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1. Introduction and Outline

The question how a random output ¥ of a system (e.g. the health status of a
human) is associated to a random input X (e.g consumption of tobacco and
alcohol] environmental pollution and other risk factors) is of major importance in
statistical science. The standard approach is to consider the outcome Y for given
values of the input X which amounts to specifying the conditional distribution
Y1 X) by means of an appropriate model - but leaving the marginal distribution
ZX) of the input arbitrary. The corresponding sampling design is to collect a

random sample Y.~ AY1X= :L‘Z) for given values T, withei=1, .. L.

Sometimes however, the reverse approach may be more appropriate which asks
what input X has been responsible for given values of the output. This leads to a
model for the conditional distribution of Z( X|Y) and a sample X~ AXNY = yz.)
with fixed values Y (:=1,.,I). A remarkable example are case-control studies in

epidemiology, where Y €{0,1} is an indicator for a disease and the subpopulations
{Y =1} resp. {Y =0} are called cases resp. controls (cf. Breslow and Day 1980).

Comparing both approaches the question arises, which amount of information
concerning the joint distribution of (X,Y) is contained in both conditional
distributions Z(Y1X) and Z(X1Y). Since conditioning on X resp. ¥ removes the
information on the marginal distribution AX) resp. AY) from the joint
distribution ZX,Y), the question arises what ezactly is left if we simultaneously
remove the information on both marginal distributions from the joint distribution.
More precisely we are looking for an unknown object 4 X,Y) - which will be called
the association between X and Y - such that the joint distribution AX,Y) is
uniquely characterized by the tripel (AX), AY),2X)Y)) with independently
varying components. Let us emphasize that we neither want a single measure nor
specific models of associations but the complete association structure itself. The
purpose of this paper is to define this structure, 2(X,Y), which turns out to be a
function - and establish its basic properties. Before outlining the present work we
look at some special classes of distributions, where the association object 2(X|Y) is

already well known.
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1.1 Normal Distributions

If X and Y are random vectors and their joint distribution is multivariate normal,
then the correlation matrix o(X,Y) obviously is the desired association object
2(X,Y). However, this no longer holds if only the marginal distributions are normal,
but the joint distribution i1s non-normal. In fact an example of two joint
distributions (one normal but the other non-normal) will be given in 4.4 which
have the same normal marginal distributions for X and Y as well as the same
correlation matrix. Hence the correlation matrix is not the wanted association

object 2(X,Y) unless we restrict on joint normal distribution.

1.2 Simple Random Variables

Looking at simple random variables (i.e. with finite range) we first consider the
most elementary situation, ie. X€{0,1} and Y €{0,1} are indicators. The joint
distribution of X and Y is given by the probabilities

(11 = P{X=j5,Y=k} for all j, k.
It is well known (and easy to prove) that the odds ratio

0= (m3 7o)/ (397
may be taken as the desired association object 2(X,Y) - see e.g. Bishop et al (1975).

More generally, let X€{0,..,J} and Y €{0,..,K} be simple random variables with
joint distribution given by (1.1). Then the JxK odds ratio matrix 6 with entries

ij = (ij WOO)/<7TJ.O 7Tok) forj k>1
will serve as the wanted association 2(X)Y), see e.g. Plackett (1974, Sec. 3.4). The
result, that for any matrix 6 with positive entries and given marginal distributions
there exists a unique joint distribution 7 may be obtained in different ways. First,
the joint distribution 7 may be derived by a method - due to Sinkhorn (1967) - as a
limit of iteratively rescaled distributions T with the given odds ratio matrix 6.
Second, the joint distribution 7 may be obtained from results due to Haberman

(1974, Theorem 2.6) as the unique argument maximizing a strictly concave function

(arising from the log-likelihood of Poisson distributions).
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1.3 Odds Ratios For Binary Output

Now let Y €{0,1} be an indicator (e.g. for a disease) and X a random vector. The

odds ratio of an input value z with respect to a reference value z°

or( = PLY=11X=a) / P{Y=1|X=z)

- P{Y=0|X=2z} | P{Y=0|X=1"}

i1s a fundamental concept in epidemiology and we now briefly show that the
corresponding odds ratio function OR’ is the desired association object 9(X,Y). Using
the log odds ratio function ¥° =1log OR" the conditional distribution Y |X=z) is
determined by the conditional probability

(1.2) PlY=1|X=z} = (1+ ot exp{— 1/)(3[:)})_1 resp.
logit {Y=1|X=z} = a+ ¢ (z) with
a = loga = logit P{Y=1|X=2z"},

where logit p=log (p/[l—p]) denotes the logistic transformation. The marginal
distribution of Y is given by

(13) P{Y=1} = B[(1+a exp{= 4700} 7.

This expectation is a strictly increasing function of ¢ and approaches the limits 1
resp. 0 as a—oo resp. a—0. Hence for 0<P{Y =1} <1 there exists a unique
0 < a < oo such that (1.3) holds. This shows that for fixed marginal distributions the
joint distribution of (X,Y) is uniquely determined by the log odds ratio function 1)°.

Furthermore, for fixed marginal distributions and a given log odds ratio function
¥" a joint distribution is defined by (1.2) with a obtained from (1.3).
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1.4 General Case: An Outline

We now outline the basic concepts and results for the general case, where X and ¥
can be any type of random element (typically random vectors or functions). The
purpose of this paper is to show that a straightforward generalization of the above
odds ratio function provides the wanted association object 2(X,Y). Given a positive
density p of the joint distribution with respect to some dominating product
measure v, X fi, of o-finite measures the odds ratio function with respect to a
reference pair (z°,y") is defined as

p{X=2z,YV=y} / p{X=z",Y=y}

OR® =
(l’)y) p{X:l’; Y:yo} p{X:mo; Y:yo}

where the joint density p can equivalently be replaced by the conditional density of
either ¥ given X or conversely. Furthermore the function OR" is invariant under a
change of the dominating measure and a natural choice for the dominating
measure is the product of the marginal distributions. The formal definition of the
odds ratio function and its elementary properties are given in section 2. Within the
important class of joint distributions having integrable log-densities a modified
log odds ratio function 4 (which does not refer to reference values z° and y°) is

defined as a projection of the log-density into an appropriate association space.

In section 3 we show as our main result that the odds ratio function characterizes
the association and hence may be taken as the desired association object 2(X,Y).
Using the Kullback-Leibler information we first prove (under mild integrability
conditions which hold in particular for integrable log-densities) that the joint
distribution is uniquely determined by the marginal distributions and the odds ratio
function. To establish the ezistence of a joint distribution having fixed marginals
and a given odds ratio function requires a greater effort and stronger additional
assumptions. The wanted joint distribution will be obtained from a convergence
theorem as a limit of a marginal fitting sequence of densities, which generalizes the
sequence used by Sinkhorn (1967) for simple random variables. Furthermore the
joint density may also be obtained by maximizing a strictly concave function
which corresponds to the log-likelihood used by Haberman (1974). Although the
concepts here are straightforward generalizations derived from Sinkhorn’s and
Haberman’s work, their approaches exploit unique features of finite distributions

which are not available for non-simple random variables.

Two immediate applications of the characterization of association are given in

section 4. The first briefly deals with association models which only specify the
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association structure (ie. the odds ratio function) but leave the marginal
distributions completely arbitrary. The second application considers X and Y with
multivariate normal marginal distributions and characterizes the joint normal
distributions as those with a log-bilinear association. In particular a variety of
non-normal joint distributions may be specified through an appropriate

non-bilinear association function.

An important feature of the approach adopted here is a symmetry in presentation
between X and Y. By interchanging X with Y any concept or argument entails a
dual which only occasionally will be stated explicitly. - Although we attempt to a
fairly self contained exposition the reader is referred to standard textbooks on
probability and measure theory - e.g. Billingsley (1986) and Bauer (1991, 1992) - for

definitions and results not given here.
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2. The Odds Ratio Function

To formalize the introductary discussion we now consider arbitrary non-empty
probability spaces (QX, B, 7TX) and (Qy, B, 7ry) and denote their product by
(£2,9B,7), i.e. the product set 2= QXXQY equipped with the o-algebra 98 generated
by {BXxBy|BXE %’X,Bye%’y} and the product probability measure =T KT
Let & denote the class of probability measures P on (§2,98) which have a positive
density f> 0 with respect to 7, i.e. P is dominated by 7 and dominates m: P< 7 < P.
Further let & be the class of corresponding densities, ie. the Radon-Nikodym
derivatives f=d P/dr for any P€ P, and let & = {logf|f€ Z} be the corresponding

class of log-densities.

The restriction to positive densities 1s essential for the definition of the odds ratio
function and only rules out less interesting joint distributions. For simple random

variables X and Y the condition P€ £ is equivalent to
P{X=3},P{Y=k}>0 = P{X=5,Y=k}>0 for all 7, .

For a multivariate normal distribution PZNk(M,E), the condition P€ £ holds if
and only if the rank of the covariance matrix 2’ equals the sum of the ranks for

both marginal covariance matrices (see 4.4 for details).

21 Odds and Log Odds Ratio Function

For any density f€ & the odds ratio function ORf or OR(f) is a map {2 x2— (0,00)
defined by

_ fay) fey) flwy) | fey)

C fwy)fey) fmy) / fla',y')

The log odds-ratio function log ORf depends only on the log-density ¢ =logfe &
and will be denoted by 1/)(p =logOR,, ie.

OR (z,y| z',y")

v(ylely) = e(@y) +el@y) = wley) —e(@y) -
For any pair of fized reference values :1:°EQX and y°EQY the odds resp. log odds

ratio  function is  already  determined by its partial  function

OR]Z :OR](-, -|z°,y") : 22— (0,00) resp. 1/)@ =log OR; since
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OR;(% Y ) ) OR;<:I:I7 yl)

1= = Gy OR ) e
¢(P(m;y|m;y) = ¢;(:13,y) + ¢;(IIZ Jy)_¢;(m7y ) —¢;($,y) :

Now for any P€ & its odds resp. log odds ratio function is defined as ORf resp. 1/)(p
for f=dP/dn € F resp. p =logdP/dn € ¥. Strictly speaking, the odds ratio function
of P is not uniquely determined but only unique modulo the equivalence relation ~
of m-almost-sure (m-a:s.) equality, ie. g %Jh if and only if g =h 7-a.s. Generally, we
will say that a property holds mudulo an equivalence relation, if the corresponding

property holds for the equivalence classes.

It is notationally convenient to view any P€ & as a joint distribution of a pair (X,Y)
of random elements defined on a probability space (QO, .%’0, Po) with values in {2, ie.
X:QO—> “QX’ Y:QO—> “QY are measurable and P is the image measure of Po under

the mapping (X,Y): {2, — {2, which is uniquely determined by
PB xB,)=P{X€B_,YEB }.
This is, of course, always possible, e.g. take QOZQ and X, Y as the projections.

Following usual practice, we extend concepts defined for probability measures to

random elements via their distribution, e.g. the odds ratio function for (X,Y) is that

of their (joint) distribution P, ie. OR(X,Y) = OR(P).

2.2 Marginal and Conditional Distributions

If f = dP/dr € F denotes the joint density of (X,Y) then the marginal densities f~, f*
of X, Y are given by

(@) =[f(z,y) dr _(y) > 0, f(y) =Jflzy) dn (&) > 0.
Since fX resp.fY is finite 7 8.8 IeSp. T -a.s. We may choose f such that fX and fY are
both finite. Then the conditional density f|XE F of Y given X - defined by

f|X(y | 2) =f(z,y)/f (2) - is positive and evidently has the same odds ratio function as

the unconditional density . It is essential, though trivial, that this also holds for the
conditional density f|YE F of X given Y, so that we have

OR(f*) = OR(f) = OR(f'").
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2.3 Change of Dominating Measures

Another important property of the odds ratio function is its invariance with re-
spect to dominating o-finite measures. More precisely, suppose that the marginal
distribution T TESp. T 1s dominated by a o-finite measure v Tesp. vy, with posi-
tive density 5X:d7rX/dVX>O resp. 6de7ry/dvy>0. Then P€ & is dominated by
the product measure v = v Xy and fé(m, y) =f(z,y) 6X(m) 6y(y) defines a v-density
of P. Hence the odds ratio function may also be expressed with f replaced by f5

_ f&(may)'f(g(:ljlayl) ‘
f(g(m;yl) 'f(g(mlay)

For common dominating measures - e.g. Lebesgue’s resp. the counting measure for

OR {z,y| 2, y")

continuous resp. simple random variables - this representation is commonly used to
define the odds ratio. However the product measure 7 of the marginal distributions
is a canonical choice for a dominating measure and moreover allows a definition of
the odds ratio in situations where no densities with respect to the above standard
measures are available (e.g. multivariate normal distributions with singular

covariance matrix, cf. 4.4).

2.4 One-to-one Transformations

The odds ratio of one-to-one transformations U=g(X) and V=~A(Y) are easily ob-
tained as the odds ratio of X and Y evaluated at the corresponding inverse points.
More precisely, let g:QX—> QU resp. h:Qy—> QV be measurable mappings (with
respect to some o-algebras .%’U resp. .%’V) with measurable inverses g_l resp. pt
Consider the space 2/ = QUX “QV equipped with the product 7’ = T X T, of the di-
stributions T and T, of U and V and the corresponding product o-algebra ZB’.
Then a positive 7'-density of the joint distribution P’ of (U,V) is given by
f(u,v) :f<g_1(u), h_l(v)), and hence the odds ratio function of (U, V) is
OR,, (u,v|u',v) = ORf(g_l(u),h_l(v) | g ), 0))

Random vectors. A typical example for transformations of random vectors X and
Y are affine mappings g(z) = A(z—b) and h(y) = C(y—d) with appropriate quadratic
non-singular matrices A, C' and arbitrary b, d. If the covariance matrices EX and EY
of X and Y are non-singular, then the choice of A:Egl/z, b=E(X), 022171/2)
d=E(Y) yield standardized random vectors U and V (i.e. with zero expectation and

identity matrix as covariance matrix). Hence the odds ratio function of (XY) is
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easily obtained from those of the standardized pair (U, V).

2.5 Vector Spaces of Random Variables

Let .Z° denote the vector space of all random variables from (£2,98) into R. For
any o€ ®C.L° the log odds ratio function 1/)()06 Z° for the reference pair (z°,y°)

will now be characterized as a projection of ¢ onto the linear subspace
A’ = { (€L’ €y =Euy)=0forallzy}.

First, let J;{J denote the space of random variables defined on “QX' Since any £ € f;
naturally extends to a map ¢*€£° defined by £(z,y) =€), the space of; is
isomorphic to the corresponding subspace f;{)* C .Z°. For simplicity we will identify
¢ with £* and J;{J with f;* unless clarity demands their distinction (as in the next
subsection). By duality, the space of; is isomorphic to the subspace f;* c’

Next, the marginal subspace M° is defined as the smallest subspace of .£°
.. 0% 0% -
containing JX and JY , Le.
0 _ 0% Ox 0 0
M= LI+ LT = {n A+, |nEL,n,EL, L
The space £° is the direct sum A°@® L°, ie. any £€.£° may uniquely be written
as £ =n+ 1 with ne A° and ¢ € °. The unique 7 resp. ¥ - the projection of ¢ onto
M° resp. &f° - is given by
77(37;?/) = f(m, yo) + g(moa y) - g(moa yo) ’
’(/)(:L‘,y) = (S(:L‘, y) + €<m07 yo) - (S(:L‘, yo) - €<m07 y) :
Hence the log odds ratio function may be written as a projection
o = 1Ly(e) = Hp| ),

where II,,,or II(- | 22) denotes the projection operator for a subspace 57

2.6 The Space of Integrable Log-Densities

For a further representation of the log odds ratio function we consider the class 2
of probability measures P, for which the log-density ¢ =logdP/dr is m-integrable.
Let £'C£’ be the subspace of m7-integrable random  variables,
?/—1={fE F|logfe 051} the class of densities for P!, and #'=&nN.£" the sub-
space of integrable log-densities. We now show that for ¢ € #' its log odds ratio
function 1/)@ €.Z" is uniquely determined by the projection of ¢ onto a suitable li-
near subspace ' C.Z". Strictly speaking, this results holds only m-a.s., ie. in the
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quotient space £’ = 051/%4 of equivalence classes with respect to ~ and the corre-
sponding subspace &' C .Z". Using the marginal functions ¢ and ¢ for € £ given
by

(@) =[€(xy) dm (y) , ) =[Ezy) dn (2),

we define the subspace
o = {(e £ =0, =0}

Considering the corresponding subspaces J;Cof)g and J;Cof; of integrable
functions - which are isomorphic to their respective images f;* and of;* in 2" -

we now define the marginal subspace of integrable functions as
1 1k 1 1 1
M= LI+ LF = {n 40, |nE€L,n, €L}
Since this is not a direct sum, we look for another decomposition of _#". Observe
first that any a€ R corresponds to a constant map o*€ £ via o*(z,y) = o which
makes IR* a subspace of £, Defining
1 1 1 1
M, = {,BEJXU,HCZWX:O}, M, = {’yE%YU’ydWYzO}
we get the desired decomposition as a direct sum
M= R* G M D M
X Y
ie. any n€ A" has a unique representation n=a*+ *++* with a€R, f¢€ %;
and v € %;, namely

a=[ndr, B=rn"—[ndr, y=n' —[ndr.

*

The unique a* resp. 8*, v* is the projection of 1 onto the respective subspace.

Now any £€ 2" with finite £° and ¢* may uniquely be written as £ =n+ 1 with
n€ M" and ¢ € A" given by
(2.1) n(zy) = £(@) + &y —[¢dn

Y(zy) = lay)— (@) — 'y + [Edr.
The uniqueness of the representation is obtained as follows. From £ =741 and
Y =0 we get K=+ =% and similiar ¢ =n" and [&dm=[ndr. Hence, by
the above decomposition n= o+ B*+~*=n"+ ny—fn dn we get the first
equation of (2.1) which in turn implies the second in view of { =7+ 1.

The unique 7 resp. ¥ in the decomposition £é =7+ is the projection of £ onto the
respective subspace. The finiteness of fX and fY is not crucial, since both are finite

m-a.s. Hence we get a corresponding decomposition L= M"® A for the quotient
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spaces.

Finally, for any P€ 2" we can choose a log-density ¢ € " with finite <,0X and <,0Y.

From the easily verified identities

O(p| &) = O((p|°)| ")

O(p| ) = M(I(p| )| °)
we conclude that the log odds ratio function 1/)(p:H(<p|%0) determines and is
determined by the projection II(¢|./") of the log-density ¢ onto the space /"

Note that this projection - in contrast to ¢(P - does not refer to a reference pair

(z%,y").

We now show that for any f€ # the marginal log-densities long and long are
integrable, too, which in turn implies the integrability of the conditional
log-densities logf|X and 1ogf|Y. Indeed - and slightly more general - for any g€ £
and £ = exp(p) Jensen’s inequality gives

log&X(z) = log[[&(z,y) dn(y)] > [log&(z,y)dn(y) = ¢ (2)

and from log(a) <a—1 we get the fundamental inequality
(2.2) oF < log&® < ¢£—1.

Hence log ¢ is WX—integrable, provided ¢ is m-integrable (e.g. for £€ &), which by
duality also implies that log fY 1s WY—integrable.

It is tempting to pass to the subspace £ C £" of square-integrable random elements
where the spaces M= M'NL" and A=A NL? are in fact orthogonal with

respect to the inner product (£ ,52) :ffl {,dm. Furthermore R*C.£? and the
intersections of %;* and %;* with £? are pairwise orthogonal too. However, we
do not want to impose unneeded asssumptions and therefore restrict our attention

to integrable log-densities and hence to the space £,

As already indicated, from now on we notationally identify the various spaces like

%; with their isomorphic counterparts %;*



3. A characterization of association 13

3. A Characterization of Association

This section contains our main result, the characterization of association in terms
of the odds ratio function. First we will show that any joint distribution P€ & of
(X,Y) with given marginal distributions T and T i1s uniquely determined by its
odds ratio function OR(P). In order to evaluate Kullback-Leibler information in the
proof requires mild integrability conditions, which in particular hold if the
log-density of P is m-integrable (i.e. P€ ') or if either (2, or £2, is finite.
Conversely, for a given 9 € /' we provide a necessary and sufficient condition for
the existence of a joint distribution P€ P! with the given marginal distributions .
and Ty and 7-integrable log-density ¢ =log(dP/dn) such that the odds ratlo
function of P corresponds to 1, i.e. 1 is the projection of ¢ onto %", In this case the

density ¢ may be found as a limit of an iterative procedure.

The results of uniqueness and existence imply that the odds ratio function
completely characterizes the association, 1e. the information in the joint
distribution which is not contained in the marginal distributions. For this reason

the odds ratio function will also be referred to as the association function.

31 Uniqueness

Suppose that Pl’ P2 € &P have the same marginal distributions o Ty and a common

odds ratio function with respect to an arbitrary (z°,y°):
OR°(P1) = OR°(P2).
We want to show that P1 equals P2. For the densities fZ ZdF;. Jdm € F we have
fX = dPX/dT(' and fY = dPY/dW so that P. has the marginal distributions 7_ and 7
1 1 X 1 1 Y ] X Y
if and only if
(3.1) =1 Pas,
fore =1, 2
The projections of the log-densities 902.:1ogf2.6€15 onto #° are the log odds ratio

functions and thus coincide for : =1,2. Hence ©1— @, equals its projection onto the

marginal space #° and may be written as
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(= )(my) = B)(@) +7,(v) with
B2 = (o= )(=zy)
@) = (=0 ),y) — (=) (=", ¥").

To establish P =P, - under integrability assumptions given later - we will show
that the Kullback-Leibler information

I(f,.f,) = Jf log(fi/f,) dm = [(e,—w,) dP| = [(B,+,) dP,
is zero, which in turn implies f1 :f2 m-a.s. and hence P1 :P2. We first note that
(3.2) 0 < [(fl,fz) < o

always holds, even if ©1— @, is only quasi-integrable (ie. the positive or the
negative part is integrable) with respect to Pl' In fact, from —loga < a =1 we

conclude for the negative part of P~ P,
(901_ (102)_ = <10g(f1/f2)>_ < f2/f1 :

Sincef(fz/fl) P, :ff2 dr =1 we get

(3.3) ((pl — 902)_ is P, -integrable.

Hence ((,01— 902)_ is P,-quasi-integrable and [(fl,fz) > —o00. Now the first part of (3.2)

follows from Jensen’s inequality,

[(fl’fZ) = f—log(fz/fl) P, > — logf(fz/fl) P, = 0,
where equality holds if and only if fl :f2 Pl—a.s. - which in view of P1<<7r<< Pl 18

equivalent to 7-a.s. - and hence if Pl :P2.
Now, in order to evaluate the Kullback-Leibler information via
(34) [(f]_hfz) = f(/gl+71)dpl = fﬂldpl—i_f’yldP:V

we have to justify the decomposition under suitable integrability conditions. For

any non-negative 3 € of; we have by Fubini’s theorem and (3.1)
[BdP, = [B-fdP = [B-f} dn = [Bdn_ fori=12
Separate application to the positive and negative part of ,31 leads to
(3.5) B, is P-integrable & B, is WX—integrable ,
= fﬂldPZ.: fﬂldwx.

The dual argument provides the corresponding result for Tp which even holds if

integrability 1s replaced by quasi-integrability,
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(3.6) 7, is P-quasi-integrable & v, is Wy—quasi—integrable ,

= f’yldpz.: f’yldﬂ'y.
Now we can state and prove the uniqueness results.

Uniqueness-Theorem: Suppose Pl’ P2 € P are jount distributions both with common

marginal distributions T Tesp. T, and with a common odds ratio function OR°(P1) =

OR°(P2) with respect to an arbitrary reference pair (z°,y°). Further let @, =log (df; Jd)
denote the log-densities for 1 =1,2. Then any of the two integrability conditions implies
Pl = P2.‘

() (o= @y)-,y) is 7_-integrable,

(11) ((,01— 902)(:1:°, -) s Wy—integmble.
Note that (1) resp. (1) always hold if 12, resp. {2y, 1s finite.
Corollary: If the log-densities ©p, pyare w-integrable, then there exists (z°,y") such that
(1) and (1) hold.

Proof: By duality it suffices to prove the theorem under the assumption (¢) that
,31:(901—902)(-,3/°) is 7 -integrable and thus P -integrable by (35). Hence the
negative part of ’ylz(gol—go )—,31 is P -integrable by (3.3) and Wy—integrable by
(3.6). This establishes (3.4) which, in view of (3.2), implies

(3.7) —fﬂl d7rX < f’yl d7ry.

Switching the indices 1 and 2 we get

Since B, =—p, is WX—integrable by (7), we obtain a result corresponding to (3.7)
—f,@2d7rX < f’y2d7ry.

Combined with (3.7) we get
—f,@lde = f’yldwy

and hence [(fl,fz) =0, which completes the proof of the theorem.

The corollary follows since integrability of ¢ implies thatf|<,02.(-,y)| d7rX is finite for
all y except on a set of T -Mmeasure zero. Hence there exist a y° with 902.(- ) Eof;
and (7) holds. The existence of &° with (it) follows by duality. O
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3.2 Existence

For a given function ¥° € .° we now wish to construct a joint distribution Pe 2"
with given marginal distributions i and T, such that the odds ratio function of P
corresponds to 4°, i.e. ¥° is the projection of the log-density ¢ = log(dP/dr) onto /°.
As one might expect the construction of P requires certain restrictions on %) the
first being that 1° is m-integrable, this will in turn produce a 7-integrable log-density
¢. Since ¢°€ L' is uniquely determined by its projection v =II(y°|.%") via
P =1I(p| &°) we may alternatively start with a given m-integrable ,association
function® ¢ € " (which does not refer to the reference values z°, y°) and look for a
log-density ¢ with ¢ = II(¢|%/"), ie. @ is of the form @ =n+1) with ne #'. We

prove that such an ne 4" exists if the following existence conditions hold:

(ECY) There exists 3 € £ )1{ such that exp(8 + 1) is m-integrable.
(EC2) There exists § € of ! such that exp(7+ ) is m-integrable.

Passing from S to f,@ d7r E% we may equivalently assume 3 E%l in (EC1)
and, by duality, € %1 in (EC2) Equlvalent formulations in terms of the marginal
functions of g=-exp 1) are the following:

(ECD)’  logq" = log ((exp 1/))X) is WX—integmble.

(EC2)'  logq” =log ((exp 1) Y) is Wy—integmble.

Suppose first that (ECIL) holds and set £ = exp {3+ % }. Then

= Jexp {B(2) +¢(z,y)} dr () = exp{6(@)} ¢"(2)

and f is finite T s Hence 1ogq —1ogf ,3 i1s —mtegrable by (2.2) which
yields (EC1)". Conversely, if (EC1)’ holds, then ¢~ is f1n1te 7 ~as and there exists a
version € of; such that 8 =—log q T oas. Hence

Jexp{B(@) +(x,y)} dn(zy) = [exp{~logq (x)} " (2) dr (2) = 1
which proves (EC1). By duality we get the equivalence of (EC2) and (EC2)’.

A stronger version of both (EC1) and (EC2) is obtained by replacing £ or ¥ with the

constant zero function , ie.
(EC3) exp (1) 1s m-integrable.

This condition trivially holds for bounded 1), which covers an important range of
applications in practice where the sample space {2 typically is a compact subset of
R* and 1 1s a continuous function. Note that for finite Q resp. Q the condition
(EC3) is even equivalent to (EC1) resp. (EC2). However, for 2 =TR" we will provide
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an example for 7 (cf. 4.4) , where (EC) fails but (EC1) and (EC2) hold.

The existence conditions (EC1) and (EC2) are sufficient for the existence of the

wanted joint distribution:

Existence-Theorem: For any 1 € 2" the existence conditions (EC1) and (EC2) imply
the ezistence of a joint distribution P€ P with given marginal distributions T and T

and a m-integrable log-density o = log(dP/dr) such that ¢ = II(p | 20Y).

Although the existence conditions will turn out (cf. 4.3) to be weak enough for
important applications, they are not necessary for the existence of P - at least not
for binary Y (cf. 1.3).

The desired log-density ¢ will be constructed as a limit of an iterative procedure of
so-called marginal fittings. Since qX is finite oA by (EC1)’, we will take a version
of ¥ modulo ~ such that qX is finite, and by duality from (EC2)’ we assume qY to

be finite, too. Furthermore let 8 and 4 denote the functions given by (EC1) and
(EC2), which will be chosen such that 3 € (/l;{ and 7€ %; hold, and put

n=06+5 €M, G =ra+1% =B+7+¢ €L,

The corresponding marginal functions (projections) are
Y

=X _ X 3 - _Y -

pr=0"=p, ¢ =17 =17
Since ¢ and the desired ¢ both have the same projection ¢ in &%, ¢ is necessarily
of the form

o =n+¢ with ne M

We are looking for an element n € 4" such that

fn) = exp{n+o} = exp{n+L+7+9}.
1s the m-density of a probability measure P with marginal distributions e and T
Le.

7 X _ _ ;Y _ _

fflin=1 T s, ffin=1 T as.
This element n will be constructed as a limit of a sequence n, € M. The definition

of this sequence and the proof of its convergence is divided into several parts.
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3.3 Marginal Fitting

As a first step we define an operator MX for joint distributions P which switches
the marginal distribution of X under P to the given marginal T Briefly speaking,
the new distribution M X(P) arises by replacing the marginal distribution P* via
conditioning with L This leaves the odds ratio function unchanged, but typically
alters the marginal distribution of Y, too. More precisely, let Pe P! be given by a
7-density of the form f(n) € #* with n€ #". Then the marginal densitiy f*(n) is

finite T A, and we can choose a version modulo ~ such that
0 < fXn) < 0.
From (2.2) we get log f(n) € of; and define the operator by

M (n) = n—logf*(n) € A"

The corresponding density f(MX(n)> is the conditional density of P given X,

M )@y = F)wy) /Fn)@) .
We denote the corresponding joint distribution by MX(P) In particular, the odds
ratio function for MX(P) and P coincide. The marginal distribution of X under MX(P)
1s L because the marginal density off(MX(n)>X of X is identically 1.

The definition of MX(n) above is valid for any n€ 4" such that f(n) is 7-integrable
(but not necessarily a probability density), and the resulting f(MX(n)> is still a
probability density.

For any representation
n =Nyt with nXEcZ;, nYEJ;

we obtain fX(n) = exp(nX) fX(ny). Hence MX(n) depends only through 7., on n,
M. () = M(n,)

In particular, the decompositions using the projections

n=n+7, vy =n —[ndr = Hn| )
n=pB+n, B =n"—[ndr = H@n|.A)

yield

M (n") = Mn) = M[y) = v—logf*(7).

. 1.
Hence the projection of MX(n) onto £ is

(38) M) = —logf(v),
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and (2.2) applied to £ = exp{y + ¢} yields the important inequality

(39  1-F(y) < MO <o =-5.

Furthermore, the operator MX 1s evidently idempotent,

M (M (n) = M [(n).

The dual operator is

M) = n—logf'(n) € M

and has the dual properties

(310  M,(n") = M(n) = MB) = f—log[ (),
B1) M @] = —logf (8,
(312  1-F'(9) < [MM]" < -9 =-7.

Now take an arbitrary noe%l such that ]E<770) € F' is the w-densitiy of a joint
distribution POE@I. Iterating the operators MX and My, we obtain a sequence
n, € M, recursively given by

Mgy = MM (n)), n>0,

and an accompanying sequence ﬁn € %1, namely

The sequence (nn) will be called the marginal fitting sequence with starting value

un and 1s a straigﬁt?oiward generalization of the sequence used by Sinkhorn (1967)
for simple random variables X and Y. Note that by duality we could switch the
operators MX and MY in the definition of n, which would lead to a dual sequence
ﬁn for a suitable starting value ﬁo. For definiteness, however, we will stick to the

choice above.
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3.4 Maximizing Functional and Convergence Theorem

As we will see later, the desired joint distribution P may also be obtained by

maximizing the real-valued functional £ defined on ' by

= [In=f(ldr = [ndr— [f(n)dr

= fl( n(z,9) | #(,9)) dn(=,y) with
lu|v) = u— exp(u+v) for u,v€R.

The functional ¢ generalizes the function considered by Haberman (1974, Theorem
2.6) for (conditional) Poisson distributed Y. Note that ¢(n) is finite for m-integrable
F(n) and — co otherwise. If f(n) is a probability density, we get

= [ndr—1 for f(n) €

For fixed v the function [(u|v) is strictly concave in u and attains its unique

maximum for u =—v. Hence £ is bounded from above
(313) Un) < U=¢) = 1—[¢dn
and strictly concave modulo ~ on the convex set
M7 = {ne M| f(n)is m-integrable } = {ne M| ln)>—0c0}.

More precisely, ¢ is concave and the function induced by ¢ on the corresponding

quotient space A '™ with respect to the equivalence relation ~ is strictly concave.

For any n€ #"" we now establish an important connection between the functional

¢ and the marginal operators MX and My:

(314)  dn) < (M (n), Un) < UM [(n))
(3.15) Un) = E(Mx(n)) & =1 T a.s.  Tesp. n:MX(n) T-a.5.

i) = AM,m) & [

By duality it suffices to prove the results for MX' From the definitions of ¢ and MX

1 m -as  resp. n:My(n) T-a.8.

we get
oM, ) = [(n—TlogfX(m) — 1) dr and
UM, () — tn) = [[[(n) —log [*(m) —1]dm
= [[F(m) —log f*(n) — 1] dn_.

Hence the results follow from the inequality log(a) <a—1, where equality holds if
and only if a =1.

We are now in a position to formulate a convergence result for the iterated
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marginal fitting procedure.

Convergence-Theorem: Let (nne.%l)n> 0 be any marginal fitting sequence with
starting value 1, € M ' such that | f(no) dr = 1. If the existence conditions (EC1) and
(EC2) hold, then any subsequence (nm(n)) contains a further subsequence (nm,(n)) which
converges pointwise as well as in the mean to an element 1€ M* having the following

properties

(1) M (7]) =n T-as. and My(n) =n T-as.

@ Ji)

The limit n 1s 7-a.s. independent of the chosen subsequence (nm(n)) and independent of

My 1e. for two starting values Mo Mg and any subsequences (nlm(n)), (n2m(n)) the

corresponding limits m and M, comncide T-a.s.

Corollary: For any starting value noe%l the marginal fitting sequence (nn)n>0

converges in the mean to an element n€ " and
(117) (ﬁ(nn))nz o 18 @ non-decreasing sequence with limat Un).
Furthermore n is the m-a.s.-unique argument which maximizes the functional £.

Before providing a proof we reduce the existence theorem to the above convergence
theorem. First, f(—’?) = exp(0 + ) is m-integrable by condition (EC1) and hence

My = log[ff d7r] e M
provides a starting value with ff 7]0 ) dm=1. By the convergence theorem we get an

element n € " satisfying (i) and (%). We now show that
p=n+o=n+tf+i+y el

is the wanted log-density in the existence theorem. Since MX(n) = 7 resp. My(n) =7

is equivalent to f¥(n) =1 resp. f¥(n) =1, the function f(n) = exp(¢p) is a 7-density of

a probability measure P with marginal distributions i and 7rY Furthermore the

log odds ratio function of P is determined by = H((p|&2f) which proves the

existence theorem.

The above argument may be extended in order to show that the limit 5 in the
convergence theorem is 7-a.s. independent of the subsequence and the starting
value. Indeed, by the uniqueness theorem (and its corollary), the corresponding

log-densities ©.=n+ for 1 =1,2 coincide 7-a.s. and hence 1, =1, T-a.s. O
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3.5 Properties of Marginal Fitting Sequences

Before proving the existence of the limit 7 in the convergence theorem, we establish

some important inequalities for marginal fitting sequences (nn) with starting

n>0
value un and the accompanying sequence (f]n)n>0 given in 3.3. In the following

the index “n“ always ranges over non-negative integers, i.e n>0. An inequality
§ <&, resp. & <&, for functions & and ¢, here means that fl(z)gfz(z) resp.
fl(z) <.€2(z) holds for all arguments z. Note, that the existence conditions (EC1) and

(EC2) will not be assumed in this subsection.

We first show that both sequences E(nn) and E(ﬁn) are non-decreasing and have the
same limit s. Indeed, from (3.13) and (3.14) we get by induction

316 fn) < 4G, < o) < Q) < H-9)

which implies the convergences to s€ R

(3.17) E(nn) =a —1—s, a :fnn dr
ﬁ(ﬁn):&n—1—>s, &n:fﬁndw.

Hence (an) and (&n) are non-decreasing too with limit a=s+1
a Ta, a Ta.

Next we provide upper and lower bounds for

Mpyr = MX(ﬁn) = Mx<7n) with v =7t —& =7 | M.

From (3.8) we get
X _ X
My ="log /" (v,)
and hence the representation
_ X
nn-l—l = 7y + nn-l—l '
. . X
This allows us to derive bounds for Mot from those for Vo, and U By (3.9),
applied to ﬁn’ we have

(318)  1-fy,) < my < -6,

which already provides the upper bound for 7]7}; . For the accompanying sequence

+1
(ﬁn) we get from (3.10), (3.11) and (3.12) the dual properties
— : . ¢ _ 1
M, (n) =M/ B) with 8 =n —o =1 [AM),

n, =
ﬁ;: = logfy</8n) )

~ Y
=8 +n
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(319  1-F(B) < F < -7,

In the following we use some evident properties (and their duals) of the operator 1,

fin+n") = f(n)-exp(n’), n'e M,

n<n' = fm<i@), F<F@),

Fn+7) = () -exp(y), vEZL,.
From (318) and ay <o | we get

Py = ”f+1_o‘n+1 S —B-ay < =By

which implies

FB,) SF(=B-a) = (=) exp(~ )
and
(3200 —7,., = logf'(B,.;) < logf'(=F)— .
Putting ¢= exp(t) we get

f(=8) = exp(7+4)

log(f*(=0)) = log[[exp(7+¢)dr | = 7 +logg"
which, in combination with (3.20) and (3.19), yields

(ag—7—logg") < nnﬂ < 7.

This provides the bounds for ﬁn

s ~Y - Y ~Y ~Y -
(321) 6 :=min(fiy,qy—F—logg’) < < max(fy,—7) =:4,
From & Ta we obtain the desired bounds for v, = 7]7}; &n’
(3.22) 63::51—a < v, < 62—540— 64

Dualizing the arguments leading to (3.21) and (3.22), we get bounds for 7]7}; and § ,

(323) 65 = mln(ng: &0 _/8__ log qX) S 77,}5 S maX(nS()_ /8_) =: 66 )

67::55—04 < ,Bn < 66—a0::68.

Finally, we obtain the bounds for yn and ﬁn’

_ X
(3.24) b5+ 6, < Moa1 = Vot < 6, + 6,

T LY
5,46, < 7 =B 47 < 6,+46,.

The above bounds will be used in two ways. First, the bounded functions lie in

compact sets, e.g. for any y € 2¥ we have



3. A characterization of association 24

7, €K =[6,(y),6,(y)] CR

and hence

1
v €eK:=]] K cR"Y
yely Y
Now K is a product of compact sets Ky and by Tychonov’s theorem K is compact
with respect to the product topology in which convergence of functions is given by

porntuise convergence.

Second, all bounding functions 61, - 68 are wntegrable if the existence condition
(EC1)’ and (EC2)’ hold, which allows integrating to the limit for pointwise
convergent subsequences. Note that the integrability of the upper bounds does not

require the existence conditions.

3.6 Proof of the Convergence Theorem

In the following proof of the convergence theorem the indices m(n) of a
subsequence will simply be written as m, ie. (nm) is a subsequence of (nn) Since the
sequence (’yn) lies in a compact set K there exists a (pointwise) convergent

subsequence k= k(n) >1 of the given subsequence (nm), Le.
(3.25) Y, — V€ K.

Now ~ is measurable and bounded by integrable functions and hence integrable, 1.e.
’VEJ;. Furthermore the integrable bounds also provide convergence in the mean in
(3.25). The convergence of (’yk) entails several pointwise convergences, some of
which - in view of the integrable bounds derived in 3.5 - also imply convergence in

the mean. First, from (3.25) and (3.22) we sucessively get pointwise convergences,

flv) — f(),

('Vk) ( )
(3.26) Mpyq = —logF(y,) — —logf(7),
(327) =M (y,) =, —logf *y,) — v —logf(v) =M (y) =1,

where the limits — log fX(’y) and 7 are finite and integrable by (3.23) and (3.24). The
convergences in (3.26) and (3.27) also hold in the mean, and the latter implies

(3.28) E(nk_l_l) :fnk—l—l —1 — Yn) =[ndr—1.

Taking (nk_l_l)

as the wanted subsequence (nm,(n)) it remains to prove the
assertations (z) and (#). The argument, that n is 7-a.s. independent of the
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subsequence and of the starting value has already been given. First, we establish (2).

Since

M (n) =M (M (7)) = M () =17

it remains to show My(n) =77 -as and this is by (3.15) equivalent to

(3.29) Un) =AM (n))
Now (3.27) and (3.24) provide pointwise convergence (as well as in the mean) of the

projections onto %;

X X
Pyt = Mo~ M @7 —— Be=1 = [ndm.

Replacing the sequence (’yk) by (6 in the arguments leading from (3.25) to (3.27)
and (3.28), we get

)

Ty = M (By) — M (B) € £,
Wiy y) = [y dr—1 — AM(B)) = [M(8)dr—1.
By (3.10) we have M_(5)) = M_(§) and hence
(3:30) (i) — A, ()

Finally the sequences E(nk_l_l) and E(ﬁk_l_l) have the same limit by (3.17), and thus
(3.28) and (3.30) establish (3.29) and hence (3).

From (1) we obtain f¥(n) =1 T s and hence

[f(n)dn = ffX(n) dr = 1

This proves () and concludes the proof of the theorem.

To establish the corollary, we take n as the limit provided by the theorem for the
original sequence (nn) viewed as its own subsequence. Now any other subsequence
of (nn) contains a further subsequence converging in the mean to a limit which
coincides with the above 1 7-a.s. and hence also converges in the mean to n. This

proves convergence in the mean of (nn) to the limit 7 and hence
E(nn) = fnndw—l — [ndr—1 =) .
The sequence E(nn) is non-decreasing by (3.16) which proves (ix).

It remains to show, that 7 is the m-as.-unique argument which maximizes the

functional ¢. From (i) and (3.16) we first conclude
—o00 < lny) < Un).

Now for any n*€ 4" with &(n) < l(n*) we establish £(n)=£{(n*) as follows. First
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U(n*) is finite and hence f(n*) is 7-integrable. Taking n('):MX(n*) as a starting
value for a new marginal fitting sequence (7];2) we already know that that (7];2)
converges in the mean to a limit 7' € #". From (3.14) and (i) - applied to 7];2 - we

get

Un) < dn*) < lng) < 4n').
However, by the theorem 7 and 7' coincide 7-a.s, and hence ¢(n)=¢(n’) which
proves {(n)=4(n*). As already mentioned in 3.4, the functional ¢ is strictly

concave modulo ~ which makes 7 the 7-a.s.-unique argument maximizing /. O
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4. Applications

The complete characterization of the association has interesting consequences and
we now look at two typical applications. The first application briefly deals with
association models, which specify a model for the association function (i.e. odds
ratios) of X and Y but leave the marginal distributions completely arbitrary.
Motivated by linear logistic regression models we specialize to log-bilinear
associations (i.e. a bilinear logodds ratio function) for which the existence
conditions (ECI) and (EC2) may easily be checked. A somewhat converse approach
leads to the second application where we start with given multivariate normal
marginal distributions for X and Y and characterize joint normal distributions for
(X,Y) as those with a log-bilinear association. As a consequence we obtain a variety
of non-normal joint distributions with marginal normal distributions. More
generally the existence theorem may be used to specify any wanted joint

distribution via the marginal distributions and the association function.

41 Association Models

From the uniqueness theorem we conclude that the joint distribution P of (XY is
determined by their marginal distributions e and T and their association, 1.e. the
odds ratio function OR. If the focus of an investigation is on the association
between X and Y rather than on the marginal distributions, then the appropriate
models are accociation models or odds ratio models, which only specify the odds ratio
function and leave the marginals completely arbitrary. The corresponding model
for the density f=d P/dr with respect to the product 7= X of the marginals

may be written in terms of the log-density @ =logf and the logodds ratio
" =log OR as (cf. 2.5)

plzy) = o+ 5@+ () + ¢ (=zy) .
Here 1) is restricted to a subspace ¥° C " specifying the model and a” € R as well
as the functions F° and ~° are completely arbitrary. Identifiability of the
parameters may be achieved through the constraints §°(z") =0 and ~°(y")=0,
which will be assumed here. Note that the definition of &/° already imposes the
constraints °(z,y°) =0=19"(z",y) for all z,y. The model space ¥ is typically
parametrized by means of a parameter § € © (which often has finite dimension), i.e.
r={y,

rewritten (cf. 2.6) as

6 € O}. Assuming the log-density 1 to be 7-integrable, the model can be
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plzy) = a+ B+ + ¥zy)
with 9 restricted to a subspace ¥ C. ", and arbitrary o€ R, € %; and v € %;

An important point, however, is that allowing arbitrary «, § and v is no guarantee
that the model does not restrict the marginal distributions e and T This, in fact,
requires the existence theorem which explicitly states (under the existence
conditions) that the given marginal distributions may be obtained for suitable

values of the “nuisance” parameters «, 8 and 7.

In applications the model is often equivalently specified using the conditional

density fX(y | ) =f(z,y)/fX(z) of Y given X by
log f¥(y|2) = Bi(@) + 7 () + ¥ (=) with
Bel@) = —log [exp[v'(y) + ¥'(zy)] dr (y)
or, even simpler, by the log-density ratio
(4.) log (f*(wl =)/ ¥ 19) = ¥(v) + ¥ (@)

The dual formulation in terms of the conditional density of X given Y is

log (f(z|y) /(@ |y) = B(2) + 9 () -

The major advantage of association models is that statistical inference concerning
the odds ratio function (or its parameter #) may be drawn from a sample of
independent observations (a:l,yl), - (mn,yn) where each <mz"yz') may be taken from

any of the following distributions:
e the conditional distribution of ¥ given X = z,
e the conditional distribution of X given ¥ = Yo
e the joint distribution of X and Y.

Returning to the discussion in the introduction, we first specialize to a finite sample
space QY and then briefly look at log-bilinear association models for arbitrary Qy.

Statistical inference for these models, however, is outside the scope of this paper.
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4.2 Output with Finite Range

If “QY is finite with K >1 elements (K =1 is trivial) we may with no loss in genera-
lity assume 2,= {0,1,.,K}. Then AY|X=2) has a multinomial distribution
MK—|—1<1’ 7(x)) with K41 classes and probabilities my(x)=P(Y =k|X=1x)>0. Using
the multivariate logistic transformation

logit m (z) = log ( m.(2) [ 7o(@) )

of the probability vector m(z), the association model (4.1) with reference value

y” = 0 reduces to a logistic regression model,

logit 7Tk<113) =7+ (z), k=1,.,K,
where the argument y is replaced by an index k. In a linear logistic regression
model the log odds ratio functions ¢k are taken as linear functions of the form
¢k(az) :g(m)TQk, where ¢g(z) is an S-dimensional vector of so called covariables and
HkEIRS is an unknown parameter (the superscript “T“ denotes the transpose).
Although typically the observation z = (a:l, - :L‘t) is itself a finite-dimensional vector,
the use of a transformation g(z) instead of z provides more flexible models. For
.. of a ,continuous component® z, as well

z
I 1
as indicator variables I{ m2:l} for levels [=1,..,L of a ,discrete component” z

example, g(z) may contain powers z
o
Introducing indicator variables hk(y) = Ky=k} for all values of k£ of Y, the model
¥y (z) :g(a:)THk may equivalently be written as

P(z,y) = %g(x)%khk(y) = (=) 0 h(y)

where 6 is the corresponding SxK matrix with columns 01, - HK. This

representation serves as a motivation for the association models considered next.
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4.3 Log-Bilinear Association Models

Returning from finite to arbitrary £2., let U=g(X) and V="A(Y) be random vectors
given by measurable maps g:QX—> R*® and h:Qy—> R*. Then a log-bulinear
association model for (X,Y) with respect to (g,h) is given by a k_x k, matrix A such
that the log odds ratio function for the joint distribution of (X,Y) is of the form

¥(gy) = [9(z)—g(a)]"A [Ay) — h(y)] for all z, .
To check the existence conditions for " we first express the projection
Y=1II(4"| &) in terms of the expectations ,LLU:E(U) and ,LLV:E(V) (which are
assumed to exist) as

Py = Py — ¢ @) -y () + [y dr

T
= [9(@)—p, ] A [Ay) —p,].

Next the marginal function qX of g=exp(y) can be computed via the moment

generating function m., of V by

¢'(2) = m (AT [g(x)—p,]) x exp{~[g(&) —p ] Ap,}.

Finally, we get log (qX) in terms of the cumulant generating function K, = log m., of

V as
X T T

logg (2) = r (A [9(2)—p,]) = [9(@) =, Au,.
Hence the existence condition (EC1)’ is here equivalent to
(ECY) . The expectation of KV<AT[ U—-u, ) exists (i.e. is finite).
By duality, (EC2)’ can be stated in terms of the cumulant generating function Ky
of U as
(EC2) . The expectation of ,%U<A[V— K, ) exists (i.e. is finite).

Since the above considerations depend only on the distributions T and T, of U
and V (rather than on T and 7ry) we may forget X and Y and start instead with
the corresponding log-bilinear association model for the joint distribution of the

transformed pair (U,V)
¢°Uv(u, v) = (u— u°)TA (v—2") for all u, v

which induces the above model for .
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4.4 Multivariate Normal Distributions

Let us now investigate the situation with multivariate normal marginal

distributions
AX) =7 =N, (4, 5), AV)=r, =N, (0,5,

in more detail. For simplicity we first assume (the general case is considered later),
that the k xk_ resp. k ><]<: covariance matrix E resp. E 1s non-singular so that X
and Y have posmve den31t1es f>\ resp. f>\ with respect to Lebesgues measure \*e

R*= resp. Avin RF given by
logfj(@) = —3 (e—p )" w—p)+c, ¢ =—%log[(2m)=det()],

-1 k
log fi(y) = =5 (y=—n)"Z (y—n)+c, ¢ =—3log[2n)"¥det(Z)].

y
Our aim is to characterize the joint multivariate normal distributions in @' in
terms of their association (i.e. odds ratio) functions. Now the product-measure
=T KT 1s the multivariate normal distribution of dimension k=% -I-ky with
expectation p= (,LL K, ) and nonsingular covariance matrix dlag(E E) Since T
has a positive den31ty with respect to Lebesgue’s measure A we have 7r<<)\ LT
and hence the class & consists of all joint distributions P having a positive density

with respect to A

First we take a multivariate normal distribution P=N (,LL, )E@l and derive its
association (odds ratio) function. Since PeP' must have a A -density f)\’ he

covariance matrix 2 is nonsingular, and X' resp. Q = st may be written as

(42) E - ET Eyy]) Q QTQy])
_ -1 _
Q =@ -z, @ =-9r 5}
ol T
Qy o Ey Ey Emmey'
From
log f\(z,y) =

- % [(z—p) TQm(m—Mm) + 2z—p ) Tme(y —p)+y—p) TQy(y — My)] + const
we get the log odds ratio function of P as
(43) Y@y = —(@-2)'Q (y—y)

which 1s bilinear for the choices =0 and y°=0. The projection of 1/)P onto the

.. 1. .
association space & is given by
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Yoy = —(@e—n)'Q (y—n)

z

and coincides with ¢P if the expectations are taken as reference values.

Let us now show that any joint distribution Pe ' is multivariate normal if and

only 1if its log odds ratio function is bilinear. More precisely, we prove the

Characterization Theorem: Any joint distribution P€ P! with marginal normal
distributions 7TX:N km(,um, Em) and T, =N ky(,uy, Ey) is 1tself multivariate normal if and
only if 1ts log odds ratio function 1° with respect to the reference values °=0 and y"'=0
is bilinear, v.e. there 1s a k_X ky matriz A such that ¢¥°(z,y) = J:TAy for all z and y.
Note: The existence conditions (EC1) L and (EC2) , hold if both m and 7 are normal.

Proof (non-singular case): We first provide a proof for the case that both Y and
2] are non-singular from which the general case is derived later. It was just shown

Y
above that the log odds ratio function for any such normal P is bilinear.

Conversely, for a given P€ P! with normal marginals T Ty and a bilinear
log odds ratio function 3°(z,y) = J:TAy we have to show that P is mormal. One
possibility is to find the correponding covariance matrix cov(X,Y)= Emy as a
solution of the equation A= Qmﬂmyﬂy_l, where Qm given above also depends on Emy.
However, we will apply the theorems of convergence and uniqueness to show that P
1s normal. In view of 2.4 it is sufficient to consider the special case with po= 0 and

b= 0, for which ¢° coincides with its projection: ¢ = II(y° | &) = 4.

We first note that the assumptions for the convergence theorem are easily verified

using the cumulant generating function Ky of X. Indeed, the expectation of
1 T,T
KX<AY) =5 YA LAY
exists which establishes (EC2)A. Condition (ECl)A follows by duality.

We now construct a normal distribution PO with log odds ratio function 4° which
not necessarily has the wanted marginal distributions T and L. Taking P,asa
starting value in the iterated marginal fitting procedure, we get in the limit the

joint distribution P which will turn out to be normal.

To obtain PO take any a >0 such that C'= ¢ T A is a correlation matrix, 1.e. |Cz'j| <1
for all 7,70 Now for standard normally distributed vectors UNNkm(O, I) and
VNNky(O,[) (I denotes a unit matrix) there exists a joint normal distribution P,
such that C is the covariance matrix of (U, V) under F. By (4.3) and (4.2) the log

odds ratio function of F is 1/)O(u,v) =T (BA)v with
B = at(-cclyt
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The joint distribution P, of (BU,V) under P is normal Nk<0’ EO), and its log odds
ratio function turns out to be " (cf. 2.4). Since " =1, the log-density
o= log<dP0/d7r> is of the form Co="p T 7+ 1 with UNS M" and 7= +7 taken
from the conditions (EC1), (EC2), cf. 3.2.

Consider next the iterated marginal fitting sequence nn:MXMy(nn_l) and the

corresponding distributions Pn with log-densities

@, = log(dPn/dW) = nn—l—ﬁ—|—¢ .
Now for any mnormal centered distribution P’ =N(0,%) the (conditional)
distributions MX(P') and My(P') are normal and centered, too. Hence all P are
normal N(O,En) and from the convergence theorem we obtain a subsequence
m=m(n) such that (nm) converges (pointwise) to an n€.#'. This implies

convergence of the log-densities
o =n Fi+y — ntit+d =:e
Thus the log-densities Crm with respect to Lebesgue’s measure A converge, too,
@ ey, = ¢, tlgfy+logfl —— @+logfi+logf] =0,
Since @ i1s a log-density of a distribution P with marginals T Ty and log odds

ratio function " =1, the uniqueness theorem yields P:P(P. Hence, for P to be

normal, it remains to show that Py 1s a log-density of a normal distribution. Now

for any z =(z,y) we have

(’OAm<Z) = —% zTsz S Q. = E;j : c = —% 1og[(27r)kdet(2m)] .
Then, by (7)
(i2) ¢, = PO —  ©,(0) =:¢,
2[cm — (’OAm<Z)] = zTsz —  2[c— goA(z)] for all z.

Taking 2z as the unit vector u; (with U= 1 and U= 0 for 12j) we conclude that the

diagonal elements an converge and for z= u, + u]. we obtain convergence of
T —
(u) Qplutu) = Qi+ 2Q 4+ Qs
and hence of Qm” This proves that (Qm) converges to a matrix @) and
__1.T __1.r
P =—572Q z+c  —— p)=—52Qz+c

for any z. Hence 0y is a log-density of a normal distribution, provided @ is

non-singular and positive-definite. Now (i) implies the convergence of

log[det(Qm)] =— 1og[det(2m)] — @
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and hence
det(Q, ) ——  det(Q) = exp(a) >0

which proves that () is non-singular. Since all Qm are positive-definite, so is their

limit @, which completes the proof. O

As a supplement to the above proof let us remark that the odds ratio function
exp{¥’(z,y)} = exp(mTA y) is in general not m-integrable, i.e. condition (EC3) may be
false although (EC1) and (EC2) are satisfied. Indeed, take X and Y both with the
same standard multivariate normal distribution Nk<0’[)’ and, for fixed t€IR,

choose A such that ATA =2 is a multiple of the unit-matrix I. Then
Jexp(e"Ay) dn(zy) = [[[exp(z"Ay) dm (o) ] dr (1)
= [m (Ay) dr (y),

where m, is the moment-generating function of X, and thus

m (Ay) = exp(l TATAy> = exp(tyTy).

Hence the expectation of m (AY) 1s the moment- generatmg function of YTV (which
has a Xk distribution) evaluated at ¢. Thus for t<—

[ exp(a’Ay) dn(zy) = (1-20)72,

but for tZ% the integral is infinite.

So far we have assumed that the covariance matrices Ex und Ey of X and Y are
non-singular. We now extend the above results to the more general case when E
and E have any rank r >0 and T, > 0. Then there exists a k xr_ matrix C’ of
rank r such that E C’ C’T and for a standardized U~ NTI(O I) the hnear
transform g(U) = C’mU—l— p_is dlstrlbuted as Nkm< g Em). Therefore we may assume

X =¢(U) and, by duality, Y =A(V) = C’yV—I— Ky fora V-~ Nry(O, I).

Note that g and h have inverses, i.e. g_l(a:) = C’I_(m—,um) with ¢ = (C’fC’m)_lC:.

Now any joint normal distribution P:Nk(,u, X)) for (X,Y) is the image measure of a
joint distribution P’ = NT(,LL', 2" for (U,V) under the transformation given by g and
h. Furthermore we have 7 <P« 7 if and only if ' := T X, K P'« 7', The latter

condition is equivalent to rank(2’) =r + T Since X~ and X’ have the same rank,

we conclude

Nk<pb, X)ep & rank(X) = rtr,

Note that P€ % will not have a density with respect to Lebesgue’s measure Ak
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unless J 1s non-singular.

By (4.3) the log odds ratio function of P’ with respect to u° :g_l(af’) and v° = h_l(y°)
1s given by

Yo () = = (u—u)'Q, (v—7)

uv

which yields the log odds ratio function of P (cf. 2.4) as
. o NTA=TA A
bzy) = —(@—2)°C"Q C (y—y)
Hence even for a singular covariance matrix 3’ the log odds ratio function 1/)P 1s

bilinear (assuming z°=0 and y"=0). The characterization theorem can now be

established for this more general situation.

Proof (characterization theorem: general case): For normal P we just showed
that the log odds ratio function is bilinear. Conversely, suppose P& P! has normal
marginals T Ty of X, Y and a bilinear log odds ratio function ¥°(z,y) = J:TAy with
respect to z°=0, y°=0. We have to show that P is normal and may again
assume p =0 and 3 =0 in view of 2.4. Consider the joint distribution P’ of
U= C’ X and V= C’ Y which has normal marginals and a bilinear log odds ratio
functlon given by 1/) "(u,v) =u (C’:A C’y) . From the non-singular case of the
theorem we conclude that P’ is normal and hence the joint distribution P of (X,Y)

is normal, too. O

Having characterized the joint distributions P& P! which are normal, we are now
in a position to obtain a variety of non-normal joint-distributions P€ ' by simply
specifying a non-bilinear log odds ratio function ¢° which satisfies the assumptions
of the existence theorem, e.g. any bounded ¢° non-bilinear function. Taking any such
non-bilinear function, say ¢"(z,y) = sin(mTA y) to be definite, we obtain a non-normal
joint distribution P whose correlation matrix o(X,Y) exists. Now there also is a joint
normal distribution P/ with the same correlation matrix and marginals. Hence P
and P’ differ, but have the same correlation matrix and the same marginal
distributions. As already remarked in the introduction, this shows that even for
normal marginals of (X,Y) the correlation matrix does not characterize the

association between X and Y.
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5. Conclusions

The joint distribution Z(X,Y) of two random elements X and Y has been shown to
be completely determined by their marginal distributions Z(X), ZY) and an odds
ratio function OR(X,Y). Specifying each of these three parts separatly yields (under
mild integrability conditions) a unique joint distribution. Hence the odds ratio
function characterizes the association between X and Y in the sense that it carries
all information on the joint distribution which is not contained in the marginal
distributions. Thus the odds ratio function may be taken as a formal definition of

association.

In particular, measures of association as well as models for the association may be
derived. A measure of association is any real-valued functional of the odds ratio
function, eg. the expectation of OR(X,Y) or logOR(X,Y). Association models are
(semi-parametric) models which only specify the association structure via the odds
ratio function and leave the marginal distributions arbitrary. An important
example are bilinear log odds ratio functions for vector-space-valued X and Y.
Statistical inference of association models may be based on samples from the joint

or the conditional distribution of either variable given the other.

Our characterization also allows classifications as well as constructions of joint
distributions according to their odds ratio function and their .marginal
distributions. Take for example random vectors X and Y with normal marginal
distributions. Then their joint distribution has shown to be normal if and only if
their log odds ratio is a bilinear function. However, a variety of non-normal joint

distributions may be specified using non-bilinear log odds ratio functions.
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