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Abstract 

The association between a pair of random elements X and Y (eg. vectors) is 
completely determined by an odds ratio function, which can be specified up to an 
unknown parameter vector 8 (cf. Osius 2000, 2004). Using results on I-projections 
we first show - under weaker conditions than before - that a parametric odds ratio 
model is semiparametric in the sense, that it does not restrict the marginal 
distributions of X and Y. Inference for the odds ratio parameter 8 may be obtained 
from sampling either Y conditional on X or vice versa. Generalizing results from 
Prentice and Pyke (1979) and Weinberg and Wacholder (1993), we show that for 
samples of X conditional on Y the asymptotic inference for 8 may be obtained as if 
Y had been sampled conditional on X - including the consistency and asymptotic 
normality of the estimate. Common regression models - e.g. generalized linear 
models with canonical link or multivariate linear resp. logistic regression models - 
are recognized as odds ratio models where the regression parameter ß is closely 
related (or even identical) to the odds ratio parameter 8. For these models our 
results provides an alternative way of sampling (X conditional on Y) in order to 
obtain asymptotic inference for the regression parameter ß (eg. testing a linear 
hypothesis) using standard statistical software. 

Keywords: log-bilinear association, generalized linear model, I-projection, logistic 
regression, multivariate linear regression, odds ratio, semiparametric model. 
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1. Introduction and Outline 

A common approach to decribe the relationship between a random output variable 

Y of interest (eg. a health status) and a random input vector X (eg. consumption of 

tobacco, alcohol and other risk factors) is by means of a parametric regression 

model which specifies the conditional distribution of Y given X = x  up to an 

unknown parameter vector. In the most simple case Y is an indicator (eg. for the 

presence of a disease) taking values in R = {0,1} and the conditional distribution 
Y 

is binomial B(l,p(x)). The popular logistic regression model relates the logistic 

transform of p(x) and a vector z = h(x) E IRs of covariates - obtained from X by an 

suitable function h - through 

logit p(x) : = log (p(x)/ [I - p(x)]) = y + zT8 

with parameters y E IR and B E  IRs. The appropriate sampling scheme for this 

model is to sample Y conditional X = X for specified values of X. In epidemiology 

this is called a cohort study, each of the J cohorts being determined by its value X. In 

contrast, the so called case-control studies are obtained by sampling X conditional 

on Y = 1 (cases) resp. Y = 0 (controls). An important result by Prentice and Pyke 

(1979) briefly states, that asymptotic inference for the parameter 8 (but not for y) in 

a case-control study may be obtained as if the data came from a cohort study. 

Actually their work Covers the multivariate logistic regression model (cf. example 3 

later) for a random variable Y taking values in { O , l ,  ..., K}. Our aim is to generalize 

the results of Prentice and Pyke to the class of semiparametric odds ratio models for 

random elements (eg. vectors) Y and X introduced in Osius (2000). The odds-ratio 

function OR(x, y) for the joint density p(x, y) of X and Y is defined as a 

cross-product ratio with respect to fixed reference values X" and yo 

An equivalent description is obtained by taking the corresponding cross-product 

ratio for the conditional density p(y I X) of Y given X - or vice versa. It has been 

shown in Osius (2000, 2004) that - under suitable assumptions - the joint 

distribution of (X, Y') is uniquely determined by the odds-ratio function and the 

marginal distributions of X and Y. And conversely, for any pair of marginal 

distributions for X and Y and a suitable odds-ratio function there exists a (unique) 

joint distribution having these properties. The odds-ratio function thus captures the 
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complete association structure of X and Y by ignoring the information contained in 

the marginal distributions. A parametric odds-ratio model specifies only the odds 

ratio function up to an unknown parameter vector 8, i.e. 

log OR(x, Y) = $&X, Y). 

This model is semiparametric in the sense that it does not restrict the marginal 

distributions of X and Y, but only the association structure. An important class are 

log-bilinear association models where the log-odds ratio funtion is a bilinear with 

respect to given transformations z = h (X) and V = h (Y), i.e. 
X Y 

T log OR(x, Y) = z 8 v .  (1.1) 

In fact, some widely used regression models like generalized linear models and 

multivariate linear resp. logistic regression models have a log-bilinear association 

structure. The assumptions concerning the conditional distribution of Y given X in 

these regression models may be removed by passing to the corresponding 

log-bilinear odds ratio model. One advantage of odds ratio models over regression 

models is that inference about the odds ratio parameter 8 may be obtained from 

sampling X conditionally on Y or vice versa. To prove this, we first show that 

maximum likelihood estimation is invariant under both conditional sampling 

schemes, i.e. the estimate 4 maximizing the conditional likelihood L for samples 
XIY 

of X given Y also maximizes the corresponding conditional likelihood L for 
YI X 

samples of Y given X - and conversely. Generalizing the result in Prentice and Pike 

(1979), we show that the estimated asymptotic covariance matrix for 4 is invariant 

under both conditional sampling schemes, too. Hence asymptotic inference (eg. 

tests) concerning the odds ratio parameter 8 may be obtained from a sample (X.  Y. ) ,  
2' 2 

i = 1, ..., n, drawn conditionally on Y as if the sample was drawn conditional 

conditional X. 

The paper is organized as follows. Section 2 deals with the fundamental result, that 

the joint distribution of (X, Y') is uniquely determined by its odds ratio function and 

the marginal distributions (uniqueness theorem), and that each of these three 

components can vary independenly of another (existence theorem). The latter 

result will be proved under weaker assumptions than in Osius (2000) using a 

different approach. Association models are introduced in section 3 and some 

widely used regression models are recognized having a log-bilinear association. 

Although log-bilinear association often is of primary interest, we derive the main 

results for more general odds ratio models determined by 
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log OR(x, Y) = G(z, V, 6) , (1.2) 

where G is a given (sufficiently smooth) function. Maximum likelihood estimation 

is adressed in section 4, where we establish that the estimate 8 is invariant under 

the usual sampling schemes: unconditional or conditional on X resp. Y. For 

log-bilinear association models in particular, the likelihood to maximize is 

identified as the likelihood of a corresponding log-linear model for a suitable 

contingency table. Hence results on the existence and uniqueness as well as 

techniques to compute the estimate are already available. 

Knowing that the estimate 8 is invariant under conditional sampling given either X 

or Y, we now establish in several steps our main result, that its estimated 

asymptotic normal distribution is invariant, too. More precisely, we consider 

sampling X conditional on Y and then maximize the "reverse" conditional 

log-likelihood [(X) - arising for conditioning Y on X - with respect to X = (6,7*), 

where is a nuisance parameter vector. For the information matrix 

I(X) = E(-D;~[(A)) we show in section 5, that the submatrix [I-'(X)]~, of I-'(X) 

corresponding to 6 is indeed the asymptotic covariance matrix of 8. To establish 

the asymptotic normality of the estimate 1, we first prove its consistency in section 

6. Our asymptotic approach applies to a fixed set { yO, ..., yK} of values for Y to be 

conditioned upon and independent samples of size n from each conditional L 
distribution of X given Y = yL, such that n = C nL tends to infinity while the ratios 

L 
nk/n remain fixed. In section 7 the asymptotic normality is shown more generally 

for any (weakly) consistent estimate 1 which solves the estimating equation at  least 

approximately, i.e. DA[(A) = op(Jn).  Using the observed information J(A) = 
2 -D„[(A) as a consistent estimate of I(X), we finally obtain the asymptotic 

normality of the odds ratio estimate 

The estimated asymptotic covariance matrix here is exactly the Same as if 

sampling had been conditional on X for the observed X-values. 

In our proofs we do not attempt to derive the results under the weakest possible 

assumptions - which typically are rather technical. Instead we use a few easily 

interpretable conditions to establish the asymptotic results above for the model 

(1.2). These conditions will be verified for the log-bilinear association model (1.1) 

under mild distributional assumptions. 

Let us finally note, that the general approach adopted here is symmetric in X and Y 
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so that interchanging X with Y in any concept or argument entails its dual. Most of 

the proofs as well as some preliminary results are given in the appendix. 

2. The Odds Ratio Function 

Consider arbitrary non-empty spaces R resp. R with o-algebras Bx resp. BY 
X Y 

and denote the product o-algebra on R = R x R y  by B. Let P be the space of all 
X 

probability measures P on (0, B) and denote the marginal distributions of P on R, 
.. 

resp. R by 9 resp. P'. The definition of an odds ratio function for P requires a 
Y 

positive density with respect to a product measure and a natural (as well as most 

general) choice is the product 9' =Fx P' of the marginals. This leads to the 

subspace P C P of probability measures P having a positive density with respect 
<< 

to F', or equivalently, are dominated by and dominate F', i.e. 

P << = { P E P I ~ $ & ~ > o }  = { P E P I P < ~ ' < P } .  

For any PE P with density p = d p / d F Y  its odds ratio function OR with respect to 
<< P 

fixed reference values xo E Ex and yo E R y  is defined on R X R by 

The choice of the dominating product measure 9' is not essential. More precisely, 

let Y resp. Y be o-finite measures on R resp. R and Y = Y X Y If PE P has a 
X Y X Y X Y' 

positive densitiy p = dP/d Y then 9 and P' have positive densities p = d F / d  Y, 
U Y 

Z L  .. 

and p = d pY/d uy. Hence p(x, y) = pY(x, y) . px(x) . pY(y) > 0 is a 9'-density of P and 
Y 

the odds ratio function may also be expressed with p replaced by p in (2.1) 
Y 

Hence the odds ratio function of P is invariant with respect to the dominating 

product measure of P. - Since the density p of P is only unique up to almost-sure 

equality, the Same holds for the odds ratio function OR of P, which nevertheless 
P 

will also be denoted simply by OR(P). The log odds ratio function may be written 

in terms of the log-density 

log OR (X, Y) = log p(x, Y) + log p(xo, Y") - log P(Z, Y") - 1% P(x0, Y) . (2.2) P 

It is convenient to view any PE P as a joint distribution of a pair (X,Y') of random 

elements defined on some probability space with values in R. Following usual 

practice, we extend concepts defined for probability measures to random elements, 
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e.g. OR(X,Y) = OR(P) denotes the odds ratio function of (X,Y'). 

To show that the odds ratio function completely characterizes the association 

between X and Y, we have to restrict the joint distribution P by requiring that the 

log-density logp is 9'-integable, or equivalently, that the Kullback-Leibler 

information (Kullback 1959) 

dPXY I(PYl P) = Jlog d p Y  

is finite. Wit hin t he subclass 

we prove in Al,  that P is uniquely determined by its marginal distributions and its 

odds ratio function. 

Theorem 1 (Uniqueness): Any PI, P2 E P having the same marginals = P;, J 
Y P = P' and the same odds ratio function OR(Pl) = OR(P2) agree: P = P 
1 2 1 2 '  

Next we want to "construct" a distribution P on R by specifying its marginal 

distributions and its (log) odds ratio function. For given distributions xx on Rx and 

x on R and a measurable function $ on R we investigate under which conditions 
Y Y 

there exists a PE P with 9 = xx, P' = xy and log OR(P) = $. First of all, $ has to 
J 

satisfy the obvious constraints 

$(X, Y") = 0 , $(X", Y) = 0 for all X, y. 

Furthermore from PE P and (2.2) we obtain two necessary integrability conditions: 
J 

(EI) $ is x X X x Y -integrable. 

(E2) There exists vintegrable ß : Rx+ IR und x Y -integrable y : R y  + IR 

functions such that exp($ - ß- y) is xx X xy-integrable. 

Note that (EI) and (E2) are joint conditions on x x and $. - The above 
X' Y 

conditions are also sufficient (cf. Al) for the existence of the wanted PE P. 
J 
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Theorem 2 (Existente): For distributions 7rx on Rx und 7ry On iny and a 

measurable function on R X R the following statements are equivalent: 

(U) There exists PE P with 9 = 7rx, P' = 7ry and log OR(P) = Si. 
J 

(b) There exists PE P with log OR(P) = Si. 
J 

(4 Si satisfies the conditions (ORI), (EI) and (E2). 

A few remarks on the conditions (EI) and (E2) are in order. 

1. (EI) and (E2) hold for bounded Si, which already Covers an important range of 

applications in practice, e.g. for compact R and continuous Si. 

2. The integrability of exp($ - ß- y) in (E2) obviously holds if Si 5 ß + y. And if 

even I Si 1 5 ß + y then (EI) follows too. 

3. For finite R y  (or Rx) condition (EI) implies (E2) for ß(x) = C I $ ( x , ~ ) ~  and y = 0. 
Y 

Although by theorem 1 the probability measure P in (a) is uniquely determined, 

there is no explicit formula for P available. In the proof P is given by an I-projection, 

which can only be obtained as a limit in an iterative procedure, e.g. as in the proof 

of theorem 2.1 in Csiszar (1975). An alternative algorithm is the iterative 

proportional fitting procedure (IPFP). However the convergence of the IPFP is 

known only under stronger assumtions than (b) or (C), See Rüschendorff (1995) for 

details. More recently we have shown in Osius (2000, 2004) that the IPFP converges 

to the wanted P, if (E2) is replaced by the stronger condition: 

(E2) * There exists vintegrable ß : Rx+ IR und 7r Y -integrable y : Ry+ IR 

functions such that exp($ - ß) and exp($ - y) are 7rx X 7ry-integrable. 
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3. Association Models 

An association model for the joint distribution P of (X, Y') only restricts the odds 

ratio function of P but leaves the marginal distributions 9 and P' of X and Y 

arbitrary. To formulate such a model we assume that P has a density with respect 

to a fixed product measure U = U X U of a-finite measures U resp. U on R resp. 
X Y X Y X 

R . In other words we restrict P to the class 
Y 

which also restricts the marginal distribution 9 of X to the class 

# = { a probability measure on Rx 1 ax < uX < ax } , 
X 

and the marginal P' to the corresponding class P'. From now on all densities on 

R resp. R R y  are taken with respect to the dominating measure U resp. U 
X' X' u ~ .  

S We consider parametric association models indexed by a parameter vector O E  IR . 

For any 8 1et d0 be a measurable function on R satisfying the constraints (ORI). 

The corresponding parametric odds ratio model restricts the log odds ratio 

function of P to the form log OR(P) = d0 for some 8. To garantee for any $ and any 0 
marginals a 

X' a~ the existence of a joint distribution P with dg= logOR(P) and 

these marginals, we assume the following bounding condition. 

(OR2) There exist non-negative measurable functions & on Rx und dY on R y  

with I d g ( x , ~ )  I 5 + dy(~)I  .I18 I 1  for all 8, X, y. 

And second, we restrict the marginal distribution a on Rx to the class 
X 

pX = { ax E # 1 Ix is 3-integrable } 
J 

and ay to the corresponding class P'. Then for any a x €  pX, ay E pY and 8 the 
J J J 

condition (C) in theorem 2 holds (cf. remark 2), and hence there exists a unique 
Y PE $ with 9 = ax, P = a and log OR(P) = da We have thus specified a 

Y 

parametric association model for distributions P in P ~ ~ = @ ~ I - I P  by the 
J J 

requirements 

(PANI) IO~OR(P) E { $ 0 1 8 ~ I R s } ,  pY E $Y. 

This is a semi-parametric model for the joint distribution P since the marginals are 

not parametrized but only slightly restricted by integrability conditions. 

By (2.2) the density P(X= X, Y =  Y) of PE satisfying (PANI) can be 
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parametrized as 

l o g p ( X = x , Y = y )  = u + P(.) + Y(Y)  + Ilg(x, Y )  (3.1) 

with a~ IR and integrable functions ß and y. Identifiability may be achieved 

through the constraints ß(xo) = 0 and y(yo) =0, which will be assumed here. Then 

J p  du = 1 already determines the integration constant u via 

u = - log J exp(ß + y + Sie) du. (3.2) 

The density p(X = X )  of the marginal distribution 9 is given by 

log p(X= X )  = + ß(x) + S(x) , 

b(x) = 1% [ J exp(y(y) + Y ) )  dvy(Y) I . 
The conditional distribution of Y given X = x  belongs to the class p Y a n d  the 

conditional density p(Y = y I X = X )  satisfies 

log p(Y = Y I X = X )  = =(Y) + llg(x, Y )  - 6("). (3.3) 

The integration constant S(x) can be removed by passing to the density ratio 

Equation (3.4) may be viewed as a "regression model". Conversely, suppose such a 

regression model for P is specified by (3.4) with an arbitrary integrable function y 

and the parametric family Ilg. Then log OR(P) = d g  and hence the model (3.4) is 

semi-parametric in the sense that it does not restrict the marginal distributions 9 
and P' - provided they belong to the class pX resp. pY. In the latter case the 

J J 
regression model (3.4) with arbitrary y is in fact equivalent to the association 

model (PAM). Note that for finite R and counting measure U the integrabilty 
Y Y 

condition imposed by P' E Y always holds. 

An important class of parametric association models are log-bilinear association 

models with respect to measurable maps h x:Ox + IRKx and h : Ry+ IRKy which 
Y 

will always be chosen here such that h ( X " )  = 0 and h (Y")  = 0. The parameter is a 
X Y 

KxxKy-matrix 6 and the log odds ratio function is a bilinear function in the 

transformed variables hx(x) and hY(y) 

$&X> Y )  = h x ( ~ ) T e  hY(y) for all X ,  y. 

The bounding condition (OR2) holds for 
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since ~h,(x)~e hy(Y) I 5 IIhx(x) I I  . Ilhy(Y) I I  . llell 5 [ + +,(Y) I .I16 I I .  
And the integrability condition in pX and pY state that the second moments 

J J 
~ ( 1 1  hx(X)1l 2, and ~ ( 1 1  hy(Y)~~ 2, are finite. 

Suppose a submodel of (LBA) is specified by a linear restriction of the form 

e =  A~ B*B with given matrices A, B and an unknown parameter matrix e*. Then 

the submodel has a log-bilinear association too - with respect to h*=Ahx,  
X 

h* = B hy and e*. 
Y 

The following examples reveal, that the association structure of some widely used 

regression models is log-bilinear. 

Example 1: Generalized Linear Models 

Let Y be a univariate random variable and X a random vector with values in IRR. 

Suppose that the conditional density of Y given X = X belongs to the exponential 

family (cp. McCullagh and Nelder, 1989) 

with suitable functions a, b, C, T and a (dispersion) parameter 4. Then the log odds 

ratio function has the form 

Now T(X) is a strictly monotone function of the conditional expectation 

,L(x) = E(Y I X =X), namely T(X) = X(,L(X)) where X-l = b' > 0 is the derivative of b. 

And the conditional variance is var(Y I X =X) = bl'(~(x)) . U($). A generalized linear 

model specifies the conditional expectation via a link function g 

(GLM) g(,L(x)) = a + z Tß , 
where z = hx(x) E IRs is a known vector of formal covariates (obtained from X by a 

given function hx) and a~ IR, PE IRs are unknown parameters. The model is 

sometimes formulated with X instead of z, but the distinction between the observed 

X and the formal covariate z is useful. For example, z may contain powers of 

continuous components of X as well as indicator variables for levels of discrete 

components of X. 

For G = X ogpl and hx(xo) = 0 the log odds ratio function under (GLM) becomes 

S~(X,Y)  = a ( 4 ) - l . [ ~ ( a + z ~ ß )  - ~(41  . [ Y  - Y 0 1 .  

If the canonical link is chosen, i.e. g = X-l = b', then G is the identity and 
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is of the form (LBA) with h = y- yo and parameter B = U($)-'ß. Note that the 
Y 

intercept ci! from (GLM) is no longer present in (3.5). Starting with the log-bilinear 

association model (3.5) rather than with the generalized linear model (GLM) 

weakens the distributional assumption while still including the regression 

parameter ß up to a positive constant a($)-l. In particular a linear hypothesis 

Cß= 0 with a given matrix C is equivalent to CB= 0, and a for a vector C E IRs a 

one-sided hypothesis cTß> 0 is equivalent to cTB> 0. 

Let us now look at  the most popular generalized linear models with canonical link. 
2 First, normal conditional distributions N(,L(x), o ) of Y yield the classical linear 

2 model with U($) = a . Second, binomial conditional distributions B(,L(x), 1) lead to 

(univariate) logistic regressions models. And finally, for poisson conditional 

distributions P o i ~ ( ~ ( x ) )  log-linear models are obtained. Note that for the latter two 

models we have U($) = 1 and hence B = ß. 

Example 2: Multiuariate Linear Logistic Regression 

Extending the univariate logistic regression above to the multivariate case, 

suppose Y ( r ep re~en t in~  e.g. a disease status) takes values in R = { 0, 1, ..., K}, K 2 1, 
Y 

and X is a vector of observed covariates with values in IRR. Then .d(Y I X = X) has a 

multinomial distribution M (l,?i(x)) with K + 1  classes and probabilities 
K t l  

?ik(x) = P(Y = k I X = X) > 0. Using the multivariate logistic transformation 

logit ?ik(x) = log(?ig(x)/?io(x)) of $X), the linear logistic regression model is of the 

form 

T logit T (X) = yL + z Bk , L k = 1, ..., K, 

S where z = hx(x) E E is as above a vector of formal covariates and yL E IR, Bk E IRs 

are unknown parameters. Choosing yo = 0, the log odds ratio function is 

(LLR) ' $(X, = hx(x) Tek = hx(x) Te hy(k) , 
where B = (Bl, ..., BK) is an S X K parameter matrix, and the function h : R Y  + IR K 

Y 
maps k >  0 to the k-th unit vector eL and hy(0) = 0. Hence the linear logistic 

regression model is equivalent to the log-bilinear association model (LLR)' - 

provided ~ ( 1 1  hx(X)1I2) is finite. As mentioned above, this also holds for submodels 

given by linear constraints, e.g. B - B* for all 5 > 0. L -  
T Replacing z Bk by an arbitrary function g(z,BL) leads to the general logistic 

regression model 
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which is equivalent to the log odds ratio model 

(GLR) ' $ ( X > k )  = g(hx(x), ' , L )  = g(hx(x), hy(k)).  

Example 3: Multiuariate Linear Regression 

Let Y and X be random vectors taking values in IRK resp. IRR, and suppose that the 

conditional distribution of Y given X is multivariate normal 

such that the conditional covariance matrix C is non-singular and does not depend 

on X. From the conditional log-density 

1 log p(Y = y 1 X = X )  = - - [ log [ ( 2 ~ ) ~ d e t ( C ) l  + [Y - ~ , ( x ) l ~ C - l  [Y - P ~ ( X ) I  I 
2 

the log odds ratio function with respect to yo = 0 is 

Then the multivariate linear regression model 

(MLR) 
T 

py(x) = Q + Z  ß 
S with covariates z = h ( X )  E IR has a log-bilinear association 

X 

$ ( X ,  Y )  = hx(xlTe Y (3.7) 

with parameter matrix 8=ßC- '  - assuming hx(xo) =O. Note that the regression 

parameter ß may only be recovered from 8 if the covariance matrix C is known. 

However any linear hypothesis C ß = O  is equivalent to the corresponding 

hypothesis C 8 = 0 ,  and the latter may be tested using the semiparametric 

association model (3.7) instead of the regression model (MLR) with the 

distributional assumption (3.6). 

If - instead of (3.6) - we allow the conditional covariance matrix to depend on X ,  i.e. 

qYlX=~) = NK(~y(x)>qx)) > 

then the model (MLR) leads to the log odds ratio function 

$ ( X ,  Y )  = hx(x)TßC-l(x)  Y , 
which is not bilinear. 

The above examples reveal that important regression models may be viewed more 

generally as log-bilinear association models by ignoring the distributional 
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assumption for the conditional distribution of Y given X. Although log-bilinear 

association is a natural candidate we also consider the more general association 

model 

(AM) Y) = G(hx(x), h,(y), 8) for all X, y, 

given by a fixed function G with G(0, - , - )  = G(-, 0, - )  = 0. We assume throughout, 

that the function G satisfies the following regularity condition (although some 

results also hold under weaker assumptions): 

(RI) G(z, V, 8) is thrice continuously differentiable with respect to 8 for all 

z E hx [fix], V E hy [Ry] and the derivatives are continuous in z and V. 

Further properties of the functions hx, hy and G will be assumed later, cf. (R2)" 

and (MC). 

4. Estimation 

For a given data set (X., y . )  with i = 1, ..., n we want to estimate the association 
2 2 

parameter 8 of a parametric association model. Three important sampling schemes 

will be discussed: unconditional sampling from the joint distribution of (X, Y') and 

conditional sampling of Y given X or vice versa. We first adress the question of 

how to estimate the association parameter 8 and look at  the properties of the 

estimate 4 later It will turn out that an appropriate maximum likelihood estimate 

4 under any of these three sampling schemes may be obtained as a solution the 

same estimating equation, thus making the estimation process invariant with 

respect to sampling. 

4.1 Unconditional Sampling 

For unconditional sampling the data set (X .  y . )  is an independent sample from the 
2' 2 

joint distribution of (X,Y'). Suppose there are J+1 different X-values and K+1 

different y-values observed and denote the corresponding subsets of Rx and R y  by 

R;={X(~) ,..., x ( ~ }  = { X I  2 i = l ,  ..., n}, R:={Y ..., y } = iYi 1 i = l ,  ..., n}. 
(0)' (K) 

If r .  = # { i = 1, ..., n 1 X = xb), yi = y } is the observed frequency of the pair 
l k  2 (k) 

(xbl, Y(k)), then the (unconditional) likelihood may be written 
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with the conditional and marginal likelihood 

where the subscript + indicates summation over the replaced index. 

Maximization of L is equivalent to separate maximization of L and Ly 
XY XI Y 

because the latter two have no common parameters. Since the parametric 

association model does not restrict the marginal density of Y no direct 

maximization of L is possible. However the usual nonparametric estimate for the 
Y 

marginal distribution PY is the empirical distribution of the y-values and hence the 

estimated density with respect to counting measure Y* On O* is given by 
Y Y 

1 
Y(,$ = 11 for 5 = 0, ..., K. (4.2) 

If we restrict the marginal distribution PY to the class P *  of all distributions with 
Y 

finite support O;, then its Y;-density satisfies C p(Y= y ) - 1. Then Ly is a 
k (k) - 

multinomial likelihood which achieves its maximum for (4.2). Hence, for the 

purpose of estimating 8, we may restrict the marginal PY to P* .  
Y 

Now we split the unconditional likelihood as L =L .L  with 
XY qx X 

Repeating the above argument with Y replaced by X shows, that we may 

additionally restrict the marginal 9 to the class T* of all distributions with finite 

support O* Under these restrictions for both marginals 9 and PY the likelihood 
X' 

L x Y  
is the multinomial likelihood for the observed (J+ l)x(K+ 1)-contingency table 

(r . ) since 
3k 

Hence, estimation of 8 is reduced to estimating 8 in a multinomial model whose 

probabilities p .  =p(X = X Y = satisfy the log odds ratio model 
3k 0) ' 

1% ( P~~~~ / Pj0p0J = $o(xG) 01' Y(kl 1 = : S1. 3k (0) for all j, and 5 

with respect to the reference values X" = X and yo = y . The parametrization (3.1) 
(0) (0) 

of the density now involves only a finite number of parameters 

log pik = ßj + YB + $jk(') - log (C C exp [Pj+ YB + $jB(')])> 
3 

(4.3) 

namely ß. = ß(xO)), yk = Y(Y(k)) and 8 with ßo = yo = 0. Instead of maximizing LXY it 
3 

is typically preferable to maximize the logarithm of either L or L using the 
YI X XIY 
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parametrization of the conditional probabilities p . = p .  / P .  resp. p j l k  = PjL/PtL 
4 3  3k 3 t  

given by (3.3) resp. its dual 

log p, l j  = 7, + $j,(8) - 6. resp. 
3' log P j l k  = ßj + - 

where the parameters 6. resp. e are determined by the remaining ones. 
3 L 

4.2 Condi t iona l  Sampling 

When sampling is conditional on fixed values for Y taken from a set { y ..., Y ( ~ }  
(0) ' 

then the data set ( X .  y . )  with i = 1, ..., n is partitioned into K+ 1 independent 
2' 2 

subsamples given by I - { i  I yi = y }, such that each subsample (xi)  with i E I, is L -  (k) 
an independent sample from the conditional distribution .d(X I Y = y 

the notation from unconditional sampling above, the appropriate (conditional) 

likelihood is now L in (4.1). Using the empirical distribution (4.2) on Rc we define 
XI=' 

a joint distribution P on R X R* via its density with respect to U X U* by 
X Y X Y 

1 p * ( x = x ,  Y =  ) = p ( x = x l  Y =  y ) . - T  
(k) (k) n tk 

for all X and 5. 

If the conditional sampling had been from P instead of P then the resulting 

conditional likelihood L would have be been the Same. Furthermore, instead of 
XIY 

maximizing L we can equivalently maximize the product L = L  . L subject 
XI=' XY XIY Y 

to the restriction P'E q*. This leads us back to the unconditional likelihood LXy  

which - as observed above - can be maximized with respect to 8 by restricting the 

marginal marginal 9 to T*. Hence under conditional sampling instead of 

maximizing the conditional likelihood L we may equivalently maximize the 
XI=' 

unconditional likelihood Lxy, or even the "reverse" conditional likelihood L . 
YI X 

Interchanging X with Y reveals, that this also holds if sampling is conditional on 

fixed values for X taken from a set { X  (o), ..., 1. 

4.3 Log-bilinear Association 

For the log-bilinear association model (LBA), the odds ratios may be written as 

T $j,(e) = zj e V ,  , wit h z .  = h ( X  . ) E I R ~ X ,  V ,  = hy(Y,) E I R ~ Y ,  
1 X O  

or in matrix notation 

JXK $ ( e ) = z e v T ~ ~  , z = (5) E IR J ~ X  , V = (V„) E IR KXKY . 

Then (4.3) reduces to a log-linear model for the probabilities p .  
3 

T 
logpiir = a + ß . + y , + z .  B v ,  

3 3 (4.4) 
induced by the "covariates" z .  and vL.  Results by Haberman (1974) on the existence 

3 
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and uniqueness of maximum likelihood estimates in log-linear models may be 

applied to the maximization of the unconditional likelihood L X y  for the model (4.4) 

and the marginal restrictions 9 E T* and P' E q*. In particular the estimate 

C =  (jjk) is unique (provided it exists) and hence the estimate 4 is unique too, 

provided the parameter 8 is identifiable. 

For sampling conditional on Y, the values y should be chosen such that the rank 
(k) 

condition below holds. 

T 
(Rk)LBA 

The Ky xK-matrix V = (vl , ..., vK) has rank Ky. 

This condition will be assumed whenever the log-bilinear association model is 

used. Then a convenient reparametrization is available 

T with a Kxx K parameter-matrix 8 = (B1, ..., G) = 8 V . - For the observed X-values 

the matrix Z of covariates will typically have rank K . Then 0 resp. 8" is uniquely 
X 

determined by $(8) = Z 0 vT = Z e and hence identifiable. More generally, 

identifiability of 8 is garanteed by assumption (C3) in section 6. 

5. Conditional Likelihood 

As Seen above the maximum likelihood estimate 4 of the association parameter 0 

may be obtained by maximizing either the unconditional likelihood LXY or any of 

the two conditional likelihoods. From a numerical point of view it is preferable to 

use the conditional likelihood L resp. L with fewer nuisance parameters P .  
XI=' XI=' 3 

resp. y, - even if this is not the likelihood corresponding to the sampling scheme. 

We will now investigate this situation in detail and derive properties of the 

likelihood L conditional on X under sampling conditional on Y (dual results are 
YI X 

obtainable by interchanging X with Y'). An important example for finite R are 
Y 

case-control studies which may be analyzed using the likelihood of a cohort study 

and the (multivariate) logistic regression model, cf. Prentice and Pyke (1979). We 

want to extend their results extends to an infinite domain R as well as to the 
Y 

more general association model (AM). 

Instead of a fixed data set (X.  y.) considered in section 5, we now look at  the 
2' 2 

underlying random variables. It is convenient to represent the sample as a vector of 

independent random variables X = (Xki) indexed by k = 0, ..., K and i = 1, ...' nk. 
Omitting the parenthesis in Y(,) and X here, each Xki is distributed as Ci> 
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X k m 2 ( X  I Y =  yk). As above r .  denotes the frequency of ( X . ,  y ) in the sample 
3k 3 k  

(xki, yk) and the empirical distribution on 0; is given by the proportions Fk = n k / n  

where n = n is the total sample size. The distribution Pi on X 0: has the joint 
t 

density 

p*(X=x, Y=yk)  = Fk.p(X=xI Y=yk)  for all X ,  k , 

and the marginal density for Y is 

p*(Y= Yi,) = Fir for k = 0, ..., K. 

The marginal and conditional densities for X under Pi are 

The conditional density may be parametrized as in (3.3) 

with nuisance parameters 7; = 7*(yk) and 

Hence 

Choosing the reference value yo = y we have = 0, and the nuisance parameter is 
7 0 0 

ji = (7: ,..., 7;) E IRK. Finally, the logarithm of the conditional likelihood L may 

be written in terms of the compound parameter vector X : = (8, Y*) E IR S+K 

[ ( X )  : = log L = C C log p;(Xki) wit h 
YI X k=O i  =l 

K 
log (Xk i )  = 7; + $&Xiei> Y ~ )  - log [ C exp(y;+ ~ 1 ) )  1 ' 

L =o 
(5.3) 

Notice that [ ( X )  is the log-likelihood of a multivariate logistic regression model 

which however is nonlinear in general. The estimate 1 maximizing [ ( X )  satisfies 
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where D denotes the differential operator with respect to X. The basic stochastic X 
properties of the solution of the estimating equation (5.5) depend on the moments 

of the estimating function D$(X) and its derivative. The first important property 

(proved in A2) is that its expectation is Zero - which is not obvious since [(X) is not 

the log-likelihood for the underlying sampling: 

Ic 
Next, the components of the covariance matrix C(X) : = cov(DA[(X)) are given by 

and for the partial second derivatives we get 

with expextation (cf. A2) 

Since [(X) is not the log-likelihood for sampling conditional on X, the matrices C(X) 
and I(X) need not be equal, but from (5.7) their difference is 

An essential assumption needed later is 

(R2) C(X) = cov(DA[(X)) is positive definite for all X. 

Two equivalent formulations (cf. A2) are 

(R2)' I(X) is positive definite for all X. 

(R2) " For all B, all s  E IRs und cl, .., cK E IR: 

D g ~ g ( X ,  Y k )  . s = C for k = 1, .., K almost surely + k s = o .  

In the last formulation - which does not include the nuisance parameter - we 

can replace X by Xk since their distributions belong to @ and hence dominate 

each other. From now on, condition (R2) will be assumed throughout without 

further notice. 

Using the obvious block notation for an (S+K)x(S+K) matrix, say 
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the following fundamental representation can be derived (cf. A2) by adopting the 

method in Prentice and Pyke (1979). 

Theorem 3. For any X 

0 0 
(a) I (X)  - C(X) = I (X )  [ 1 4 4 '  

-1 where the KxK-matrix W is the sum of the diagonal diag(nl ..., n i l )  und 
-1 the constant matrix (n i l ) ,  i.e Wkl = Akl nk + ni l  with the Kronecker's A.  

(Y [ I - ~ ( A ) ] ~ ~  = [ 1 l ( X )  . q X )  . I - ~ ( A ) ] ~ ~ .  

The matrix in (b) will later turn out to be the asymptotic covariance matrix of the 

estimate 4 (under appropriate conditions). 

Log-bilinear association: Using the parametrization (4.6) and writing 8 instead of 

8" the model states 

Sl0(x, yk) = zTek , with KxxK z=hx(x), e=(e l  ,..., B ~ ) E I R  , (5.11) 

and is equivalent to the linear logistic regression model given by (5.2), i.e. 

T 
logit p;(x) = 7; + z Bk , k = 1, ..., K. 

Condition (R2)" holds if hx(X) is not concentrated on a hyperplane of IRKx, i.e. if 

the following condition is met (cf. A2): 

(R2)LBA 
For all s E IRKx: sThx(X) is constant almost surely + s = 0. 

6. Asymptotics and Consistency 

We now turn to the asymptotic properties of the estimate l=(d ,y*)  in the 

parametric association model (AM). Our asymptotic approach assumes that set 

q = { ~  o, ..., yK 1 of conditional values will remain fixed while all subsample sizes 

n tend to infinity with fixed sample ratios F - n In>  0 for all n and F. Hence the L  L -  L  
nuisance parameter -(*, the distribution PQ and its conditional densities p*(x) do 

not vary with n. The true parameter will be dentoted by X" = (e0,-("), and the 

notations E, P etc. refer to expectations, probabilities etc. with respect to X". 

The conditional log-likelihood &n)(X)  - the additional index n is supplied if 
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A 

necessary - need not have a unique maximizing argument X for every sample. 

Concerning uniqueness, the strong law of large numbers (applied seperately to each 

subsample k) yields for the matrix J(")(x) = - D : ~ ~ ( ~ ) ( X )  given in (5.8) 

K 
2 J(")(X) - !(X) : = Tk . E ( - D ~ ~  log p $ ( ~ k ) )  almost surely. (6.1) 

n n+ 00 
k=O 

The matrix i(X) = 'I(X) is positive-definite by (R2)' which implies 

hn)(X) = - J(")(x) is negativ-definite for almost all n almost surely 

Hence - almost surely - the function &n)(X) is strictly concave for almost all n, 

which implies that D#(~)(X) = 0 has at most one solution 1 which also maximizes 

hn)(X). Since the unique existence of a maximizing argument 1 of hn)(X) is not 

garanteed for every n, we consider any sequence of (measurable) functions ~ ( ~ 1  as 

estimators if the estimating condition is met: 

(Cl) If hn)(X) has a maximizing argument X, then: hn)(~(n)) = Max hn)(X). 
X 

To establish the consistency of such a sequence of estimate lfn) we assume an 

integrability condition 

(C2) E{Six(xk)} < CO for all k = 0, ..., K, 

and an identifiability condition 

(C3) (X, Yk)  = $J (X, Yk)  for k = 1, ...T almost surely + e1 = e2 . 
91 92 

As in (R2)I1, we can equivalently replace X by Xk in (C3). From the above 

conditions we derive in A3 the asymptotic (unique) existence and the consistency 

of the estimator as follows. 

Theorem 4 (Consistency). Under (Cl), (C2) und (C3) the following properties 

hold almost surely 

(U) For almost all n there exists a unique X maximizing hn)(X), namely ~ ( ~ 1 .  

(o) For almost all n there exists a unique soktion X of D$(~)(x) = 0, namely ~ ( ~ 1 .  
(4 - *(n) (C, 1 -(e , ) - xo=(eo,70) .  n+ 00 
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Log-bilinear association: In view of $x(x) = 1 1  hx(x)ll condition (C2) reduces to a 

moment condition for Zk = hx(Xk), namely 

(C2)LBA E { ~ ~ z k ~ ~  2, < for all 5 = 0, ..., K. 

And - using the parametrization (5.11) - condition (C3) reduces to 

T T hx(X) Bkl = hx(X) B„ for k = 1, ...P almost surely + Bkl = B for all k, k2 

which is implied by the stronger condition (R2)LBA. 

7. Asymptotic Normality 

Let us finally establish the asymptotic normality for a sequence ~ ( ~ 1  of estimates. 

Instead of assuming the property (Cl), we derive the asymptotic distribution more 

generally for any weakly consistent sequence ~ ( ~ 1  solving the estimating equation at  

least approximately, i.e. we assume 

(NI) D ~ ~ ( ~ ) ( A  (n)) = op(+) resp. X n+ 00 
P n - 1 / 2 . ~  g(n)(f(n)) 0 .  

(N2) 
( 1  P , 

n+ 00 
X". 

Obviously both conditions hold under the assumptions (Cl), (C2) and (C3) of 

theorem 4. Furthermore we assume the following consistency results, which are 

derived later (theorem 6) from (N2) and additional moment conditions. 

In A 4  we derive the asymptotic normality of the estimate as follows, where A- 

resp. A~~~ denote the generalized Moore-Penrose inverse resp. the symmetric root 

of a positive semidefinite matrix A, and II is the identity matrix. 
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Theorem 5 (Normality). Any sequence ~ ( ~ 1  of estimators with (NI), (N2) 

and (N3) is asymptotic normal 

(U) - X ]  A N(O, T - ~ ( X ~ )  . C ( X ~  . !-'(Xo) ) 
n+ 00 

with C(X) : = C Tk . C O V ( D ~  log p z ( ~ k ) ) ,  
L 

(V &[Cn)-e"] n+ 00 N ( o , [ T - ' ( x ~ ) ] ~ ~ ) .  

Corollary. If in addition (N4) holds, then 

(4 A (  ) ] 112 - Tn) (4 ([J ( x ~ ) ~ ~  ) [B -e"] A n+ 00 N(O,II). 

Replacing the matrices i resp. C by :I resp. :C, we get the asymptotic normality 

of the estimates 1 resp. 8 in less formal notation as 

A - as N(XO ,I-'(X? . C(XO) . I-'(X?), 

8 - as ~ ( e  , [I-'(xo)]„). 

The matrix ~(1) is a consistent estimate of I(Xo) by (N4), and will be positive 

definite for almost all n (almost surely) by (6.1). In this case, (C) above may be 

written as 

-1 Notice that for an observed data set, the estimated covariance matrix [J (X)lse 
(where the random variables are replaced by observations) is identical to the 

corresponding matrix under sampling conditional on X (instead of Y'). And in this 

sense the estimate 8 and its estimated asymptotic normal distribution are 

invariant under sampling conditional on either Y or X. Hence any asymptotic 

inference (i.e. tests or confidence regions) concerning the association parameter 8 

which is based only on the asymptotic distribution (C) resp. (7.1) of the estimate 8 
are invariant under both conditional sampling schemes, too. 

The above conditions (N3) and (N4) will now be derived from the consistency 

(N2) and additional stochastic properties of the function G. Defining the functions 
K 

Hrs,(z I 0) = C I '83 e G(z, hy(yk), 0) I , 
k=O r s t  
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the following result is proved in A5. 

Theorem 6: Conditions (N3) and (N4) follow from (N2) and the moment condition 

(MC) There exists eo > 0 such that for B(8 ") = { 8 1 1 1  8 - 8" 1 1  5 eo ) and all 

k = 0, .., K the following functions of Zg = hx(Xg) 

1 813, 
B € B(B ") 

Sup HS,(Zk 1 812, 
B € B(B ") Hrs,(zk I '1 

B E B(Bo) 

have finite expectation for all r, s, t = 1, ..., S. 

Hence the requirement for the normality theorem are met if (MC) and the 

assumptions (Cl), (C2) and (C3) in theorem 4 hold. 

Log-bilinear association: The log bilinear association model is based on the 
T function G(z, V, B) = z B V with partial derivatives D G(z, V, B) = zlv and 

01 m m 
vanishing higher derivatives. Hence (MC) holds provided condition (C2)L„ is 

strengthened to 

(MC)LBA E { I I Z ~ I I ~ )  < for all 5 = 0, ..., K. 

8. Discussion 

Association models for a pair of random elements (X,Y') do not restrict the 

marginal distributions of X and Y but only their odds ratio function. We have 

looked at a rather general parametric association model (AM) which includes the 

important log-bilinear association models (LBA). An advantage of these models is 

that inference about the odds ratio (or association) parameter vector 8 may be 

obtained from sampling Y conditional on fixed values of X or vice versa. Moreover 

the maximum likelihhood estimate 4 is the Same for both conditional sampling 

schemes, i.e. it maximizes the conditional likelihood L if and only if it 
YI X 

maximizes the "reverse" conditional likelihood L Even more important is that 
XIY 

asymptotic inference concerning 8 (in a our asymptotic approach) is invariant with 

respect to sampling, too. More precisely, we have shown that for samples 

conditional on Y, the estimate 4 maximizing the "reverse" conditional likelihood 

L is consistent, asymptotic normal and its estimated asymptotic covariance 
YI X 

matrix is the Same as if sampling had been conditional on X. These results have 

been obtained much earlier by Prentice and Pyke (1979) for discrete Y with finite 

range and the multivariate linear logistic regression model - which is equivalent to 
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a log-bilinear association. Weinberg, and Wacholder (1993) extended these results 

to the general logistic regression model (GLR) but require a finite range for X  (and 

provide the proofs only for binary Y'). Our result are not limited neither to discrete 

distributions (with finite range) for Y or X  nor to log-bilinear association. 

Furthermore, asymptotic inference for regression parameters is availbale when 

sampling is conditional on Y (instead of X) as outlined below. 

Example 4: Linear Models 

2 Suppose in example 1 that .d(Y I X  = X) has a normal distribution N(,L(x), o ) and 

the linear model 

holds. This is a log-bilinear association model with parameter B =  op2ß, and hence 

asymptotic inference for 8  may be obtained from samples conditional on Y. This 

includes (asymptotic) tests of a linear hypothesis C ß =  0 - which is equivalent to 

C 8 =  0. However, confidence regions are only available for 8  but not for ß - unless 
2 an estimate of a from another source is at hand (eg. from a historic sample). - 

These findings extend to the multivariate case (example 3) where the conditional 

distribution of Y is multivariate normal NK(~(x) ,E)  and the odds ratio parameter 
1 is given by 8 = ß E  . 

Example 5: Log-linear Models 

Continuing example 1, let .d(Y I X =  X) be a Poisson distribution satisfying the 

log-linear model 

which also represents a log-bilinear association model with parameter 8  = ß. Hence 

asymptotic inference about the parameter ß is availbale when sampling is 

conditional on Y. 

The statistical analysis for 8  in a bilinear association model and sampling 

conditional on Y is possible with standard software packages for multivariate 

linear logistic regression models (or the equivalent log-linear models). And for the 

more general association model (AM), any software for nonlinear logistic 

regression will do. 
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Appendix: Proofs 

A l  Proof of the Results in Section 4 

Proof of theorem 1 (uniqueness): The proof - already given in Osius (2000) under 

slightly weaker assumptions - is included here only for completeness. To establish 

P =P  it suffices to show that the Kullback-Leibler information 
1 2' 

I(P1 IPJ = JlogOillP2) dP1 

is Zero. Using (2.2) and OR(P1) = OR(P2), the difference of the log-densities 

yi = logpi of Pi may be written 

Y Y  Y F ' o r F = ?  = ~ ; a n d ~  =P  1 = P  2 weget 

and thus - j'ßl d 9  5 j' d P'. 

Switching the indices 1 and 2, we get the corresponding result 

- J ß 2 d 9  < Jy2 dpy  with ß 2 =-P 1' 7 2 =-  T1 . 

Hence - J ß 1 d 9 = J y l d p Y  and I(Pl I PJ = 0. 

Proof of the theorem 2 (existence): We have already shown, that (b) implies (C), 

and - since (a) obviously implies (b) - it remains derive (a) from (C). The proof uses 

the concept of an I-projection and heavily relies on results by Csiszar (1975) and 

Rüschendorf & Thomsen (1993). Setting T = T X T we first conclude from (E2) the 
X Y 

existence of R E P with T-density 

We will show, that the wanted P is the I-projection of R on the subset of P with the 

given marginals 

8 = { P E P ~ ~ = T ~ , P ~ = T  Y }. 

The integrability of $, ß and y imply 

I(irlR) = Slog($) d~ = J ( a + ß + y - $ )  d s  < W ,  

and since TE&, we conclude from Csiszar (1975, Thm. 2.1), that R has an 

I-projection P on G. Application of Csiszar (1975, Thm. 3.1) to the set 
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F = {fX+fY l fXE4(~x) , fyE.d l ( -y)  } C A(P) 1 

yields that the R-density pR of P satisfies pR = exp(h) T-almost-surely, where h 

belongs to the closure F of F i n  .dl(P). Rüschendorf & Thomsen (1993, Ex. 2) 

pointed out that F n e e d  not be closed in .dl(P) - which was claimed in the proof of 

Cor. 3.1 case (B) in Csiszbr (1975). - Now R < T  implies that exp(h) > 0 is an 

R-density of P, and hence R < P< R. Furthermore r > 0 yields R < T <  R, and 

hence PE P , since FY = a. From Csiszbr (1975, Thm. 2.2) we obtain << 

I(TIP) +I(PIR) 5 I ( T ~ R )  < 00, 

which establishes PE P. Finally OR(P) = $ remains to be shown. From p < F Y  
J 

and Rüschendorf & Thomsen (1993, Prop. 2) we conclude the existence of 

measurable functions a : fix+ IR and b : fiy + IR, such that h(x, y) = b(x) + c(y) 

P-almost-surely, and hence R-almost-surely. Hence a T-density of p is given by 

- .- E - *P d R  = exp(b+c).r  = exp(b+c-P-y-a+$),  
* T  dR * T  

and a direct calculation yields log OR(P) = $ as required. - Note, that the proof only 

uses the integrability of the sum (ß+ y-  $) - but not the integrability of its 

components ß, 7 and $. 

A2 Proof of the Results in Section 5 

We start with some preliminary results. The derivatives of log pk* are given by 

For an arbitrary family of measurable functions Gk(x) we obtain from (5.1) 

where E* denotes expectation with respect to P. 
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In particular, we get for Gk(x) = H(x) . D X  log p;(x) and any measurable H(x) 

since p*(x) = 1. t 

Proof of (5.6): Choose H(x) = 1 in (A2.3). 

Proof of (5.9): Choosing Gk(Xk)  = p;(xk)-' . D; X p;(Xk) in (A2.2) yields 
s t  

C ' k  ' E [P;(x~)-~ ' D; X P ; ( X ~ ) ]  = E* [ C D; P ; ( ~ ~ )  ] 
k s t  k s t  

= E*[D;  p;(x)]  = 0 ,  
s t  

and (5.9) follows using (A2.1) 

E ( J ~  , (X))  = n . C f k  . log p;(Xk) . DXtlog p;(Xk)). 
k 

Proof of (R2) U (R2)': 

By (5.10) I(X) is a sum of C(X) and a positive semidefinite matrix. Hence I(X) is 

positive semidefinite, and even positive definite, provided (R2) holds. Conversely, 

1et (R2)' hold. Then tTc(X) t = var ( tT  D , [ ( x ) ~ )  = 0 implies, that t T ~ , [ ( X ) T  is 
T 2  constant almost surely, and hence t D„[(X) = D , [ ~ ~ D , [ ( A ) ~ ]  = 0 almost surely. 

T 2  Thus tT1(X) = ~ ( t  D„[(A)) = 0, which implies t= 0 by (R2)'. Hence (R2) holds. 

Proof of (R2)' U (R2)": 

I(X) is positive semidefinite (as already observed) and hence (R2)' is equivalent to 

For any t E IRstStK we get from (5.9) 

and since the distributions of X and X dominate each other: L 

tT I(X) t = 0 U D,log p;(X) . t = 0 for k = 0,  ..., K almost surely. (A2.5) 
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First we derive (R2)' from (R2)". For any t with tT I(X) t = 0 we have to show 

t = 0. From (5.4) we get 

logit p;(X) = log P;(X) - log Pt(X) = Y; + $e(X,~k) . (A2.6) 

S Writing t = (s, - C) with s E IR , C = (C ..., c ) we obtain from (A2.5) 
1' K 

0 = D, logit p;(X) . t 

= Dg logit p;(X) . s - D logit $(X) . C 
7 

= De$B(x>~k) .  s - ck for all 5 = I, ... K almost surely. (A2.7) 

And from (R2)" we conclude s = 0 as well as c - 0 for all k, and thus t = 0. L -  

Conversely, suppose (R2)' holds. To establish (R2)l1, it suffices to show that (A2.7) 

implies s = 0. From (5.2) and (5.4) we get 

L 

D,]% P 3 0  . t = p t ( 4 - l  C '"~[logit P;(x,Y~)] .D,logit P;(X,Y~) . t . 
1 

Hence (A2.7) - and logitp*= 0 - imply D,log pt(X) . t = 0 almost surely. From 
0 

(A2.6) we get 

D,log p;(X). t = 0 for k = 0, ..., K almost surely, 

and (A2.5), (A2.4) establish t = 0 and hence s = 0. 

Proof of theorem 3: Since I = I(X) and C= C(X) are symmetric, (a) is equivalent 
to three equations 

(a)m I00 97 97 ' -C„ = I  . W . I '  

(a)07 I - C  = I  . W . I  
97 97 97 7 7  ' 

(a)77 
I - C  = I  . W . I  
77 7 7  77  77' 

Some prerequisite results are derived first using the notations 

bsk = E [DQs log P ; ( ~ ~ ) ]  E IR? bk = ( bl k? "'? bsk) E IRs? 

C mk = E [D * log p;(xk)] E IR, 
Y, Ck = (Clk> ... , CKk) E IRK, 

- 
B = (bl, ..., bK) E IRSxK, B = (bo, ..., bK) E IRSx(K+l) 

- 
C = (cl, ..., cK) E IRKXK, C = (co, ..., cK) 

E JRKx(K+l) 

KxK - 
N = diag(nl,. . . , nK) E IR , N = diag(no, . . . , nK) E IR Kx(K+l) 

From (5.3) we obtain the partial derivatives 
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D Ym * 1% P;(.) = ALm - P;(x) , 
and (5.9) yields 

I 
At 7: 

= C 'L . E(DB log P ; ( ~ L )  . Dy* log P ; ( ~ ~ ) )  
L m 

= ' ~ ( ~ 6 '  log P;(x,]) - E 'L . E(~;(Xk) . Dg log P ; ( ~ ~ ) )  m 
L 

m 
cf. (A2.3) for H(x) = p* (X). 

m 

Hence I = n . b  I *  - n . c  - 
m s m '  m l m '  or in matrix notation 

esym Y1 7; 
I = B . N ,  
97 

I = C . N .  (A2.8) 
77  

From(5.6) we have C n  k . b  s k  = O a n d C n g . ~ m L = O  or in matix notation 
L 

0 = n o b o + B n ,  0 = n C + C n , n = (nl, ..., 
0 0 n,). (A2.9) 

Using the constant vector e = (1) and constant matrix e eT = (1) we thus obtain + + + 

and similar with C instead of B 

T I . W  = C . N . W  = - c . e  + C .  
77  0 + 

We now get (a) as follows 
97 

I . W = [B-b . e T ] [ c . N I T  
97 0 + cf. (A2.8) 

77  

= B . N . c ~ - ~ ~ . [ c . N . ~ + ] ~  

- - . . . . . . . . .  - bo. [c .n IT  

- - + b  . n  . C  T . . . . . . . . .  
0 0 0 

cf. (A2.9) 

- - -T = B . N . C  

= I  - C  
97 97 

cf. (5.10). 

And (a)OO resp. (a) are established similarly (replace B and bo by C and co resp. 
77 

vice versa). Hence (a) holds, and multiplication from both sides with the inverse 

I -'(X) yields (b). 
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Proof of (R2)1BA + (R2)I1: 

Suppose for s = (s ..., sK) IR 
1' 

KxxK and c ..., c E IR we have for all k = 1, ..., K 
1' K 

- h (qT. sk alrnost surely. = Dg Y ' = C DgI yk) ' - 
1 

Then (R2)LBA implies s - 0 for all k, and hence s = 0. k -  

A 3  P roo f  of T h e o r e m  4 (Consistency) i n  Sect ion 6 

The proof is based on ideas from Wald (1949) and requires some preliminary 

results. The log odds ratio $&X, Y) in the model (AM) depends only on the vectors 

z = hx(x) and V = hy(y). Therefore we regard p;(x) = Pk(z I X) as a function of z and 

X using the notations 

qk(z I X) : = logPk(z 1 X) = Y; + Gk(z, B) - log(C exp [Y;+ G@, B)])  . 
1 

We first show for Zk : = hx(Xk) 

E{lqk(zk I X)I} < CO for all X and k = 0, ..., K. (A3.1) 

From = 0 = Go(z, B) and po(z I X) < 1 we get 

< log@+ 1) . Max exp [Y; + G1(z, B)]) - 
1 

< log(K+ 1) + l l r*I I + Max IGl(., B ) I . 
1 

And (OR2) yields 

P,<.> e>i 5 [2cx(x) + S(Y(~Jl . I l  e l l  , 
which in view of (C2) proves (A3.1) for k = 0. For k > 0 we get 

Next we prove three basic lemmas. 
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Lemma 2. For 5 = 0, ..., K and any X: 

S . Lemma 3. For any cornpact set A C IRKx IR wzth Xo 6 A: 

Proof of l emma 1. For k = 0, ..., K the random variable UL = qk(ZL I X) - qk(ZL I X') 

has finite expectation by (A3.1), and Jensen's inequality gives 

E {li L } < - log E {ex~(uk)} , 
where equality holds if and only if there is a constant ck > 0 such that 

U - log ck resp. Pk(ZL I X) = C . P (Z I X') almost surely (A3.3) 
L - L L L  

Hence E f k  . E{u~} 5 E f k  .log E{exP(Uk)) 
L L 

5 l"g(E . E { ~ ~ P ( U ~ ) ) )  , (A3.4) 
L 

where the second inequality is strict unless all expectations coincide, i.e. 

E { e x p ( ~ ~ ) }  = E{exp(U1)} = . . . . . = E{exp(uK)}. (A3.5) 

Application of (A2.2) to Gk(Xk) = exp(UL) =PL(Zk I X) [Pk(zlc I X 0 ) l 1  gives 

= E*{E p,(z I X)} = 1 
L 

and (A3.4) implies C f L .  E{U } < 0. It remains to show, that the last inequality is 
1" L - n, 

strict. We suppose, that this is not the case and derive a contradiction. Then (A3.3) 

holds for all k, and (A3.5) implies c - c for all k. From (A3.3) and C Pb = 1 we get L -  L 
C = 1, and hence 

q,(Z, I X) = qk(ZL I X") for all k almost surely, (A3.6) 

and $e(xL , yb) = 7ib(ZL I X) + qo(zO I - 7jO(Zk I - qk(ZO I 
= q,(Z, I X') + q0(Zo I X') - q0(Zlc I X? - qlC(Zo I X') 

= ( X ,  y ) for all k almost surely. 

Since the distributions of Xi and X dominate each other, we conclude 

$&X,yYb) = $Bo(X,~k) for "11 k almost surely, 

and (C3) yields 8 = 8". Furthermore, (A3.6) gives for X = (8, almost surely 
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r; + Gk(Zk, 6 )  = 7ik(Zk I X )  - 7io(Zk I X )  

= 7jk('k I ' O )  - 7i0('k I = ~ k ,  + Gk(Zk, O 0 )  for all 5, 

and from 8 = 8" we conclude Y* = 7" which contradicts X s X". 

Proof of lemma 2. For any positive sequence en+ 0 the continuity of qk(z I X )  with 

respect to X implies for any z 

Since qk(z I X )  < SUP qk(z I X ' )  < 0 , 
IIX1-'II Scn 

(A3.1) and the dominated convergence theorem yield 

Proof of lemma 3. For any X and e > 0 let 

Then lemma 2 implies 

For any X E A  lemma 1 gives 

and hence there exists an e > O such that X 

C ' k  ' E{71k(Zk I < C T k  .E{qk(zk I A O ) )  . (A3.8) 
L L 

Since A  is compact, there exists a finite subset { X  ..., AM} C A  such that 1' 
M 

Hence for any X E A  we have X E Bo(X le ) for at  least one m E (1, ..., M )  and thus 
Xm 

SUP gPn)(X)  = SUP C C qk(Zki 1 X )  < Max C C q (Z  I X E ) 
X E A  X E A  k i m k i  k ki m' Am 

(4 X and SUP &n)(X)  - &n)(Xo)  < Max C C q (Z  I X E ) - ( O ) .  X E A  m k i  
k ki m' Am 

The proof will be complete, if we show that right side tends to -CO almost surely. 
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The strong law of large numbers gives almost surely for each k and m 

whith finite expectations by (A3.1) and (A3.7). Thus 

E L .i, ' [E{ qk(zk 1 X,BX>} - E{qk(zk I XO)}] < 0, cf. (A3.8). 

Hence, we have almost surely for each m 

(4 X0 and thus lim [Max E E q (Z I X E ) - ( )] = 
n+OO m k i k ki m '  X, 

Proof of Theorem 4 (Consistency). For any E > 0, the function &n)(X) attains its 

maximum on the compact ball B(Xo I E ) .  We show first that (almost surely) the 

maximizing argument lies (for almost all n) in the Open ball Bo(Xo I E), and hence is 

a solution of D ~ & ~ ) ( X )  = O .  Applying lemma 3 to the compact boundary 

A = aB(Xo I E) yields that the following statements hold almost surely for almost all 
E 

n 

(ii) 

(iii) t h e r e e x i s t s ~ ( ~ ) ~ B ~ ( X ~ I ~ ) w i t h ~ ~ ~ ( ~ ) ( ~ ( ~ ) ) = O ,  

(iv) &n)(X) ist strictly concave , cf. (6.1), (R2)' 

(V) there is a unique x ( ~ )  E Bo(Xo I E) maximizing hn)(X) , 

(V;) 
J(") = I(") , cf. (Cl). 

This proves (a), (b) and also (C), since E was arbitrary. 

A4 Proof of the Results in Section 7 

Proof of Theorem 5 (Normality). The proof follows the usual pattern, and 

therefore not all details are given. First we decompose the Score function U =DX[ T 

according to the subsamples 
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From the central limit theorem and Cramer-Wold's device we obtain that each 

U?(X) is asymptotic normal 

Since C n  . ,u (X) = 0 by (5.6), we obtain the asymptotic normality of U(X) 
k k  k 

np1I2 u(~)(x) A N(O, C(X)). 
n+ 00 

(A4.1) 

The covariance matrix %(X) = ' ~ ) ( X )  is positive-definite by (R2). A first-order n 
Taylor expansion about X" gives 

n-1/2~(n)(f(n)) = n - 1 / 2 ~ ( n ) ( ~ o )  + D .J;; [f(n)-Xo] 
n with 

and (NI) implies 

. J;; - XJ + np1I2 u(~)(xo) Pi o . 
n+ 00 

(A4.2) 

We show next, that D can be replaced in (A4.2) by its limit - i (X0) from (N3), i.e. n 

which together with (A4.1) - applied to X = X" - establishes (a). Since the set Y of all 

invertible (S+IL)x(S+K)-matrices is Open, we conclude from (N3) and i(X0) E Y 

P { D , E ~  1 .  
n+ 00 

Hence P { D , E ~  < P{[II-D-D n n ] [ f (n) -~o]  = 0) 

yields [II - D-D ] [f (n) - Xo] 0 . 
n n n+ 00 

Furthermore, (N3) implies 

P [D- n + i-'(xo)] o , n+ 00 

and from (A4.1) with X = X" we get 

np1I2 [D- n + i-l(~.)] u(~)(xo) Pi o . 
n+ 00 

(A4.5) 

- P  Multiplying (A4.2) with D - - 
n ip1(X3 yields 

P D- D . J;; - A I  + n-lI2 D- U"(XO) 
n n n n+ 00 0 ,  

hence P [I'") - Xo] + D- U(~)(XO)  - 0 , by (A4.4) 
n n+ 00 
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which implies (A4.3) using (A4.5). This completes the proof of (a), which implies (b) 

in view of theorem 3 (b). Since A and A~~~ are continuous operators, (N4) yields 

1 1 2 -  1 (n) n ) -  1 1 2 -  P , 
2 ([ J ( ~ ) ( A ( ~ ) ) - ] ,  ) = ([- n J (1' ) 1 ,  ) n+ 00 ([i-1(~o)],112)-1 fi 

and multiplication with (b) establishes (C). 

Proof of Theorem 6. Keeping the notations from A3, the partial derivatives of 

qk(" 1 '1 = log Pk(' I ') = Y ;  + Gk(z, O )  - exp [T: + O ) ]  ) 1 
up to order three are given by 

D Y m  * qk(' I ') = nkm-Pm(z I '1 > 

2 
Dr m * h s >(z I '1 = - DhPk(z I '1 , 
3 2 

DyhhsXt>(z I '1 = - Dh Pk(' I '1 , 
s t  

Derqk(z I ') = C [nkl -PAz 1 '11 " 0  ' 1  , 
1 r 

D; r 0 s qk(' I ') = C ( [ n k l - ~ l ( z  I ' ) I  "82  0 ' 1  - D~sP1(z  I '1 . D~rG1(z' ' 1  ) , 
1 r s 

2 
D ; ~ ~ ~ ~ ( z I x )  r s t  = C ( [ ~ ~ ~ - F ~ ( ~ I ~ ) I ~ D ~ ~ ~ G ~ ( ~ ~ ~ ) - D ~ ~ P ~ ( ~ I ~ ) . D ~ ~ G ~ ( ~ ~ ~ )  r s t  r s 

1 

- Des P1(z I A) . D; r t  0 G ~ ( z >  0) - D; 0 Pl(z I '1 . DgrG1(z, 0) ) , 
s t  

with partial derivatives - cf. (A2.1) 

Dx?k(z I ') = I '1 ' DXsqk(z I '1 , 

D: h P k ( ~  I ') = Pk(' I '1 [D: h q k ( ~  I '1 - Dhsqk(z I '1 ' Dh qk(' I '11 ' 

s t  s t  t 

Next we deduce from (MC) a weaker moment condition, from which (N3) and 

(N4) will be derived (cf. lemma 4). 

(MC)" Thereexistseo>O such tha t fo rB(Xo)={XI I IX -XoI15eo )anda l l  

I% = 0, ..., K the following functions 

I D ~ X ~ " ~ ~ I ' ) I  with XEB(X") r s t  

haue finite expectation for all r, s, t = 1, ..., S und 1 = 0, ..., K. 

For the above derivatives we successively get the following bounds, where the fixed 

argument z is omitted: 
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ID:Lhsqk(X) I = I I 5 I Dhsqk(X) I 5 H:(e) , 

10; r 9 s q k ( 4  I 5 H++(O) + H+(e12 , 

10; s t  X "(4 I 5 H:(e12 + H++(O) 7 

1'; S t  X PB(') I 5 2H:(e)2 + H++(e) 7 

3 I m s t  h qk(') I = 1 D: s t  PB(') I 5 + H++(e) 7 

1 D; r s t  9 9 qk(') I 5 H+++(e) + H:(e) H++(e) + 2H*(e)3 + . 

Taking (for fixed z) the supremum over the ball B(Oo) gives 

sup < 1 +  2 C s u p H  + C C  supHst ,  + - S s t  

s u p ~ * ~  < 1 + 3 C s u p H  + 3 C C s u p H H  + C C C  s u p H H H  + - T T T S T T S t  r s t '  

sup H < C C sup Hst , 
+ + -  s t  

sup H < C C C sup HTst , 
+++ - r s t 

sup H*.  H < C C C [ sup Hst + sup HTHst] . 
+ + + -  r s t  

Condition (MC) obviously implies that for i = 1, 2 

have finite expectation too. Hence 

has finite expectation for any r, s, t and any 5, 1. This proves (MC)", since 

X = (0, Y) E B(Xo) implies O E  B(Oo). And the next lemma establishes the theorem. 

Lemma 4: (N2) und (MC)" imply (N3) und (N4). 

Proof: Note that if almost Sure convergence X' (streng consistency) is 

assumed instead of (N2), then following proofs establish almost Sure convergence 

in (N3) and (N4), too. - From (6.1) we get for X = X" 

and hence (N3) will hold, if we show for any s and t 
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Now for any e > 0 we get 

and for Zki = hx(Xki) we have 

J("(X) st - t)('? = C C [D; s t  qk(zki 1 - D; s t  qk(zki 1 '11 ' 

k i 
A first-order Taylor expansion around X" gives 

Hence 

and 

For any 5 and 0 < e 5 eo the strong law of large numbers and (MC)" gives 

1 s~) ( ' ) :=-C nk i I IX1-X" 1 1  < E  I I ~ ~ ~ ~ ~ ~ ( ~ ~ ~ I ~ ~ ) I I  s t  

sk(e) : = E ( SUP 1 1  qk(Zk I X I )  1 1  ) almost surely, 
IIX1- X" 1 1  I E  s t  

and hence 

- ;(E) : = C Tk sk(e) 
n+ 00 

almost surely. (A4.10) 
L 

From (A4.8) and (A4.9) we get for e 5 eo 

which - together with (N2) and (A4.10) - implies (A4.7). 

To derive (N4), we first obtain from (A4.9) for any e 5 eo 
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which - together with (N2) and (A4.10) - implies 

And from (A4.6) we conclude (N4). 
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