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Abstract

Goodness—of-fit tests for discrete data and models with parameters to be estimated are usually
based on Pearson’s X* or the Likelihood Ratio Statistic, which both are included in the family of
Power—Divergence Statistics SDy. It is known that SD), is asymptotically X? distributed for the
common sampling schemes, which yield contingency tables being Poisson or conditional Poisson, e.g.
product—multinomial, and for an asymptotic approach with the number of cells being fixed. Here
a limiting normal distribution of SD) for Poisson distributed J x K tables is presented considering
an increasing cells approach, i.e. beside the total size the number of covariable groups J increases,
whereas the number of categories K and the number of model parameters remains fixed. In contrast
to the “fixed cells” asymptotics an increase of all expected values is not required — the expectations
of the cells may be large but need not be, which allows an application of the deduced tests to sparse
data. The peculiarity of the here considered approach is that the underlying class of models to test
does not specify the marginal distributions of the (covariable) groups and categories — only the
associations, i. e. the odds ratios, are modelled with a finite number of parameters. One thus has to
deal with an asymptotically infinite number of nuisance parameters.

Key words: goodness—of-fit, Power Divergence Statistics, contingency tables, Poisson data, sparse
data, odds ratios.

1 Introduction

The subject of this article are goodness—offit tests for discrete data with parameters to be
estimated. For this purpose, observed and expected counts for a given parametric model will
be compared applying a certain “distance measure”, which should be small if the model is true
and large if it is not. Of course, the distribution of the distance under the nullhypothesis,
i.e. the case that the model holds, is needed in order to check the goodness—of-fit. The
best known statistics usually taken for those tests are Pearson’s X* and the Likelihood Ratio
Statistic (“Deviance”). Cressie and Read (1984) have embedded them in a family of “Power—
Divergence Statistics” SDy (A € R), where each member SD) is a sum over all deviations
between observed and expected counts:

SD, = ZaA(observed,expected)

cells

with distance function ay : [0, 00) X (0, 00) — [0, 00),

@) = awn =y () =1) - gm0



The values A = 0, where qg is defined by continuity, A = —1/2 and A = 1 indicate known
goodness—of—fit statistics:

a_yjo(z,p) = A(Vr —/p)? (Freeman—Tukey),
ap(z, ) = Q(x logz/p— (x — ,u)) (Likelihood Ratio),
ar(z,p) = (z—p)?/u (Pearson’s X?).

To allow zero observations, which are typical when data are sparse, only values A € (—1,00)
will be considered.
The observed data consist of a J x K contingency table:

categories
group/code D
(covariables) | 1 --- k -+ K | sum
L(z1) | X112 - X1k o Xik | Xy
i) | X X o Xy | Xy
J(z) | Xn - Xp - Xy | Xgy
sum | Xypo .- Xk o Xy | Xgy

with J groups usually represented by different values z; of a vector of covariables Z € RM,
K categories D € {1,..., K} and observed counts Xj;, € Ny of objects (Z, D) belonging to
group j and category k. The sampling scheme considered here is Poisson, i.e. X11,..., X K
are independent Poisson distributed random variables, which typically occurs when all avail-
able data (Z, D) are collected within a fixed period. Since this proceeding is convenient by
the realization of concrete studies, e.g. in epidemiology with D representing different states
of a disease, the Poisson model is of particular interest for applications. Above all, it is
of central importance for theoretical investigations of contingency tables in general, because
the other relevant sampling schemes are conditional Poisson such as multinomial or product—
multinomial sampling and can be derived from the Poisson model through fixing of certain
marginal sums. Case—control and cohort studies, for example, which are frequently per-
formed in epidemiology, both consider product-multinomial tables (the columns resp. rows
are independent multinomials) and hence distribution models being conditional Poisson.

The main interest in the investigation of contingency tables lies in the description of asso-
ciations within a table rather than in the marginal distribution of covariables and categories.
Thus, the models to be tested specify dependencies between covariables and categories by a
finite—dimensional parametrized model and leave the marginal distribution arbitrary. Since
the distribution of a contingency table is uniquely determined through the marginal distribu-
tions and the odds ratios, the actual models of interest turn out to be “odds ratio models”,
i.e. only the odds ratios are specified. In this paper now models for the conditional distribu-
tion of the categories given the covariable groups will be considered, which will be shown to
cover the class of odds ratio models.

It is commonly held that for increasing sample size SD) is asymptotically X? distributed
under the common sampling schemes. This approach assumes the number of cells J - K to
be fixed — hence the number of parameters is finite — and, moreover, an increase of all
expected values. These assumptions are often not given, especially not when the data are
sparse. The aim of this article is to meet this situation using an “increasing—cells” approach,



i.e. the number of categories K is fixed and the number of groups J increases, and to derive
a limiting normal distribution of SD,. In particular, the expected values of each cell may
be small but need not be. One difficulty in proving such a limiting result is that the models
considered do not specify the marginal distribution of the covariable groups. So when the
number of groups tends towards infinity, one has to deal with an asymptotically infinite
number of nuisance parameters.

A number of authors have also discussed the possibility of taking a normal rather than
a X2 approximation using the increasing—cells approach, e.g. Carl Morris, Peter McCullagh,
Gerhard Osius and Dieter Rojek. Morris (1975), who is not concerned with parameter
estimation but with given expected values, proves the asymptotic normality of Pearson’s
X% and the Likelihood Ratio Statistic for multinomial sampling, i.e. for a J-dimensional
multinomial vector where J increases to infinity, by making use of the fact that the multino-
mial distribution is a special conditional Poisson distribution. McCullagh (1986) considers
Pearson’s X? and the Likelihood Ratio Statistic for Poisson and binomial sampling with all
expected values and hence the distribution of the table specified by a finite-dimensional
parametric model. Osius (1985) derived the asymptotic normality of SD (for a general dis-
tance measure) under binomial sampling and later extended these results to the case where
the underlying model fails. Rojek (1989) generalized and strengthened these arguments to
product—multinomial sampling with the rows being J independent multinomials (e.g. cohort
studies). His limiting result for the nullhypothesis, an outline of its derivation and further
supplementary information are given in Osius and Rojek (1992). In terms of expected val-
ues, Osius and Rojek examine the same models as this article. Because of the underlying
sampling schemes, though — the group sizes are given, they do not have to deal with an
increasing number of nuisance parameters. Nevertheless, their work is of special importance
for the here considered approach since it provided valuable ideas for the general proceeding.
This article will now be based on the dissertation of U. Miiller (1997), which treats the de-
scribed subject in detail. In contrast to that thesis here a slightly generalized result will be
presented — an extended model class is admitted, which, however, requires only a few minor
modifications. The thesis moreover considers a certain approach to derive goodness—of-fit
tests for “column—multinomial” sampling, which is product—-multinomial with the columns
being independent multinomials (case—control studies). This will, however, not be touched
here.

In the following an informative presentation of the results will be given. Section 2 and
3 provide the general background by explaining the sampling scheme, the “increasing cells”
approach, the parametric models of interest and the estimation, i.e. the way of fitting the
data to an assumed model. In section 4 the main result, namely the asymptotic normality
of the Power—Divergence Statistics under the nullhypothesis, i.e. the model holds, and the
decision rule for the tests deduced will be presented. Thereafter all assumptions will be
listed and discussed in part (sec. 5). Section 6 sketches the derivation of the limiting result.
Since the considered approach requires comprehensive calculation and argumentation, this
can, for reasons of brevity, not be done in full length. Thus only the most important steps
will be summarized without going into mathematical details. Readers, who are interested in
the complete proofs, should refer to U. Miiller (1997).

2 Stochastic Model and Asymptotics

In regard to the comparatively complex asymptotics, first a suitable stochastic model will
be presented. This is indispensable in order to explain the way of grouping and to clarify
the meaning of the number of (covariable) groups to be a nonstochastic quantity.

As in the introduction let contingency tables (X]"k)ﬂC with observed counts of objects



belonging to group j € {1,...,J"} and category k € {1,..., K} be given. The asymptotics
will now be indicated through a running index n. In the presence of covariables Z € RM,
which is the normal situation, for each n € N a disjoint decomposition of the image space
of Z will be considered:

Jn
ImZ= U I with Ii,..., I}, pairwise disjoint.
j=1
Hence the covariables groups are specified through the partitions I7',...,I7,. The natural
sampling scheme in order to achieve Poisson distributed contingency tables ( j”k)]k is a
sample of N" objects (Z;, D;), i =1,..., N"™, each characterized through a covariable vector

Z and a category D. These typically arrive by chance within a fixed period and thus yield
the size N™ to be a random variable. Proceeding on this sampling scheme and using the
notation from above, one gets under nearby assumptions for each cell of a table a Poisson
distribution with expected value 7,

ik =H1<i<N"Z; € I, D; = k}| ~ Pois(uj;,) for every j,k,n,

that is then, when the distribution of the counts is given through independent Poisson
processes (see for example Billingsley, 1986, section 23). In particular, all entries of a table
are thus stochastically independent. Further, the marginal sums, e.g. X7, , and the total size
X', are again Poisson distributed, now with parameter pf, resp. ply (The subscript “”
will always denote the vector and “4” the sum over the corresponding index). Summing up,
in the following Poisson distributed J" x K contingency tables ( j"k) 4.k Will be studied with

X7 ~ Pois(pjy) forall j € {1,...,J"} ke {l,...,K},n €N,

X1, ..., X ng stochastically independent.

For the here considered asymptotics will just like for the common “fixed—cells approach”
be assumed:

e The expected total sample size tends towards infinity, 't , — oo,
e the dimension M of the covariable vector is fixed,
e the number K of categories is fixed.

The running index n will in practice certainly be identified with the realized sample size. Be-
cause this quantity is in fact a random variable, it is more useful for theoretical investigations
to choose n as a formal index, which increases proportionally to uf ., i.e. p’t, = nc+o(1)
with constant ¢ > 0. Additionally will now be supposed:

e The number of groups J” increases, J” — o0.

Considering the grouping just described, one basic requirement to accomplish the increasing—
cells approach is the existence of a sequence of decompositions U}]; I3, which increase
in number and where for each partition the probability of getting filled is positive, i.e.
P(Z € I}) > 0 for all j,n. This is, for example, not given if the distribution of the covariables
is discrete with finite domain. As a stronger condition one will even have to demand that
asymptotically all groups be filled with probability one (see cond. (LCO0), sec. 5). Because
the marginal distribution concerning the covariables will not be specified by a parametric
model, further conditions concerning grouping resp. the underlying probabilities will have to
be satisfied, which will be given in section 5.



3 Parametric Modelling and Estimation

Keeping the notation of the last sections, now the actual models of interest, for which
the goodness—of-fit shall be tested, will be described. For this purpose let the table of
expectations (pf )k € (0,00)”"*K be considered. Of primary interest in the study of
contingency tables is the conditional probability 77, = P(D = k|Z € I}!), which, in the here
considered case of Poisson distribution, equals the ratio u7, / Wiy

i =P(D=k|Zel})=ph/uj, forj=1,...,J%k=1,...,KneN.

These probabilities will be modelled in dependence on a finite-dimensional parameter vector
0", i.e. TF?k = ﬂ?k(Q”). In applications, where the single groups are typically represented by
covariable vectors 27" € RM | in general explicitly

i (0") = Fy(27,0") for every j,k,n

is assumed with Fi,..., Fx being given functions.

If beside the modelled ratios the expected row sums uf,, ..., u.  are taken into account
as additional parameters — hence the marginal distribution of the covariables £(Z) is not
specified — one obtains the following representation of the expectations (let © C R® be an
open parameter space):

pp(0") = pi mi (07) - with 7. (6") = ———, 6" € ©. (1)
Hj+
The hypothesis to check with a goodness—of-fit test now says that the model is true:
Hy: 30y €0©: ply = pi m(05) forall j,k,n. (2)

Models for dependencies within contingency tables are of special interest in epidemiology,
where the T, are typically disease risks and the categorial variable D indicates different
disease groups. For those investigations, usually a more specific parametrization is chosen,
which will now be briefly described. Starting point is a log linear model with linear predictor
nj, = log pjj, and the following parametrization of the complete model:

log pfy, = mjx = " + pff + 9 + V.

Interpretability and uniqueness of the parameters are given through suitable marginal con-
ditions. Choosing especially pi =1 = 0, ¥ =0, ¢7 = 0 for all j, k, n, the parameters ik
turn out to be the “log odds ratios”,

Wiy, - 1

Vi = Mk + i1 — nj1 — 0 = log -,
Hj1 - Pk

which, as already mentioned in the introduction, contain the whole information about the
associations between covariables and categories. Of special importance are further the pa-

rameters 73, ..., v, which have the following interpretation (k = 2,...,n):
i " 7 P(D=k|Z € I}
o = tog Mk — 1o (1 My 1o PD=RZ T ®)
Hi1 Hiy M1 P(D =1|Z € I')

A suitable parametric model in order to accomplish (1) is now as follows:
ik = " + pj + i +4j(6)  for all j, k,n (4)
(“odds ratio model”) with the commonly considered special case

N =" +pf +i +(27,6k) (Br € RM)  for all j,k,n



(“log linear odds ratio model”). Here p = A7 = 0, f1 = 0 and further (without loss of
generality) z* = 0 are set in order to meet the marginal conditions. This particular odds
ratio model, 7} = (z}l, Br), assumes linear dependencies between the covariables and the
different stages of a disease. An equivalent rewriting now reveals (4) to be a multivariate
logit model:

logitkﬂ;‘, = 1Og7T§Lk - 10g77?1 = + ;Lk(ﬁ)

In particular, the ratio 77, = u7, /1y states in accordance with (1) explicitly as follows:

n exp(7y + ;Lk(ﬁ))
_7r ") = .
e =) = S o+ 0n(8) ®)

In the log linear odds ratio model this clearly results in

exp(yy + (27, Br)
Sis1exp(yf + (27 1))

with 0" = (7%, ..., 7%, By ..., Bx) ERY (S = (K —1)-(M+1)) and 8 = (Ba, - - ., Br) being
the odds ratio parameters of interest. Considering the interpretation of 47 (k = 2,...,n)
given in (3), these parameters — and thus 8" — should be allowed to depend on n to avoid
additional restrictions, which especially concern the choice of the first covariable groups I7*
(n € N).

For the estimation of 6, in the following the maximum likelihood (ML) estimator 9", or
some equivalent estimation function in regard to the approximability through information
matrix and scores, will be taken. The loglikelihood function {"(#) and the score vector U™ ()
are given as follows:

i = i (0") = (6)

K K
:jgl(];kalogM?++;kalogw — Wiy — Zlog )

with loglikelihood kernel Z}JL POy X7 log 7 (0) (with respect to 6),

J" J" K
=Y UMO) =D XjiDy logn}i(6) = Dy I"(6).
Jj=1 j=1k=1

The ML estimator 0" there clearly has to fulfil U"(6") = 0. The information matrix under
the nullhypothesis is also obtained by simple calculations:

I" (%, 05) = Cov(U™(6)) Zﬂﬁz 07[-]]4:(90) Do (05)-
7j=1

Since for the vector of expectations u”, no structure is specified, the observed counts in every
group, namely the row sums X", (j=1,...,J"), will be used for its estimation. These sums
are easily seen to be ML estimators, too.

In conclusion, the following estimators will be considered:

e 0" maximum likelihood or some asymptotic equivalent estimator for 6 with
— VRl —g5) = 0,(1),
= 0" — 05 = (I"(ury, 0)) - U™(65) + Op(nY),

o i =X7 (je€{l,...,J"}) maximum likelihood estimator for u7, .

The estimators for the expectations in the model thus will be 47, 77} (é”) for all j, k,n.



4 Limit Theorem and Goodness—of—Fit Test

With the model fit now being specified, the test statistic SDY (4% ,0") is given (4", is the
vector of row sums as stipulated: 4% = (i}, ); = (X7} );):

J* K
SDR(A™,0") = D> an(XJy, a7 (07).
J=1k=1
For this statistic, suitably scaled and centered, the asymptotic normality under the increas-
ing cells approach will now be presented as the main result of this article. This limit-
ing result is intuitively nearby, since an increasing sum is considered with its components
K L an(X o 4 k(@ )) being nearly independent — the dependencies between the rows

just come in through the parameter estimation 6. The result will, as in U. Miiller (1997),
be given under the nullhypothesis, i.e. the model holds. A similar limiting normality can
also be shown for arbitrary alternatives (the given model fails), which will, however, not be
carried out here.

Using the following notation, which will be explained later, namely

mX(p'y,05) = E(SDX(u, 05 ZZE ax(Xj, 1jy ™5 (00))),
j=1k=1
Ay, 05) = Y Delogmyi(6g) - Covlan(Xjy, 1w (65)), Xji),
=1 k=1
K I
(O 06))° = D> Var(aa(Xj, ufy i (09)) + 20"+ > ——
j=1k=1 =1 Hj+
oK
_22 > Cov(an(XJy, w5 (08)), (XGi)?)
1‘uJ+k 1

+4ZZ 5(00)Cov(ax( Xy, ui 77 (06)), X%)
j=1k=1

=R, 05 (T (1, 03)) (R, )T
the main result can now be given:

Theorem 4.1 Keeping the terminology from above and the preceding sections, then for the
increasing cells approach described in section 2, the family of Power—Divergence Statistics

DY (X > —1) is asymptotically normal under the nullhypothesis (2), i.e. the model holds,
as follows:

SD™ (™ én o hn én Jn
T)r\z _ A(:ul—i-? ) Am,\EM.Jm ) + i} N(O, 1) (n _ OO),
Uf\b (,u~n+7 Hn)

provided the conditions (LC0) — (LC3), (RC0) — (RC3), (MD0) — (MD2) and (VC) given
in section 5 are satisfied.

Since large deviations between observed and fitted expectations and hence large values of
ay resp. SD) speak against the nullhypothesis, this limiting result suggests the following
one-sided level « test:

rejection of Hy < Ty > z,



(zq is the upper a—quantile of the standard normal distribution N(0,1)). The derivation of
the result will be sketched in section 6.

Considering the test statistic from Theorem 4.1, the derived centering term obviously con-
sists not only of the expectation of SDY, namely m} evaluated at the estimate m% (47, é")
Additionally the number of groups J™ has to be added, which is the expectation of Pear-
son’s X? Statistic for the row sums, i.e. Z}Zl a1 (X7, pjy). By the derivation of a suitable
approximation (for which later the asymptotic normality is shown) this term has to be in-
corporated in order to handle the nuisance arising through the estimation of p, respectively
of the not specified marginal distribution. Of course it also has to be regarded by computing
the asymptotic variance, which turns out to be

(0X (1. 06))° = V‘”’(SDn w4 0o Zm J+7“J+)

—ex(wly, 00) (1 ”(M+,9o)) Rl 00)) (7)

evaluated at the estimate i, 0". 1In the formula for (o%)? given before Theorem 4.1
Var(SDY(u™., 0) — Z}'JL a1 (X7, ) is stated in detail. Hence (o%)? is the variance
of the difference between SDY and Pearson’s X? Statistic for the row sums reduced by a
quadratic form. The latter one comes into being in order to handle the estimation of the
finite—dimensional model parameters and involves the S—dimensional covariance vector of

SD?Y and the derivative of the loglikelihood (score vector),

A 05) = COU(SDA(MJH@O) Un(6p))

ZZDglogﬂ]k 05) - Cov(ax( Xy, w77k (00)), X% )
j=1k=1

as well as the inverse of the information matrix

I"(ph,05) = Cov(U"(0F)).

For Pearson’s X2 Statistic

N (XJy, — ifym k(é ))?
sopG, iy = Sy Gk A
j=1k=1 /~‘]+7T]k(9 )
the standardization terms can be given explicitly, especially m7? = J" - K holds. Writing
X7, for the estimated expectations of the row sums 7, (j=1,...,J"), in this case (A = 1)

the test statistic states as follows:

(X7 — X7 7 (0))2
™ — § :2 : Jk J+ jk _ Jn(K_ 1)
! (Xﬁ,@” (] = X (om) )

with

Jm K
n N 1
oP (X, 0M) = (2Jn —1)+ E X" §: Tz +1-2K)

~—
D=

_cﬁé")(f"(m,é">>‘1<c’f<9”>>T)

and

J» K
a0 = Y3 Dylogl(0").
j=1k=1



Except for integer valued A\, A = 1,2, 3, ..., there is unfortunately no simple expression for the
involved terms mY = E(SDY), Var(SDY) and the covariances (e.g. c) available. In regard
to computational efforts thus Pearson’s statistic (A = 1) seems preferable — in particular
because the expectation m} = E(SD7) does not depend on the model and thus needs not
to be estimated.

5 Sufficient Conditions

In the following the conditions for the limit theorem (Th. 4.1) will be listed and briefly
discussed. One basic assumption concerns the estimators 47, = X7 (j=1,...,J") for the

expectations of the row sums and requires that asymptotically with probability 1 all groups
are filled:

(LCO) P(a7, >0Vje{l,....J"}) — L.

Hence it is directed towards the distribution of the covariables and the way of grouping
them. In regard to concrete applications, (LC0) complies with the usual proceeding by the
investigation of contingency tables, that is to take only groups into account with at least
one observation. It thus clarifies the meaning of J", which is by definition a nonstochastic
quantity (see sec. 2), to be the number of observed groups. ;From a technical point of view,
(LCO) is in need, because ay (-, 1) is not defined for p = 0. Although this can be circumvented
by putting the respective cases to zero, there would, however, by an approach without (LCO),
several additional difficulties arise.

The following “limiting conditions” are standard assumptions with (LC2) and (LC3)
generally being met by the maximum-likelihood estimator:

(LC1) %I”(,uﬁr,@g) — I positive definite,

(LC2) V(0" - 05) = Op(1),

(LC3) (6"~ 05) = (I" (. 60)) U (63) + Oyl ).

Further some “regularity conditions” for the modelled ratios will be required. First of all
the sequence of true parameters must be asymptotically stable:

(RCO) 07 = O(1).

This, in particular, has to be satisfied in order to guarantee the existence of a convex compact
neighborhood W C © of almost all §7. In the odds ratio model (5), where 6} consists of
vy, ...,Yg and the odds ratio parameters 3, this condition obviously only concerns the ~;
having the interpretation ;' = log 7y, /7{; (cp. (3)). The boundedness of these parameters
will, however, be guaranteed by the subsequently formulated condition (RC2). (RCO0) can
thus be dropped in this case.

With W chosen as just described, the other regularity conditions state as follows:

(RC1) 7}, (0) is continuously differentiable twice in 6 for all j, k, n,
(RC2) Je>0:77(0) > € forall j,k,n,0¢€ W,
(RC3) IM >0: a) ||Denl ()] <M for all j,k,n,60 €W,

b) ||Dg7r]"k(9)H <M forall j,k,n0cW.

In the presence of covariables z7,..., 2%, generally ﬂ;?k(ﬁ) = Fi(2},0) with given functions
Fy,...,Fg (cp. sec. 3) is assumed. These functions and their derivatives are typically con-

tinuous in z} and — in accordance with (RC1) — continuous in 6. Hence (RC3) is clearly



fulfilled if the covariables are bounded (For an illustration consider the multivariate logit
model (6), for which the derivatives can be determined by simple calculations). Such a re-
quirement is certainly not necessary in this strength. This is also made clear by the fact that
the proofs only consider sums over j and hence certain means. In this regard (RC3) could
also be relaxed to some extent.

For the expected row sums, and hence for the (not modelled) marginal distribution of the
groups, a bounding condition is needed:

(MD0) Je>0:puj, >¢ forall jn

Since (RC2) requires similarily 77, (67) > € for some € > 0 and all j, k,n, both conditions
together immediately show the necessity of the true expectations to be bounded away from
ZEro:

Je>0: pjy = pjmi(0p) > e forall j,k,n.

Further regarding the marginal distribution respectively the way of grouping, the following
assumptions are required to hold:

“J+

(MD1) \/J_n o

(MD2)

— 0.

These conditions can also be expressed in terms of sample means. For this purpose, consider
the p—th mean

A 1
1 > . n
My(uy) = (35 (e ?)”  with Wy = (i, pijey) €R7 pER.
j=1
For example, the case p = —1 denotes the harmonic, p = 1 the arithmetic and p = 2 the

quadratic mean. With this notation, (MD2) states equivalently as follows:

(77 Z —) =%
If the terms of the sum are positive, the p—th mean M), is increasing in p thus giving

piy _ 1 1 nyo 1 n 1
= M > —M, —M for all —=1).
(Jn)2 — Jn (n) = Jn () = I __(M.+) or all p € ( X )

(MD2) thus requires a fast increase of all p—th means with p > —1/2, and due to the choice
of n especially (J")?/n — 0.
Condition (MD1) now requires

(= JZ N ()t ) — 0.
\/ﬁ P4 Jn * Jnoma

Outgoing from (MD2), which implies (1/J"M;(u? )™ — 0 and 1/J"Mjp(p?) — oo,
(MD1) thus demands the increase of the arithmetic mean M;(u”,) to be much faster than
that of the 1/2-th mean. Beside that, it is obviously an explicit requirement concerning the
distribution of the covariable groups. For an illustration let p? (j = 1,...,J") denote the
marginal probabilities of interest: p} = p? /ut, = P(Z € I}). (MD1) is clearly fulfilled
if for the limiting distribution given by (p}°); holds >372, | /p3® < co. This is, as a simple

10



example, satisfied if the p3® denote Poisson probabilities, i.e. p;® = P(Z = j) = e Myl /4!
(> 0), and can immediately be verified applying the ratio test for convergence.

In view of applications, (MD1) and (MD2) are approximatively met, if — first of all —
the total sample size is much larger than the number of groups. Further, the scaled —1/2—
th mean 1/J"M_;5(p”.) has to be large, which can in the application case be checked
inserting the estimated expectations of the row sums X" = (X7} );. Finally, the arithmetic
mean My (pu”, ) = p't, /J" respectively n/J"™ should be notably larger than the 1/2-th mean

M, /2(M-n+)-
The last assumption made concerns the variance:
J’n
(VC) =0(1).

(JKL(MZ—’ 93))2

It can, however, be relaxed to some extent. Considering formula (7), i.e.

(5 (", 00))> = Var(SD3(u,67) Zcu Xih 1) )

_CK(M.TL+7‘90)(IR(M.+790)) ARl 00))T,

it can be shown that the quadratic term disappears in the limit: It holds ¢ )\(,u n,00) =0(J")
and, combined with (LC1), thus ¢} (u", 05)(I™(p", 08)) (3 (u", 09))T = O((J™)?/n),
which must converge to zero by (MD2) as seen in the preceding discussion. Hence, instead
of (VC), it would suffice to require
(VC)’ n(,mn An ! Jn n n - 0(1)
VCLT(SDA (,U_+, 0y) — Zj:l ai (Xj+7 MjJr))

For Pearson’s X? Statistic (A = 1), the variance condition can even be dropped, since the
relevant part of (o7)% computes to 2J"(K — 1) + 3]21 1/M§L+(Z§:1 1/m5.(65) + 1 — 2K),
which obviously satisfies (VC)’.

6 Derivation of the Limit Theorem

In the following an outline of the derivation of Theorem 4.1, which in fact requires compre-
hensive argumentation, will be given. For reasons of clarity the conditions listed in section
5 will be assumed throughout and not be stated each time needed. An exception will only
be made for the variance condition (VC) and the conditions concerning the marginal distri-
bution (MD1) and (MD2), which will only be used for the final conclusions.

Starting point is the centered statistic

Z)\( TZHHTL) S‘D}\(H+76n) mg(ﬂﬂuén)v

which will be gradually approximated through the “true” statistic Z§ (u”_, 63) and additional
correction terms. The derived approximation does not depend on the estimators 4", and
on anymore and thus in particular represents a sum of J" independent random variables.
For this statistic, scaled and recentered — the correction terms have to be regarded — the
asymptotic normality can be shown applying the central limit theorem. The standardiza-
tion terms hence turn out to be the variance and the expected value of the approximated
recentered statistic.

In the first step a first order Taylor expansion in 6" around 0¢ gives for the centered
goodness—of—fit statistic:

ZR (. 0") = ZR(2, 08) + Do Z3 (A%, 05) - (0" = 05) + Op(1). (8)
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Considering the gradient DyZY first, which still depends on the estimator for the nuisance
parameters, in the second step /1", will be substituted by u”, , using Taylor expansion again.
This gives

DyZR(HE ) = DoZR(ul. 05) + zo )
and with assumption \/n(0" — 63) = O,(1) (LC2) and n/p’t, = O(1) thus

J’n
Do Z} (i, 05) (0™ — 0) = Do Z3 (", 05) - (0" — 05) + > Op(\/ 1y /1 1) (9)
j=1

In the next step, the derived vector can be replaced by its expectation:
DyZ3(uly,06) - (0" —65) = E(DgZ3 (!, 05)) - (0" — 65) + Op(1)
= —c(ul, 05)(0" — 05) + Op(1), (10)

where further the conformity of ¢\ (u”, ,0y) = Cov(SDY(u?,07), U™ (03)) as defined in sec.
4 and the negative expectation —FE(DgZy(u".,05)) was used.

The assumed approximability of the parameter difference through information matrix and
scores, i.e. (0" — 07) = (I" (", 08)) U™ (6F) + Op(1/n) (LC3), now makes it possible to
pass on to an expression without depending on on anymore:

K (ul, 05)(0" — 65) = K (ul, 06) (1" (1, 05)) " U™ (65) + Op(1). (11)

Here the error is stochastically bounded, since the order of ¢} computes to ¢} = O(J") and
already the meaning of J" as the number of filled groups asserts J"/n = O(1).

Resuming the preceding approximation steps, thus for the gradient, which is the correction
term concerning the parameter estimation 6" derived in (8), an approximation through
a sum of independent variables is given. Going back to (8), the last missing step from
ZY (%, 0y) to ZY(u., 03) is probably the most difficult one of the whole approximation. To
get the error small, a second order Taylor expansion of a)y in both components is necessary.

This yields Pearson’s X? Statistic (A = 1) for the row sums, namely Z —a (X, phy) =

I(Xn =g n )2/ 174, as an additional correction term as follows:

7=1
gn gn = (Xn ’U'J+
Z3(,00) = Z(pl, 0) = +§ Op(y/1/15,). (12)
'
j=1 Jj+

Summarizing the approximation steps (8) — (12) and writing explicitly SDY —m} instead of
ZY, leads to the desired sum of independent variables:

SD?([I’”+7 én) - mS\L(/:LH+7 én)
a (X]n+ - N?+)2
1 His

Jj=
=Rty 00) (I (W7, 05) 7 U™ (65)

.
1)+ >0 0p() (it /ity + /118 )- (13)
j=1

= SD?(/J’-TL+700) m)\(:u+790)

Considering this approximated statistic, now, as mentioned, a recentering is required. By
definition holds E(SDY) = mY and since E(U™) = 0 the expectation of the last term equals
zero. Further, however, E(Z}Zl(X}"”_i_ - y;-‘+)2/u§”+) = J" has also to be taken into account.

12



If now the stochastic terms are denoted by W% _, i.e.

o (X7 — )’
A= SDR(u.05) =) J+Mn+ P — R 00) (1 (1, 66)) U™ (65)
j=1 J

Jn
= > Uy
j=1
with

(X]n+ - N?+)2

n — SRl 05) (" (u, 06)) " U (65),
My

K
8= D ax(XJi, p m e (08)) —
k=1

then, in consideration of the expectation J" of the correction term derived in (12), the
approximation (13) can be equivalently rewritten as follows:

SDY(Q, 0") — mi (il 0") + J"

o
= W = BV + 0p(1) + 3 Op() (i /it /1) (14)

with E(UY, ) = mX(u,05) — J". For this statistic, scaled with its standard error o} =
ov(u,05) = (Var(\IfKJr))l/Q, a limiting normal distribution
W, B
ox

N(0,1) (15)

can be shown checking Ljapounov’s condition for the central limit theorem, namely

J’i’l
> B /(08— 0
i=1

for some 6 > 0. The proof of this, as carried out in U. Miiller (1997) for the simple case
6 = 2, requires additionally

(J™)? - }]; Z?:l(ﬂ?+7ryk(08>)2 _ ( J" )2. Z}Zl Zf:l(ﬂ?ﬂfﬁ(eg)y
(uh4)* (wh4)?

=o(1).
Hiy
This is, however, satisfied, if assumption (MD2) holds, which is needed for the conclud-
ing arguments. As discussed in section 5, (MD2) requires an increase of the arithmetic
mean, namely pft, /J" — o0 re;spectively J"/pwh, — 0. This condition, combined with
Z}-le Zszl(uﬁW}‘k(QQ))? = Z‘jjzl Ek‘K:l(M?k)2 < (u,)?, immediately asserts the desired
Zero convergence.

The last missing argument, the consistency of (of(a%,6"))? as an estimator for the
variance (o§(u™ ,0f))?, can be shown by proving

of(ar. o) p
o3 (1 )
For this purpose similar arguments as for the approximation steps (8), (9) and (12) apply
thus considering the transitions from 6" to 6 and ", to p", separately. By this proceeding
(cp. U. Miiller, 1997, Lemma 6.3), 1/J" j§11/\/u]7+ — 0 will be needed as another

argument, which is again fulfilled because of the stronger assumption (MD2). Both conditions

1. (16)
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concerning the marginal distribution,

Jn Jn

(MD1) >\ /ul, /ity = o(v/J") and (MD2) 21/\/@: o(vVJm),
j=1

Jj=1

which are necessary to handle the error terms caused by the approximation steps concerning
the nuisance parameters (9) and (12), will now be used for the final conclusions. Further the
variance condition J"/(o%(u" ,05))? = O(1) (VC) will be needed, which, as mentioned in
section 5, is not necessary for Pearson’s statistic (A = 1). Passing on to the approximation
(14) in the first step, using (MD1), (MD2) and (VC) in the second and the asymptotic
normality of the approximation (15) combined with the consistency of the variance estimation
(16) in the final argument, gives

SDy(An,0m) — my (i, 0m) + J"
R (Al )
Uh, - E(YR,) oR(uh,6)
oR () oR(any, om)

+OP(Z}Z1 \/M?JF/N}FJF + Op(Z]J; v/ 1/,&%) + Op(1) VJn oy (ul, 0p)
VAL U?(MZ_, 08) O-SL(/:[!,.'B'_y Qn)

Fo(n)-0 ) T L

_ (‘1’§+ - E(V3,)
ox (1, 0p)
£, N(0,1).

Hence the limiting result stated in Theorem 4.1 is established.

In conclusion, it may be said that through the consideration of an “increasing cells” approach,
goodness—offit tests for the important case of Poisson sampling could be derived, which
meet the common situation when data are sparse. Hence a basis for further investigations of
the deducing distribution models (conditional Poisson models) is provided with case—control
studies, i.e. column—-multinomial sampling, probably being most interesting in this context
— since the distribution of the covariables is not given there and only associations shall be
modelled, one has to deal with an asymptotically infinite number of nuisance parameters,
too. Beside those extensions, it would certainly also be desirable to derive tests based on
higher order approximations such as edgeworth— and saddlepoint—approximations. Instead
of relying on asymptotic distributional results, a goodness—of—fit test may also be deduced
from the bootstrapped distribution of the statistic 7', which is (asymptotically) pivotal.
Those approaches were, for example, carried out by Osius (1994) for the row—multinomial
case and would be advisable in order to improve the goodness of the tests derived.
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