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Summary

Normal goodness-of-fit tests are proposed concerning models for independent multino-
mials with unknown parameters to be estimated. The tests are based on first-order
normal approximations of the power-divergence statistics - including Pearson’s X? and
the likelihood ratio G - and apply for large degrees of freedom. No restrictions are
imposed on the multinomial sizes (admitting low as well as large expectations in each
cell), but simplifications are given in cases where the harmonic resp. arithmetic mean
of the sizes are large too. The underlying limit results are presented informally and
without proofs, which are given elsewhere. Generalized linear models for binomial data

are discussed in more detail, including illustrations of the methods using published data.

AMS 1980 subject classifications. Primary 62F03, 62F05, 62H10, 62HI1S, 62H17.
Secondary 62E20

Key words and phrases. Binomial data, Deviance, Generalized linear model, Goodness-
of-fit, Large degrees of freedom, Likelihood ratio, Multinomial data, Pearson’s Chi-
square, Power-divergence statistic, Quantal response model, Small expectations, Sparse
data.
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1. Introduction

We are dealing with the problem of comparing observed with expected counts for a

given model. The commonly used goodness-of-fit statistics are

( observed - expected )2
expected

Pearson's statistic: X2 = E

cells

and the competing

Likelihood Ratio: G 2

observed

2 E observed - lo <expected )
cells

Cressie & Read(1984) have embedded these as well as other statistics in a family of

power-divergence statistics which depend on a real parameter A<¢R. Each of these

statistics is a sum over all cells of deviations beetween observed and expected counts:

SD. = E ay (observed, expected). (Sum of Deviations)

cells

The deviation for a single cell is measured by some kind of "distance” a5 which basically
compares the ratio of observed to expected counts raised to a power A with the unit 1,

and multiplies the difference with the observed count and a constant:

a (observed, expected) =

2-observed [( observed

A
ArA+1) expeoted ) - 1} - [observed expected]

The cases A=0, A=-1 are defined by continuity as A= 0, A= -1. We introduced the second
term in the definition of a,, not given by Cressie & Read(1984), to make it non-negative.
The sum over all second terms will be zero provided the sum over all observed counts
equals the sum over expected counts, as it is encountered in the situation considered

here. Hence SDX coincides with the definition of Cressie & Read.

The values A=1 resp. A=0 are of particular interest

( observed - expected )2
expected

a, (observed, expected)

ao(observed, expected) = 2 [observed . log<%)— [Observed—expected]}
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and yield Pearson’s X2=SD1 resp. the likelihood-ratio G?=SD,, which coincides with

O’
the deviance for the multinomial data discussed here. Cressie & Read (1988) suggest
A=2/3 as a good compromise beetween these two. We will restrict ourselves here to

values A>—1 to allow for zero-observations in the definition of a,, which typically

2o
occur in sparse data.

Although the family SD,of statistics is certainly rich enough for most purposes, the
results presented here are not restricted to this particular family since only a few
common features of the power divergence statistics are exploited. In principle the
subscript A could be dropped all together thus allowing an even more general type of
distance measure a(—,—) in the definition of SD. For definiteness however, we restrict
the presentation here to the power divergence family based on a,, but will omit the

index A to simplify notations whenever no confusion may arise.

Our aim is to derive the limiting normal distribution of the statistic SD, for an the
"increasing-cells” asymptotic approach, where the number of cells increases with the
total sample size. The expected counts in each cell may be small (sparse data), but
need not be. We consider models for product-multinomial sampling with the same num-
ber K for each multinomial, where the cell probabilities depend on an unknown S-dimen-
sional parameter vector © and assume, that the number K and the dimension S remain
fixed for the asymptotics. Various authors have proved the asymptotic normality of
Pearson’s XZ or the likelihood ratio statistic G2 under particular assumptions for
different kind of models. A review of their results is given by Cressie & Read (1988) in
Sec. 4.3, 8.1. Since we concentrate here on models with parameters to be estimated, no
attempt is made to summarize the work on completely specified models without

parameters.

Kohler (1986) derives the asymptotic normality of G? for log-linear models admitting
closed form maximum likelihood estimates under increasing-cells asymptotics, where
the dimension S increases as well. In a series of papers McCullagh considers X? and G?
under increasing-cells asymptotics in linear exponential family models (1985a, 1986)
and generalized linear models for binomial and Poisson sampling (1985b). He argues
that one should use the conditional distribution of the goodness-of-fit statstics, given
the estimated parameter (resp. a sufficent statistic), and derives the conditional limiting
distribution. It turns out however, that up to first order approximation, the unconditional
limit distribution obtained here coincides with the conditional distribution given in
McCullagh (1985b) under binomial sampling. Dale (1986) derives the asymptotic nor-
mality of X2 and G? in the same setup as ours, but imposes the additional assumption
that the expectations remain bounded for all cells (using different and partly stronger
"regularity"” conditions). The limit result for G?2 given there however differs from ours

in a substantial way and we will comment on that later.
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Reviewing finally our previous work, Osius (1985) derived the asymptotic normality of
SD (for a general distance measure) under binomial sampling. These results were later
extended in Osius (1986) to the case where the underlying model fails, and Rojek (1989)

generalized and strengthened these arguments to multinomial sampling.

The purpose of this paper is to present goodness-of-fit tests based on the asymptotic
normality of the power-divergence family SD, and show their performance for a
concrete data set. We prefer to present the results rather informally emphasizing more
practical aspects (like different approximations according to the distribution of the
multinomial sample sizes involved) instead of deriving the limit results, which may be

found in Rojek (1989).
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2. Sampling and Model

We now turn to the sampling schemes and models involved. The observed data consists
of a JXK contingency table where each row represents a group j=1,...J usually characte-
rized by an additonal S-dimensional vector X;€ RS of covariables. The Nj individuals at

risk in group j are classified into K categories thus giving the observed cell counts ij:

Observed data

Group S-vector of observed counts in category Size
covariables 1+ k+-----+- K (at risk)
1 .
! %= (pXgs) G, ik RIS N
J
Total sample size n=N,

We assume product-multinomial sampling throughout, i.e. the vector of row counts
Yj = (YJIYJK) are independent for all j = 1,..,J, each having multinomial distribution

SE(YJ) = MultiK(Nj,Jrj) with a vector T, = (m of positive cell probabilities.

T

In the parametric models considered here, each cell probability thkdepends on a

common S-dimensional parameter ©=(0 GS)G RS through a known function ij,

1"5
assumed to be sufficiently "smooth":

Ty = ij(e) >0, for all jand k.

In the presence of covariables X;€ RS, the functions ij typically depend on the co-
variables only through the linear combination ije, l.e.
ij(e) = Gk(ije)

with known functions Gk'

The binomial case K=2 is of particular interest and will be treated in more detail later.
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3. Estimation and Goodness-of-Fit

Taking the Maximum-Likelihood estimator 6 of © (or some asymptotically equivalent
estimate) we get the expected cell probabilities ?tjk= ij(é) and expected cell counts
I’/I\Ijk= Nj' ?tjk, both being positive.

The power divergence goodness-of-fit statistic then is the sum over all cells of
deviations beetween observed and expected counts ij anAd fﬁjk, or equivalently, the
weighted deviations of observed and expected frequencies ij and J’fjk, the weight being

the size Nj of the group:

SD)\(é) = ? % a)\(ij, my; ) (Sum of Deviations)

with observed cell frequencies P = Y/ Nj.

Large values of the statistic SD)\(é) indicate a lack of fit.

4, Fixed-Cells Asymptotics

Since the exact distribution of the power divergence statistics are untractable in the
general setting one has to rely on asymptotic results. The general assumptions for the

asymptotics discussed here are

- the total sample size increases to infinity: n = N, > o ,
- the dimension S of parameter remains fixed ,

- the number K of categories remains fixed .

The commonly assumed classical "fixed cells” asymptotic approach requires further:

- the number J of groups (and hence of all cells) remains fixed,

- all group sizes increase (suitably): Nj—>oo for all j, and hence all

expectations increase: my, ~> <o .

The asymptotic results for "fixed cells” are given in Cressie & Read and may be
summarized as follows. Under the null hypothesis that the given models holds, the
statistics of the family SD, are asymptotically equivalent for a/l A< R, each having the
same (central) y*distribution with the appropriate degrees of freedom J{(K-1)-S. The
asymptotic equivalence for the family still holds under /ocal alternatives to the null

hypothesis, the limit distribution now being a noncentral .
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5. Increasing - Cells Asymptotics

The classical fixed-cells asymptotics are not always appropriate, in particular not for
sparse data. In bigger data sets one often has a large number of groups with a conside-
rable amount of small group sizes (sometimes as low as 1). To deal with these situations
we consider here an increasing-cells asymptotics, for which (in addition to the general
assumptions above) the number J of groups (and hence the total number JXK of cells)

increases : J - o .

The basic asymptotic result for increasing cells is that the statistic SD, has an asymp-
totic normal distribution (under the nullhypothesis and arbitrary alternatives). This is
not surprising since SD, is an increasing sum of components, which are "nearly”
independent, except for their dependence through the common estimate 6 (having a fixed
dimension). However the power-divergence statistics need no longer be asymptotically
equivalent for increasing cells, and in fact explicit models may be given where X? and

G? are not equivalent.

Here we will only be concerned with the asymptotic distribution of SD. under the
nullhypothesis, i.e. the model holds, although similar results are available for arbitrary
alternatives, i.e. the given model fails, see Rojek(1989). Under assumptions given below,

we can show that SD, has an asymptotic normal distribution with expectation y, and

2

variance N i.e. the normalized sum SD)\ converges in distribution to the standard

normal:

Asymptotic Normality of SD, under the model (and assumptions given below):

SD, -u D
A A
T, = o N(0,1) resp. SD

provided the denominator is not 0 (see the variance condition later).

N 2
k as. N(u)\_56}\) L)

The resulting one-sided normal test of level a rejects the model if the test statistic T,
exceeds the upper a-quantile z of the standard normal distribution. In extreme situa-
tions to be discussed later (under "individual groups") a two-sided test may be more

appropriate.
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Collecting the essential assumptions used for deriving the limit result, we first list
somewhat informally - for details see Rojek (1989) - what can be called the "standard”

assumptions:

- The cell probabilities Ty = ij(e) are sufficiently smooth functions of © (in
terms of differentiability)and the matrix of partial derivatives has full rank S.

- The information increases, e.g. the scaled information matrix IH 1(0) converges
to a positive-definite limit.

- The cell probabilities Ty = ij(e) evaluated at the true value of O satisfy

certain bounding conditions, e.g. are all bounded away from 0 and 1.

- The estimator 6 is consistent and has an asymptotic normal distribution (which

in turn may be derived from further assumptions).

Of course this set of assumptions may be weakened to some extent, usually giving rather

technical conditions whic are often difficult to interpret.

The additional specific assumptions for the increasing-cells asymptotics involve some

characteristics of the group sizes Nl,...,N namely their

JS
~ ly-t -1y |7t
- harmonic mean: HM = [T(Nl +eo+ Ny ) ] ,
- arithmetic mean: AM = %(N1+ st NJ) ,
1/2
- quadratic mean: QM = [%(le +---+NJ2) ]

which satisfy the relation: 1 < HM < AM < QM .

The asymptotic expectation y, and variance Gi of the sum SD, of deviations simplify
considerably if the above means tend suitably to infinity. Although this is not necessary
for the general increasing-cell asymptotics, it will be instructive to discuss some im-

portant special cases before turning to the general case.
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Special Case 1: 'Fast increasing Harmonic Mean”  HM/ V1 oo @

Here p, and Gi are given independently of the parameter A by

J(K-1)=DF +S  with degrees of freedom DF = J(K-1) - S,
2J(K-1) = 2,

B

2
Ox

The goodness-of-fit test statistic is thus

SD, (8) - J(K-1)

T(l) =
A 2J(K-1)

For large degrees of freedom the expectation is approximately the degree of freedom,
u,~ DF. Hence T()}) may be viewed as a crude normal approximation to the limiting

x> -distribution of SDX(é) under the classical fixed-cells asymptotics.

Special Case 2: 'Increasing Harmonic Mean" HM —5— =

Passing from the above to this weaker case, the variance remains unchanged, but the
expectation has to be "corrected” to the actual expectation of SDX(G), evaluated at

the estimate O:
My = U)\(e) with U-)\(e) = Ee{SD)\(e)} 5
6% = 2J(K-1) (as in Case 1) .
This gives the following goodness-of-fit test statistic
() _ SD,(6)-1,(0)
N
2J(K-1)

However for Pearson’s statistic, i.e. A = 1, one gets the same expectation as in case I:
u, (6) = I(K-1) .

For general A no simple computational formula for u)\(e) exists.
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Special Case 3: ’"Increasing Arithmetic Mean” AM = N T @

-0
If we pass from the above to this weaker case, now the expectation remains the same,

but the variance has to be "corrected” to the actual variance of SD}\(G), evaluated at

the estimate 6:
Uy = u)\(é) as in Case 2,
o = v3 (6) with  v3(0) := Var{SD, (0)} .

This yields the test statistic

_ SD,(0)-1,(0)

* /v3.(6)

T(3) —

For Pearson’s statistic, i.e. A = 1, the variance simplifies to:

v2(0) = 2J(K-1) + ?1@ I %thlk(e) - K2 -2(K-1) |

In comparison to case 2, this variance contains in the sum corrections for small group-
sizes as well as for small cell probabilities. Unfortunately, for general A no simple

expression for the variance like above is available.

Finally, we look at the general case, where the (arithmetic) mean of the group sizes
need not to be large. The expectation remains as in the last cases 2-3 , but the variance
is reduced (as compared to case 3) by a quadratic form Qx(é) which represents a cor-

rection for using the estimate © instead of the true parameter O:
Uy = u)\(é) as in Case 2-3

oi = Gi(é) = Vi(é)— Q)\(é) with v2

5. as in Case 3.

The quadratic form

Q, (0) = cX(0)- 17'(0) - ¢, (0)

involves the S-dimensional covariance vector of the sum SD)\(O) and the score vector,

i.e. the derivative D€(0) of the log-likelihood ¢(9),
¢, (0) = Cov,{SD, (o), De(0)},
as well as the inverse of the SXS information matrix

1(6) = Covy{De(0)} .
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The final goodness-of-fit statistic as a normalized power-divergence statistic looks in
the general case like this:

sD, (6)-u,(©)
T, = A A (normalized test statistic).

Y v2(8)-Q, (8)

Of course, T, is asymptotically equivalent to T()i\) in the special cases i=1,2,3 above.

For Pearson’s statistic, i.e. A = 1, the covariance vector is given by

¢,(0) = ( 2 5" 36,7k :

and involves only the cell probabilities and their derivatives, but not the group sizes Nj.

Unfortunately, for general A no simple expression is available for the quantity c)\(e),
as well as for u)\(e) and 6%(9) above, except for integer values A=1.,2.3,.. which are
(besides A=1) not of primary interest. Nevertheless these quantities may in principle be
computed as a sum over all possible outcomes of each multinomial group. This causes
no problem in the binomial case (K=2), but the computational effort increases heavily
with the number K of classes. Except for small values of K or in other special cases
(like above) only Pearson’s statistic (A=1) can be evaluated exactly for a general pattern
of group sizes. The use of Pearson’s statistic has - besides it’s easy computation and
interpretation - a further advantage, that the expectation uk(e) is independent of the

parameter O, and the same holds in case 2 above for the variance.

We now discuss the additional assumptions used to derive the asymptotic normality of
the test statistic T, in the general case. First, we need that the variance oi(e)

increases fast enough, i.e. a
Variance- Condition: J /6%\(9) is bounded (for "true” ©).

This always holds for increasing harmonic means (Case 2 above) and - at least in the

binomial case discussed later - under weaker conditions for the group sizes.

Secondly, we still need (at least up to now) a condition on the group sizes, namely that
the arithmetic mean is increasing (case 3 above) or that the quadratic mean is of lower

order than the square root of the total sample size N := X Nj:

Size-Condition: AM —o or QM/VN, —0



5. Increasing - Cells Asymptotics 12

Let us now look at other special cases concerning smaller group sizes encountered in

sparse data.

Special Case 4: Bounded arithmetic mean

Suppose (in contrast to case 3 above) that the arithmetic mean AM=N is bounded. The
size-condition then equivalently states that the empirical variance of the group sizes is
of lower order than the total sample size N,:

1 92

T Z (N,-N) /N, —0

j

i.e. the variance of the group sizes does not increase too fast. This trivially holds for
balanced group sizes: Nj = N for all j. The variance condition has to be checked and

may fail under certain circumstances (see case S below).

Special Case 5: Individual groups (No grouping)

We now pass from the case above to the smallest possible groups, which arise when
each individual forms a group of its own, i.e. Nj =1 for all j, and hence J=N,. This can
always be achieved by splitting each original group of size Nj > 1 into Nj new individual
groups. The size condition is always satisfied (see case 4 above), but the variance

condition may fail for some model-dependent values of A (see the binomial case later).

For individual groups, the observed counts are either 0 or 1, and hence the test statistic
uses the distance function a, only through the partial functions aX(O,—) and a)\(l,—). This

slightly disturbes the conventional interpretation of the sum SD,, so that small values

XS
of SD, may also indicate a lack of fit, suggesting a fwo-sided test. More details - for

the binomial sampling - are given later.

Dale (1986) derives the asymptotic normality of X2 (Thm.3) and G* (Thm.4) for bounded
group sizes Nj, using different regularity conditions. For Pearson’s X? the asy mptotic
expectation and variance in Thm.3 agree with i, and Gi given above for the general
case. However Thm.4 on the likelihood ratio G2 gives i, and Gi as in special case 3
above which does not apply for bounded sizes, as will be shown later using a constant

model.
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6. Binomial Sampling and Quantal-Response Models

In the presence of only K=2 categories, usually termed "response” and "non-response”,
the above model reduces to a general type of quantal response model. The observed

data is usually represented as a JX2 table in the following way:

Group S-vector of observed counts in category Size
covariables Response No Response (at risk)
1
J X2 (gpgs) Y Nj- ¥ N;
J
Total sample size n=N,

We then have product-binomial sampling with independent counts Y,,... Y for the
responses, each having a binomial distribution SZ(YJ.) = B(Nj,nj) with response probabi-

lity .

The parametric models given above include the generalized linear models considered in
McCullagh & Nelder (1989), where the response probability depends on the linear
combination XJ.TG through a fixed distribution function G (e.g. the standard normal or
logistic)

= G(xjT 0) resp. 1. := g(m.) = ije for all j=1,...,J,
with link function g=G ™1 (e.g. the probit or logit transformation).

The power-divergence statistic reduces to the following sum over all binomial groups

SD, (6) = ?NJ:AX(PJ.,?IJ.) ,

where §j= YJ./Nj denotes the observed rate of response in group j, and
A, (pr) = a,(p.x) + a,(1-p,1-7)

serves as a new "distance measure” which is symmetric about 1/2 in both arguments.
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For computing y, and 6)2\ we introduce for any binomial(N,x) variable Y the notations
e, (N.x) == E{A, (Y, Nx)} , v3(N.x) := Var {A, (Y. N=)},
¢y (N.x) == Cov{ Y, A, (Y. Nx)}.

For Pearson’s case A=1 these expressions reduce to

N,x) =1 , Vi(NJE) =2 4+ (T[_l[l—T[] -1 _ ¢ )/ N,
(N,t) := 1-2x

But for general A the computation of e, , v, and c, requires a summation over all pos-

A
sible outcomes of the underlying binomial distribution. With this notation we get

)

u)\(e) = ? e)\(NjJrj) , Vi(@) = ? Vi (NJ-,JTJ

¢, (0) = XT Diag{G'(n;)/(x;[1-7,1)} - ¢, (N.7t) |
where C)\(N,T[) denotes the J-vector with components C)\(Nj,ﬁj).

i which is of theoretical

and of computational interest. We perform an ordinary weighted linear regression using

Let us now give a decomposition of the asymptotic variance o

the same model matrix X, but the J-vector of "observations”
u, (0) := Diag "N, G'(n,)}- ¢, (N.x)
and the JxJ-diagonal matrix of weights
w(0) = Diag{NjG'(nj)z/(nj[l—nj])} .
The residual sum of squares for this regression may be written as
RSS, (0) = uX(0) | W(6) - W(6) X I71(0) XTW(6) | u,(0) .

where 1(6) = XTW(0)X is the information matrix of the generalized linear model.

This leads to the decomposition

o7(0) = V, (N.rr) + RSS, (0) with

. 2 _2 _
V)\(N,JT) = % |: V)\(Nj,T[j) C)\(Nj,ﬁj)/(Njﬁj[l nj]) ] >0,
which can be used for computing si(é). Again, for Pearson’s statistic a simple formula

is available (HM is the harmonic mean of the group sizes):
V,(N) = 2T - ZN J=21[1-mM |

Each term of the sum V, is non-negative, and zero if and only if Nj=1. Hence we get
V, >0 except in the case of individual grouping. More generally, J/V)\(N,T[) may shown
to be bounded (and consequently the variance condition holds), provided the harmonic
mean of the group sizes is bounded away from 1, i.e. the proportion of non-individual
group sizes Nj>1 stays away from 1. If this is not the case, we are basically left with

individual grouping which we now take up again.



6. Binomial Sampling and Quantal-Response Models 15

Special Case 5: Individual groups under binomial sampling
The numerator of the statistic T, may now be written as a weighted sum

SD)\(é) - u(d) = % W)\('J,%j) LY, - TAIIJ-]

using the weight function
WX(TE) 1= A)\(l,n) - A;\(O,I) ,
which reduces for Pearson’s resp. the likehood ratio statistic to
Wl(n) = (1-2n)/(n[1-x]) resp. WO(JI) = -2 logit(m) .

Looking at the denominator of T, we have s§(9)= RSSX(O) since V)\(NJ[):O. Clearly
si(@) = 0 if and only if the vector u)\(e) lies in the linear subspace M C RY generated

by the columns of X. We provide two examples where this happens.

Example 1 (constant model for individual groups): The model with constant cell proba-
bilities LS for all j is a one-dimensional linear logistic model with the SX1 model

matrix X=(1,....1)T. Here n=G ()¢ M always implies u)\(e)egﬁ. O

Example 2 (logistic model): In the linear logistic model the components of ux(e) are
cx(l,nj)/(nj[l—nj]) since N;=1. For the likelihood ratio statistic we get uo(9)= -2n =
-2 logit(m) € M, and hence G2 has no diagnostic power in this case, as already noted by
McCullagh (1985a). Furthermore, the ML-estimate satisfies SDO(é) = uo(é) which pro-
duces an undefined statistic T,=0/0.0

The normal test based on the asymptotic normal distribution of T, with individual
grouping may be viewed as a score test, as pointed out by K.Drescher (1984, private
communication). For this purpose we consider the enlarged (usually non-linear) model

with an additional parameter < R given by

n, = H)\(ije | ¢) := G(ij9+ qj-hx(ije)) ;

where the function hx is defined as

hy (v) = w, (G(y))-G(y)-[1-G(y)1/ G'(y) for y € R.

For the logistic model, this function is given by h)\(logit(n)) :W)\(T[) for any O<m«1.
Plots of the function HX for some values of A and ¢ are given in Fig.6.1 (logit model)
and Fig.6.2 (probit model).
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Testing the nullhypothesis H,: $=0 (i.e. the original model holds) using the score test
produces exactly T, as a test statistic. From this and the above representation of
SD

negative values of SD,, to be more appropriate for individual grouping. Furthermore

5~ W, We suggest the ¢wo-sided normal test, which also rejects the model for large

the test based on T, no longer apppears as a universal "goodness-of-fit test” against
all possible alternatives but rather as a powerful test against particular alternatives
concerning the link beetween the "linear predictor” x 10 and the response probability .
In the two examples above, the enlarged model above actually coincides with the origi-

nal model, which again explains the breakdown of the test.

Figure 6.1: The function H, in the logit model for A=1 (Pearson), A=2/3 and diffe-
rent values of . The plots show Hl(logit(n)ltb) as a function of the response
probability 7 (per 1000) on logit scales (lower and left axes) resp. logit(Hx(yILIJ))
as a function of y =logit(m) (upper and right axes). The original model (¢=0) yields
a straight line, while departures from this model correspond to curvature. The
case A= 0 (Likelihood ratio) is not included, since it gives straight lines for any .

a) A= 1: ¢ = -0.1, -0.01, -0.001 b) A=1: ¢ = 0, 0.001, 0.01, 0.1
999 -b -4 -2 0 2 4 6 999 -b -4 -2 0 2 4 6
! 1]
990 990
4
900 900 2
.01
500 500 0
100 100 K
-4
g 1 g 107 pgy
o 5 ] -6
11 11 10 100 500 300 990 999
c) A= 2/3: ¢ = -0.1, -0.01, -0.001 d) A= 2/3: ¢ = 0.001, 0.01, 0.1
-b -4 -2 0 2 4 6 -b -4 -2 0 2 4 6
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per 1000
per 1000
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Figure 6.2: The function H,in the probit model for A=1 (Pearson), A=2/3, A=0
(Likelihood ratio) and different values of §. The plots show H)\(probit(n)IqJ) as a
function of the response probability m (per 1000) on probit scales (lower and left
axes) resp. probit(H)\(quJ)) as a function of y=probit(rx) (upper and right axes).
The original model (§=0) yields a straight line, while departures from this model
correspond to curvature. Note the somewhat different type of curves for A=0.
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Returning back to the general discussion, McCullagh (1985b) argues that one should use
the conditional distribution of goodness-of-fit statistics, given the estimated parameter.
For the generalized linear model however he shows that Pearson’s statistic X2 is
asymptotically independent of the ML-estimate 0, at least to first order (in J). Hence
the conditional asymptotic expectation and variance of X2 agree (to order J) with the
corresponding unconditional cumulants ul(é) and clz(é) given above (both being of order
J). Somewhat surprisingly, the conditional asymptotic expectation and variance of the
likelihood ratio statistic G2 given by McCullagh(1985b) for the linear logistic model

may be written as
E{X?|6=0} = (1-8/D) y,(8)+0(1).  Var{X?|8=0}= (1-8/1)c2(8) + O1) ,

and hence coincide to first order with the unconditional uo(é) and og(é) derived here.
More generally, Osius(1986) has shown that the conditional asymptotic distribution of
SD, (for any \) given 6=0 agrees to first order with the unconditional distribution.
Apart from this coincidence to first order, McCullagh improves the first order appro-
ximation by computing higher conditional cumulants to use Edgeworth and Cornish-
Fisher expansion to determine P-values P{szz} resp. quantiles for the standardized

goodness-of-fit statistics TO and Tl.

Finally, we give an example showing that the simplified statistics given in the special
cases 1-3 are not appropriate in the general case, and furthermore that X2 and G? are

not asymptotically equivalent for increasing-cells with bounded group sizes.

Example 3 (constant model for balanced sizes):

We take up again the constant model of example 1 with balanced group sizes Nj=N for
all j and probability m+1/2. The expected probability 1Arj=Y+/N+ is the overall observed

rate of response, and the variance reducesto
s2(0) = I vZ(Nix) - c2(N,n)/(Nnl1-n) |.

The simplified statistic TS) from case 3 above (which is not appropriate here) still has

a limiting normal distribution with mean 0 and variance
1 - V;\Z(N,I) . ci(N,n)/(Nn[l—n])

which is <1, at least in the interesting cases A=0 and A=1, so that T§\3) and Tx are not
asymptotically equivalent here. In the special case N=2, the observed counts Yj may
only take the values 0,1,2 and therefore one can establish the following relation beet-

ween the standardizations of X2 and G2:
T, = 2nl1-n] log(4) - T, (for N=2) |

and hence X? and G? are not asymptotically equivalent in this situation.
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7. Examples

We illustrate some features of the goodness-of-fit tests described above using two sets

of published data. The tables and figures are given in the corresponding appendices.

Example 1: Study on Infant Mortality

The data are taken from an analysis of infant mortality given by Karn & Penrose (1951-
52). The large body of data assembled from records of U.C.H. Obstetric Hospital for
the years 1935-46 contains information about 13 730 infants (7037 male, 6693 female,
no twins) and their mothers. We apply a linear logistic model to parts of the data
(taken from Table 1 in Karn & Penrose), regarding non-survival at 28 days (including
stillbirth) as a response, which is to be related to the following variables:

- birth weight W, recorded in 25 classes with range: 1.0 (0.5) 13.5 pound (1b.),

- gestation time G, recorded in 41 classes with range: 155 (5) 355 days,

- sex S of infant, recorded as a factor: 1=male, 2=female .
For the grouped variables birth weight and gestation time we have chosen the lower
limit of its corresponding class to represent its actual value. This is just a matter of

scale and does not affect the goodness of fit we are interested in.

Karn & Penrose originally fitted the models separately for the males and females, using
the linear logit model 1+ W+ WZ2+G+G2+W-G and some submodels thereof (for the
notation of models see McCullagh & Nelder).

We first fit a joint model 1+S + W+ W2+ G+ G? for both sexes (Table A.1). The power-
divergence statistics SD, given in Table A.2 differ dramatically for the three values
A=1 (Pearson), A=0 (Likelihood ratio), A=2/3 (Cressie-Read), and so do the conclusions
of the goodness-of- fit tests based on the classical x*-approximation. This approximation
however is not justified, due to a large number of individual groups (i.e. Nj=1, see
Table A.3, Fig. A.1) and consequently very low expected values. Looking at the nor-
malized statistics T, in Tables A.5 the situation changes completely, and the fit appears
quite satisfactory for all 3 values of A, taking the large sample size into account.
Passing from the x*-approximation, which corresponds roughly to Tg\l), over T;Z) and
Tgf) to the general T, in Table A.S5, we find the most dramatic changes beetween T&l)
and Tgf), but the final step to T, provides only a slight correction. This could have
been expected from the theory since the arithmetic mean of the group sizes is not small
(see Table A.3).

A different aspect of judging the fit is provided by residual plots. We use the scaled

deviance residual [McCullagh & Nelder, Sec. 2.3-4] which may be written as
r(P, 1) i= sign(P-n)- [ A, (P, n)/d |7,

with a scale factor @ is chosen such that the sum of squared residuals equals the degrees
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of freedom: > rz(lsj,;rj) = DF. The plots of the residual r against the linear predictor
ﬁ=10git(7¥) and the covariables (Fig. A.2) confirm a satisfactory fit of the model. The
curved lines appearing in the plot of the residual r against 1 are due to the large
amount of small group sizes. For example, in all individual groups (i.e. Nj=1) the ob-
served rate P is either O or 1 and hence all these residuals must lie on one of the two
curves 1(0,G(n)) and r(1,G(n)) viewed as fuctions in n (see Fig. A.3). More generally
the residuals of all groups of a given size n will appear on the corresponding n+1 diffe-

rent curves r{k/n,G(n)) for 0<k<n.

It is interesting to compare the performance of the normal test with other tests against
specific alternative models. One such test is the normal test based on individual grouping
(given in Table A.6), which does not reject the model here on the 5%-level for Pearson’s
X2 and A=2/3 (G? is not applicable).

Another possibility is to use the deviance test with respect to a specified enlarged
model. Passing to the model S*(1+W+WZ2+W3+G+G2+G3+W-G) with several additional
interactions the decrease in deviance is not significant (Table A.7), and hence the basic

model above not rejected.

On the other hand, we can eliminate significant variables from our model and see
whether the normal test rejects the simpler submodel. Deleting birth weight, we get the
model 1+S+G+G2, which is clearly rejected by all three normal tests based on the
original grouping (which still uses birth weight), and this conforms with the deviance
test (Table A.8). Collapsing the groups over birth weight, the picture changes and the
normal test for Pearson’s X2 (but not the others) now accepts the model (Table A.9).
Refining the groups on the other hand to individual grouping produces similar results

but smaller changes with respect to A (Table A.10).

The second submodel 1+S+W+W?2 with gestation time excluded is also clearly rejected
by the normal tests based on the original groups, in accordance with the deviance test
(Table A.11). However for collapsed groups (Table A.12) or individual grouping (Table
A.13) the normal tests do not reject the submodel. This is not surprising, since the

grouping clearly influences the teststatistic and its power.

For the third submodel 1+ W+ W2+ G + G2 without sex, the normal tests for A=0, 2/3
have roughly the same P-level as the devianve test (about 3.7%), but Pearson’s X2
clearly accepts the submodel (Table A.14). And for collapsed or individual groups the
submodel is not rejected by any of the 3 normal tests (Tables A.15-16).

In all examples above the normal tests of submodels based on the original grouping are
in accordance with the deviance test (which also needs the original groups in an essen-
tial way). However collapsing or refining the grouping may change the results. Further
investigations on the power will be necessary to clarify these points for a general

setting.
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Example 2: Ile-et-Villaine Study on Oesophageal Cancer

This example is included here for two reasons. First, the data is analysed under various
aspects by Breslow & Day (1980), and McCullagh (1985ab) uses the data to illustrate
his unconditional test, which allows comparison with our method. And second, the body
of data is of a rather moderate size (in contrast to example 1). Although the sampling
scheme of this study is not of the binomial type discussed here, we still apply the
normal goodness-of-fit tests obove to the data (assuming the data were binomial) only

for the purpose of illustration and numerical comparison with McCullagh (1985ab).

The data are taken from the Ile-et-Villaine study on oesophageal cancer as given in
Appendix I of Breslow & Day (1980). This is a retrospective case-control studie with
975 individuals (200 cases and 775 controls), classified according to the 3 covariables:
age (6 classes), alcohol and tobacco consumption (4 classes each). Of the 96 possible

combinations only J=88 different groups contained at least one individual at risk.

We only look at the model containing the main effects of the covariables viewed as
factors, denoted by AgeGrp (6 levels), AlcGrp and TobGrp (4 levels each), where Grp
stands for ‘Group’. The power divergence statistics and their P-levels based on the x*-
distribution are given in Table B.l. Although these P-values vary with A, none of them
is small enough to reject the model. Looking at the distribution of the 88 group sizes in
Table B.2 the use of the y*-approximation appears questionable. The P-values based
on the normal distribution given in table Table B.3 are much higher than the correspon-
ding XZ—Values and change only slightly with A. Looking at the simpler approximations

for the special cases 1-3 above, we observe a substantial disagreement with T only for
T,

McCullagh (1985ab) gives an approximate upper 5% point of 121.60 for Pearson’s X2,
which is based on the Cornish-Fisher approximation » + (za+ [zi - 11 ()3/6))152 for the
conditional limiting distribution and the conditional cumulants x1=77.38, x2:401.1 and
p5=1.98. The corresponding conditional P-level based on the Edgeworth approximation
P{Z2z} = 1 - ®(z) + p(z)(z*-1) p,/ 6 for the standardization Z= [X?-x 1/V/x, is P=23.1%.

Using our asymptotic cumulants p,= 88, 6%:464.44 of X?=SD., we obtain as an upper

1
5% point based on the first-order normal approximation the value 123.45, which is very
close to McCullagh's value, but far from the corresponding value 97.35 based on the
X276—approximati0n. Although the use of the Xz—approximation is not justified in this
situation, its does lead to the same decision concerning the fit as the normal approxi-
mation (in contrast to example 1 above). Other considerations by Breslow & Day (1980,

Sec.6.5) confirm a satisfactory fit of this model as well.
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8. Some Practical Aspects of the Test

We conclude the theoretical discussion with some recommendations and comments
which reflect our experience with goodness-of-fit tests based on the power-divergence
family SD, . It must be pointed out however, that any such test is just one aspect of
judging the fit of a model and should therefore always be accompanied by other diagnos-
tic tools of fit, e.g. examination of residuals, analysis of deviances with respect to en-

larged models of particular interest.

1 (Pearson)
0  (Likelihood ratio)
2 (Cressie-Read)

1) Compute SD, for different values of A like:

3
Considerable variations of SD, with respect to A may be due to Jack of fit or small

expected values (indicating that the classical y*-approximation may be poor).

2) Look at the distribution of the group sizes Nj and compute their harmonic, arithme-

tic, quadratic mean and variance to get an idea which asymptotic may be appropriate.

3) The x*-approximation of SD, based on fixed-cells asymptotics only applies if all
group sizes (resp. expectations) are reasonably large. This will typically be not the

case for sparse data sets.

4) Tor large degrees of freedom the normal approximation based on increasing-cells
asymptotics is appropriate and the normalized statistic T, (for the general case) is

recommended.

5) A two-sided normal test based on the statistic T, under individual grouping is
always applicable (for a large total sample size N+) and may be used to detect depar-

tures of the model against specific alternatives concerning the link function.
The remaining points apply only for Jarge degrees of freedom.

6) It is instructive to look at the expectation u)\(é) and variance ci(é) of SD,, and to

).’
compare T, with the the different standardizations T&i) given for the special cases
i=1,2,3. This will usually explain possibly different conclusions based on the normal or

the Xz—approximation.

7) For small arithmetic mean AM of the group sizes (special case 4 above), the
variance condition should be checked by comparing the number J of groups with the

variance ci(é) the latter should not be small.
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2
A

unless the number K of categories is small (e.g. K=2 for binomial sampling). Explizit

8) The exact computation of ux(e), vz (0), c)\(@) in the general case is time-consuming,
expressions (in terms of multinomial moments) are available only for A¢ N (e.g. A=1)
or in special cases, like individual grouping (special case 5). The great advantage of
Pearson’s normalized statistic T, over the other T, is its ease of computation and inter-

pretability.

Clearly, further research and simulation studies are needed to clarify the meaning of

"small” and "large” in the above recommendations.
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Appendix A: Tables and Figures for Example 1 (Infant Mortality Data)

Table A.l: Model parameters with standard error and 2-sided normal P-level

Logit model 1+S+W+WZ2+G+G?2

Parameter/SE 2s-P-Level Variable

31.194477
-0.203377
—-2.820764
-0.173454
0.182237
0.000311

3.909628
0.097691
0.162318
0.030268
0.012198
0.000057

Table A.2: Power divergence statistics and P-levels (with resp. to x*)

Logit model 1+S+W+W2+G+G2

Likelihood

Cressie—Read

Pearson

Ratio 0]

7.978886 0.0000 % 1
-2.081843 3.7357 %  SEX#2
17.378020 0.0000 %  WEIGHT
-5.730619 0.0000 %  GESTATION
14.939396 0.0000 %  WEIGHT"2
5.484005 0.0000 %  GEST"2
SD D.F x'-P-Level

658.5107 702 87.8522 %

681.5320 702 70.3265 %

789.5946 702 1.1768 %

Table A.3: The distribution (upper part) and characteristics (lower part) of the group sizes
N; for the original and other groupings (see text).

pooled groups collapsed over:

Number of Groups

Minimum of
Maximum of
Harmonic
Arithmetic
Quadratic
Variance

Size original
Nj groups
1 27 .26%

2 12.85%

3 9.60%

4 6.21%

5 3.95%

9 10.03%
19 10.17%
39 7.06%
79 5.79%
159 4.38%
2.68%

708

Sizes 1
Sizes 275
Mean HM 2.4
Mean AM 19.4
Mean 0OM 45 .8
1717 .4

Sex Birth Gestation
Weight Time

23.88% 5.26% 4. 44%
11.35% 10.53% 2.22%
7.33% 5.26% 0.00%
5.91% 3.95% 2.22%
4 .49% 1.32% 2.22%
11.35% 7.89% 2.22%
11.35% 10.53% 13.33%
7.09% 10.53% 13.33%
5.91% 10.53% 13.33%
5.44% 9.21% 6.67%
5.91% 25.00% 40.00%
423 76 45

1 1 1

540 1249 1403
2.7 6.2 11.5
32.5 180.7 305.1
83.1 365.5 518.7
5849.5 100960.5 175977 .9
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Table A.4: Expectation pu, variance v> and quadratic form Q for the statistics SD

Distance A SD u(0) v2(8) Qo)

Likelihood Ratio 0 658.5107 603.9573 925.2193 101.3733
Cressie—Read 2/73 681.5320 604.8386 2631.0166 450.9972
Pearson 1 789.5946 708.0000 32154.2294 1023.6666

Table A.5: Different normalizations of SD (according to special cases 1-3)

with 1-sided normal P-level

Normalized static

Likelihood Ratio O 1.9006 1.7935 1.4497 -1.3152
Cressie—Read 2/3 1.6426 1.4952 2.0381 -0.7034
Pearson 1 0.4625 0.4550 2.1684 2.1684

Normal P-level

Likelihood Ratio O 2.8675 % 3.6447 % 7.3566 % 90.5772 %
Cressie—Read 2/3 5.0235 % 6.7433 % 2.0770 % 75.9091 %
Pearson 1 32.1878 % 32.4543 % 1.5066 % 1.5066 %

Table A.6: Normal goodness—-of-fit statistic with 2-sided P-level
based on all 13730 individual groups.

Distance A Statistic P-Level

T 2—-sided
Likelihood Ratio 0] not defined
Cressie—Read 2/3 -1.7047 8.8246 %
Pearson 1 -1.2451 21.3078 %

Source of wvariation Deviance D.F P-Level
Difference due to submodel 5.0957 10 88.4695 %
Model : Sk (1+W+W2+W3+G+G2+G3+WxG) 653.4150 692

Submodel : 1+S+W+W2+G+G2 658.5107 702
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Figure A.l: The group sizes represented as areas of circles classified by sex (males above,
females below), birth weight and gestation time. The minimal size is 1, see also Table A.3.
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Figure A.2: Plots of the scaled deviance residual against the mortality rate resp. linear
predictor, birth weight and gestation time for the logit model 1+S+W+W?2+G+G2.
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Figure A.3: Plots of the scaled deviance residual against the mortality rate resp. linear
predictor for the logit model 1+S+W+WZ2+G+G? and different group sizes Nj (see text).
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Table A.8: The logit model 1+S+G+G?2 without variable birth weight

a) Power-divergence statistics for original J=708 groups

Distance X SD D.F Y'-P-Level
Likelihood Ratio 0 1127.9039 704 0.0000 %
Cressie-Read 2/3 1472.7266 704 0.0000 %
Pearson 1 2051 .2329 704 0.0000 %

Distance A Statistic P-Level

T l1-sided
Likelihood Ratio 0] 17 .3916 0.0000 %
Cressie—Read 273 19.0161 0.0000 %
Pearson 1 9.7544 0.0000 %

Source of wvariation Deviance D.F P-Level
Difference due to submodel 469 .3932 2 0.0000 %
Model : 1+S+W+W2+G+G=2 658.5107 702

Submodel: 1+S+G+GZ 1127 .9039 704
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Table A.9: The logit model 1+S+G+G? with J=76 pooled groups, obtained by collapsing the
original groups over birth weight (see also Table A.3)

a) Power-divergence statistics for pooled J=76 groups

Distance Py SD D.F Y'-P-Level
Likelihood Ratio 0 108.4410 72 0.3566 %
Cressie-Read 2/3 111.9297 72 0.1804 %
Pearson 1 117.1283 72 0.0619 %

Distance A Statistic P-Level

T l1-sided
Likelihood Ratio 0] 3.5484 0.0194 %
Cressie—Read 273 2.3581 0.9185 %
Pearson 1 0.4014 34.4052 %

Table A.10: The normal test for the logit model 1+S+G+G? based on all
13 730 individual groups.

Distance Lambda Statistic P-Level

T 2—-sided
Likelihood Ratio 0] not defined
Cressie—Read 2/3 -2.9772 0.2909 %

Pearson 1 —-2.0852 3.7049 %
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Table A.11: The logit model 1+S+W+W?2 without variable gestation time

a) Power-divergence statistics for original J=708 groups

Distance A
Likelihood Ratio 0]
Cressie—Read 273
Pearson 1

Statistic

Distance A
Likelihood Ratio 0
Cressie—Read 273
Pearson 1

14.3599
14.3068
3.1109

Difference due to submodel
Model 1+S+W+W2+G+G2
Submodel: 1+S+W+W?2

39.2023
658.5107
697 .7130

D.F ¥ -P-Level
704 55.9724 %
704 0.8972 %
704 0.0000 %

P-Level
l1-sided
0.0007 %
0.0008 %
0.0933 %
D.F P-Level
2 0.0000 %
702
704
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Table A.12: The logit model 1+S+W+W?2 with J=45 pooled groups, obtained by collapsing
the original groups over gestation time (see also Table A.3).

a) Power-divergence statistics for pooled J=45 groups

Distance A SD D.F. ¥'-P-Level
Likelihood Ratio 0 47 .8086 41 21.5753 %
Cressie-Read 2/3 48.6018 41 19.3464 %
Pearson 1 50.2625 41 15.2198 %

Distance A Statistic P-Level

T l1-sided
Likelihood Ratio 0] 0.3766 35.3233 %
Cressie—-Read 273 0.5248 29.9878 %
Pearson 1 0.3909 34.7932 %

Table A.13: The normal test for the logit model 1+S+W+W?2 based on all
13 730 individual groups.

Distance Lambda Statistic P-Level
T 2—-sided

Likelihood Ratio 0] not defined

Cressie—-Read 273 -0.1147 90.8652 %

Pearson 1 -0.0007 99 .9447 %
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Table A.14: The logit model 1+W+W2+G+G? without variable sex

a) Power-divergence statistics for original J=708 groups

Distance A SD D.F ¥ -P-Level
Likelihood Ratio 0 662.8639 703 85.8499 %
Cressie—Read 2/3 686.4157 703 66.5674 %
Pearson 1 797 .3371 703 0.7570 %

Distance A Statistic P-Level

T l1-sided
Likelihood Ratio 0] 1.9972 2.2901 %
Cressie—Read 273 1.7310 4. 1727 %
Pearson 1 0.4974 30.9462 %

Source of wvariation Deviance D.F P-Level
Difference due to submodel 4 .3532 1 3.6939 %
Model 1 1+S+W+W2+G+G2 658.5107 702

Submodel: 1+W+W2+G+G2 662 .8639 703
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Table A.15: The logit model 1+W+W?2+G+G? with J=423 pooled groups, obtained by collap-
sing the original groups over sex (see also Table A.3).

a) Power-divergence statistics for pooled J=423 groups

Distance A SD D.F Y'-P-Level
Likelihood Ratio 0 392.4233 418 81.0604 %
Cressie-Read 2/3 411.7469 418 57.7017 %
Pearson 1 473.8105 418 3.0515 %

Distance A Statistic P-Level

T l1-sided
Likelihood Ratio 0] 0.8496 19.7778 %
Cressie—Read 273 1.1558 12.3882 %
Pearson 1 0.2980 38.2834 %

Table A.16: The normal test for the logit model 1+W+W2+G+G? based
on all 13 730 individual groups.

Distance Lambda Statistic P-Level

T 2—-sided
Likelihood Ratio 0] not defined
Cressie—Read 273 —-1.4958 13.4702 %

Pearson 1 -1.0703 284484 %
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Appendix B: Tables for Example 2 (Ile-et-Villaine Study)

Logit Model: 1+AgeGrp+AlcGrp+TobGrp

Table B.1: Power divergence statistics and P-Levels (with resp. to x°)

Distance X SD D.F Y'-P-Level
Likelihood Ratio 0 82.3369 76 28.9754 %
Cressie—-Read 2/3 79.4093 76 37.2057 %
Pearson 1 86.5574 76 19.1302 %

Size Nj Frequency Number of Groups: 88

———————————————————————— Minimum of Sizes: 1

1 13.64% Maximum of Sizes: 60

2 7.95% Harmonic Mean HM 3.5

3 9.09% Arithmetic Mean AM 11.1

4 10.23% Quadratic Mean OM 16.8

5 3.41% Variance 160.0

6 — 9 18.18%, == —-———————————————————
10 - 19 21.59%
20 - 39 9.09%
40 - 6.82%

Table B.3: Different normalizations of SD (according to special cases 1-3) with 1-sided
normal P-level

Normalized static

Likelihood Ratio O -0.1579 -0.1498 -0.1368 -0.4269
Cressie—Read 273 -0.0634 -0.0513 -0.0618 -0.6475
Pearson 1 -0.0669 -0.0531 -0.1087 -0.1087

Normal P-level

Likelihood Ratio O 56.2725 % 55.9556 % 55.4411 % 66.5265 %
Cressie—Read 2/3 52.5256 % 52.0463 % 52.4652 % 74.1361 %
Pearson 1 52.6685 % 52.1181 % 54.3295 % 54.3295 %

Likelihood Ratio O 82.3369 84.1519 146.7202 14.5594
Cressie—Read 273 79.4093 80.2296 255.5301 87 .8649
Pearson 1 86.5574 88.0000 737.5930 273.1526
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