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Summary 

In square contingency tables the agreement between row and column classification is 
often of primary interest. Our aim is to model rather than measure agreement and to 
separate agreement from the remaining association. We decompose the total association 
- which is summarized in the family of cross product or odds ratios - into an 
symmetrical component representing agreement and a remaining asymmetrical part. 
Modeling both components of association separately yields a variety of models for 
classifications on nominal and ordinal scales. All models proposed are log-linear 
models for the expected table and are applicable to the usual sampling schemes 
(Poisson or multinomial), since they do not restrict the expected margins. These models 
are extended to a set of square tables arizing from stratification of additional observed 
covariables. The methods are illustrated for a large data set on the classification of 
uterine cancer and for another set from the literature. 

Key words: Agreement, association, cross product ratio, kappa, odds ratio, log-linear models, 
quasi-symmetry, square contingency tables, uterine cancer. 
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1. Introdudion 

Suppose each item under study is classified into Jcategories in two different ways, giving the 

classification factors A and B with values 1, ..., J .  For example the development of a particular 

tumor may be classified first using a low cost screening method A and later by a more 

expensive clinical diagnosis B. Let Y. denote the observed counts for the classification {A =j, P 
B=k}, giving rise to a JxJsquare contincency table Y = (Y. ). 

J k 

The most popular measure of agreement beetwen A and B, introduced by Cohen (1960), 

is based on the classification probabilities .irik = P{A=j, B=k}, where "+ " indicates 

summation over the missing subscript. An unsatisfactory feature of K is that its value depends 

on the marginal distributions (T. ) and ( T + ~ )  of A and B, which are fixed in advance by J+ 
certain sampling schemes and do not contain any information about the association between 

the two factors. Moreover, in many applications it is not sufficient to summarize the 

agreement by a single number. Therefore we aim to model the agreement and to separate it 

from the total association between A and B by means of log-linear models for the expected 

counts P. - &(Y. ). Instead of measuring agreement globally we then estimate and test for 
Jk - Jk 

significance the corresponding parameters in the model. 

In a 2x2 table the factors A and B agree exactly on the two main diagonal cells and disagree 

on the other two off-diagonal cells. Hence the cross-product ratio (or odds ratio) 

9 = pll p22 / p12 p21 resp. its logarithm S, = log 9 ,  which characterizes the association 

independently of the margins, also describes the agreement. The sign of S, gives the direction 

of agreement (negative values indicating disagreement) and the absolute value measures its 

strength, which is 0, of Course, if and only if A and Bare independent. 

For a general J x J  table, the total agreement between A and B is determined by the agreement 

on all subsets b,k} for any two categories 15 j < k <  J,  which in turn are given by the cross 

product ratios 

of all 2x2 subtables with rows and colums in b, k}. The family (Bjk) thus summarizes the total 

agreement beetween A and B. The total association beetween A and B however, is determined 

by the family of all cross product ratios 

for all j, k, j', k ' ~ { l ,  ..., J}. Our aim is to separate agreement from association by means of 

decomposing the association family (9. .I 1 )  into a symmetrical and an asymmetrical 
J ~ J  k 

component. The symmetrical part turns out to be uniquely determined by the subfamily (9. ) 
J k 

and thus represents agreement, whereas the asymmetrical part is a family (Ajk) containing 
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the remaining association beetween A and B. The family (B. ) of agreement has two obvious, 
Jk 

very desirable properties: 

(i) the family does not depend on the marginal distributions of the factors A and B, 

(ii) the value of a single member B. depends only on the 2x2 subtable with rows and 
J k 

colums in b ,k}  and hence remains unchanged if one or more of the remaining 

categories are deleted or modified (e.g by combining adjacent categories). 

Our main goal is to present models for agreement by specifying only (Bjk), thus leaving the 

remaining structure of the expected table p completely arbitrary. Allowing for additional 

(asymmetrical) association besides agreement distinguishes the proposed models from 

popular quasi-symmetry models (cf. Agresti 1990, chapter 10) and leads to a broader class of 

models. Starting with models for nominal classifications (which do not depend on the 

possibly artificial ordering of the categories 1, ..., J ), we proceed to models for ordinal 

classifications, which exploit the natural ordering or additional Scores assigned to the 

categories. Although not of primary interest here, some models for the asymmetrical 

association family (Ajk) are also given. Furthermore, the above models are extended to the 

case where the observed data is stratified according to an additional factor  CE{^, ..., S}, which 

is typically obtained from grouping one more observed covariables attributed to each item 

under study. 

All models given here correspond to log-linear models for the expected table p thus allowing 

an analysis of the observed table Y by means of standard statistical software packages. 

Furthermore the statistical analysis of the families (B. ), and (Ajk) under these models is 
J k 

invariant under the common sampling schemes: Poisson or multinomial, the latter fixing either 

the total Y++, the row totals Y. or the column totals YSk in advance. 
J +  

Example 1: Cytological and Pathological Classification of Uterine Cancer 

The example, which motivated this Paper, is concerned with the diagnosis of uterine cancer 

(carcinoma of the cervix). In Germany a preventive check-up to detect various forms of cancer 

is offered free of charge by the health insurances. As part of the investigations for females, a 

vaginal smear is analyzed histologically and categorized according to a cytological classification 

given in table 1-1, which goes back to Papanicolaou (1943). For the categories Pap 111, IVand 

V, a suspicion of a carninoma cannot be ruled out, and a pretherapeutic cone-biopsy is 

suggested, in order to obtain a reliable diagnosis based on a pathological classification of the 

tissue using the Same categories of table 1-1. Obviously, the accuracy of the cytological 

classification CYT as measured by its agreement with the final pathological classification 

PAT is of major importance. 
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Pap I normal cells 
Pap I1 light inflamed or regenerative alterations 

Pap I11 D L light displasias 
Pap I11 D M medium displasias 
Pap IV A S severe displasias 
Pap IV A Cis carcinoma in situ 
Pap IV B carcinoma in situ with beginning infiltration 
Pap V carcinoma in epithelial tissue or adenoid carcinoma 

Table 1-1: Categories for cytological and pathological classifications in example 1. 

The data to be analyzed here are taken from the records of the Cytological Lab (headed by 

Prof. Dr. D. Langnickel) in the gynaecological clinic of the central hospital 

Zentralkrankenhaus St. Jürgen Strasse in Bremen, Germany. From the large body of data only 

those individual records from 12 years (1972-1983) are selected, for which both classifications 

CYT (A) and PAT (B) were given. Since a cone-biopsy was routinely performed only if CYT 

was Pap 111 or higher, our analysis is restricted to these cases. As mentioned earlier, the 

exclusion of the first two categories does not affect the agreement between the remaining 

categories. This leaves us with J= 6 response categories from Pap 111 DL to Pap V, exhibiting 

a natural order corresponding to the severity of suspicion. The observed counts for all 12 

years is given in table 1-2 . 

Table 1-2: Observed counts (12 years) for cytological and pathological classifications in 
example 1. 

Cytological 
classification 

I11 DL 
I11 DM 
IV AS 
IV AC 
IV B 
V 

Total 

Example 2: Number of Pregnancies Reported by the Mother and Father 

Velema et al. (1991) analyzed agreement in data from Columbia in order to compare responses 

from wives (A) and husbands (B) concerning the reproductive history of the women. We would 

like to thank the authors for generously providing us with their complete data set, which will 

be reanalyzed here only in one aspect to illustrate our approach. Table 1-3 gives the 

cross-classification of all 199 couples according to the number of pregnancies reported by each 

partner. 

Pathological classification 
I11 DL I11 DM IV AS IV AC IV B V 

53 42 14 9 0 2 
35 112 8 5 79 1 6 

4 2 7 108 76 3 8 
8 14 5 6 293 16 43 
0 0 6 37 14 49 
0 3 8 8 4 14 529 

100 198 277 578 48 637 

Total 

120 
318 
226 
430 
106 
638 

1838 
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Table 1-3: Observed counts for number of pregnancies reported by mother and father in 
example 2 (taken from Velema et al. 1991) 

Pregnancies 
Reported by 
Mother 

1 
2 
3 
4 
5 + 

Total 

2. The Symmetrical and Asyrnrnetrical Components of Association 

We consider a JxJ-contingency table Y = (Y. ) with positive expectation pjk = &(Tk) > O  for 
Jk 

each cell count Y. . For any pair of cells (j,k) and (j',k3 the cross product or odds ratio 
J k 

Bjk j ~ k ~  for the 2x2 subtable with columns C j ,  j') and rows {k, k') is given by (2). It is well 

known (Plackett 1974, sec. 3.4) that the expected table p is uniquely determined by: (a) the row 

margins (pj+), @) the column margins (P+~) ,  and (C) the cross product ratio family (BJkjkl) . 

Pregnancies Reported by Father 
1 2 3 4 5 + 

62 16 6 2 1 
0 35 4 3 2 
0 1 18 8 3 
1 1 0 9 4 
0 0 1 0 2 2 

63 53 2 9 2 2 3 2 

Our primary interest focuses on the subfamily (9. ) given in (I), which contains all cross 
J k 

product ratios 9. = 9.. of "quadratic" 2x2 subtables along the main diagonal. Our aim is to 
~k ~ ~ k k  

specify parametric models for the subfamily (9. ), leaving the remaining structure of the 
Jk 

expected table p completely arbitrary. Before proposing specific models it is useful to give a 

convenient parametrization of the saturated model which imposes no structure on the 

expected table whatsoever. In the saturated model, the log-expectations = log p.  may take 
Jk J k 

arbitrary real values, and a common parametrization is 

Total 

8 7 
44 
3 0 
15 
2 3 

199 

To identify the parameters, suitable linear constraints have to be imposed. We adopt the 

constraints 

which allow the following interpretation of the parameters 

for all j and k, 
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The association parameters X.  thus completely determine the family (B. . 1) of Cross 
~k J ~ J I ~  

product ratios resp. the family of logarithms 

(6) G. J ~ J  . I  k I := log B. JkJ . I  k I = T Jk + V j l k ~  - qjk~ - 7.1 J k 

Since we are dealing with a Square table, we get a decomposition 

(7) h. Jk = X .  Jk + Ajk 

X .  ~k := - (  : All< . + XkJ ' 

In vie W of 

with 

n. ,I, : = - (  : All< . - A J .  i,. 

the family ( 5 3  represents the symmetrical and (LI. ) the asymmetrical part of the association 
Jk 

X. The main advantage of this decomposition is that the symmetrical part X completely 

characterizes the family (Bjk) of agreement resp. the family of logarithms 

(9> G. J k : = l o g o .  jk = ~ , . . + q  JJ kk - qjk - qkj ' 

In fact, inserting (3) into (9) yields 

(10) G. = X.. + Xkk - 2 X j k  . 
Jk JJ 

Using X. .  = X.., gives $ as a function of X . And conversely, using X.. = . from (5), yields X 
JJ JJ JJ 13 

as  function of 4 :  

(11) jk = + (Glj + Glk - Gjk). 

Inserting (7) and (11) into (3) now gives the desired parametrization of the saturated model 

(SM) 
A B  1 

7 J k = a o + a .  J + a k + J k -  (saturated model), 

A A  B B I  
with new parameters a o  = Xo, a. : = Xj + . and a k  = hk + T$lk satisfying 

J 2 1 3  

(12) 
A B 

a1 = o ,  a1 = o ,  

Alk=  0 ,  n. Jk =-n kj ' 

G.. = 0 ,  
JJ Gjk = Gkj 7 

for all j, k. 

The symmetrical part $ is determined by the subfamily SJk with 15 j< k <  J through 

(13) S ) J k = I { j f  k ) . G d j ~ k ) C j v k )  for all j and k. 

Here I{E) denotes the indicator for an  event E (which equals 1 if E occurs and 0 otherwise), 

and j A k resp. j v k  is the minimum resp. maximum of (j, k). And the asymmetrical part A is 
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determined by all Ajk with l < j  <k< J through 

(I4> l.$k = I{ 1 < j ~ k }  . sgn(k-j) . Ac n k) (j vk) for all j and k, 

where sgn(m) denotes the sign of m, taking values -1, 0, +1 for m<O, =0, >O. The dimensions 

of these parameter families are summarized in table 2-1. 

source parame te r dimension 

constant &o 1 
row factor A a A J-1 

column fac tor B a B J-1 

association: asymme try A L (J-1) (J-2) 
2 

association: symme try $ J (J-1) 
2 

total JxJ 

Table 2-1: Dimensions of the parameters in the saturated model. 

Using (13) and (14) the saturated model may be written as 

A B 
with no further restrictions on the parameters ao, {aj I 1 < j< J), {ak I l< k <  J}, 

{ J k l l < j < k < J }  and{q5jkIl<j<k<J}. 

For an explorative data analysis it is instructive to compute the (corrected) observed Cross 

product ratios 

N N 

and analyse the corresponding families (G. ) and (A. ) of agreement and asymmetry. A good 
J k J k 

choice for the correction is C =  3 (Cox and Snell 1989, 2.1.6), but if all Tk are positive, the ML 

estimate under the saturated model (given by C =  0) may be preferable. 

Example 1 (ctd.): Cytological and Pathological Classification of Uterine Cancer 

N 

Table 2-2 shows the observed agreement G. with its standard error as computed from the 
J k 

N 

saturated model for the corrected observed table (Yjk+ 3). Not surprisingly, all values of G. 
Jk 

are significantly positive and tend to increase with the "distance" between the ordered 
N 

responses j and k. The observed asymmetries A. (table 2-2) however do not reveal any 
J k 

apparent pattern and only two entries (for j= 4)  are significantly different from 0. 
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N N 

Table 2-2: Observed agreement G. for j> k (lower triangle) and asymmetries A. 
J k J k 

for l<j< k (upper triangle) with standard errors (fS.E.) in example 1 
(computed for the saturated model using corrected counts Y. + L). 

Jk 2 

Cytological 
classification 

(j  1 
111 DL (1) 

111 DM (2) 

IV AS (3) 

IV AC (4) 

I V B  (5) 

V (G) 

Example 2 (ctd.): Number of Pregnancies Reported by the Mother and Father 

Pathological classification (k )  
I11 DL I11 DM IV AS IV AC IV B V 

(1) (2) (3) (4) (5) (6) 

1.38 0.07 0.89 0.64 - 0.41 
f 0.28 f 0 . 3 1  f 0 . 3 0  f 1 . 3 0  f 0 . 8 5  

4.49 1.65 0.68 0.28 - 0.22 
f 0 . 5 6  f 0 . 2 6  f 0 . 3 7  f 1 . 0 9  f 0 . 8 6  

5.27 3.35 2.00 -0.35 -1.08 
f 0.49 f 0.31 f 0.21 f 1 . 0 4  f 0 . 8 2  

8.04 7.68 4.24 1.93 - 0.19 
f 2.02 f 1.66 f 0.72 f 0.40 f 1.27 

10.03 7.87 6.68 3.74 2.37 
f 1 . 5 6  f 0 . 6 7  f 0 . 5 0  f 0 . 2 0  f 0 . 4 0  

N 

All values SJk for the observed agreement in table 2-3 are significantly positive but no 

apparent pattern emerges taking the standard errors into account. The observed asymmetries 
N 

A. (table 2-3) are positive for all j< k, but only two entries are significantly different from 0. 
J k 

N N 

Table 2-3: Observed agreement G. for j> k (lower triangle) and asymmetries A. 
J k J k 

for l<j< k (upper triangle) with standard errors (fS.E.) in example 2 
(computed for the saturated model using corrected counts Y. + L). 

Jk 2 

Pregnancies 
Reported by 
Mother ( j)  

1 

2 

3 

4 

5 + 

Pregnancies Reported by Father (k )  
1 2 3 4 5 + 

5.59 1.02 1.92 2.00 
f 1.45 f 1.13 f 1.01 f 1.33 

5.87 4.58 2.44 1.16 
f 1 . 4 9  f 0 . 9 9  f 1.16 f 1.20 

5.06 4.16 3.72 0.80 
f 1 . 0 9  f 1 . 0 4  f 1 . 5 1  f 1.22 

7.54 6.46 4.37 4.55 
f 1 . 6 5  f 1 . 5 7  f 1 . 0 3  f 1 . 5 4  
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3. Sampling Models 

There are basically four different methods to sample the items which are to be categorized 

according to A and B from the population under study. Each sampling scheme described 

briefly below leads to a different distribution for the observed table Y and hence to a specific 

interpretation of the expected table p. 

If the items are sampled without any restriction on the total sample size Y++ (e.g. by 

sampling over a fixed period of time) then the Poisson model is usually appropriate, in which 

all Y. are independent each having a Poisson distribution with expectation p .  The 
Jk Jk' 

classification probabilities are then given by T .  = p .  /p J k  J k  ++' 
The multinomial model arises if n items are randomly selected from the population. Then the 

observed table (Y. ) has a multinomial distribution of size n = Y++ with cell probabilities 
J k 

T .  = P{A=j, B=k}. In view of p .  = n ~ .  the cross product ratio family for the expectations 
J k J k Jk' 

coincides with the correponding family for the probabilities, i.e. 

and hence does not depend upon n. Furthermore the symmetrical and asymmetrical 

components $ and A may also be interpreted in terms of the probability table (T. ). 
J k 

Suppose now that for each category j of A a fixed number n. of items are sampled 
J 

conditionally upon A=j (i.e from the corresponding subpopulation). This leads to the row 

multinomial model in which all rows of the table (Jk) are independent, each having a 

multinomial distribution of size n.= J+ with conditional cell probabilities 
B B 

J 

r j k : =  P{B=k I A=j}. Again pjk = n. T .  implies that the cross product ratio family of p 
J Jk  

coincides with the corresponding family for the conditional probabilities, i.e. 

and hence does not depend on the row totals n.. 
J 

Finally, interchanging rows with columns (i.e A with in the row multinomial model yields a 
A 

column multinomial model, based on the conditional probabilities 5 k:= P{A=j 1 B=k}. 

The symmetrical and asymmetrical components of association can also be described in terms 
B A 

of the conditional probabilities T or T , allowing for an additional interpretation of $ and A. 
B 

The family (T. ) is uniquely determined by the ratios 
J k 

B B B B B  
7.  := P{B=kl A=j} /P{B=j  IA=j} =T. / T . .  = p .  / P . .  

J k ~k J J  ~k J J  ' 

representing the odds for a disagreement B=k given A=j. The odds ratio family (9. ) for 
Jk 

agreement can now be written as 

B B 9. = (Y .Y )-I 
~k ~k k j  

resp. 
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Using (SM), the log-odds-ratio of disagreement is 

(17) 
B B B B 

E .  := log (y. / y ) = 2 (a. - ak + n. ) 
~k ~k k j  J k 

(log-odds-ratio of disagreemen 9. 
J 

B 
The constraints (12) imply a. = 'E. thus giving the asymmetrical part A as a function of E 

B J 2 31' 

and hence of T 

(18> n. jk = L 2 (E. J k - E j l f " k l ) '  

4. Log-Linear Models for Agreement 

Starting with the saturated model (SM) for the expected counts p we can easily describe 

submodels which only impose restrictions on the symmetrical part $ of the association 

leaving the remaining structure of p resp. arbitrary. We will restrict ourselves here to linear 

models for $, i.e. log-linear models for (BJk), which yield log-linear models for the expected 

counts p by replacing G. in (SM)* with corresponding model formulae for G. 
J k Jk' 

We first look at models which do not refer to any ordering of the response categories 1, ..., J a n d  

hence apply to nominal reponses (e.g. blood group). The most elementary such models are 

(zs) Gjk = 0 for all j z k (zero symmetry), 

(Cs) $jk = $0 for all j z k (constan t symmetry), 

with a real parameter Go . In view of (16) the last model states that the odds ratio of 

disagreement y.  is proportional to the inverse of its counterpart y 
~k k j 

7 j k  = ex~(-S>O) / Ykj for all j z k . 

A natural extension allowing for additive effects of the row and column categories is 

SJk= $0 + rj + +k for all j z k 

with parameter vectors I - , V E R ~  satisfying the constraints rl= 0, vl= 0. However the 

constraints upon require I- = V thus reducing the above model to 

P S )  SJk= $0 + rj + +k for all j z k (additive symmetry). 

Suppose now, we are dealing with an  ordinal response variable with category labels 1, ..., J 

reflecting the order of the response. The additive symmetry model (AS) may then be extended 

to allow for different contribution according to the order of the categories j and k 

(OAS) Gjk = '$0 + J n k  + J v k  for all j z k (order additive symmetry) 

with parameter vectors T, V E  RJ satisfying suitable constraints, e.g. rl = rJ = 0, V, =V, = 0. A 
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reparametrization T.' = T .  - T .  and Y.' = Y .  - Y .  for j> 1 with T;  = 0 and Y ;  = 0 leads to 
J J J-1 J J J-1 

(OAS) ' $ k = $ o + C  T ~ + C  Y ;  f o r a l l j < k  
j ' l j  k ' l  k 

with the following interpretation of the parameters. S,, = G I J  represents the agreement for the 

extreme responses 1 and J ,  and the parameter T.'=$. J jk -G  (j-l)k resp. Yb=S,jk-S,j(k-l) 

measures the change in agreement due to increasing the lower resp. decreasing the upper 

category. For a satisfactory overall agreement we expect S,, to be positive (and large), but all 

T.' and Y ;  to be negative. Note that additive symmetry is obtained as a submodel for T'= V'. 
J 

If meaningful real-valued scores zl< z2 ... < zJ can be assigned to the response categories, 

which reflect their natural ordering, then further models based on the the score distance d. = 
J k 

I zk- Z. I for two categories j and k are available. The linear distance symmetry  model 
J 

(LDS) S J k  = GO + e djk for all j z k (linear dis tan ce s y m m  etry) 

is an extension of (CS) with an additional parameter P ,  and rnay be extended further to the 

quadratic distance symmetry  model 

(QDS) Gjk = Go + !2 djk + e2 dj; for all j z k (quadratic distance symmetry) 

or to a general polynomial distance symmetry model by adding further powers of d. If in 
Jk' 

particular equally spaced scores are appropriate, i.e. d. = d .  l j- kl, then the unit scores z.: = j 
Jk J 

(i.e. d=l)  rnay be used with no loss in generality. Now, viewing the score distance as a factor 

with J-1 levels, gives the general distance symmetry  model 

S J k  = GO + e ~k-j I f o r a l l j z k  (generaldistancesymmetry) 

with parameters el, ..., and the constraint el=O. For unit scores, this is the most general 

model in which S,. depends o n j  and k only through d. = I j k l .  
J k Jk 

Further models rnay be designed along these ideas, in particular by passing to submodels or 

by extending two models to a common model containing both, e.g. (AS) and (QDS) rnay be 

extended to 

for all j z k. 

Although our prime interest focuses on models for agreement and hence for $, it rnay also be 

desirable to specifiy the asymmetrical association, in particular to reduce the dimension 

(J-l)(J-2)/2 of the nuisance parameter A. Models for A rnay be constructed along the Same 

line as for $, leading to the sequence of nested models 

(ZA) n .  ~k = 0 for all j z k (zero asymmetry), 

(CA) A .  ~k = A, for all 1 < j< k (cons tan t asymmetry), 
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(AA) 
* * n. = n, + T. + Tk Jk 

for all 1 < j< k (additive asymmetry), 
J 

(OAA) A ~k = n o + r J * A k + v J * V k  for all 1 < j< k (ord. add. asymmetry). 

And in the presence of Scores, further models for asymmetry are available 

d. = d, + e* d. 
Jk Jk 

for all 1 < j< k (linear dis t. asymm e try) 

(QDA) qk = no + e* djk + e; djk for all 1 < j< k (quadratic dist. asymmetry) 

( G D 4  LI, ~k = ~ ~ + e ; k , ~  for all 1 < j< k (general dist. asymmetry) 

Combining any of the above models for the symmetrical part $ (including the saturated 

model) with one for the asymmetrical part A yields a variety of log-linear models for the 

expected counts, some of which have been introduced before by other authors under different 

names (cf. Agresti 1990, Chapter 10). In particular, the model with Zero asymmetry and 

saturated symmetry, i.e. omitting A in (SM)*, was introduced by Caussinus (1965) as the 

quasi-symmetry model. And submodels thereof, given by (AS) resp. (AS+QDS) with ~ = 0  are 

known as quasi-independence resp. quasi-(uniform) association models. Tanner and Young 

(1985b) already used the simple models (CS)+(ZA) and (CS)+(CA) as well as the combination 

of (GDS) with (ZA) resp. (GDA) which they called the model of symmetric resp. asymmetric 

band disagreement. However, models for ordinal responses containing order additive 

symmetry (OAS) or asymmetry (OAA) seem to be new. 

Assuming that A and B are classifications of the Same item by two observers, Darroch and 

McCloud (1986) derived the quasi-symmetry model from an additonal assumption and studied 

submodels given by the indistinguishability of two categories j and k, defined through 

G. =Gkrn for all m = 1, .. J (which implies G. =O). They also gave an  overall measure of 
J==' J k 

agreement based only on the symmetric family $, which is preferable to K. 

There is a convenient description for models by means of model formulae (McCullagh and 

Nelder 1989,3.4), which is used by computer programs like GLIM (Francis et al. 1993). Let SYM 

and ASYMdenote the model formulae for the symmetrical and unsymmetrical components $ 

and A of association. The corresponding model formulae for the log-expectation (linear 

predictor) is then given by 

log p = A + B + S. SYM + AS. ASYM 

where Sand  AS represent continuous covariates given by 

S(j,k):=-'~{j 2 z k ) ,  ASG;, k):= I { l < j ~ k )  .sgn(k-j) . 

In the saturated model SYM is given by a factor SatSym, taking (i) different values for all 

subsets b , k  ) of (1, ..., J) with j z k ,  and an  additional value on the diagonal j=k. A convenient 

version is 
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with levels ranging from 1 to I+(:). And ASYM is given by a factor SatAsym taking (J;1) 

different values for all subsets b , k )  of (2, ..., J) with jzk,  and an additional value in the 

remaining cases J=k, J=1, k=l, e.g. 

with levels ranging from 1 to I+(~;'). 

The model of order additive symmetry, for example, can briefly be described by 

(OA S) ' SYM = MIN + MAX, 

with factors MIN and MAX representing the minimum and maximum of A and B. Leaving 

the remaining structure of p unspecified produces the model 

log p = A + B + AS. SatAsym + S. (IMIN+ MAX) . 

But restricting asymmetry through (OAA) leads to 

(OA) log p = A + B + (AS+ S) . (IMIN+ MAX) (order additive association). 

5. Data Analysis 

The analysis of an observed table Y = (Y. ) using the above models for $ and A is straight 
J k 

forward, because these models belong to the family of log-linear models for the expected 

counts p. Since log-linear models are treated in detail by many textbooks, e.g. Haberman 

(1974), Bishop, Fienberg and Holland (1975), McCullagh and Nelder (1989), Agresti (1990), only 

a few remarks are required here. 

Because our models for $ and A restrict only the family ($ jk j~k~)  of log-cross product ratios, 

but not the remaining structure of p resp. V ,  the following invariance property with respect to 

sampling models can easily be derived from the results of Haberman (1974, Theorems 2.4, 4.1). 

Invm*ance property: For an y log-lin ear m odel specifying only th e family ('jkjik J, th e 

maxim um likelihood es timate of (' . ./ J and its asymptotic covariance matrix is the Same in 
J ~ J  k 

the Poisson, m ul tinomial and row or column m ul tinomial sampling model. 

This invariance property is inherited by the estimates of (G. ) and (Ajk) of the symmetrical 
J k 

and asymmetrical component and the parameters specifying them in a particular model, e.g. 

G,,, T,  V.... Hence asymptotic inference about (G. ) and (Ajk) can be based on any of the four 
J k 

sampling models above, neglecting the actual distribution for the observed table (provided it 

belongs to one of sampling models above). This allows for a flexible analysis of the data 
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according to the availabily of suitable software packages. For example GLIM may be applied 

on the basis of the Poisson model. 

Example 1 (ctd.): Cytological and Pathological Classification of Uterine Cancer 

Having ordered categories here, we first fitted the order additive symmetry model (OAS) 

leaving the remaining association arbitrary, i.e. assuming saturated asymmetry. The observed 

and expected counts together with their (scaled deviance) residuals given in table 5-1 indicate a 

satisfactory fit. The deviance D= 7.25 with 6 d.f. has a P-value of 29.9% (based on its 

asymptotic chi-squared distribution). The relevant estimates for the parameters of agreement 

are given in tables 5-2 and 5-3 together with their standard errors. Note that all entries are 

significantly non-zero. 

Looking at  submodels for the symmetric part, we find for the additive symmetry model (AS) 

(which does not exploit the ordering) a dramatic increase of the deviance by 330.1 with 3 d.f. 

which clearly rejects this submodel. On the other hand, restricting the asymmetrical part by a 

model does not change the picture for agreement. Even for the extreme submodel of Zero 

asymmetry (ZA) (which increases the deviance only by 14.0 with 10 d.f.), the estimates for 

agreement and their standard errors are only slightly different from those in tables 5-2 and 

5-3. However, the residuals have higher absolute values (an extreme value of 2.4 occouring in 

cell j= 4 ,  k =  1) .  The Same picture emerges for the submodels (CA), (AA) and (OAA), the 

residuals of the latter model are comparable to those in table 5-1. We conclude, that for this 

data set the estimates of agreement parameters are fairly robust under model changes for the 

remaining asymmetric association. 

Table 5-1: Fitted counts (top) and scaled deviance residuals (bottom) for the 
order additive symmetry model (with saturated asymmetry) in example 1. 

Cytological 
classification 

( j  1 
111 DL (1) 
111 DM (2) 
IV AS (3) 
IV AC (4) 
I V B  (5) 

V (G) 

111 DL (1) 
111 DM (2) 
IV AS (3) 
IV AC (4) 
I V B  (5) 

V (G) 

Pathological classification (k )  
I11 DL I11 DM IV AS IV AC IV B V 

(1) (2) (3) (4) (5) (6) 

53.00 42.00 15.32 7.12 0.30 2.26 
35.00 112.00 83.68 79.48 2.13 5.70 

5.32 25.68 108.00 77.39 1.90 7.70 
6.12 14.48 57.39 293.00 15.66 43.34 
0.30 1.13 4.90 36.66 14.00 49.00 
0.26 2.70 7.70 84.34 14.00 529.00 

0 .OO 0.00 - 0.34 0.68 - 0.78 - 0.18 
0 .OO 0.00 0.14 - 0.05 - 0.87 0.12 

- 0.60 0.26 0.00 - 0.16 0.73 0.11 
0.72 - 0.13 - 0.18 0 .OO 0.09 - 0.05 

-0.78 -1.51 0.48 0.06 0.00 0.00 
- 0.72 0.18 0.11 -0.04 0.00 0.00 
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Table 5-2: Estimates with standard errors in example 1 for parameters of agreement in 
the order additive symmetry model (OAS) ' with saturated asymmetry. 

Parameter 

Estimate 
f S. E. 

Table 5-3: Fitted agreement djk for j> k with standard errors (fS.E.) in example 1 
for the order additive symmetry model (OAS) ' with saturated asymmetry. 

$0 

10.78 
f 0.54 

Cytological 
classification 

( j  1 
111 DL (1) 

111 DM (2) 

IV AS (3) 

IV AC (4) 

I V B  (5) 

V (G) 

Example 2 (ctd.): Number of Pregnancies Reported by the Mother and Father 

Pathological classification (k )  
I11 DL I11 DM IV AS IV AC IV B V 

(1) (2) (3) (4) (5) (6) 

1.40 
f 0.28 

4.25 1.73 
f 0 . 4 3  f 0 . 2 6  

5.88 3.35 1.96 
f 0.43 f 0.28 f 0.20 

9 .OO 6.48 5.09 1.97 
f 0.64 f 0.54 f 0.52 f 0.39 

10.78 8.26 6.87 3.75 2.38 
f 0.54 f 0.42 f 0.39 f 0.20 f 0.41 

Velema et al. (1991) fitted a model proposed by Agresti (1988), which can be described in our 

notation by Zero asymmetry (ZA) and the submodel of quadratic distance symmetry (QDS) 

(with unit scores) given by ~ = 0  , i.e. 

G T ;  T ;  T ;  

- 2.53 - 1.39 -3.12 - 1.37 
f 0.43 f 0.32 f 0.41 f 0.45 

(19) Gjk = $0 + e2 i.-k)2 7 
A. ~k = o for all j z k 

Y ;  Y ;  Y ;  V ;  

-2.86 - 1.62 - 3.12 - 1.78 
f 0.47 f 0.34 f 0.52 f 0.42 

Although the deviance D = 20.5 with 14 d.f. seems to indicate an acceptable fit, there are at 

least two larger residuals. The fit can not be improved significantly as long as we assume Zero 

asymmetry: even the quasi-symmetric model (with saturated symmetry) decreases the 

deviance only by 4.58 with 8 d.f. However, allowing for constant asymmetry (CA) reduces the 

deviance by 10.26 (with 1 d.f.) to 10.22 (with 13 d.f.), thus greatly improving the fit. The fitted 

counts and their residuals for this model are given in table 5-4 and confirm a satisfactory fit. 

The estimates for the parameters of interest are given below together with their standard 

errors 

s;, f S.E. = 5.12 f 0.79 , e2 f S.E. = 0.20 f 0.12 f S.E. = 1.74 f 0.57 , 

and the resulting estimates 4. for agreement are contained in table 5-5. Note, that e2 is not 
J k 

significantly different from 0 (on the 5% level), but the remaining parameters (and all $. ) are. 
J k 
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In fact, the submodel with constant symmetry (CS) also provides an acceptable fit as judged 

by its residuals and deviance D= 13.18 with 14 d.f. 

Table 5-4: Fitted counts (top) and scaled deviance residuals (bottom) 
in example 2 for the model given by (19) and constant asymmetry (CA). 

Pregnancies 
Reported by 
Mother 

1 
2 
3 
4 
5 + 
1 
2 
3 
4 
5 + 

Pregnancies Reported by Father 
1 2 3 4 5 + 

61.17 17.64 4.81 2.33 1.05 
0.58 33.93 4.96 2.93 1.60 
0.65 0.63 18.79 5.96 3.97 
0.28 0.33 0.16 10.48 3.75 
0.33 0.47 0.28 0.30 21.63 

0.11 - 0.40 0.52 - 0.22 - 0.05 
- 1.07 0.18 - 0.45 0.04 0.30 
- 1.14 0.43 - 0.18 0.79 -0.51 

1.05 0.94 -0.57 -0.47 0.13 
-0.81 -0.97 1.05 - 0.77 0.08 

Table 5-5: Fitted agreement Gjk for j> k with standard errors (fS.E.) in 
example 2 for the model given by (19) and constant asymmetry (CA). 

Pregnancies 
Reported by 
Mother (j)  

1 

2 

3 

4 

5 + 

6. Model Extensions 

Pregnancies Reported by Father (k)  
1 2 3 4 5 + 

5.32 
f 0.71 

5.91 5.32 
f 0 . 5 6  f 0 . 7 1  

6.89 5.91 5.32 
f 0 . 8 0  f 0 . 5 6  f 0 . 7 1  

8.26 6.89 5.91 5.32 
f 1.55 f 0.80 f 0.56 f 0.71 

The models considered so far can easily be extended when in addition to the responses A and 

B, further covariables are observed, provided they are discrete (which can always be achieved 

by grouping continuous variables). Since all additional variables can in principle be combined 

into a single discrete multivariate variable, it is sufficient to illustrate the model extensions 

for just one further variable C Suppose that C takes S different values, which are for 

simplicity identified with the numbers 1, ..., Sgiving rise to S strata {C=l}, ..., {C=S} on which C 

is constant. The previous notation will be extended by a subscript s=1, ...,S referring to 

stratum s, e.g. Y. is the oberved count for the event {A=j, B=k, C=s}, pjks = &(YJks) the 
J ~ S  



Osius: Separating Agreement from Association 17 

expected count etc. 

The saturated model for the log-expectation may be parametrized using (SM) for each 

stratum s= 1, ...,S 

(SSM) 
A B  1 

qjks= "OS + 9 s  + "ks + n j k s - ~ $ k s  (sa tura ted s tra tum m odel), 

with the obvious constraints corresponding to (12) for each stratum s. As before our main 

interest focuses on models for the symmetrical part (G. J and possibly on (AjkJ leaving (%J, 
A  B  J k 

(ajJ, and (akJ completely arbitrary to maintain the invariance property with respect to the 

sampling models. Concerning the dependence of $. on stratum s, the most simple model 
J ~ S  

assumes independence from s 

(CSs) $. jks = ß .  ojk for all s and jzk (constant stratum symmetry). 

with a parameter matrix $ E IRJxJ satisfying the constraints ßojk = ßOkj. 

Strata are often defined by values of an additonal observed covariable X (like calendar year, 

age etc.) which is either discrete itself or discretized by appropriate rounding or classification. 

If xs denotes the observed value of X in stratum s, then a linear stratum symmetry model for 

$ is available 

(LSs) SJks = ßOjk + ßjk xs for all s and jzk (linear stratum symmetry). 

The parameter matrix ßo E IRJXJ gives the baseline symmetry corresponding to X= 0 and the 

slope ß E IRJXJ measures the increase of symmetry per unit increase of X, @oth with the 

constraints ßOjk = ßOkj and ßjk = ßkj). A generalization of this model to a vector X of 

covariates is obvious. 

The linear stratum model which contains (CSS), represents a log-linear model for the expected 

counts. A number of interesting submodels are obtained by imposing additional structure on 

the baseline ßo and the slope ß along the lines of section 4, e.g. order additive baseline and 

slope 

(OABS) ß0jk = $00 + '0 C A  k) + V~ (jvk) for all s and jzk (ord. add. baseline sym.) 

(OASS) P j k = $ o + r j h k + V j v k  for all s and jzk (ord. add. slope sym.) 

It may also be desirable (in particular in the presence of many strata), to restrict the 

dimension of asymmetrical part A by additional model assumptions, like constant strata 

asymmetry 

(CSA) n. jks = 6 .  ojk for all s and jzk (cons tan t s trata asymmetry), 

or more generally linear stratum asymmetry 
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(LSA) A. jks = s .  ojk +s. jk X s all s and jzk (linear stratum asymmetry). 

The baseline asymmetry b,, E IRJxJ and slope of asymmtery 6 E IRJxJ (which must satisfy the 

constraints Sojk = - S . and 6. = - Skj) may again be restricted to one of the models for 
O ~ J  J k 

asymmetry in section 4, e.g. order additive baseline and slope. 

Example 1 (ctd.): Cytological and Pathological Classification of Uterine Cancer 

In order to investigate whether agreement has changed over time, the data was divided into 

S= 6 strata according to two-year time intervalls 1972-73, ..., 1982-83. The observed counts 

are given in table 6-1. The covariate time in stratum s was taken as xs = 2(s-1) to 

represent the number of years elapsed since the beginning of the study. We first assume a 

linear trend for the total association, i.e. linear stratum symmetry (LSS) in combination with 

linear stratum asymmetry (LSA), which leads to the following log-linear model 

with obviuos constraints for the parameters. Since xl=O, the baseline symmetry ßo in this 

model gives the agreement in the first stratum, i.e. G. = ßjkO, and the slope ß of symmetry 
~ k l  

represents the increase of agreement per year, i.e. S)jk(s+l)- . = 2ß. . Similiarly, the 
J ~ S  ~k 

baseline asymmetry So is the asymmetry in first stratum and the slope S of asymmetry 

measures the increase per year. Restricting in (20) the parameters ßo and ß for symmetry by 

(OABS) and (OASS) respectively, but leaving the asymmetry parameters So and S arbitrary, 

gives what will be called the basic model. 

The basic model provides a satisfactory fit (based on an eximination of the residuals) and has 

a deviance D=107.51 with 112 d.f. The estimates ß . resp. ß. for the baseline resp. slope of 
O J ~  J k 

agreement and their standard errors are given in table 6-2. Not surprisingly, all estimates are 

positive, and the majority of them (marked by a star * in the table) are significantly positive, 

using Wald's one sided test on the 5% level. In particular, the baseline ß . was not significant 
O J ~  

only for two adjacent pairs. And the slope was not signifikant for all pairs containing 

category Pap IV B, as well as for two "adjacent" pairs (i.e. with adjacent categories) 

indicating a non significant increase over time for these pairs. However, the estimates 4. 
J ~ S  

(not tabled here) obtained from (LSS) show a steady increase with s, and are significantly 

positive for s>2 and all j, k. In Summary, the basic model reveals positive agreement 

increasing over time for all pairs, being significantly positive for most pairs. 
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Table 6-1: Observed counts of cytological and pathological classifications for each of 6 
two-year time periods in example 1. 

Cytological 
classification 

Pathological classification 
I11 DL I11 DM IV AS IV AC IV B V Total 

1972 - 1973 

I11 DL 
I11 DM 
IV AS 
IV AC 
IV B 
V 
Total 

2 0 1 1 0 0 
0 0 0 1 1 0 
1 2 2 5 1 3 
2 4 6 5 1 9 13 
0 0 1 5 7 3 1 
0 1 1 28 10 139 

5 7 11 9 1 2 8 186 

4 
2 

14 
8 5 
44 

179 

328 

1974 - 1975 

I11 DL 
I11 DM 
IV AS 
IV AC 
IV B 
V 
Total 

4 4 0 0 0 0 
2 18 7 16 0 2 
0 3 4 7 1 1 
2 1 7 55 1 9 
0 0 1 5 1 9 
0 0 2 23 0 103 

8 2 6 2 1 106 3 124 

8 
45 
16 
7 5 
16 

128 

288 

1976 - 1977 

I11 DL 
I11 DM 
IV AS 
IV AC 
IV B 
V 
Total 

8 15 6 3 0 0 
7 17 17 26 0 1 
1 7 16 10 0 0 
1 2 6 55 3 4 
0 0 1 10 2 7 
0 0 0 14 1 9 0 

17 41 46 118 6 102 

3 2 
6 8 
34 
7 1 
2 0 

105 

330 

1978 - 1979 

I11 DL 
I11 DM 
IV AS 
IV AC 
IV B 
V 
Total 

18 14 6 2 0 0 
11 19 3 2 18 0 1 
1 2 2 0 19 0 2 
2 4 18 57 1 12 
0 0 2 8 2 1 
0 1 2 8 1 6 0 

32 40 8 0 112 4 7 6 

40 
8 1 
44 
94 
13 
7 2 

344 

1980 - 1981 

I11 DL 
I11 DM 
IV AS 
IV AC 
IV B 
V 
Total 

9 4 1 2 0 1 
9 2 6 16 11 0 0 
1 5 2 3 17 0 1 
1 3 10 39 0 4 
0 0 0 3 2 0 
0 0 2 4 1 7 3 

20 3 8 5 2 76 3 7 9 

17 
6 2 
47 
5 7 

5 
8 0 

268 

1982 - 1983 

I11 DL 
I11 DM 
IV AS 
IV AC 
IV B 
V 
Total 

12 5 0 1 0 1 
6 3 2 13 7 0 2 
0 8 43 18 1 1 
0 0 9 36 2 1 
0 0 1 6 0 1 
0 1 1 7 1 64 

18 46 6 7 75 4 7 0 

19 
6 0 
7 1 
48 

8 
74 

280 
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Table 6-2: Estimated baselines ß . (top) resp. slopes ß. (bottom) of agreement 
OJk J k 

with standard errors (fS.E.) for the basic model (20) in example 1. A significantly 
positive entry (based on Wald's one sided test on the 5% level) is marked by a 
star *. 

Cytological 
classification 

( j  1 
111 DL (1) 

111 DM (2) 

IV AS (3) 

IV AC (4) 

I V B  (5) 

V (G) 

111 DL (1) 

111 DM (2) 

IV AS (3) 

IV AC (4) 

I V B  (5) 

V (G) 

Although the basic model gives a satisfactory description of the data, it it instructive to 

investigate whether the above conclusions for agreement depend on the chosen model for the 

remaining association Ajks. Passing to the enlarged model which leaves A.  completely 
Jks 

arbitrary (by abandoning the condition (LSA) of linear stratum asymmetry) yields a decrease 

of the deviance by 27.50 with 40 d.f. which is not significant. Hence there is no need for a 

model extension concerning asymmetry. On the other hand, the submodel of the basic model 

given by S = 0, i.e. having constant stratum asymmetry (CSA), increases the deviance by 19.13 

with 10 d.f., leading to a rejection of the submodel (p = 3.9%). 

Pathological classification (k )  
I11 DL I11 DM IV AS IV AC IV B V 

(1) (2) (3) (4) (5) (6) 

0.46 
f 0.78 

2.14 * 0.04 
f 1 . 0 3  f 0 . 6 5  

4.35 * 2.26 * 1.29 * 
f 0.96 f 0.60 f 0.50 

7.50 * 5.40 * 4.44 * 2.00 * 
f 1 . 2 1  f 0 . 9 7  f 0 . 9 1  f 0 . 5 7  

8.52" 6.42" 5.46" 3.02" 1.31" 
f 1 . 0 9  f 0 . 8 2  f 0 . 7 5  f 0 . 3 0  f 0 . 5 0  

0.30 
f 0.23 

0.77" 0.51" 
f 0.33 f 0.18 

0.65" 0.38" 0.16 
f 0.32 f 0.20 f 0.14 

0.59 0.32 0.09 0.04 
f 0.43 f 0.35 f 0.32 f 0.24 

0.94" 0.67" 0.44" 0.39" 0.93" 
f 0.38 f 0.28 f 0.25 f 0.13 f 0.28 

Another way to reduce the the dimension of asymmetry in our basic model is to restrict the 

baseline So resp. slope S by assuming an  order additive, additive or even constant structure for 

the baseline resp. slope in the Same way we restricted B in section 4 by (OAA), (AA) or (CA). 

Passing from the basic model to the submodel with an order additive baseline So and slope S, 

the deviance increases by 2.72 with 6 d.f., which is not significant. The estimates Polk, Polk and 

their standard errors under this submodel differ only slightly from those under the basic 

model, thus leading to the Same conclusions concerning agreement. The Same picture emerges 
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if we pass to further submodels with additive or even constant baseline So and slope 6, 

although the fit for the latter (but not the former) submodel deteriorates singificantly. In 

Summary, the chosen model for asymmetry is not crucial concerning the conclusions for 

agreement, as  long as we allow for a (linear) change over time. 
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