.

Except for integer valued A, the moments involved in T} (e.g., m¥, c¢}) cannot be stated
explicitly. Nevertheless, numerical computation of those Poisson expectations as a sum over
all relevant outcomes is straightforward. Most convenient in regard to computational efforts

is Pearson’s statistic (A = 1),

K An\\2
:“+ e (0)
sppGn.an = 030
=1 k=1 /~‘]+7T]k(9”)



Its expectation m} = E(SD?) needs no estimation since it does not depend on the model,
my} = J" - K. Hence we have the asymptotic expectation mj” = mp — J" = J"(K — 1).

Writing X7, instead of i, , the test statistic states in this case:

- - X7 (0M)

m = A - JY K -1)
o1 (X% (;k 1 Xn ”Jk(gn) )
with
) LS|
oP (X", 0") = (2Jn —1) +Z j+kzl7rk(9”)+1_2K)
n/an\ rn n n\—1 n/on 1/2
—cp (M I (X, 0m) T er (@)
and

) ZZDglogw]k ™.

j=1k=1
Let us compare 77" and the Pearson statistic of Osius and Rojek 8, who consider the same
setting as this article, but row—multinomial sampling, i.e., the J" rows are independent

multinomials and the row sums are given, X7, = uj, = n;. Their test statistic states

~ J" K Xn 71' (én))2 )
T = oy ™)
(X+,0 s X W]k(e )
with
o= K 1),
~n/yn An n u 1 2
GP(XM, M) = (zJ K—1) +Z ]n+ kzlm(@")_ —2(K —1))

_ 1/2
— (@M (XT, M) e @)
The quadratic form at the end of the variance formula has the same analytic form as the
corresponding term in our formula. Obviously, the centering terms are the same for both
distribution models, namely J"(K — 1). The variances are different. Since we estimate the
marginal covariate distribution, the variance in the Poisson model is, as expected, bigger

than the variance in the row—multinomial model:

Jm
LX) = GP(XTLOM + Z

This will lead to smaller values of the test statistic. Hence, we expect that tests for Poisson

data will be less powerful than tests for row—multinomial sampling.

10



5 Sufficient conditions

We now give the conditions for our limit theorem, Theorem 1, and discuss them briefly. One
basic assumption concerns the estimators f7, = X (j =1,...,J") of the expected row

sums. They are required to be asymptotically nonzero with probability 1,
(LCO) P(uj, >0vjie{l,....,J"}) — 1,

i.e., all covariate groups have to be filled. Hence (LCO0) corresponds well with practice where
only those groups are taken into account which have at least one observation. In particular,
it explains the meaning of J" as the number of observed groups. From a technical point of
view, (LCO) is in need, because a)(+, u) is not defined for pu = 0.

The following “limiting conditions” are standard assumptions with (LC2) and (LC3) being

satisfied by the maximum likelihood estimator under mild conditions:

(LC1) n (", 608) — I positive definite,
(LC2)  n!2(0" —65) = Oy(1),

(LC3) (0" —65) = I"(u"y, 05) U™ (05) + Op(n ).

For the modeled ratios we need some “regularity conditions”. First of all, the sequence of

true parameters must be asymptotically stable:
(RCO) 0y = O(1).

This condition guarantees the existence of a convex compact subset W C © which contains
almost all 67 and, due to the assumed consistency (LC2), almost all 0". We will need W for
the proofs, particularly in order to formulate the technical conditions (RC2) and (RC3). In
the log odds ratio model (2) condition (RCO) is satisfied. Here 6} consists of the (constant)
odds ratio parameter vector § and of the parameters v = log(u},/pt) = log(n$p/mi1)
(k=2,...,K, see Eq. (3)). The 7}!’s are bounded by the subsequently formulated condition
(RC2) which, in particular, requires that every cell has a chance to be filled and which we
need anyway.

We assume that the following regularity conditions hold:

(RC1) 775, (0) is continuously differentiable twice in ¢ for all j, k, n,
(RC2) Je>0:ml(0) > e for all j,k,n,0 € W,
(RC3) IM >0: a) |[|[Denfp(0)| <M for all j,k,n,0 W,

b) |Dg(0)]| < M for all j,k,n,0 € W.

In order to understand (RC3), let us consider the parametric model introduced in Sec. 3,

11



m1(0) = Fi(27,0) with given functions F1,...,Fx and covariates z{,...,2%,. The func-
tions Fy, are typically continuously differentiable. Hence, (RC3) is obviously fulfilled if the
covariates have a natural bound which is the normal situation in applications. (For an il-
lustration consider the logit model (2) with ¢7} (8) = (2}, Bx), for which the derivatives can
be determined by simple calculations.) It should be mentioned that (RC3) could be relaxed
to some extent since the proofs only consider sums over j and hence certain means. This
would, however, amount to several additional technical conditions, and will, for reasons of
clarity, not be carried out here.

For the expected row sums, and hence for the (not modeled) marginal distribution of the

covariate groups, we need a bounding condition:
(MDO0) Je>0: pjy > eforall j,n.

This condition, combined with (RC2), particularly implies that the cell expectations I,
must be bounded away from zero. Those bounding conditions will be seen to be essential for
our proofs where we will need several auxiliary results about the order of Poisson moments,
regarded as a function of the expected value.

So far we only formulated assumptions which are typically satisfied in practice. Now we
state two assumptions concerning the marginal distribution of the covariate groups which

must be checked carefully. We require

Jm n
(MDl) (Jn)—1/2 Z (HZ_+>1/2 0
j=1 Myt

(MD2) (J”)_I/QJZ(M?H_I/Q — 0.
j=1
These conditions arise when we replace the estimated by the true covariate distribution and
represent the approximation error, which, of course, must disappear in the limit. Both con-
ditions, (MD1) and (MD2), can be stated equivalently in terms of sample means. Consider
the p—th mean
1 &

1/
M) = (52 65.07) " peR,
j=1

where p = 1,1/2 and —1/2 denote arithmetic, square root and inverse square root mean.

With this notation we obtain

n

J n n
A Ay NNV V77 S B

J=1

12



The latter condition states that the inverse square root mean of the row sums must increase
faster than the number of rows. This clarifies that our approach is intermediate between the
classical “fixed cells” approach, where each row sum must increase, and an “extreme sparse
increasing cells” approach, where all row sums have a fixed bound. Since the p—th mean is
increasing in p, (MD2) implies M (p")/J" = p't, /(J™)? — co. Hence, due to the choice
of n, (J™)?/n — 0 must be satisfied.

Condition (MD1)’ requires an increase of the ratio M /M, 5. This ratio is a measure of

1/2 of the row sums. In fact the variance (with respect to

dispersion for the roots r7 = (uj,)
point mass 1/J™) is given by

Jn

LTy (=) = Mi(ply) — Myjp(ply).
j=1

Hence (MD1)’ requires that this variance increases faster than the square (7)) = My jo(u"y)

of the mean,

(M () — Mo (W) /Mo () — .

In summary, condition (MD2) requires that the inverse square root mean of the row sums
increases suitably fast whereas condition (MD1) demands an increasing variation of the row
sums. The latter is, for example, not given when all row sums of a table are equally sized.
Particularly when p%, = (J")'* for every j (a > 0), one easily checks that (MD1) fails and
(MD2) is satisfied. A simple example for the opposite situation is the following: Assume
that only the first row sum increases, say uf, = (J™)?, whereas piy =1lforall j > 1. In
this case (MD1) is satisfied but (MD2) fails.

Since asymptotic conditions can never be verified for concrete samples, a simple rule of
thumb would certainly be desirable. Such a rule is, unfortunately, not yet available. For this
purpose one needs more evidence, in particular elaborate empirical and simulation studies,
which go beyond the scope of this paper. We recommend to compute the left-hand side
of (MD1)" and (MD2)’ for the observed row sums X7, = i, to see whether they may be
considered large. An illustration for one particular data situation is given in Section 7.

Our last condition finally concerns the variance which must increase sufficiently fast:

Jn
YO St O
This condition only affects the first part of the variance given in (4) since the quadratic term
in that formula has the order (J")2/n, and, due to the discussion above, is asymptotically
negligible. For Pearson’s x? Statistic (A = 1) the variance is explicitly given (see end of Sec.

4). Condition (VC) is obviously satisfied in this case.

13



6 Derivation of the limit theorem

We now sketch the proof of Theorem 1. The idea of proof is to approximate the centered

statistic

Z3 (i, 6") = SDR(ir, . 6") — mi (i, 67)

gradually through a statistic which does not depend on the estimators anymore. This ap-
proximation is a sum of J" independent random variables. Hence we can apply the central
limit theorem to its standardization. Since the variance must be estimated, too, we finally
need the consistency of the variance estimation. In conclusion, this establishes the asserted
normality of the Power—Divergence family.

In the following we will assume throughout that all covariate groups be filled with prob-
ability 1 (LCO) and that the sequence of true parameters 6 is asymptotically stable (RCO).
Since the approximation of the test statistic is based on Taylor expansions, we will also

assume that the modeled probabilities are differentiable (RC1).

6.1 Approximation of the test statistic

We start with a first order Taylor expansion in 6" around 0 which gives for the centered
statistic:

ZR(i%,0") = Z3 (A%, 05) + Do Z3 (i, 03) - (0" — 05) + Op(1). (5)
The idea of proof is the following. Let be W C © a convex compact neighborhood with
07 € W C O for all n. This can, due to (RCO), be assumed without loss of generality.
For reasons of definiteness let all observed row sums 7, = X7 be nonzero and consider
6™ € W. The case that some row sums are zero or that 6" ¢ W is asymptotically negligible
by assumption (LCO) and the assumed consistency of 6". The approximation error in (5)

computes to

125 (i, ") — Z5 (A%, 65) — Do ZR (2%, 65) - (6" — 63l

= 10"~ )" [ (1= DG, 0z (0 — )|
J’n

7~ 1 3 sup D3 (03 050 1 0) — (i 00)|

j=1k= 10€W

IN

We wrote briefly 67 for 0} + z(§" — 0}}). The function ey denotes the expected value of ay,
ex(uyy, m(0)) = Eax(XJy, pf 77,(0))), where X7 is Poisson distributed with expected
value pjl, mh (0). If now for all j, k,n holds

IN

sup HD9 (a,\(Xjk,,u]Jrﬁjk )))H fijy - const  for all j, k,n, (6)

0w

sup ]\DgeA(ﬂ?+77r?k(9))|] < [ -const for all j,k,n, (7)
0w
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we obtain

A~

123 (A%, 0") = ZX (i, 05) — Do ZX (i, 6) - (6" — 65) |
R J* K
< 1= o2 S0 ST iy - const
j=1k=1
= |0 — 63| ply - K - const

nn
= ||nM2(6" — o2))? - “% K - const.

Since n increases proportionally with p’}, and g7, /u £, 1, we have i}, /n = Oy(1).
This and condition (LC2), n'/2(§* — 62) = O,(1), then establishes (5).

The proof of (6) is straightforward. Only analytical arguments and condition (RC2),
i.e. the probabilities must be bounded away from zero on W, apply. Inequality (7) will be
verified by showing that for each j, k,n holds

sup HD%e,ﬂuﬁ,wﬁ(@))H < pjy -const  for all pi, € [e,00)
0w
where € is some constant on (0,1). This suffices since the row sums in (7) were assumed to

be nonzero, i.e., i, = X" >1 for all j, k,n. Simple calculus gives

Djex(pyy 753, (0))

— ( Hi+ - DF7r.(6) - n(9)8—2
— () O TR R G (9))2

+ 1y (%E(%(X}Tka 151,(0))) - DZw?k(G))-

B(ax(Xji, 15(0))) - Dome(0))

We have to show that the two terms in large parentheses are bounded for § € W. This
is obvious for the (derived) probabilities by the assumed bounding conditions (RC2) and
(RC3). In order to formulate bounding results for (derivatives of) Poisson expectations like

9/(0p,(0)) E(ax(XFy, n7y.(0))) for our special asymptotics, we show, in this example,
‘QE(CL)\(X, M))‘ < const forall pu>e>0 (8)
ou - -

where X is Poisson distributed with expected value p. This suffices since we assume that
for € W the cell expectations 17 (0) are bounded away from zero (MDO, RC1). Results
like this are crucial for the derivation of our limit theorem and are needed several times. For
reasons of brevity we will not go into technical details or state the full list of auxiliary results
needed and refer to 11, Sec. 4.

With Equation (5) being verified, we now want to exchange estimated and true row
expectations in the right-hand side of (5). Consider the gradient DyZY first. We will show

JTL

DoZ§\ (i, 08) = DoZ3(u,08) + Y Opl(uf)'/?). (9)
j=1
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Then, using the v/n-consistency of §” (LC2) and n/pft, = O(1),

n i
Dy Z3 (%, 03) (6" — 03) = Do Z3 (7, 03) - (6" — 0) +ZO( ) o)

The proof of (9) is done by Taylor expansion. By definition we have DyZ} (a7 ,07) =
DySDY (" ,05) — DemXi (i, ,0). Hence the result can be proved treating the two terms
separately. Consider the derivative of the goodness-of-fit statistic first and remember that
SDy =3, rax. We show that for given § € (0,1) there exists a constant My such that for

almost all n holds

P(H(uﬁ)1/2Def:(ax<xjk,uj+ TR O) = ax(Xo i - T0)) | > M) <8 (11)
k=1

for all j € {1,...,J"}. Then the difference is stochastically bounded giving

DySDY(”, 0y) — Do SDY (., 0y ZO M;l+)1/2)
7j=1

To prove (11) let any j € {1,...,J"} be given and consider i}, > 0. Using the positive
homogeneity of the distance function ay, i.e. cay(x, u) = ax(cz, cu), we obtain

K

)7 2D S (an (Ko - 75 08)) = an (Ko ity - 75 0)) )|
k=1

xn n
i )1/2 Z HDea,\( L Zji ]T'Lk(eg)) - Dea,\(%vﬂﬁ(%)) H
Taylor expansion in 47, / 4 around its stochastic limit, 1, and application of the bounding
conditions concerning the derived probabilities (RC3) shows that the term above is bounded.
Since zero row sums [}/, appear with probability 0 by (LCO), we have (11). In order to verify
gn

Dym3 (%, 05) = Dem3(uly, 07) + Op(D_(154)"?) (12)
j=1

we show, componentwise, that for every j, k holds

_ 0 0
()72 (Ggmen(ih m(08)) = gg-ealig w3 (65)) ) = Op(1).
Since we need to differentiate with respect to the expected value and zero row sums can be

neglected, we prove, instead,

() (g ea e TROR)) = g ex(i s TH(ORD) = Ol ) 7). (13

Here 1y is an indicator function, i.e., 1nx(z) = 1 for positive integers x, e) denotes again the
expectation of a). For the proof we use the following Lemma which can be verified using

standard properties of probability measures (see 11, Lemma 7.3, for a proof).
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Lemma 1 Let (X"),en be a sequence of nonnegative integer valued random variables and
(U™ nen an arbitrary vector valued sequence (u" € R™,m € N). Assume E(X") = u" €
[€,00), 0 <e<1, and Var(X™) < u" for alln € N. Consider a function g : [0,00) x R™ —
R, (X,u) — g(X,u), which is continuously differentiable in the first component on (0,00).

Let r be some nonnegative integer. If
r ‘ 9 n
u o (1w )’gc for eachn € N and u>¢€ (c>0)

then for the asymptotics n — oo holds

1

MT—I/Q)'

IN(X™) - (9(X7,u™) = g(u",u™) ) = Op(
Since (fi},)n is a sequence of Poisson variables with expected value u, € [€,00), we can
apply Lemma 1 with = 0 to establish (13). The function de) /085 corresponds with function

g from Lemma 1. We only must show that for every j, k, n holds

|£L£e/\(u,7r§lk(98))| < const forall yu>e.

By definition of ey, this holds if

0o
s, 08,

ex(ijy, Tie(0p))| < const  forall uj, >e.

The proof can be done by differentiating ex(u}, 77, (67)) = E(ax(XJ, ujy7};)) and applying
further auxiliary results about the order of Poisson expectations, such as (8), combined with
all bounding conditions concerning the probabilities and row expectations (RC2, RC3, MDO).
This gives (9) and thus (10). Inserting in (5) yields

Jn
ZR(A%,0") = ZR(A%, 00) + Do Z3 (1, 05) - (0" = 05) + > Op((uf)'?).
j=1
Now we approximate the gradient by its expected value,

~ A~

Do Z3 (py,05) - (0" — 05) = E(DeZX(u,65)) - (0" — 65) + Op(1).
This follows from (LC2), n!/2(8" — 63) = O,(1), and

n~ A (DeZ3 (1, 05) — E(DoZ3 (1, 63))) = n™/*(DgSDR(ul'y, 05) — E(DaSDR (i, 67)))
= Op(l)v

which is shown by simple calculations and applying Chebyshev’s inequality. We used, in

particular, that the variance of DySDY has the order n which is another auxiliary result

about Poisson expectations (cf. (8)) and needs the bounding conditions (RC2),(RC3) and

(MDO). Further calculations show that the covariance cy(u”.,63) between SDY and the
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score vector U™ (see Sec. 4) equals the negative expectation —FE(DyZ% (u”,0;)). Hence we

have

DoZ5/ (. 05) (0" — 65) = —cR(uls, 65)(0" — 65) + Op(1). (14)

We now replace the estimator in (14) through information matrix and score vector. This is

possible by assumption (LC3), i.e., (0" — 0}) = I"(u" ., 08)~1U™(05) + Op(1/n). We obtain

A, 05)(0" — 05) = (', 06) I (uly, 08) " U™ (6) + Op(1). (15)

The error term in the formula is stochastically bounded since the order of ¢} computes to
cy = O(J™), using the same bounding conditions as above. Already the meaning of J" as

the number of filled groups asserts J"/n = O(1). Using (14) and (15) we can rewrite (9):

Z;\L(/Aﬁ%én) = Z;Z(ﬂnJraHg)_ n(ﬂnJm961)]”(#7%93)71[]”(93)
+0,( +Zo (e )Y?). (16)
7j=1

Finally, we want to exchange the first term of the right-hand side of (16), ZY (4", ,67), by
Z¥(p”, .0y ). This step is crucial: Since we replace the estimated marginal distribution of the
covariate groups by their true distribution, we have to regard the bias that arises. The idea
is as follows. We treat SD, and its expectation m) separately. For m), which is simpler to
handle, we obtain

o
mA (i, 05) = mA (s, 0) + Op( 3 () ?). (17)
j=1

This follows by analogous arguments as in the proof of (12), i.e., we apply Lemma 1 and
use the same bounding conditions. Let us now consider the transition from SDY (4", 6f) to

SDY(p?,07). Using the positive homogenity of ay and writing briefly u7;, = pj 77 (65), we

have
J* K
SDY (i, 05) — SDR (2 05) = 0 3 (an(Xh i (08)) — an(X i 131))
Jj=1k=1
J" K 'unk
= 3 (X i - 25 = ax (X i)
J=1 k=1 My
J* K xXn oo Xn
ko Hjy
= X wi(aa ) e ).
=1k=1 Hik  Hj+ 1,

The key idea now is a second order Taylor expansion of the difference of the two a)’s in
both components around (1,1). Since ay has the appealing property that its first partial

derivatives and ay itself vanish in (1, 1), we obtain

nisn n 'u )2 = n \—
SDR(",0%) — SDY (", 05) = —Z S0 ( ) ()
Jj+ j=1
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The proof of (18), particularly the computation of the order of the approximation error,
requires some work: The distance function ay is differentiable only on (0,00) x (0, 00).
Hence we have to consider the case X; = 0 separately. For reasons of brevity, we refer to
11, Lemma 5.8. The proof particularly requires assumption (RC2) and (MDO0), i.e., the cell
expectations must be bounded away from zero. Let us now consider the leading term of the

expansion, Pearson’s y? Statistic for the row sums,

Jm (An

ZM

n \2 Jm n
T+ — 1) Z (X7 — :“J+ Z
n = n al J+’ 'u']+
=1 Hojt =1 Hj+

more carefully. This statistic obviously has the same order as SDY(u”_,60f), for instance

Jn K .
SDY(ur,05) = S S ar (X, T Hg) = 225=1 2= (X — u?k)Q/u?k. Hence it represents
the bias that arises since we estimate the marginal covariate distribution. It cannot be
ignored but must be part of an approximation of the test statistic.

In conclusion, Eq. (17) and (18) give

J7L J’VL
ZR (i, 05) = Z3 (. 05) ch Foo) + 22 0p () 7). (19)
J=1

Inserting in (16) and writing explicitly SDY —m? instead of ZY, we have the desired sum of

independent variables which does not depend on estimators anymore:

SDA(ar, ") —mi (il 0")

— SDR( ) — w0 zal X ) — Rl O I (e, 03) U (67)
M+ 1/2 L 12
)+ ) Op(V)((—25)2 + (—)Y?). (20)
Z ( N++ Mt )

6.2 Limiting normality of the approximated statistic

We derive the limiting normal distribution of the approximated statistic from (20). Let the

stochastic terms be denoted by WY, i.e.,

Jgn

R = SDX(uly,00) — Y aa(X7y, ) — eR(uly, 05) (I (uly, 06)) ' U™ (0F)
j=1

JTL
IR
i=1
with

n

Aj gkaﬂg+7r]k(90)) GI(X;‘?’M?JF) - CK(M-”ng)(In(M +790))71U;’Z(63)~

|
HMN
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Since E(SDY) = mY, E(Zjﬁl ar (X}, pujy)) = J" and E(U") = 0, the expected value of

vt is my — J". Note that we called this expectation m}" in Theorem 1, i.e., m}" =

E(UY, ) =m} —J". Hence, using this notation and adding J" to both sides of (20), we have

SDR (i, 07) — m3" (i 6")
= SDSL(ﬂn-i-vén) - n(ﬂn+,én) +J"

n M 1
= WS, — (VL) + Oy +§:o HCFY2+ (o)), (21)
By My

Let 0% denote the variance of the approximation, i.e., of = o%(u" ,05) = (Var(\llﬁ+))1/2.
The explicit formula can be derived by straightforward calculus and is given in Theorem 1.
The limiting normal distribution of ¥} |
vt — E(UY
H—n(M—) £ N(0,1), (22)
A
follows from the central limit theorem if Ljapounov’s condition is satisfied, i.e.,
- 1) 1)
> E(VY; — E(PR,)P)/(65)* — 0 (5> 0).
j=1
We verify the condition for § = 2 (cf. 11, Sec. 6). Since we assume (VC), J"/o%? = O(1),

we only must show
gn
S E((v - B)') = o((7)?). (23)
j=1

Consider a single term of the sum. We split it into three parts by applying the simple
inequality (x + y)? < 222 + 232 twice and then using the Schwarz inequality:

B((wy; - E¥)))
K K
—E(<ZGA(X;L1¢7M?1@)— (]+7M]+ (Z Jka/ijk» 1)
k=1 k=1
4
— R 05) - (1 (uﬂ,%‘))1-(U?(98)—E(U?(98))))>

ax(X, ) — ax (XG4, pify) — (ZE‘“ Ko 1)) = 1)>4)

(VAN

o

=
—

~
M= =

(1 05) - (I 88)) - (U (65) — (U7 (65)))

+
o
&
7 N
—
)
>3

<8 FE

N
7 N
M=

4
ax(Xg: 1) — ar (X7, i) — (ZE“/\ Xjher 1)) — 1)))
k=1

+ 8 [leR (., 0) - (1" (T, 03)) 71 (HU"(eo) EUO))]")- (24)

Using obvious inequalities, it can easily be seen that the first term of (24) is bounded if the

fourth moments E(ai(X]’-Lk, N?k)) are bounded. This is again an auxiliary result concerning
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Poisson expectation, such as (8), and requires that all cell expectations are bounded away

from zero (RC2,MDO) (see 11, Sec. 4). We have
K

B((( 3 ex (o)~ an ()~ (ZEaA Xjk,ujk»—l)f) o). (25)

k=1
Let us consider the second term in (24). Condition (LC1) immediately yields I™(u",,65) "
= O(n™'). In the last section we already used c%(u" ,03) = O(J") for the proof of (15).
This, together with u’} , /n = O(1), gives

IR 05) - 1" 05 = O(()") = O )*). (26)

Condition (RC2) and (RC3) finally yield for the last expectation in (24):

£(1v7 @) - ECFEI*) = (] Z ~ 13 DF log w2 ()]
((Z (X35 = ) DF Tog i (69)1) )
K e
- (222 145%) }W‘ )
K
= o> (up)?). (27)
k=1

For the last equality we used F (X]"k — u;-‘k)4 = pi, + B(MJ k) and that the expectations p7,

IN

are bounded away from zero by assumption.
Statement (25), (26) and (27) about the asymptotic order of the terms in (24) thus give
E((Wy; — E(WL )Y =0(1) - (1+ (J"/ut )" e (17%)?). We obtain for the sum in (23)

4 n J" 4 L& n \2
ZE(( E(W5))) = 0"+ () X 3?0
Pt Sk=
— ny2y . 1 (J")? }‘];1Z£<=1(M§'Lk)2
= 07" (05, + TN )
= O((J™)?) - o(1)
= o((J").

The last but one equality holds due to the conditions concerning the marginal distribution
(MD1, MD2) which require J"/ut , — 0 (see end of Sec. 5) and since Z‘JJZI Zszl(uﬁ)Q

(1",)%. Hence Ljapounov’s condition is verified.

6.3 Consistency of the variance estimation

We finally need the consistency of o%2(a",, ") as an estimator for o2 (u", 08), ie.,

0-3\12(la~n+’0n) _0.22(“117661) -0 (1)
03\12(:“?1’98) P '
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By assumption (VC), the variance a§f2 increases with order J™. Hence, it suffices to show

o83 (Aly, ") — oXP(ul, 05) = 0p(J"). (29)

Write v}? for the variance of the difference between SD} and Pearsons’s x? Statistic for the

row sums,
VR, 05) = VC”“(SD,\ w0 Zal X 1y )
Then, by definition,
B2, 08) = o8 (1, 05) — R (i, 05) T (T, 05) R (e, 08) T

For the proof we will check the following statements

K207 = K(u, 08) + op(J™), (30)
ORA(A, 07) = oRP (U, 65) + 0p(J), (31)
(G2, 0") = I"(u%.65) + op(n). (32)

Eq. (32), combined with assumption (LC1), n='I"(u™,,63) — I positive definite, then

gives
I 67 = I 08) 7 + 0pn ).
This statement, (30), (31) and cy(u”,07) = O(J") (compare Sec. 6.1) establish the consis-
tency of the variance estimation, i.e., (29),
R 6) — o2 0) = R 07) — o2, 0F)
L 0my I (an, 0myter(an, 0m)”
iy, 00) 1" (1 +7 0o )_1CC\L(M.n+> Hg)T

We further used that J” is smaller than n. Let us verify statement (30) and (32). The proof
of (31) can be done analogously to that of (30). We start with the information matrix, (32),

which is easier to treat than the covariance, (30), and consider the transition from 0" to 0y

first. For s,r € {1,...,S}, an arbitrary entry of the information matrix is
Jv K
1 9 0
(A, 0)sr = iy — i (0) 2k (60).
* et j+7rjk(9) 005 7 00, 7
We show
nT I 07 s — T (T 08) ) = Op(1), (33)
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which immediately gives the weaker result needed for the proof of (32), namely

NI 07 — IR 65)) = op(1). (34)

The proof of (33) uses arguments similar to those used in the proof of the first approximation
step (5), especially (6). We consider only the cases which appear with probability 1, i.e.,
iy >0, o W, and apply the mean value theorem. This, and use of the bounding

conditions concerning the 77, ’s and their derivatives (RC2, RC3), gives

=2 (I, 07) s — T (AT 03|
< 07 V20" 3] sup | DeI" (i, 0|

96
19 )
< n M20m - H”HZZM +sup Dy 755 (0) 55k (0)
==l H ( " (0) 00 90, )H
< n7V26m — 0| Z Z fij - const
j=1k=1
= ||n}/2(" — 93)11‘% K - const. (35)

The last term is stochastically bounded, as already seen in the proof of (5)).

We now replace the estimated expected row sums 47, with their true expectations p”, .

Since (a7, — pjy)/ (1] .)'/2 is a standardized Poisson variable and hence bounded in proba-

bility, we obtain
K

JTL
n_l(In(ﬂ.n-s-ﬁ(r)L)_In(NZ-aeg)) = n_lz(ﬂ?+—uj+ Z

De ng(eo )Deﬂjkwo)

n-1 n 12“+ Myt
- Z / ] )1/32 -O(1)
iy

_ (%)1/2'((]”)1/2%(%)1/2'012(1)

= op(1).

The last equation follows from assumption (MD1). This, combined with (34), gives (32).

To prove (30), consider the s-th component of the S—dimensional vector of covariances

cy. We write

K
A = 2301 (50 75(0), 557 73(0)).

a n n n n
log (0) . COU(M;L+77T-;7‘]€(6)) (CL)\(Xjk, /L]+7Tjk.(0)), jk‘) .

I (54 T3 0), 55 m3(0)) =

Neglect the subscript of the covariance term in the following. We use the same arguments

%QHME

as for the proof of (33) (compare (35)) and get

| n;/Q (ch(any., 6m)s — (i, 05)s)
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IS sup [us (1 0, )|

j=1k= 1 0eW

In contrast to (35), where the norm of the gradient DgI™ (4", ,0)s, was dominated by the
row sums fij4, we will now show that in this case the norm is bounded by some constant,

i.e. for every j, k,n holds

sup HD@f([LJ+, 7 (0), )H < const. (36)

bW a0,
Analogous arguments then show for each component, and hence for the whole vector,
nl/2 )
(XA, 07) — X (i, 65)) = Op(1),

in particular
Al 0") = (A%, 05) + 0p(J"). (37)
In order to establish statement (36) consider

0
Dof (14 3(6). 531 (6))

8 n n n n
= Dy 10 mk(0) - Cov(ax(X i, s (0)), X1 )
+ 0 log 7%.(6) - Do log w7, (0) - i, m7.(6) 0 Cov(a (X, piom.(0)) ”)
— 2 (0) - Dy L(0) - T (0) s N JXT ).
0, = P o 3 0) g My Tk (0)s R

Since the norm in (36) is restricted to § € W, the expectations i w7 (0) are bounded away
from zero by assumption (LCO) and (RC2). Hence we can apply the following auxiliary

results to the covariances involved (11, Sec. 4; compare (8)),

|Cov(ax(X, ), X)| < const, Cov(ax(X,n), X)| < const,

!u o
where X is Poisson distributed with expected value p > € > 0. These statements, combined
with condition (RC2) and (RC3) which guarantee that the terms involving the 77 ’s are
bounded, give (36).

We finally verify

X, 05) — ex(ply, 05) = op(J"), (38)
which, combined with (37), gives (30). Eq. (38) can be rewritten as follows,
zlkz g 0B TR - (9l WO — 97 T05) = 0T (39)
=1k=1
with
90 3 (0)) = Covgunan o) (an(X i 1 750 (05)), X1 )-
The subscript of the covariance will in the following again be omitted. The proof can,

obviously, be done similarly to the proofs in Sec. 6.1, Eq. (12) and (17), where we replaced
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estimated by true expectations, e.g., my (i, 03) by my(u”,07). Following the arguments

given there, especially for the proof of (12), we will apply Lemma 1, now for » = 1. We have

0
\u@g(u,ﬂﬁ(@f}))\ <c forall p>e>0.

This holds since
|y - —aw+g(uj+,7fjk( 0))l
J

n n n 8
= ‘MjJrﬂ-jk(gO) : B(

N;L+7T;Lk(06l))cov(a/\( ]knu’]Jrﬂ-jk( 0))7 ]k)‘

< const

for u?k = pj +W§Lk(98) > € > 0, which has already been used above. Hence, Lemma 1 gives

I () (90 75(03)) = 91y T (08)) ) = Op(()™2) for all j k.

The indicator function has no meaning for the stochastic order since, due to (LCO0), all row
sums are nonzero with probability 1. Further we will use that Dylog 77 (65) is bounded by

(RC2) and (RC3). These statements yield for (38) respectively (39),

1 n@,mn n n n n 1 Jn K n n n —
ﬁ(c,\(ﬁmm 05) — cx(p,05)) = n >3 Dylog wli(63) - Op((uy)Y?)
J=1k=1
1 & 1/2
= 7n Op() ()Y
i=1
= o0p(1).

For the last equation we used 1/J" Z}];(H?Jr)_l/ 2 — 0. This convergence is guaranteed

by the stronger assumption (MD2).

6.4 Summary

Our limit theorem, Theorem 1, now follows from the results given in Sec. 6.1 through
6.3. There we used all conditions given in Sec. 5, except of both conditions concerning

the marginal distribution,

O~ (M \1/2 ny1/2 A ~1/2 ny1/2
(D) 37 () = oM and (MD2) 3 () = o((I)1)
j=1 A j=1

These we did not yet need in full strength. We will, however, need them now for our final
conclusions.

In Section 6.1 we derived an approximation of the goodness-of-fit statistic (see (21)),

SD( 6") — m3" (i, 6")

Jn n
n n Hj 1
= W3, — B(UR,) + 0p(1) + 3 0p(1) ((—29)2 + (—-)12)
j=1 My :uj+



with

A= SDX(wh0p Zal T i) — (U, 05) (I (17, 605)) 1 U™ (65),
E( K—i—) = E(SD”(/,L -|-7 (Zal j-‘,—?,u]—‘,- ) = mg\b(ﬂn_!,-aeg) - J'= mj\n(unﬁ_ueg)

Note that the centering term involves not only the expectation of SDY, namely mY, but also
the number of rows J" which is the expectation of Pearson’s x? Statistic for the row sums.
The limiting normal distribution of the standardized approximation was shown in Section
6.2, Bq. (22),
vy, — E(WY
O-TL
A
where o} denotes the standard error of ¥} , o} = (Var(¥} +))1/ 2. For the test statistic we
+

need an estimator of oy and take o (47, é”) Summing up, we have

SDR(f, 0m) — m3n (i, 0™)
R (i, 0n)
_ \I/&l-s—_E(\I/,\-s-) +Op( i (N3+/M++)1/2)+O (Zjnl(ﬂﬁ-) 1/2)"‘0;7(1) (40)
oN (i, 0m) UA(M-HQ)

The asymptotic normality of \Ilﬁ+ stated above, combined with the consistency of the variance
estimation,
o1k, 05) P,
op(ir,, 6)
(Sec. 6.3, Eq. (28)) gives or the leading term in (40)
UL - BOVL,) oR(u )
oN (1% 05)  ah(an, o)

L,

N(0,1).

Hence, in order to establish Theorem 1, i.e., the asymptotic normality of the statistic in the
left-hand side of (40), it remains to show that the approximation error in the right-hand side
disappears in the limit. Rewriting gives
Op(SS (17 /it )YP) + Op (S5 ()T + 0p(1) (Y2 (., 03)
(Jm)1/2 o (i, 08) o, 6m)’

The two last terms are clearly (stochastically) bounded due to our variance condition (VC),

ie., JU/o%2(um ,0F) = O(1), and the consistency of the variance estimation. The first term is
crucial: it involves the approximation errors due to the estimation of the unknown covariate
distribution (compare (9) and (19)) and must tend to zero so that our stated normality
holds. We formulated this requirement separately for the two sums of the ratio and called

the resulting two conditions (MD1) and (MD2). This completes the proof.
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7 Application and discussion

We illustrate our method by a real application with published data. A suitable data set is
provided by Karn and Penrose 13, who reported on a study on infant mortality. They are
from records of U.C.H. Obstetric Hospital for the years 1935 — 46 and contain information
on 13 730 infants (7037 male, 6693 female, no twins) and their mothers. We are interested
here only in parts of the data (Table 1 from Karn and Penrose) which relate non-survival at

28 days (including stillbirth), regarded as a response, to the following variables:
e birth weight W, recorded in 25 classes: 1.0 (0.5) 13.5 Ib.,
e gestation time 7', recorded in 41 classes: 155 (5) 355 days,
e gender G of infant, recorded as a factor: 1 = male, 2 = female.

Karn and Penrose fitted a linear logistic model (to the survival rate) separately for males

and females, using the model
L+ W+ W2+ T+T?+W.T

with S = 6 parameters (for the symbolic notation see McCullagh and Nelder 15, Sec. 3.4).
We investigate the fit of this model only for the female infants in more detail. These data
have also been analyzed by Osius 14 for binomial sampling.

Focusing on the values A = 1 and A = 0, which give the traditional Pearson and Likeli-
hood Ratio Statistic (deviance), we also examine the intermediate value A\ = 2/3 suggested
by Cressie and Read 2. The three statistics SD) are given in Table 2a. They obviously
differ considerably and the corresponding “classical” p—values based on an asymptotic x?
distribution with 339 degrees of freedom vary from 68.81% (deviance) to 0.99% (Pearson).
Since the data are sparse, the y? distribution may not be reliable. Therefore we computed
the asymptotic expectation and variance of SD) and the corresponding standardized statis-
tic T (cf. Table 2a). The p—values based on the asymptotic normal distribution of T\ are
2.66% (A = 0), 1.59% (X = 2/3) and 30.65% (A = 1). Although for each statistic the p—
values based on the different asymptotic distribution differ dramatically, it is not obvious
which one is more reliable. This provoked us to investigate the assumptions (MD1) and
(MD2). We computed the sample means M; = 19.40, M, 5 = 9.7368 and M_; 5 = 3.1316.
This gives M1 /M, /o = 1.99 which is not really large but not too small either. The ratio
M_y 2/ J, however, computes to 0.0091 which is far from being large, in contrast to (MD2).
To find out whether the normal p—values are reliable in this situation, we computed a p—value
via parametric bootstrap. On the basis of the estimated expected values fi;; we generated
10000 Poisson resamples of the study. The results are given in Table 2b. Although the

bootstrapped p-levels for Ty are much closer to those based on the normal than those based
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Table 2: Goodness—of-fit results for Karn and Penrose data (females)

a) Statistics with asymptotic moments and p-levels

Distance (\) sum  d.f. x> expected variance statistic normal

SD, p-level | value m} ai T p-level
Deviance (0) 325.74 339 68.81 % | 284.11 463.98 1.93 2.66 %
Cressie-Read (2/3) | 344.64 339 40.47 % | 276.12 1018.08 2.15 1.59 %
Pearson (1) 402.59 339 099 % | 345.00  12963.90 0.51 30.65 %

b) Results of parametric bootstrap (10000 resamples): p-levels, moments and standardized

cumulants of T’

Distance (\) p-level expectation variance | stand. 3rd stand. 4th p-level

of T cumulant  cumulant of SD)
Deviance (0) 0.66 % -0.34 0.77 0.19 0.04 0.02 %
Cressie-Read (2/3) | 2.05 % 0.09 0.87 1.24 10.01 0.33 %
Pearson (1) 9.85 % -0.13 0.56 9.60 255.73 2.02 %

on the y? approximation, the difference is still too large to be satisfactory. The reason be-
comes evident by considering the simulated moments of Ty in Table 2b. The expectation
(which should be 0) is not sufficiently small (except for A = 2/3) and the variance is much
smaller than 1. This leads to smaller bootstrapped p—values in comparison to the normal
approximation. Looking at the third and fourth standardized cumulants of T), only the
deviance has fairly small bootstrapped values (which should be close to zero for a normal
distribution), but Pearson’s statistic shows considerable skewness and kurtosis. Summing
up, the bootstrapped p—values of the deviance (p = 0.66%) and the Cressie-Read Statistic
(p = 2.05%) do not indicate a very satisfactory fit (which still may be acceptable taking the
very large sample size into account). Pearson’s statistic (p = 9.85%), in view of its large
variance, does not seem to be powerful enough to detect this. We note that it is important
to bootstrap the statistic Ty (which is pivotal by Theorem 1) rather than the sum SD).
Bootstrapping SD) would, in fact, give much smaller but less reliable p—values (cf. Table
2b).

In conclusion, the above data appear to be too sparse (27% of all row sums are 1) even for
our normal approximation. The value of M_, 5 in comparison to J is small but should be
large according to (MD2). However, bootstrapping T (instead of SD),) provides adequate
p—values and indicates that our asymptotic moments need further corrections when data are

very sparse.
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8 Conclusions

In conclusion, it may be said that through the consideration of an “increasing cells” approach
a limiting normal distribution of SD) for the important case of Poisson sampling could be
derived. Particularly in view of the fact that x? tests are often used in situations not covered
by standard asymptotic results, this result helps to gain insight about how the distribution
gets shifted when our asymptotic approach allowing small expectations applies. In particular,
we provided a basis for investigations of conditional Poisson models. In this context case-
control studies, i.e., column-multinomial sampling, are probably most interesting: Since the
distribution of the covariates is not given there and only associations shall be modeled,
one has to deal with an asymptotically infinite number of nuisance parameters, too. Besides
extensions to other distribution models, it is certainly desirable to derive more accurate tests
based on higher order approximations such as Edgeworth and saddle-point approximations.
Instead of relying on asymptotic distributional results, a goodness-of-fit test may also be
derived from its bootstrapped distribution. Since “in several respects the bootstrap does a
better job of estimating the distribution of a pivotal statistic than it does for a non pivotal
statistic” (Hall 16, Sec. 3.1) one should bootstrap the statistic T (which is asymptotically
pivotal by Theorem 1) rather than the sum SD). Hence the asymptotic normality of T)
turns out to be important even if a test is based on the bootstrap. Such an approach was,
for example, carried out by Osius 14 for row-multinomial tables and would be advisable in

order to improve the tests derived.

References

1. N.A.C. Cressie and T.R.C. Read (1984) Multinomial goodness-of-fit tests, J. Roy. Statist.
Soc. Ser. B, 46, 3, 440 — 464.

2. N.A.C. Cressie and T.R.C. Read (1988) Goodness-of-Fit Statistics for Discrete Multi-

variate Data, Springer, New York.

3. J.B.S. Haldane (1940) The mean and variance of x?, when used as a test of homogeneity,

when expectations are small, Biometrika, 31, 346 — 355.

4. C. Morris (1975) Central limit theorems for multinomial sums, Ann. Statist., 3, 1, 165
— 188.

5. P. McCullagh (1986) The conditional distribution of goodness-of-fit statistics for discrete
data, J. Americ. Statist. Assoc., 81, 393, 104 — 107.

29



10.

11.

12.

13.

14.

15.

16.

. G. Osius (1985) Goodness-of-fit tests for binary data with (possible) small expectations
but large degrees of freedom, Statist. Decisions, 2, 213 — 224.

. D. Rojek (1989) Asymptotik fiir Anpassungstests in Produkt-Multinomialmodellen bei

wachsendem Freiheitsgrad, Ph.D. thesis, University of Bremen, Germany.

G. Osius and D. Rojek (1992) Normal goodness-of-fit tests for multinomial models with
large degrees of freedom, J. Americ. Statist. Assoc., 87, 420, 1145 — 1152.

. K.J. Koehler (1986) Goodness-of-fit tests for log-linear models in sparse contingency
tables, J. Americ. Statist. Assoc., 81, 483 — 489.

J.R. Dale (1986) Asymptotic normality of goodness-of-fit statistics for sparse multino-
mials, J. Roy. Statist. Soc. Ser. B, 48, 1, 48 — 59.

U.U. Miiller (1997) Asymptotic Normality of Goodness-of-Fit Statistics for Sparse Pois-
son and Case Control Data, Ph.D. thesis, University of Bremen, Germany.

[www http://www.math.uni-bremen.de/~uschi/]
P. Billingsley (1986) Probability and Measure, John Wiley & Sons, New York.

M.N. Karn and L.S. Penrose (1951 — 52) Birth weight and gestation time in relation to

maternal age, parity and infant survival. Annals of Eugenetics (London), 16, 147 — 164.

G. Osius (1994) Evaluating the significance level of goodness-of-fit statistics for large
discrete data, Computational Statistics (ed. P. Dirschedl and R. Ostermann), 393 — 417,
Physica-Verlag, Heidelberg.

P. McCullagh and J.A. Nelder (1989) Generalized Linear Models (2nd Ed.), Chapman
and Hall, London.

P. Hall (1992) The Bootstrap and Edgeworth Expansion, Springer, New York.

30



	U. U. Müller and G. Osius: Asymptotic normality of goodness-of-fit statistics for sparse Poisson data
	1 Introduction
	2 Stochastic model and asymptotics
	3 Parametric modeling and estimation
	4 Limit theorem and goodness-of-fit test
	5 Sufficient conditions
	6 Derivation of the limit theorem
	6.1 Approximation of the test statistic
	6.2 Limiting normality of the approximated statistic
	6.3 Consistency of the variance estimation
	6.4 Summary

	7 Application and discussion
	8 Conclusions
	References



