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Abstract

The association between a pair of random elements X and Y (e.g vectors) is
completely determined by an odds ratio function, which can be specified up to an
unknown parameter vector @ (cf. Osius 2000, 2004). Using results on I-projections
we first show - under weaker conditions than before - that a parametric odds ratio
model is semiparametric in the sense, that it does not restrict the marginal
distributions of X and Y. Inference for the odds ratio parameter § may be obtained
from sampling either ¥ conditional on X or vice versa. Generalizing results from
Prentice and Pyke (1979) and Weinberg and Wacholder (1993), we show that for
samples of X conditional on Y the asymptotic inference for § may be obtained as if
Y had been sampled conditional on X - including the consistency and asymptotic
normality of the estimate. Common regression models - e.g. generalized linear
models with canonical link or multivariate linear resp. logistic regression models -
are recognized as odds ratio models where the regression parameter B is closely
related (or even identical) to the odds ratio parameter 6. For these models our
results provides an alternative way of sampling (X conditional on Y) in order to
obtain asymptotic inference for the regression parameter § (e.g. testing a linear
hypothesis) using standard statistical software.

Keywords: log-bilinear association, generalized linear model, I-projection, logistic
regression, multivariate linear regression, odds ratio, semiparametric model.
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1. Introduction and Outline

A common approach to decribe the relationship between a random output variable
Y of interest (e.g. a health status) and a random input vector X (e.g. consumption of
tobacco, alcohol and other risk factors) is by means of a parametric regression
model which specifies the conditional distribution of ¥V given X=2z up to an
unknown parameter vector. In the most simple case Y is an indicator (e.g. for the
presence of a disease) taking values in “QY: {0,1} and the conditional distribution
is binomial B(1,p(z)). The popular logistic regression model relates the logistic
transform of p(z) and a vector z=h(z) € R® of covariates - obtained from = by an

suitable function & - through

logit p(z) := log (p(2)/[1—p(a)]) = v+ 2'6
with parameters y€R and f¢€ R®. The appropriate sampling scheme for this
model is to sample Y conditional X =z for specified values of z. In epidemiology
this 1s called a cohort study, each of the J cohorts being determined by its value z. In
contrast, the so called case-control studies are obtained by sampling X conditional
on Y =1 (cases) resp. Y =0 (controls). An important result by Prentice and Pyke
(1979) briefly states, that asymptotic inference for the parameter 8 (but not for ) in
a case-control study may be obtained as if the data came from a cohort study.
Actually their work covers the multivariate logistic regression model (cf. example 3
later) for a random variable Y taking values in {0,1,..,K}. Our aim is to generalize
the results of Prentice and Pyke to the class of semiparametric odds ratio models for
random elements (e.g. vectors) ¥ and X introduced in Osius (2000). The odds-ratio
function OR(z,y) for the joint density p(z,y) of X and Y is defined as a

cross-product ratio with respect to fixed reference values z” and y°

OR(s,y) = 288 PE¥)

p(z,y7) - pl(z,y)
An equivalent description is obtained by taking the corresponding cross-product
ratio for the conditional density p(y|z) of ¥ given X - or vice versa. It has been
shown in Osius (2000, 2004) that - under suitable assumptions - the joint
distribution of (X,Y) is uniquely determined by the odds-ratio function and the
marginal distributions of X and Y. And conversely, for any pair of marginal
distributions for X and Y and a suitable odds-ratio function there exists a (unique)

joint distribution having these properties. The odds-ratio function thus captures the
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complete association structure of X and Y by ignoring the information contained in
the marginal distributions. A parametric odds-ratio model specifies only the odds

ratio function up to an unknown parameter vector 6, i.e.

log OR(z,y) = 14, y).
This model is semiparametric in the sense that it does not restrict the marginal
distributions of X and Y, but only the association structure. An important class are

log-bilinear association models where the log-odds ratio funtion is a bilinear with

respect to given transformations z = hX(a:) and v= hy(y), le.
log OR(z,y) = 2" 0 v. (11

In fact, some widely used regression models like generalized linear models and
multivariate linear resp. logistic regression models have a log-bilinear association
structure. The assumptions concerning the conditional distribution of ¥ given X in
these regression models may be removed by passing to the corresponding
log-bilinear odds ratio model. One advantage of odds ratio models over regression
models is that inference about the odds ratio parameter @ may be obtained from
sampling X conditionally on Y or vice versa. To prove this, we first show that
maximum likelithood estimation is invariant under both conditional sampling
schemes, ie. the estimate § maximizing the conditional likelihood LX|Y for samples
of X given Y also maximizes the corresponding conditional likelihood LY|X for
samples of Y given X - and conversely. Generalizing the result in Prentice and Pike
(1979), we show that the estimated asymptotic covariance matrix for 0 is invariant
under both conditional sampling schemes, too. Hence asymptotic inference (e.g.
tests) concerning the odds ratio parameter § may be obtained from a sample (a:z., yz.),
1=1, .., n, drawn conditionally on Y as if the sample was drawn conditional

conditional X.

The paper is organized as follows. Section 2 deals with the fundamental result, that
the joint distribution of (X,Y) is uniquely determined by its odds ratio function and
the marginal distributions (uniqueness theorem), and that each of these three
components can vary independenly of another (existence theorem). The latter
result will be proved under weaker assumptions than in Osius (2000) using a
different approach. Association models are introduced in section 3 and some
widely used regression models are recognized having a log-bilinear association.
Although log-bilinear association often is of primary interest, we derive the main

results for more general odds ratio models determined by
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log OR(z,y) = G(z,v,6) (1.2)

where G is a given (sufficiently smooth) function. Maximum likelihood estimation
is adressed in section 4, where we establish that the estimate @ is invariant under
the usual sampling schemes: unconditional or conditional on X resp. Y. For
log-bilinear association models in particular, the likelihood to maximize is
identified as the likelihood of a corresponding log-linear model for a suitable
contingency table. Hence results on the existence and uniqueness as well as

techniques to compute the estimate are already available.

Knowing that the estimate § is invariant under conditional sampling given either X
or Y, we now establish in several steps our main result, that its estimated
asymptotic normal distribution is invariant, too. More precisely, we consider
sampling X conditional on Y and then maximize the ”reverse” conditional
log-likelihood 4(A) - arising for conditioning ¥ on X - with respect to A=(6,v%),
where ~* is a nuisance parameter vector. For the information matrix
I(}) :E<—D§A€()\)> we show in section 5, that the submatrix [I _1(3\)]00 of I_l()\)
corresponding to @ is indeed the asymptotic covariance matrix of 6. To establish
the asymptotic normality of the estimate A, we first prove its consistency in section
6. Our asymptotic approach applies to a fized set {yo, - yK} of values for Y to be
conditioned upon and independent samples of size n from each conditional
distribution of X given Y:yk, such that n= Xkl n, tends to infinity while the ratios
nk/n remain fized. In section 7 the asymptotic normality is shown more generally
for any (weakly) consistent estimate ) which solves the estimating equation at least
approximately, i.e. DAE(S\) = 0P<\/ﬁ). Using the observed information J(X) =
—DA2A€(5\) as a consistent estimate of I(A), we finally obtain the asymptotic

normality of the odds ratio estimate

a —1,¢
b N0,y )
The estimated asymptotic covariance matrix here is exactly the same as if

sampling had been conditional on X for the observed z-values.

In our proofs we do not attempt to derive the results under the weakest possible
assumptions - which typically are rather technical. Instead we use a few easily
interpretable conditions to establish the asymptotic results above for the model
(1.2). These conditions will be verified for the log-bilinear association model (1.1)

under mild distributional assumptions.

Let us finally note, that the general approach adopted here is symmetric in X and Y
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so that interchanging X with Y in any concept or argument entails its dual. Most of

the proofs as well as some preliminary results are given in the appendix.

2. The Odds Ratio Function

Consider arbitrary non-empty spaces “QX resp. “QY with o-algebras .%’X resp. .%’Y
and denote the product o-algebra on 2= QXXQY by AB. Let & be the space of all
probability measures P on (£2,98) and denote the marginal distributions of P on “QX
resp. QY by pP* resp. PY. The definition of an odds ratio function for P requires a
positive density with respect to a product measure and a natural (as well as most
general) choice is the product PYY =P¥x PY of the marginals. This leads to the
subspace Q; C P of probability measures P having a positive density with respect
to PXY7 or equivalently, are dominated by and dominate PXY7 Le.

= {Pe@|dPXY>O} = {Pe?|P< P« P}.

For any P& Q; with density p= dP/dPXY its odds ratio function ORP with respect to
fixed reference values z° € “QX and y° € “QY is defined on 2 x {2 by

_ plzy) -pley)
OB®9) = ey plas) )

The choice of the dominating product measure PY is not essential. More precisely,

let v, Tesp. v, be o-finite measures on “QX resp. “QY and v = Ve XV If PEP has a

positive densitiy pV:dP/dV then P* and P¥ have positive densities pX:dPX/dVX
_ Y _ ) ) . Y ;

and p,= dP /dyy. Hence p(z,vy) —py(az, Y) pX<:L‘) pY(y) >0 is a P*¥-density of P and

the odds ratio function may also be expressed with p replaced by P, in (2.1)

OF (2.4) = p,(, yz-p,,(l‘ ,oy) |
P p,(®y) p(2",y)

Hence the odds ratio function of P is invariant with respect to the dominating
product measure of P. - Since the density p of P is only unique up to almost-sure
equality, the same holds for the odds ratio function ORP of P, which nevertheless
will also be denoted simply by OR(P). The log odds ratio function may be written
in terms of the log-density

log OF (z,y) = logp(z,y) + logp(z’,y") — logplz,y") —logp(zy) . (22)

It is convenient to view any P€ 2 as a joint distribution of a pair (X,Y) of random
elements defined on some probability space with values in 2. Following usual

practice, we extend concepts defined for probability measures to random elements,
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e.g. OR(X,Y) = OR(P) denotes the odds ratio function of (X,Y).

To show that the odds ratio function completely characterizes the association
between X and Y, we have to restrict the joint distribution P by requiring that the
log-density logp is PXY—integrable, or equivalently, that the Kullback-Leibler
information (Kullback 1959)

(PP = [log (dPXY> dP*r
1s finste. Within the subclass
= {Pe @ | log (

dPXY) is P*Y-integrable } = {PEQ|[(PXY|P)<OO}

we prove in Al, that P is uniquely determined by its marginal distributions and its

odds ratio function.

Theorem 1 (Uniqueness): Any P,P,€ g‘} having the same marginals Pf = P;( ,
Y_ pY : .
P =P, and the same odds ratio function OR(Pl) = OR(Pz) agree: P = P,.

Next we want to "construct” a distribution P on {2 by specifying its marginal
distributions and its (log) odds ratio function. For given distributions T, on “QX and
7., on “QY and a measurable function ¢ on {2 we investigate under which conditions
there exists a P€ @f with P* = T o P'= 7., and log OR(P) = 1. First of all, ¢ has to

satisfy the obvious constraints

(OR1)  ¢(z,y) =0,  ¢P(z’,y) =0 for all z,y.

Furthermore from P& 9—} and (2.2) we obtain two necessary integrability conditions:

(E1) P 1s X -integrable.

(E2) There exists WX—integmble G:12 P R and Wy—integmble v Qy—> R
functions such that exp(yp—B—7) is T X T -integrable.

Note that (E1) and (E2) are joint conditions on =, 7 and 4. - The above
conditions are also sufficient (Cf. Al) for the existence of the wanted P& 9‘}
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Theorem 2 (Existence): For distributions 7 on {2, and 7 on {2 and a

Y
measurable function 1 on £2 X §2 the following statements are equivalent:

(a) There exists P€ 9—} with P¥ = TP =7, and log OR(P) = 1.
(b)  There exists P€ 9—} with log OR(P) = 1.
(c) ) satisfies the conditions (OR1), (E1) and (E2).

A few remarks on the conditions (E1) and (E2) are in order.

1. (E1) and (E2) hold for bounded 1, which already covers an important range of

applications in practice, e.g. for compact {2 and continuous 1.

2. The integrability of exp(¢y—fB—~) in (E2) obviously holds if ¥ <G+~. And if
even || < B+~ then (E1) follows too.

3. For finite (2, (or QX) condition (E1) implies (E2) for 5(z) = ?Xj] |(z,y)| and v =0.

Although by theorem 1 the probability measure P in (a) is uniquely determined,
there 1s no explicit formula for P available. In the proof P is given by an I-projection,
which can only be obtained as a limit in an iterative procedure, e.g. as in the proof
of theorem 21 in Csiszar (1975). An alternative algorithm is the iterative
proportional fitting procedure (IPFP). However the convergence of the IPFP is
known only under stronger assumtions than (b) or (c), see Riischendorff (1995) for
details. More recently we have shown in Osius (2000, 2004) that the IPFP converges
to the wanted P, if (E2) is replaced by the stronger condition:

(E2)* There exists m ~integrable §: 12, — R and 7_-integrable v: 2, — R
functions such that exp(y— ) and exp(y— ) are T X T integrable.
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3. Association Models

An association model for the joint distribution P of (X,Y) only restricts the odds
ratio function of P but leaves the marginal distributions P and PY of X and Y
arbitrary. To formulate such a model we assume that P has a density with respect
to a fixed product measure v = Ve XUy of o-finite measures v, Tesp. v, on “QX resp.

QY’ In other words we restrict P to the class
PV = {PeP|P<v<P} C P_,
which also restricts the marginal distribution P¥ of X to the class
P = { 7 probability measure on {2, | T LV, L 7TX} ,

and the marginal P" to the corresponding class Z*. From now on all densities on

{2 resp. “QX’ “QY are taken with respect to the dominating measure v resp. ViV

We consider parametric association models indexed by a parameter vector 8 € R
For any @ let 1/)0 be a measurable function on {2 satisfying the constraints (OR1).
The corresponding parametric odds ratio model restricts the log odds ratio
function of P to the form log OR(P) = 1/)0 for some 6. To garantee for any 1/)0 and any
marginals T Ty the existence of a joint distribution P with 1/)0:10g OR(P) and

these marginals, we assume the following bounding condition.

(OR2)  There exist non-negative measurable functions ) 5 0N 2 . and 1/)Y on “QY

with | 1/)0(:1:, y) | < [1/)X(:1:) + zpy(y)] 1ol for all 6, z, y.

And second, we restrict the marginal distribution T, on “QX to the class
X ) )
9—} = { T € P | P, is 7 -integrable }

and 7, to the corresponding class @fy. Then for any T, € @fX, S g_}y and @ the

condition (c) in theorem 2 holds (cf. remark 2); and hence there exists a unique
PEW‘} with PX:T('X, PY:TI'Y and 1ogOR(P):1/)0. We have thus specified a
parametric assoctation model for distributions P in @fXY:@X Yﬂg-} by the

requirements
(PAM) logOR(P) € {1y|0€R"}, P e, Prea’.

This is a semi-parametric model for the joint distribution P since the marginals are

not parametrized but only slightly restricted by integrability conditions.
By (22) the density p(X==zY=y) of Pe€ @IXY satisfying (PAM) can be
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parametrized as

log p(X=2,Y=y) = a+ f(z)+ vy + ¥, zy) (31)
with a€IR and integrable functions  and ~. Identifiability may be achieved
through the constraints f(z") =0 and (y") =0, which will be assumed here. Then

[p dv=1 already determines the integration constant o via
a = —log [exp(B+7+1,) dv. (3.2)
The density p(X = z) of the marginal distribution PYis given by
logpX=12) = a+f(z) + ),
8() = log [ [ exp(v(y) +94x,9) dv (y) ].

The conditional distribution of Y given X =2z belongs to the class P and the
conditional density p(Y =y | X =z) satisfies

log p(Y=y|X=1) = v(y) + ¥,zy) — &=). (3.3)

The integration constant §(z) can be removed by passing to the density ratio

p(Y=y | X=u1)
p(Y=y|X=2

log = () + Pyl y). (34)

Equation (3.4) may be viewed as a "regression model”. Conversely, suppose such a
regression model for P is specified by (3.4) with an arbitrary integrable function
and the parametric family t,. Then log OR(P) =1, and hence the model (34) is
semi-parametric in the sense that it does not restrict the marginal distributions P*
and P - provided they belong to the class g_}X resp. g_}y‘ In the latter case the
regression model (3.4) with arbitrary v is in fact equivalent to the association
model (PAM). Note that for finite “QY and counting measure Vy the integrabilty
condition imposed by P'e g'}y always holds.

An important class of parametric association models are log-bilinear association
models with respect to measurable maps hX . QX—> REX and hY . Qy—> REY which
will always be chosen here such that hX(a:) =0 and hy(y°) = 0. The parameter is a
K xK,mafrix @ and the log odds ratio function is a bilinear function in the

transformed variables hX(a:) and hy(y)
(LBA) 1/)0(:1:, y) = hX<:L’)T0 hy(y) for all z, y.
The bounding condition (OR2) holds for

(@) = || ()] () =1,
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since [ (@)'0 k)< (I, -10] < [¥ @) +¢,6)] 6]
And the integrability condition in g‘j’, and @ state that the second moments

<||h Xl )and E(||h (V)] )are finite.

Suppose a submodel of (LBA) is specified by a linear restriction of the form

9= AT 0*B with given matrices A, B and an unknown parameter matrix . Then

the submodel has a log-bilinear association too - with respect to h;: AhX,
* *

hY =B hY and ™.

The following examples reveal, that the association structure of some widely used

regression models is log-bilinear.

Example 1: Generalized Linear Models

Let Y be a univariate random variable and X a random vector with values in R”.
Suppose that the conditional density of ¥V given X =« belongs to the exponential
family (cp. McCullagh and Nelder, 1989)

p(Y=y|X=2) = exp {a(¢) " [y () — b(r(®)] + c(y,¢) }

with suitable functions a, b, ¢, 7 and a (dispersion) parameter ¢. Then the log odds

ratio function has the form

Yoy) = a@) " [r@) = )] [y - y'].
Now 7(z) is a strictly monotone function of the conditional expectation
wz) =E(Y | X =z), namely 7(z) = Au(z)) where A 1=b'>0 is the derivative of b.
And the conditional variance is var(Y|X =z)=b"'(7(z)) - a(¢). A generalized linear

model specifies the conditional expectation via a link function ¢

(GLM) (p@) = a+2'B,

where z = hX<IL‘) €R® is a known vector of formal covariates (obtained from z by a
given function hX) and o€R, g€ R® are unknown parameters. The model is
sometimes formulated with z instead of z, but the distinction between the observed
z and the formal covariate z is useful. For example, z may contain powers of
continuous components of z as well as indicator variables for levels of discrete

components of z.

For G=\og ! and h (2") =0 the log odds ratio function under (GLM) becomes

Yoy = @) [Gla+a'B) -~ G@)] [y-y].
If the canonical link is chosen, 1.e. g = N = b, then G is the identity and
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Yay) = 2'0[y—y] (35)
is of the form (LBA) with hY(y) =y—y° and parameter 0:a(¢)_1ﬁ. Note that the
intercept o from (GLM) is no longer present in (3.5). Starting with the log-bilinear
association model (35) rather than with the generalized linear model (GLM)
weakens the distributional assumption while still including the regression
parameter B up to a positive constant a(¢)_1. In particular a linear hypothesis
CB=0 with a given matrix C is equivalent to Cd=0, and a for a vector c€ R’ a
one-sided hypothesis CT,H> 0 is equivalent to cfo>o.

Let us now look at the most popular generalized linear models with canonical link.
First, normal conditional distributions N(,LL(J:),U2) of Y yield the classical linear
model with a(¢) =2 Second, binomial conditional distributions B(u(z),1) lead to
(univariate) logistic regressions models. And finally, for poisson conditional
distributions Pois(u(z)) log-linear models are obtained. Note that for the latter two
models we have a(¢) =1 and hence 8= 8. O

Example 2: Multiwariate Linear Logistic Regression

Extending the univariate logistic regression above to the multivariate case,
suppose Y (representing e.g. a disease status) takes values in 2,= {0,1, ., K}, K>1,
and X is a vector of observed covariates with values in R®. Then AY|X=1z) has a
multinomial distribution MK—|—1<1’ n(z)) with K41 classes and probabilities
m(®)=P(Y=k|X=2)>0. Using the multivariate logistic transformation
logit 7Tk<113) :10g<7rk(a:) / 7TO<:L’)> of 7(z), the linear logistic regression model is of the

form
(LLR) logit 7Tk<113) =7, + ZTOk , k=1,.,K,

where z = hX(a:) €R® is as above a vector of formal covariates and V. € R, 0ke R®

are unknown parameters. Choosing 3° = 0, the log odds ratio function is
T T
(LLR)' Yak) = h @78, = h@0h 0,

where 0= (01, oy OK) is an S X K parameter matrix, and the function hy:Qy—> R¥
maps k>0 to the k-th unit vector e, and hy(O)ZO. Hence the linear logistic
regression model is equivalent to the log-bilinear association model (LLR)’ -
provided E<||hX(X)||2> is finite. As mentioned above, this also holds for submodels

given by linear constraints, e.g. Ok = 6* for all k> 0.

Replacing ZTOk by an arbitrary function g¢(z, Ok) leads to the general logistic

regression model
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(GLR) logit 7Tk<113) =7, + 9(z,0,), k=1,.,K,
which is equivalent to the log odds ratio model

(GLR)’ P(z, k) = g(hX(m),0k> = g(hX(a:),Ohy(k)). O

Example 3: Multwariate Linear Regression

Let ¥ and X be random vectors taking values in R resp. R® and suppose that the

conditional distribution of ¥ given X is multivariate normal
AY|X =) = N (@), 5), (39

such that the conditional covariance matrix ' is non-singular and does not depend

on z. From the conditional log-density

-1
log p(Y=y|X=2) = —= [log[(2m) det(B)] + [y—p @] Z ™ [y—p ()]
the log odds ratio function with respect to y" =0 is
T yr—1
P(z,y) = [py @) —p @) 27y,
Then the multivariate linear regression model
(MLR) b f0) = a+a'B
with covariates z= hX<IL‘) eR°has a log-bilinear association
T

Wy = h 270 (1)
with parameter matrix 0:,82_1 - assuming hX(a:) =0. Note that the regression
parameter B may only be recovered from @ if the covariance matrix X is known.
However any linear hypothesis CB=0 1is equivalent to the corresponding
hypothesis CO=0, and the latter may be tested using the semiparametric
association model (3.7) instead of the regression model (MLR) with the

distributional assumption (3.6).
If - instead of (3.6) - we allow the conditional covariance matrix to depend on z, i.e.
AY|X=2) = N [p(x), X2)),
then the model (MLR) leads to the log odds ratio function
Ply) = b (@) BE @)y,

which 1s not bilinear. O

The above examples reveal that important regression models may be viewed more

generally as log-bilinear association models by ignoring the distributional
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assumption for the conditional distribution of ¥ given X. Although log-bilinear
association is a natural candidate we also consider the more general association

model

(AM) bo(@y) = Glhy (@), hy(v),0) for all z, y,
given by a fixed function G with G(0,-,-) = G(-,0,-) = 0. We assume throughout,
that the function G satisfies the following regularity condition (although some

results also hold under weaker assumptions):

(R1) G(z, v, 0) is thrice continuously differentiable with respect to @ for all

ZEL " [QX], veE hY [Qy] and the derwatives are continuous in z and v.

Further properties of the functions hX’ hY and G will be assumed later, cf. (R2)"
and (MC).

4. Estimation

For a given data set (a:z., yZ.) with :=1, ..,.n we want to estimate the association
parameter @ of a parametric association model. Three important sampling schemes
will be discussed: unconditional sampling from the joint distribution of (X,Y) and
conditional sampling of YV given X or vice versa. We first adress the question of
how to estimate the association parameter 8 and look at the properties of the
estimate @ later. It will turn out that an appropriate maximum likelihood estimate
0 under any of these three sampling schemes may be obtained as a solution the
same estimating equation, thus making the estimation process invariant with

respect to sampling.

4.1 Unconditional Sampling

For unconditional sampling the data set (a:z., yZ.) is an independent sample from the
joint distribution of (X,Y). Suppose there are J+1 different z-values and K41
different y-values observed and denote the corresponding subsets of “QX and “QY by

2% = {a:(o), o a:(J)} ={z |i=1.,n}, £2f= {y(o), o y(K)} ={y,[i=1.,n}
If "= #{1=1 .,n| T, =, Y, = y(k)} 1s the observed frequency of the pair
(:1:(7), y(k)), then the (unconditional) likelihood may be written
T

J K
— — — k
Py = ML PE=2, Y =99) 7 = Ly Ly
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with the conditional and marginal likelihood

r K

K J ,
= = = k _ _ +k
Ly = kl;[g jl;[o PX=ap| Y=y4) " L,= kl;[o pY=yg) ™ (4D

where the subscript "4” indicates summation over the replaced index.
Maximization of LXY 1s equivalent to separate maximization of LX|Y and LY
because the latter two have no common parameters. Since the parametric
association model does not restrict the marginal density of ¥ no direct
maximization of LY 1s possible. However the usual nonparametric estimate for the

marginal distribution PY is the empirical distribution of the y-values and hence the

estimated density with respect to counting measure 1/; on Q; is given by
A 1
(Y= y(k)) = for k=0, .., K. (4.2)

If we restrict the marginal distribution PY to the class %* of all distributions with
finite support Q;’; then its V}"j—density satisfies Xklp(Y:y(k)) =1 Then L is a
multinomial likelihood which achieves its maximum for (4.2). Hence, for the

purpose of estimating 8, we may restrict the marginal P to 9—1’/*

Now we split the unconditional likelihood as LXY :LY]X -LX with

r J r

J K
_ _ _ ik _ _ )+
LY]X = jl;IO kl;IO p(Y—y(k)|X—:1:(].)) ™ L, = H P(X—x@) o

Repeating the above argument with Y replaced by X shows, that we may
additionally restrict the marginal P¥ to the class 9}’{* of all distributions with finite
support Q;'; Under these restrictions for both marginals P¥ and PY the likelihood
L. is the multinomial likelihood for the observed (/4 1)x(K +1)-contingency table
(rjk) since

DX = Y= = 1L
. kp( m(])a Y

; e o)

Hence, estimation of @ is reduced to estimating @ in a multinomial model whose

) = ZpX=az
J

probabilities P =p(X = Zg Y= y(k)) satisfy the log odds ratio model

log <pj/cp00/pj0p0k> - "/)0@3(7) ) y(k)) = 1/)]]{3(0) for all j, and &
with respect to the reference values " ==z g and y° = y(o). The parametrization (3.1)

of the density now involves only a finite number of parameters

log py, = B;+ 7, +1,(8) — log (JE. S explB;+ 7, +1,(0)]), (4.3)
namely ,3]. = ,3(:1:(])>, V= ’y(y(k)) and @ with 8, =~,=0. Instead of maximizing L _ it

1s typically preferable to maximize the logarithm of either LY or LX using the

X Y



Semiparametric association models: estimation and asymptotic inference 15

parametrization of the conditional probabilities pk|j:pjk/pj—|— resp. pj|k:pjk/p—|—k
given by (3.3) resp. its dual

log Pri= Yk + 1/)jk(9) — 6]" resp. log Pik = IBJ, + 1/)]'1{:(0) —&,

where the parameters 6]' resp. €, are determined by the remaining ones.

k

4.2 Conditional Sampling

When sampling is conditional on fixed values for Y taken from a set {y(o), - y(K)}
then the data set (a:z., yZ.) with 1=1,..,n is partitioned into K+1 independent
subsamples given by I, = {1] Y, = y(k)}, such that each subsample (:1:2) with 1€ is
an independent sample from the conditional distribution Z(X| Y:y(k)). Keeping
the notation from unconditional sampling above, the appropriate (conditional)

likelihood is now LX|Y in (4.1). Using the empirical distribution (4.2) on Q;’j we define

a joint distribution P* on “QX X Q; via its density p* with respect to VX 1/; by
1
P X=z, Y:y(k)) = p(X =z Y:y(k)) Tk for all z and k.

If the conditional sampling had been from P* instead of P then the resulting
conditional likelithood LX

maximizing L

would have be been the same. Furthermore, instead of
Xy - :LX|Y : LY subject
to the restriction P¥ € %* This leads us back to the unconditional likelihood LXY

Y
we can equivalently maximize the product L

which - as observed above - can be maximized with respect to § by restricting the
marginal marginal P* to 9—)’(* Hence under conditional sampling instead of

maximizing the conditional likelthood L we may equivalently maximize the

XY
unconditional likelithood ny, or even the "reverse” conditional likelihood L

vx

Interchanging X with Y reveals, that this also holds if sampling is conditional on

fixed values for X taken from a set {az(o), - a:(J)}

4.3 Log-bilinear Association

For the log-bilinear association model (LBA), the odds ratios may be written as

_ T : _ Kx _ Ky
1/)j 6) = z; ov,, with 7= hX(a:(].)) eER™, v, = hy<y(k)) € R™Y,

or in matrix notation

IxK IxK KxK
PO =Z0 VT c R, Z=(zy) € RV, V=(v,) e RV
Then (4.3) reduces to a log-linear model for the probabilities Pi
— T
log Py = @ + ’Bj + 7, + z; 0v, (4.4)

induced by the "covariates” Z; and Vi Results by Haberman (1974) on the existence
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and uniqueness of maximum likelithood estimates in log-linear models may be
applied to the maximization of the unconditional likelihood LXY for the model (4.4)
and the marginal restrictions PXE%* and P¥e 9-1’/* In particular the estimate

p:(ﬁjk) is unique (provided it exists) and hence the estimate f is unique too,

provided the parameter @ is identifiable.

For sampling conditional on Y, the values Y should be chosen such that the rank

condition below holds.

(Rk) The K xK-matriz vl = (Vy s V) has rank K.

LBA
This condition will be assumed whenever the log-bilinear association model is

used. Then a convenient reparametrization is available

V. (0) =20

z
J J
with a KXXK parameter-matrix § = (9~

g K
i 0,=0v, R (4.6)

P ONK) =6 V7. - For the observed z-values
the matrix Z of covariates will typically have rank KX' Then 6 resp. @ is uniquely
determined by () =780 VT =76 and hence identifiable. More generally,

identifiability of 8 is garanteed by assumption (C3) in section 6.

5. Conditional Likelihood

As seen above the maximum likelihood estimate § of the association parameter 6
may be obtained by maximizing either the unconditional likelihood LXY or any of
the two conditional likelithoods. From a numerical point of view it is preferable to
use the conditional likelihood LX|Y resp. LX|Y
resp. 7, - even if this is not the likelihood corresponding to the sampling scheme.

with fewer nuisance parameters ’Bj

We will now investigate this situation in detail and derive properties of the
likelihood Ly|
obtainable by interchanging X with Y). An important example for finite “QY are

% conditional on X under sampling conditional on Y (dual results are

case-control studies which may be analyzed using the likelihood of a cohort study
and the (multivariate) logistic regression model, cf. Prentice and Pyke (1979). We
want to extend their results extends to an infinite domain QY as well as to the

more general association model (AM).

Instead of a fixed data set (a:Z., yZ.) considered in section 5, we now look at the
underlying random variables. It is convenient to represent the sample as a vector of
independent random variables X:(sz.) indexed by £=0,.. K and 1=1, .., N
Omitting the parenthesis in Y and Z0) here, each sz. is distributed as
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X, ~ AX|Y = yk). As above Tk denotes the frequency of (a:j, yk) in the sample
(azkz., yk) and the empirical distribution on Q;’j is given by the proportions r, = nk/n
where n= ny is the total sample size. The distribution P* on QXX Q;‘; has the joint

density
p*(X::I:,Y:yk) = f’k-p(X:a:|Y:yk) forall z, k ,
and the marginal density for ¥ 1s
XY = yk) = fork=0,., K
The marginal and conditional densities for X under P* are
K
pX=z) = kz: T:k pX =z Yzyk),
=0
o PX =2 Y=y,
pia) = pH(Y=y,| X=0) = £ ko (5.0

piX=z)
The conditional density may be parametrized as in (3.3)

log pi(z) = v§+ ¥4zy,) — 2)
with nuisance parameters v} = 'y*(yk) and

K
6*(z) = log [12—:0 exp(*y?‘—l— 1/)0(a:,yl)) ]
Hence -

exp 7§ + ¥,(z,9, )]
S exply} + vglny, )]

(52)

pi(@) =

Choosing the reference value y° = Yo We have Vo= 0, and the nuisance parameter is

= (’y’i< ey ’y}‘{) eRK Finally, the logarithm of the conditional likelihood Ly|X may
be written in terms of the compound parameter vector A:=(6,v*) € ROTE
K ny
UA) = log Ly|X = kz—:o ;—:1 log p¥(X, ) with
- K
log pF(X,.) = 7§+ v%,X,,y,) — log| 12_30 exp(vF+ (X, 59,) ] (5.3)
Notice that £(}) is the log-likelihood of a multivariate logistic regression model
logit pi(@) = 7} + ¥4z, k=1,.,K (54)
which however is nonlinear in general. The estimate  maximizing /() satisfies

K ny

DY) = 55 DylogpilX,) = 0, (55)
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where DA denotes the differential operator with respect to A. The basic stochastic
properties of the solution of the estimating equation (5.5) depend on the moments
of the estimating function DAE()\) and its derivative. The first important property
(proved in A2) is that its expectation is zero - which is not obvious since £(]) is not

the log-likelihood for the underlying sampling:

E[D,))] = gkj n,-E[D, log pX(X,)] = 0. (5.6)
Next, the components of the covariance matrix X)) : = Cov(DAE()\» are given by

Est()\) = zk: n,, - Cov (DAslog pZ(Xk) , DAtlog pZ(Xk)), (5.7)
and for the partial second derivatives we get

2 2

Jst()\) r= — D>‘s>‘t /) = — Ek: EZ: DASAtlog pl’:(XkZ.) (5.8)
with expextation (cf. A2)

I[N = E(Jst()\)> = zk: n, -E'(DAslog 2406 -DAtlog pl’:(Xk» (5.9)

Since 4(]) is not the log-likelihood for sampling conditional on X, the matrices X))
and I(}) need not be equal, but from (5.7) their difference is

[N-2 () = zk: n, -E'(DAslog p;:(Xk)) -E(DAtlog pl’:(Xk» (5.10)

An essential assumption needed later is

(R2) XA = Cov(DAE()\» 15 positive definite for all A.

Two equivalent formulations (cf. A2) are

(R2)’ I(}) is positive definite for all A.
(R2)"  For all 6, all s€ R’ and Cpp o Cpr € R

Doz/)o(X,yk) s=c, fork=1.,K almostsurely = s=0.

In the last formulation - which does not include the nuisance parameter ¥* - we
can replace X by Xk since their distributions belong to #* and hence dominate
each other. From now on, condition (R2) will be assumed throughout without

further notice.

Using the obvious block notation for an (S+K)x(S+K) matrix, say
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D Loy 207
2% |
0 T

the following fundamental representation can be derived (cf. A2) by adopting the
method in Prentice and Pyke (1979).

Theorem 3. For any A

0 O
a I - X = I)\-l ]-I)\,
(a) (N — (Y (M) 0w o)
where the KxK-matriz W 1s the sum of the diagonal diag(nl_ 1 oy nfgl) and
the constant matrix (nal), re. W,=4, nlzl + nal with the Kronecker’s A.
-1 -1 -1
(0) [I O‘)]oo = [I (V) - 2N -1 O‘)]oo .

The matrix in (b) will later turn out to be the asymptotic covariance matrix of the

estimate @ (under appropriate conditions).

Log-bilinear association: Using the parametrization (4.6) and writing 8 instead of
@ the model states

Yay) =20, with  z=h(2), 0=(0,.,0)cRTE (1)
and is equivalent to the linear logistic regression model given by (5.2), i.e.

logit pl’{';‘(a:) = 'y"]; + 276 k=1, .,K

k ?
Condition (R2)’’ holds if hX(X) is not concentrated on a hyperplane of IRKX, ie. if
the following condition is met (cf. A2):

Kx. T ' _
(R2) For all s€ R™: s"h _(X)1s constant almost surely = s=0.

LBA

6. Asymptotics and Consistency

We now turn to the asymptotic properties of the estimate A=(f, %) in the
parametric association model (AM). Our asymptotic approach assumes that set
Q;’j = {yo, - yK} of conditional values will remain fized while all subsample sizes
o, tend to infinity with fized sample ratios f’k = nk/n> 0 for all n and k. Hence the
nuisance parameter v* the distribution P* and its conditional densities pl’:(m) do
not vary with n. The true parameter will be dentoted by A"=(68°,v°), and the

notations E, P etc. refer to expectations, probabilities etc. with respect to A”.

The conditional log-likelihood E(n)()\) - the additional index n is supplied if
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necessary - need not have a unique maximizing argument \ for every sample.
Concerning uniqueness, the strong law of large numbers (applied seperately to each
: . 2 . :
subsample k) yields for the matrix X )()\) :—D»‘E(n)()\) given in (5.8)
1 1(m) I it - 2
=J AN —— I := > T, -E(—D»\ log pZ(Xk)) almost surely.  (6.1)

The matrix I(}) :%I(A) is positive-definite by (R2)" which implies
DA2A E(n)()\) = — J™(}) is negativ-definite for almost all n almost surely.

Hence - almost surely - the function E(n)()\) is strictly concave for almost all n,
which implies that DAE(n)()\) — 0 has at most one solution A which also maximizes
E(n)()\). Since the unique existence of a maximizing argument A of E(n)()\) is not
garanteed for every n, we consider any sequence of (measurable) functions 3 as

estimators if the estimating condition is met:

(Cny If E(n)()\) has a mazimizing argument A, then: g(n)o\(n)) = Mix E(n)()\).

To establish the consistency of such a sequence of estimate 3™ we assume an

integrability condition

(C2) E{¢ (X))} <oo forallk=0,..,K,

and an identifiability condition

(C3) 1/)01(X,yk) = 1/)02(X,yk) for k=1, ..K almost surely = 6, =9,.

As in (R2)", we can equivalently replace X by X, in (C3). From the above
conditions we derive in A3 the asymptotic (unique) existence and the consistency

of the estimator as follows.

Theorem 4 (Consistency). Under (C1), (C2) and (C3) the following properties

hold almost surely

(@) For almost all n there exists a unique A mazimizing E(n)()\), namely ).
(b)  For almost all n there exists a unique solution X of D Aﬁ(n)()\) =0, namely 50,
@ A=@" ) e X =077

n— o0
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Log-bilinear association: In view of 4, (z) = ||hX<:L‘)||2 condition (C2) reduces to a

moment condition for Z, = hX(Xk)’ namely

(C2) E{||Z,]|*} < o0 for all k=0, .. K.

il
And - using the parametrization (5.11) - condition (C3) reduces to

LBA

hf{(X) 0., = hf{(X) 0,, for k=1,..K almost surely = 6, =0, forallk,

which is implied by the stronger condition (R2) .. O

7. Asymptotic Normality

Let us finally establish the asymptotic normality for a sequence 3™ of estimates.
Instead of assuming the property (C1), we derive the asymptotic distribution more
generally for any weakly consistent sequence 50 solving the estimating equation at

least approximately, 1.e. we assume

n)¢ 3 (n — n) /% (n P
(N1) DAE( )()\( )) = 0P<\/ﬁ) resp. Y2 .DAg( )()\( )) 0.

n— o0

N2) A £,y

n— o0

Obviously both conditions hold under the assumptions (C1), (C2) and (C3) of
theorem 4. Furthermore we assume the following consistency results, which are

derived later (theorem 6) from (N2) and additional moment conditions.

n— oo

1
(N3) LI 89— ) dt —L— T(X).
0

1 q(n)3(n) P 1%
(N4) L3080 £ q(x) .

n— oo

In A4 we derive the asymptotic normality of the estimate as follows, where A~
resp. Al/2 denote the generalized Moore-Penrose inverse resp. the symmetric root

of a positive semidefinite matrix A, and I is the identity matrix.
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Theorem 5 (Normality). Any sequence A of estimators with (N1), (N2)
and (N3) 1s asymptotic normal

@  ValAP-X] —£> NO,T(x)- 20 T70))
with — B()) := zk: T Cov(DA log pl’:(Xk»,
Aln o j I— o
B VrlIP-07 —Z—= NO, [T (X))
Corollary. If in addition (N4) holds, then

© (O], Y- —£— N, 1).

n— oo

Replacing the matrices I resp. X by %I resp. %Z], we get the asymptotic normality

of the estimates A resp. § in less formal notation as

g o y—l/yo o —1/yo
A~ N, T )20 - T (X)),
A —1/~o
b O )
The matrix J(X) is a consistent estimate of I(A°) by (IN4), and will be positive
definite for almost all n (almost surely) by (6.1). In this case, (¢) above may be

written as
A _1 A
0 28 N<0: [J O‘)]oo ) (7.2)

Notice that for an observed data set, the estimated covariance matrix [J_l(j\)]oo
(where the random variables are replaced by observations) is identical to the
corresponding matrix under sampling conditional on X (instead of ¥). And in this
sense the estimate § and its estimated asymptotic normal distribution are
invariant under sampling conditional on either ¥ or X. Hence any asymptotic
inference (i.e. tests or confidence regions) concerning the association parameter @
which is based only on the asymptotic distribution (c) resp. (7.1) of the estimate 6

are invariant under both conditional sampling schemes, too.

The above conditions (N3) and (IN4) will now be derived from the consistency
(N2) and additional stochastic properties of the function G. Defining the functions

K

H(210) = 5 1D, Gk f3),0)],
K 2

HT.3<Z |0) = =0 |D0T05G<Z7 hy<yk)7 0) | )
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the following result is proved in A5.

Theorem 6: Conditions (N3) and (IN4) follow from (IN2) and the moment condition

(MC)  There exists € > 0 such that for B(@°) = {8|||§—6~
k=0, ., K the following functions of Z, = hX(Xk)

<&’} and all

sup [ (Z,6)°, sup H_(Z,]9)°, sup

0cBO) T 0c B@) 0c B H, (2, 10)

have finite expectation for all r,s,t =1, .., S.

Hence the requirement for the normality theorem are met if (MC) and the
assumptions (C1), (C2) and (C3) in theorem 4 hold.

Log-bilinear association: The log bilinear association model is based on the

function G(Z,V,H)ZZTHV with partial derivatives Dy, G(z,v,0) =2 v~ and

l

vanishing higher derivatives. Hence (MC) holds provided condition (C2) . is

strengthened to

(MC) E{||Z,)]*} < 00 for all k=0, ., K. O

LBA

8. Discussion

Association models for a pair of random elements (X,Y) do not restrict the
marginal distributions of X and Y but only their odds ratio function. We have
looked at a rather general parametric association model (AM) which includes the
important log-bilinear association models (LBA). An advantage of these models is
that inference about the odds ratio (or association) parameter vector § may be
obtained from sampling Y conditional on fixed values of X or vice versa. Moreover
the maximum likelihhood estimate § is the same for both conditional sampling

schemes, 1e. 1t maximizes the conditional likelithood L X if and only 1if it

Y]

maximizes the "reverse” conditional likelihood LX Even more important is that

asymptotic inference concerning 6 (in a our asymp[cztic approach) is invariant with
respect to sampling, too. More precisely, we have shown that for samples
conditional on Y, the estimate § maximizing the "reverse” conditional likelihood
Ly| X 1s consistent, asymptotic normal and its estimated asymptotic covariance
matrix is the same as if sampling had been conditional on X. These results have
been obtained much earlier by Prentice and Pyke (1979) for discrete Y with finite

range and the multivariate linear logistic regression model - which is equivalent to
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a log-bilinear association. Weinberg, and Wacholder (1993) extended these results
to the general logistic regression model (GLR) but require a finite range for X (and
provide the proofs only for binary Y). Our result are not limited neither to discrete
distributions (with finite range) for Y or X nor to log-bilinear association.
Furthermore, asymptotic inference for regression parameters is availbale when

sampling is conditional on Y (instead of X) as outlined below.

Example 4: Linear Models

Suppose in example 1 that Y| X =1z) has a normal distribution N(,LL(J:),U2) and

the linear model

we) = a+2'p
holds. This is a log-bilinear association model with parameter §= 0_2,8, and hence
asymptotic inference for § may be obtained from samples conditional on Y. This
includes (asymptotic) tests of a linear hypothesis C8=0 - which is equivalent to
CO= 0. However, confidence regions are only available for @ but not for B - unless
an estimate of o> from another source is at hand (e.g. from a historic sample). -
These findings extend to the multivariate case (example 3) where the conditional

distribution of Y is multivariate normal N K(,LL(&:),E) and the odds ratio parameter
1s given by 0:,827_1. O

Example 5: Log-linear Models

Continuing example 1, let AY |X=z) be a Poisson distribution satisfying the

log-linear model

log u(z) = a+12'8,
which also represents a log-bilinear association model with parameter 8 = 8. Hence
asymptotic inference about the parameter B is availbale when sampling is

conditional on Y. O

The statistical analysis for @ in a bilinear association model and sampling
conditional on Y is possible with standard software packages for multivariate
linear logistic regression models (or the equivalent log-linear models). And for the
more general association model (AM), any software for nonlinear logistic

regression will do.
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Appendix: Proofs
Al Proof of the Results in Section 4

Proof of theorem 1 (uniqueness): The proof - already given in Osius (2000) under
slightly weaker assumptions - is included here only for completeness. To establish

P1 = P2, it suffices to show that the Kullback-Leibler information
I(P,|P,) = [log(p,/p,)dP
is zero. Using (22) and OR(Pl) = OR(Pz), the difference of the log-densities
@, =log p; of P, may be written
(o, —p)zy) = By() + v,y  with
B@) = (p;—¢)(%y) ") = (= )(=",y) — (¢, — @), y)-
ForPX:Pf :P;( and PY:P;,:P; we get
Y
I(P,|P) = [(p,—¢,)dP, = [(B,+7)dP, = [B,dP*+ [y, dP
Y
and thus —fﬂldPX < f’yldP :
Switching the indices 1 and 2, we get the corresponding result
—[B,dP* < [v,dP" with By=—By V==
Hence —fﬂl P = f’yl dP* and [(Pl |P2) = 0. O

Proof of the theorem 2 (existence): We have already shown, that (b) implies (c),
and - since (a) obviously implies (b) - it remains derive (a) from (c). The proof uses
the concept of an I-projection and heavily relies on results by Csiszar (1975) and
Riischendorf & Thomsen (1993). Setting m = x 7 we first conclude from (E2) the
existence of R € 2 with w-density

r = exp(p—f—y—a) >0, a = log fexp(tp—f—1) dr.
We will show, that the wanted P is the I-projection of R on the subset of & with the

given marginals
& = {PE@|PX=7TX,PY:7ry}.
The integrability of ¢, § and v imply
I(r|R) = flog(%) dr = [(a+B8+y—9¢)dr < o,

and since €&, we conclude from Csiszar (1975, Thm. 2.1), that B has an
I-projection P on & Application of Csiszar (1975, Thm. 3.1) to the set
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F = {f |, €L (m) [ eL(m)} C L(P)
yields that the R-density p, of P satisfies pR:eXp(h) m-almost-surely, where h
belongs to the closure &~ of & in £ (P). Rischendorf & Thomsen (1993, Ex. 2)
pointed out that & need not be closed in ofl(P) - which was claimed in the proof of
Cor. 3.1 case (B) in Csiszér (1975). - Now R< 7 implies that exp(h)>0 is an
R-density of P, and hence R <« P< R. Furthermore r>0 yields R« 7 <R, and

)

hence P€ Q;, since P*Y = . From Csiszar (1975, Thm. 2.2) we obtain
I[(n|P)+I(P|R) < I(7t|R) < oo,

which establishes P€ %, Finally OR(P) = ¢ remains to be shown. From pP< P

and Riischendorf & Thomsen (1993, Prop. 2) we conclude the existence of

measurable functions a:f2 — R and b:2,— R, such that h(z,y) =b(z) + c(y)

P-almost-surely, and hence R-almost-surely. Hence a w-density of p 1s given by

dP dP dR

I = g5 gr = explb+or = exp(b+c—B—y—a+1),
and a direct calculation yields log OR(P) =1 as required. - Note, that the proof only
uses the integrability of the sum (6+4+y—1) - but not the integrability of its

components G, v and . O

A2 Proof of the Results in Section 5

We start with some preliminary results. The derivatives of log pk* are given by

Dy @)
A
D>\5 10g p;:(m) = 5* k
pi(®)
2
Dy , Pi(@)
AP
DisAt log p,’:(m) = _;# — DAslog pl’:(m) ) D}\tlog pz<m) ‘ ( A21)
k

For an arbitrary family of measurable functions G (z) we obtain from (5.)
Ek: " BGYXY) = Ek: m BGYX) | Y = ¥y
= 27 [6,(0) px=c|v=y,) v (2)
- | 2 ) i) P =) (o)

= B¥[ gkj G,(X) - p}X)], (A22)

where E* denotes expectation with respect to P,



Semiparametric association models: estimation and asymptotic inference 27

In particular, we get for Gk(:zz) = H(z) D log pl’:(m) and any measurable H(z)
zk: r, E[HX,)-Dylog pf(X,)] = B[ Ek: H(X) - D log p¥(X) - p}(X)]

= B[ HX)- Eki Dy piX) ]

= PLHX)Dy 0] = 0, (A23)
since pil"_(az) =1
Proof of (5.6): Choose H(z) =1 in (A2.3). O

Proof of (5.9): Choosing G (X)) = p¥(X,)™" -Dis/\t p(X,) in (A22) yields
¥ 7y Blofx) ™ D3 5, i) = P20 5, pfx)]
- E*[D%\SAt piX)] = o,
and (5.9) follows using (A2.1)
B (N) = n- % 7, BDy log p(X,) - D log p(X,)). O

Proof of (R2) & (R2)':
By (5.10) I(A) is a sum of X(A) and a positive semidefinite matrix. Hence I(}) is
positive semidefinite, and even positive definite, provided (R2) holds. Conversely,
let (R2)’ hold. Then t"X(\)t= Var(tTDAE()\)T> = 0 implies, that tTDAE()\)T is
constant almost surely, and hence tTDiAE()\) = DA[tTDAE()\)T] = 0 almost surely.
Thus t"I(}) :E'<tTDA2A€()\)> =0, which implies t=0 by (R2)’. Hence (R2) holds. O
Proof of (R2)' & (R2)'':
I(]\) is positive semidefinite (as already observed) and hence (R2)’ is equivalent to

For all te R, tTIA)t=0 =  t=0. (A2.4)
For any t € R we get from (5.9)

tTINt = gkj n, - t* B(D,log p}(X,)"-D,log pf(X,)) t

= Ek; n, - E(|| D,log p¥(X,) - t]|%),

and since the distributions of Xk and X dominate each other:

t7 INt=0 < D,log pZ(X) t=0 fork=0,.,K almost surely. (A2.5)
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First we derive (R2)’ from (R2)". For any t with tT I(A\)t=0 we have to show
t=0. From (5.4) we get

logit pi(X) = log pi(X) —log py(X) = v; + ¥4 X.y,) - (A26)

Writing t = (s,— ¢) with sEIRS, c=(
0 = D, logit pf(X) -t

= D, logit pl’:(X) ‘8 — D7 logit pl’:( e

=D, 1/)0(X, yk) s —¢ forall k=1,..K almost surely. (A27)

Cpy s cK) we obtain from (A2.5)

And from (R2)"' we conclude s = 0 as well as ¢, =0 for all k, and thus t=0.

k
Conversely, suppose (R2)’ holds. To establish (R2)", it suffices to show that (A2.7)
implies s = 0. From (5.2) and (5.4) we get

paX) = ( le exp|logit p¥(X,y,)]) 7,
] . .
D,log pi(X) -t = pi(X) Zl: exp [logit pf(X,y,)] - D,logit p¥(X,y,) - t.

Hence (A2.7) - and logit p'=0 - imply D,log pS‘(X) -t=0 almost surely. From
(A2.6) we get

D, log pl’:(X) t=0 fork=0,.,K almost surely,
and (A2.5), (A2.4) establish t =0 and hence s =0. O

Proof of theorem 3: Since I=1()) and X=X()) are symmetric, (a) is equivalent
to three equations

f— . . T
(2)g Tog = %99 = Loy W Tgy
L, —xX =1, - W-I
<a)07 Oy Toy Oy 77’
(a) I - =1 _-W-I_ .
7 7 7Y 7 7
Some prerequisite results are derived first using the notations
S
b, = E[De$ log p/:‘(Xk)] € R, b, = (blk’ . bS/c) € R”,
K
c 1 = E[D,y:nlog pZ(Xk)] € R, c, = <clk’ - ch) € R",
_ SxK S Sx(K+1)
B = (bl, . bK) e R, B = (bo, . bK) eR :
KxK — Kx(K+1
C = (cl, - CK) e R, C = (CO, - CK) c REX +),
. KxK N . Kx(K
N = dlag(nl,...,nK) e R, N = dlag(no,...,nK)EIR X+

From (5.3) we obtain the partial derivatives

Dy, 108 pils) = Do, bfsu) = 5 i(6) Dy e,
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D« log pii(z) = Ay —p7 (),

and (5.9) yields

tYm

=n_ E(Dologp( ))—an

= nm-E<Doslog pm(Xk))
Hence [95'an = nm-bsm, e
I, =B-N,
7 7Y

From (5.6) we have £in, - b

L k sk

0 = nobo—l— Bn,

=0 and Xklnk-cmk

B}

=0

0 = NS Cn,

E(De log p(X,) -D,y:nlog pl’:(Xk»

(Xy) - Dg log (X))

cf. (A2.3) for H(z) :p;(m).
or in matrix notation

(A2.8)

or in matix notation

n= (n (A2.9)

n

s M.

Using the constant vector e = (1) and constant matrix e+ei = (1) we thus obtain

107- \%\%

= B-N-W = B-N[nle e +N7]

— _1 . . T
=, B-N e_|_e_|_—|—B

— _1 . -T
=74 Bn e_|_—|—B

— _h .ot
= b0 e_l_—I—B7
and similar with C instead of B
I - W=CNW=-c e +C.
17 +
We now get (a) gy 25 follows
T T T
Tp, W L = [B—b, e ][C-N]

And <a)00 resp. (a),”

B-N-C'—b-[C-N-e |

......... +b, -n
B-N.C’
107_207

—bO-[C-n]T

cf. (A2.8)

cf. (A2.9)

cf. (5.10).

are established similarly (replace B and b0 by C and C, Tesp.

vice versa). Hence (a) holds, and multiplication from both sides with the inverse

I 1)) yields (b).

O



G. Osius 30

Proof of (R2)__ = (R2)":

LBA
Suppose for s = (sl, ...,SK) REXK 4nd ¢y ¢ € R we have forall k=1, .., K

T
¢, = Doz/)o(X,yk)-s = zl:Dolz/)o(X,yk)-sl = hX(X) ', almost surely.

Then (R2)__, implies s, = 0 for all &, and hence s =0. O

LBA k

A3  Proof of Theorem 4 (Consistency) in Section 6

The proof is based on ideas from Wald (1949) and requires some preliminary
results. The log odds ratio 1/)0(3[:, y) in the model (AM) depends only on the vectors
7= hX(a:) and v= hy(y). Therefore we regard pl’:(m) :ﬁk(z | A) as a function of z and
A using the notations
G,(1,6) = Gloh (u).0) = Vo),
exp [’yz + Gk(z, 9)]

5 (z|A) := = pXa),
Pk( RY Xl]exp[’y’l"—l—Gl(z,O)] Pk()

n(z|X) = logp (z|X) = v} + G (2,0) - 108;(2[3 exp[y;+ G(z,0)]).
We first show for Z, = hX(Xk)
E{|nk(Zk | M|} <oo forall Aand k=0, .., K. (A3])

From y3=0= GO(Z, 6) and ﬁo(z | }) <1 we get
n,(z| V| = 108;(2[3 exp[vF + G(z,0)))
< log((K+1)- Mlax exp [’y?‘ + GZ(Z, 9)])
< log(K+1) + ||| + MZ&X G (z,0)]
And (OR2) yields
G(2,0)] < [v,(2)+¥,()]-10] , (A3.2)
which in view of (C2) proves (A3.1) for k=0. For k> 0 we get
n(z| N = |7} + G (2,0) + ny(z]| V)|
< 7l +16,20)] + Ing(z| M.
Hence (A3.2) and (C2) establish (A3.1). O

Next we prove three basic lemmas.

K
Lemma 1. Forany A=A": > r -E{nk(Zk | A) — ﬁk<Zk | )‘)} < 0.
k=0
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Lemma 2. For k=0, .., K and any X:

| L
lim B{ 2 %I X)) = B{nZ, |}

Lemma 3. For any compact set A C REXR® with »° g A:
P{lim [sup &) — A3 =00} = 1

n— 00

Proof of lemma 1. For k=0, .., K the random variable U, =n,(Z,|X)—n,(Z,| X"
has finite expectation by (A3.1), and Jensen’s inequality gives

E{Uk} < log E{exp(Uk)} ,

where equality holds if and only if there is a constant ¢, > 0 such that

k
U,=logc, resp. ﬁk(Zk |} = ¢, ﬁk(Zk |A°)  almost surely. (A3.3)

Hence 377, E{Uk} < >or,log E{exp(Uk)}
k k

< 1og(% m, Blexp(U))}) | (A34)
where the second inequality is strict unless all expectations coincide, i.e.
E{exp(U,)} = E{exp(U,)} = ..... = E{exp(U,)}. (A35)
Application of (A22) to G(X,) = exp(U) =5 (Z, | N [F,(Z, | X)] " gives

% 7 E{exp(U))} = E*@ FZIN[BZI X)) 52| X))

= E*{Ek; PUZIN} =1
and (A3.4) implies Xklr_’k E{Uk} < 0. It remains to show, that the last inequality is
strict. We suppose, that this is not the case and derive a contradiction. Then (A3.3)
holds for all k£, and (A3.5) implies ¢, =c for all k. From (A3.3) and Xkl P, =1 we get

c¢=1, and hence

nk(Zk |2 = nk(Zk By for all k almost surely, (A3.6)
and Yo Xy y) =M Zy | ) +1o(Zg [ X) — ny(Zy, | X) = (Z | X)
= (2 X) + 1| X) — (| N) — (7 | X)
= 1/)0°(Xk,yk) for all k almost surely.

Since the distributions of Xk and X dominate each other, we conclude
1/)0(X, yk) = 1/)0°(X, yk) for all k almost surely,
and (C3) yields 8 =0". Furthermore, (A3.6) gives for A =(0,v*) almost surely
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= nk(Zk | %) — nO(Zk |A) = Y, t+ Gk(Zk,0°) for all k,

and from 8 =0° we conclude fy* =" which contradicts A= X". O

Proof of lemma 2. For any positive sequence & — 0 the continuity of nk(z | A) with

respect to A implies for any z

sup by A) .
||X—A||§annk<z| ) oo Uk(z| )

Si A) < sup M) <o A37
nce nk<z| ) < H)\,_)‘ngnnk(Z' ) <0, ( )

(A3.1) and the dominated convergence theorem yield

I —

Proof of lemma 3. For any X and £ >0 let

B(Ale) = { M [|A" = Al <&}, B'(Ale) = { X[ A=Al <<},
A — sup 2.
nk<z| ) XEB()\|5)nk<Z| )

Then lemma 2 implies

llino Zr E{nk(ZkM,a)} = zk:fk'E{nk<Zk|)‘)}'

For any A€ A 1emma 1 gives
Ek:r:k'E{nk(Z“)‘)} < Ek:fk'E{nAZk')‘o)}’

and hence there exists an €, > 0 such that

A
gkj o E{n(Z, | Ney)} < gkj o E{n (Z, | X)}. (A3.8)
Since A is compact, there exists a finite subset {)\1, ey )‘M} C A such that
M
Ac U B°()\m|a)‘ ).
m=1 "
Hence for any A€ A we have )\EB°()\m|a)\m) for at least one m€ {1, .., M} and thus

nk<z|)‘) < nk<z|)‘m’8)\m) )
528 0000 = S ST 1N < Mex T D07l )
and  sup oy — ) < Maix % ZZ Mg Ay ) = Ay,

The proof will be complete, if we show that right side tends to —co almost surely.
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The strong law of large numbers gives almost surely for each k£ and m

n,lcgnoo %k %: [77]{3<Zk2' | )‘m ’EAm) - 77]{3<Zk2' | )‘0)] = E{nk(zk | )‘m ’EAm)} - E{nk(zk | )‘o)};

whith finite expectations by (A3.1) and (A3.7). Thus

lim zk: ; (Zy 1, o)~ el V) =

n—oo n

zk; mp [BAm(Zy 1,0 b= B{n(Z, I N)]] <o cf. (A3.8).
Hence, we have almost surely for each m

}%Lnoo 2/{,‘: ; [nk<Zkz | )‘m’a)\m) - Uk(ZkZ | )\o)] = — 00,
and thus lim__ [Max zk: 223 M Zgil Ay, ) — O] =

}%Lnoo M%X Ek‘: EZ: [nk<Zkz | )‘m’a)\m) - Uk(ZkZ | )\o)] = —OQ. |

Proof of Theorem 4 (Consistency). For any > 0, the function E(n)()\) attains its
maximum on the compact ball B(A"|¢). We show first that (almost surely) the
maximizing argument lies (for almost all n) in the open ball B°(X°|¢), and hence is
a solution of DAE(n)()\) =0. Applying lemma 3 to the compact boundary
A = OB(X" | ¢) yields that the following statements hold almost surely for almost all

n
0 sun A0y < ),
u sup g(n) A sup g(n) A,
(@) X< (W < AN < (M

(i)  there exists X € B(X |¢) with D, d"(X”) =0,

() A7) ist strictly concave , ¢f. (61), (R2)'
(v)  there is a unique A" € B°(X° |¢) maximizing £() |

(vi) AW =30 of. (C1).

This proves (a), (b) and also (c), since ¢ was arbitrary. O

A4 Proof of the Results in Section 7

Proof of Theorem 5 (Normality). The proof follows the usual pattern, and
therefore not all details are given. First we decompose the score function U :DAET

according to the subsamples
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U =D, =

T =

Tk
UP), ORI = 5 Dy e pi(,)

From the central limit theorem and Cramér-Wold’s device we obtain that each
U](:)()\) is asymptotic normal
—1/2 ZL .
n, / [Ul(?()\) — nk-,u,k()\)] — N(o, % (A)) with
,u,k()\) 1= E(DA log pZ(Xk», Z]k()\) 1= Cov(DA log p;:(Xk))
Since Xklnk : ,u,k()\) = 0 by (5.6), we obtain the asymptotic normality of U(})
—1/2 n ZL .
P UO0) —£— N, E) (A4.)
The covariance matrix 3()) :%Z(n)()\) is positive-definite by (R2). A first-order

Taylor expansion about A" gives

PUOEO) = UK +D R BO-X] with

1
1 M)\ 1) _ ye — _1 () 1) _ ye
_nf U+t A" = X)) dt = nOfJ A"+ 2[A™=XT) de
and (N1) implies
D_-/n[A7-x]+n2UN) L 0. (A42)
We show next, that D can be replaced in (A4.2) by its limit —I(X°) from (N3), ie.
VAP X P10 U0 L o, (A4.3)

which together with (A4.1) - applied to A = X" - establishes (a). Since the set . of all
invertible (S—i—K)x(S—I—K)—matrices is open, we conclude from (N3) and I(X)e.¥

P{D €f} _P 1.

n— o0

Hence ~P{D €.} < P{[I-D_ D]\/E[X(“)—X]:O}
yields  [I-D D] /n[A”"-x] —£— o. (A4.4)

n— oo
Furthermore, (N3) implies
D +1' )] —£— o,
n

n— o0
and from (A4.1) with A= X" we get
2D+ T U0 -2 o. (A45)

n— o0

Multiplying (A4.2) with D, £, i_l(X’) yields
— $(n o —1/2 ~— n)/yo P
D D -/n[5”-x]+n 2D U”0) L o,

n— oo

$(n o —1/2 ~— n)/yo P
hence \/ﬁ[)\()—)\]—l-n /DnU()()\) ——— 0, by (A44)

n— oo
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which implies (A4.3) using (A4.5). This completes the proof of (a), which implies (b)
in view of theorem 3 (b). Since A~ and AY2 4re continuous operators, (N4) yields

ﬁ([.](n)(ﬁ\(n))—]ool/2>— _ ({% J(n)<j\(n))—]001/2>— %} <[i—1<)‘o)]001/2>_1

and multiplication with (b) establishes (c). O
Proof of Theorem 6. Keeping the notations from A3, the partial derivatives of
n(z|A) = logp(z|X) = 77+ G(z,0)— 108;@[3 exp[yf+ G/(z,9)])
up to order three are given by
ny;knnk<z|)‘) = Akm_ﬁm<z|)‘) )
2 ~
ny:n)\snk@ 1A = - D)\Spk<z RIP
3 2
D'y;“nASAtnk<Z 1A = - DASAth@ RIP
Dornk@ 1A = El: [Akl_ﬁl@ Ry 'DorGl<Z: 0),
2 ~ 2 ~
Dorosnk@ 1A = El: ( [Akl_pl<z Ry 'D0T05G1<Z: 0) — D05p1<z |A) 'DGTGZ<Z7 0) ) )
3 ~ 3 ~ 2
Dorgsotnk@ | )‘) = El: ( [Akl_pl<z | )‘)] 'Do,ﬂsotGﬁZ’ 0) - D0tpl<z | )‘) 'D0T05G1<Z: 0)
. 2 2
- Dgspl<z | )‘) 'D0r0tG1<Z? 0) - Desotpl<z | )‘) 'DGTGZ<Z7 0) ) )
with partial derivatives - cf. (A2.1)
D)\Sﬁk<z A = ﬁk<z |A) 'D)\S77k<z RIP

2 ~ 2
D>‘s>‘tpk<z | )‘) = pk<Z | )‘) [DASAth(Z | )‘) - D)\S77k<z | )‘) 'D)\tnk<z | )‘)] :
Next we deduce from (MC) a weaker moment condition, from which (N3) and

(N4) will be derived (cf. lemma 4).

(MC)™  There exists € >0 such that for BA®) = { A|[|A=A"|| <&"} and all
k=0, .. K the following functions
3 : —
have finite expectation for allr,s,t =1,..,Sand | =0, .., K.

For the above derivatives we successively get the following bounds, where the fixed

argument z is omitted:

DemM| <1, Dy mW| < H,(6),

Dy W] < HX60):=1+H(0),

r

1

IA
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D2\ mN)| = 1Dy 5,N| < Dy nN] < HXO),
|DgemX| < H,_0)+H,0),
DA AmN| < HXO +H_6),
DB < 2HX6)° +H_(6),
DI aa N | = D3, 5N < 2HX0)* +H,_ (),
|D§’T050tnk(>\)| < H__(0)+3HO)H,_(0)+2H0)".

Taking (for fixed z) the supremum over the ball B(6°) gives

supH_"l_< < 1—|—§T]supHr,

IA

*2
supH+ 1—|—2EsupH8—|— EZ supHst,

sup Hj_‘?’

IA

1—|—3EsupH +3EZsupHH + XXX supHHH

r st

IA

sup H++ EZ sup Hst’

sup H+++ ZTJ 23] Zt] sup H

*.
supH+ H++ %]%]Xt][supH —|—supHH]

IA

IA

Condition (MC) obviously implies that for s = 1, 2

oS0 HZ0) SR (7,16)H (7,10

have finite expectation too. Hence

sup sup |D Z |0

N 6cB@ | >\>\>\7il< k| ,Y) |
has finite expectation for any r, s, ¢t and any k, I This proves (MC)~, since
A=(6,v) €B(X") implies #€ B(@°). And the next lemma establishes the theorem. O

Lemma 4: (N2) and (MC)~ imply (N3) and (N4).

Proof: Note that if almost sure convergence A0 ¥ (strong consistency) is

assumed instead of (IN2), then following proofs establish almost sure convergence

in (N3) and (IN4), too. - From (6.1) we get for A= X"
n o P J/\©
L IO0) ——— 1Y), (A4.6)

and hence (IN3) will hold, if we show for any s and ¢
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1
ln f[J(n)< 4t )\(n) )\D _J(;;)(x)] dt %OO) 0. (A47)

Now for any € >0 we get

1
t(n ° 1 n n n
AP —Xx|<e = \ZJ[W( X+t [AP=X]) = JD(X)] dt | <
(5. =1 sup () — °
B =L WR IO -1 (e

and for Zkz’ = hX(sz) we have

JS;)O‘) - JS;)O‘O) Z Z [D)\ A ﬁk( ki |A) — DisAtﬁk(Zki | )‘)] :

A first-order Taylor expansion around X° gives

1
Diskﬁk@'/\c’)—Disxﬁk@l/\) = Of DiASAtnk(zpf—i—t[)\—X])dt X=X .

Hence
A=Xl<e = N-T00 < DX 2D V) e
and

YO < o380 SR Bl (a49)

For any k and 0 <& <¢® the strong law of large numbers and (MC)~ gives

(M. 1 su 3 !
0= £, 52 15,01 S

sk(s) = B ( e A I<e ”DA)\ A\ nk(ZkM') I ) almost surely,
and hence
599 = RS0 = LET ) e 10 2 X))
)
— s(e) : = zk: T sk(a) almost surely. (A4.10)

From (A4.8) and (A4.9) we get fore<e’
AP -x <e = \ L fn>( AP -X]) =IOV ]dt| < HOe) < 2579,

which - together with (N2) and (A4.10) - implies (A4.7).
To derive (IN4), we first obtain from (A4.9) for any e <¢°
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$(m) _ yo n) (n)
) 50— < HOe) < <509

<e = I|SEY)—J0(x)
which - together with (N2) and (A4.10) - implies
L1303 - 39(x)] —£— o.

n— o0

)

And from (A4.6) we conclude (N4). O
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