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Summary
Many asymptotical results in statistics state only convergence in distribution although

convergence of certain moments (like expectation and variance) are also of interest
and sometimes no more difficult to derive. We consider notions of convergence which
require convergence in distribution together with convergence of certain moments or
even convergence of the moment-generating function of the norm. The common tools -
like the central limit theorem, Slutzky’s rules, Cramer-Wold's device and the delta-
method - for establishing convergence in distribution are extended to the stronger
notions. For illustration, selected statistical applications are given concerning trans-
formations of binomial rates, the log-odds-ratio, the linear model and sample quantiles

(e.g. the median).

AMS 1980 subject clasifications. Primary 60B10, 60F05, secondary 62F12, 62E20.
Key words and phrases. Convergence of moments and moment generating functions,
central limit theorem, delta-method, transformation of binomial rates, log-odds ratio,

linear model, sample quantiles, median.
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0. Introduction

Many asymptotical results in statistics state that the distribution of a random variable
X, (e.g. a properly scaled test statistic or parameter) converges to the distribution of
some variable X as the number n of observations tends to infinity. Often it is desirable
to know whether the expectation and variance of X converge to those of X. More
generally one may ask for which r=1 one has convergence of the absolute moments of

order r:

(X, J")

E(IIX]I")

Bickel & Freedman (1981) introduced a Mallows metric d_ for probability measures,
such that d -convergence is equivalent to convergence in distribution and convergence
of absolute moments of order r. An even stronger concept of e, -convergence, with
r>0, requires convergence in distribution together with convergence of the moment

generating function of HXnH to the one of ||X || at the point r:

E( exp(rlX, ) ) —— E(exp(cIX1)) .

It turns out, that many important results concerning convergence in distribution may be
generalized to the stronger concepts of dr— or e _-convergence provided the relevant
moments exists. The main purpose of this paper is to point out how derivations of
statistical results concerning convergence in distribution may be generalized to dr— or
e ~convergence. To allow such generalizations in a straight forward manner, we first
extend the most common tools for establishing convergence in distribution - namely
the central limit theorem, Slutzky’s rules, Crameér-Wolds device and the stochastic
Taylor formula or Delta-method - to the above concepts of convergence. To illustrate
the general method of generalization, some examples of limit theorems relevant in
statistical applications are outlined concerning the asymptotic distribution of estimators
for transformations of binomial rates (e.g. probit or logit), the log-odds-ratio for

2x2-tables, parameters in linear models, and sample quantiles (e.g. the median).

The notions of d_- and e _-convergence are introduced on separable Banach spaces with
particalur emphasis on finite dimensional Fuclidean spaces RX, where all concrete
examples are studied. To illustrate the relative strength of the above concepts of

convergence, a number of counterexamples are provided.
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1. The Concepts of d- and e-Convergence

Let B be a separable Banach space with norm ||-]| , e.g. a finite-dimensional Euclidean
space R¥ with Fuklidean norm. For r>0 let D, = E)r(B) be the set of probability
measures P on the Borel sets of B, such that the r-th absolute moment is finite, i.e.
JIIx||* P(dx)< . Thus the distribution 2(X) of a random element X in B belongs to D,
iff E(|X]*) < o.

We say that a sequence P ¢ E)r converges (weakly) of order r to P<¢ E}r, abbreviated

d
Pn L. P, iff Pn converges weakly to P and
(1) II\X|\Y Pn(dx) — fllXHr P(dx) as n— co.

For notational convenience and an intuitive understanding we prefer in the sequel
formulations in terms of random elements (and their distributions) rather than
probability measures. Thus for random elements Xn, X with distributions Pn, P¢ E}r we
say that X converges in distribution of order r iff P 5P, ie. X, -2.x converges

in distribution and the r-th absolute moment of Xn converges to the one of X:
(2) E(IX ") — E(IXI*) asn—w .

Bickel & Freedman (1981) originally introduced the concept of convergence of order
d

rz] via a Mallows metric d_ on ;Dr, such that dr(Pn,P) -0 is equivalent to P —>P

above. They also gave the following important characterizations of convergence of

order r, which will be used freely later .

Lemma 1: For random elements Xn, X with distributions in E}r the following
conditions are equivalent

. d,

(i) X, —X

(ii) X, 2. X and HXnHr is uniformly integrable for n¢ N.

(iii)  E(f(X,)) — E(r(X)) for any continuous function f: B—— R such that

I£(x )/ (1+]/x]|*) is bounded.

Proof: For (i) < (ii) see Billingsley (1968), Thm. S.4.

(ii) = (iii): Since f(Xn)—Q> f(X) it suffices to show that f(Xn) is uniformly integrable,

which follows from the condition on f, since HXnHr is uniformly integrable.
(iii) = (i): Application of (iii) to all bounded continuous functions f gives X, 5, X,

and (2) follows for f(x) = [x|*. O
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In view of (ii) the notion of d_-convergence (and the set @r) is invariant under equi-
valent norms on B. Convergence of order r implies convergence of any lower order
0<s<r, and convergence of order 0 reduces to convergence in distribution. Convergence
of infinite order X d;'o>X resp. positive order X | e X is defined as convergence

for all resp. some r>0, provided the distributions P _, P are in @m‘zo O, resp.

We now introduce the concept of convergence in distribution of exponential order,
which is stronger than d_ -convergence and closely related to convergence of moment
generating functions (short: MGF). For r>0 let @r=(2f'r(B) be the set of all probability
measures on the Borel sets of B, such that [exp(r|lx||) P(dx)< . Thus the distribution
2(X) of a random element X in B belongs to @ iff E{exp(rl|X|)} < o, i.e. the MGF of
IIX] is finite at the point r.

We say, that a sequence P < (¢ converges (weakly) of exponential order r, abbreviated

Pni> P, iff Pn converges weakly to P and

(3) fexp(erH)Pn(dx) — fexp(erH)P(dx) as n— oo .

As usual, we use the same notation of convergence for random elements Xn,X as for
[
their distributions PH=E(XH), P=%(X), i.e. Xn—r> X, means convergence in distri-

bution and convergence of the MGF of [|X || to the one of |IX]| at the point r:
(4) E(exp [1X_[l) — E(explirX]).

Equivalent characterizations of convergence of exponential order are given below.

Lemma 2: For random elements Xn,X with distributions in Cfr the following

conditions are equivalent

() X, —*— X

(ii) X, —% . X and exp(rlX,ll) is uniformly integrable for n¢ N.

(iii) E(f(Xn)) —— E(f(X)) for any continuous f: B — R such that f(x)/exp(r/x|)
is bounded.

(V) X —2— X and exp(IX_II) —2 exp(IXI).

For the real line B=R and r>0 the following condition is equivalent to (i)-(iv):

(v) The MGF of X_ converges pointwise in [-r,r] to the MGF of X.
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Proof: (i) & (ii) & (iii) follows similarly to Lemma 1, and (i) < (iv) is obvious by
definition. For (iii) = (v) take |t|<r and apply (iii) to f(x) = exp(tx). To prove
(v) = (ii). observe first X =, X, see e.g. Billingsley (1979), Sec. 30. Hence
exp(t an) 2, exp(trX) and thus exp(t an) is uniformly integrable, see

Billingsley (1969), Thm. 5.4. O

Again, convergence of exponential order r implies convergence of any lower exponential

order, and convergence of exponential order 0 reduces to convergence in distribution.

Convergence of infinite exponential order Xnﬂﬁ( resp. of positive exponential order
XHLX is defined as Xne—r>X for all resp. some r>0, provided the distributions
are in ¢_, := A ¢, resp. ¢, := U ¢ . The notions of e_, -resp. e, -convergence are
invariant underrequivalent norms r011 B, in contrast to e,-convergence which depends on

the norm.

Convergence of positive exponential order implies convergence of infinite order:

d
(5) X, —* X = X —2 X.

Proof: Suppose Xne—r> X for some r>0. For any ks N, \anlk <krk exp(rHXnH) is
k

uniformly integrable by Lemma 2(ii) and hence X, —— X follows by Lemma 1(ii). O
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2. Basic Properties

We now derive the basic properties for convergence of order r which correspond to
well known results on convergence in distribution. Similar results for exponential
orders may be derived in view of Lemma 2(iv), some of which are explicitely given

below. The results also hold for infinite order, i.e. we allow 0 € 1 € .

Continuous Functions and d-Convergence

Let Xn,X be random elements on B, and let B” be another separable Banach space. For
a continuous /inear function A: B - B” and a constant b< B” one has

d d
(1) X —— X = (AXn+b) —— (AX+b)

n

For a general continuous function f: B — B", such that |f(x)[/ (1+]x]|®) is bounded for
some $>0, the following holds

dI‘S dI‘
(2) X —— X = IX)—— f(X)

Note that application of f reduces the order of convergence if s»>1 (and r>0).

Proof: (1) follows from (2) since ||£(x)ll < (L+|x|)(IAl+]b]). In (2) X —— X implies
f(Xn) LF(X) by Billingsley (1968), Thm.S5.1. By assumption, there is an M>0 such
that [[F(x)l[<M-Max{l.|[x|[®} and hence [[f(X_)I" < M"-Max{l,[X_[I"*}. The uniform
integrability of [|f(X_)II" follows from the one of [|X_["®, which proves (2). O

Continuous Functions and e-Convergence

For a continuous linear function A: B — B with norm s = ||A]| and a constant b€ B” one has
(3) X~ X = (AX_+b) —F— (AX +b) .
For a general continuous function f: B = B, such that |[f(x)| <slx|/+t for some s,t>0,
the following holds

(S

(4) X, —X = (X)) — f(X).

The proofs are similar to those of (1)(2).

Constant Random Elements

For an,aEB viewed as constant random elements, usual convergence is equivalent to
convergence in distribution of any (exponential) order:

dI‘ T

(s) lima=a &= a ——a &= a ——a.
n n n n

. . . 2 . .
Proof: lim a_= a is equivalent to a_, — a, and [la_[|", exp(rHanH) are uniformly

integrable. O
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Pairs of Random Elements

Let Xn,X resp. Yn,Y be random elements on B resp. B and consider the pairs (Xn,Yn),

(X,Y) on the product space BxB" with the maximum-norm |/(x.y)|l= max(|x|./lyll) .

If X resp. X is independent of Y resp. Y (for all n) or if X or Y is constant, then

d d
, —L (X, = —L X an —L -y
(6) (X,.Y,) o (X.Y) X, ——X and Y ——Y

(7) (X, Y,,) —I s (X)Y) <= Xne—r> X and Yni Y .

Proof : We only prove (6), and (7) follows similarly. Convergence in distribution (r=0)
follows from Billingsley (1968), Thm. 3.2 & 4.4 and the continuity of projections. For
general r>0, note that H(Xn,Yn)Hr = MaX(HXnHr,HYnHr) is uniformly integrable iff
IX_II" and [Y_II* are. O

Sums and Products (Slutzky’s Rules)

Let Xn,X,Yn,Ybe random elements on B and Zn,Z random variables. Then

d d d
(8) X or Y constant, X_ —/— X, Y —/— Y = (X Y ) —F— (XtY),
n n n n
(9) X or Y constant, X —25» X, Y —2L.y = (X_tY) —I (XtY),
n n n n
d d d,
(10) X or Z constant, X —I-X, Z —22-7 = (Z-X) —— (z-X).
n n n n
If B is a Hilbert space with an inner product <-,-> then in addition
d d d
(11) X or Y constant, X, —2—X, Y, ——Y = XY > —— XY,

Note the reduction of the order of convergence from 2r to r in (9-11).

Proof: To prove (8), note that (Xn,Xn) d—r> (X,Y) by (6). The function f(x,y) = x ty
satisfies || f(x,y)l <2 [(x,y)]l for the maximum norm and (8) follows from (2) with s=1.
(9) follows in the same way from (4). And (10)(11) are proved using ||z-x]|| < I (x,2)1%,
ol < ()P O
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3. Euclidean Spaces

We now look in particular to finite dimensional euclidean spaces R™ with K¢ N. The
Cramér-Wold device to reduce convergence of random vectors to random variables

easily extends to convergence of order r. In fact, for K-dimensional random vectors
X ,X one has
n

d d
(1) X, — X & X > ——<{t.X> for any te RF |

The corresponding result for e -convergence does not hold, since the exponential order

is not invariant under linear functions. However, we have

(2) X, —= X & <X > — <X> for any te RK .
(3) X, —2 X e <X > —Z> XD for any te RK

Proof : We only prove (1), since (2)(3) follow similarly. "=" follows from 2(1).

"=":The Cramér-Wold device, e.g. Billingsley (1968) Thm. 7.7, gives X, N X.

* = Max Ky X, oI

If tk is the k-th unit vector, one has for the maximum norm IIXn

and hence ||XnHk is uniformly integrable, for all k. [J

In statistical applications d, — and d, -convergence are particulary important, because
interest often focuses on expectations and variances of random variables. For r=1 one
has [Billingsley(1968), Thm.5.4]

(4) Xnd—1> X = E(X_)—E(X)
and convergence of order r=2 may be described as follows
(5) XHL X e
X, = X, E(X_ ) ——E(X), Cov(X_ )— Cov(X),
where Cov(X) denotes the (KxK)-covariance-matrix of X.
Proof of (5): "=" In view of (4) it remains to show for any k.1 = 1,....K:
Cov(X . X, ;) = E(X_ . X ;) - E(X_;)-E(X_ ;) — Cov(X..X,)

resp. E(X,, X,,) — E(X,X,). And this follows from X _ X _ ——— X, X, and the
2 see Billingsley (1968) Thm. 5.4.

uniformly integrability of |Xnan1| < HXHI
"&" For any k=1,...,K, we have szlk N X12< and E(Xik) = Var(Xnk) + E(Xnk)2 con-
verges to Var(Xk)+ E(Xk)2 = E(Xi). Hence Xik is uniformly integrable [Billingsley
(1968). Th. 5.41 for all k, and so is [IX [ = Max X, > O
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Empirical Distributions

Let Xl""’Xn be i.i.d. random variables with distribution function F and denote their
empirical distribution function by F . For any measurable function g we have by

Kchinchins weak law of large numbers

(1) Jex)Fldx) — [alx) Fldx) = E(e(X))

provided E(g(X)) exists and is finite. Hence the well known convergence of the
empirical distribution F_ to the true distribution F is of any (exponential) order r>0,

provided the relevant moment of F exists and is finite:

(2) E(IX[") < = F—2.F.
(3) E(exp(r|X])) ¢ 0 = F —r.p
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4. Central Limit Theorems

So far we have mainly given rules to deduce new convergence results from old ones.
Now we we will see, that a major tool for establishing convergence in distribution in
the first place, namely the central limit theorem (CLT), extends to the stronger
concepts of d - and e _-convergence. In both cases, we first prove a general, but rather

technical, theorem and state some important special situations as corollaries.

Central Limit Theorem (CLT) for d-Convergence
For each n¢ N let X . be independent random variables for i=1,....I(n) with E(X_.) =0

ni
and finite variance Var(X,;)<w. Let S, = ZXni and suppose o2 := Var(S,) »0.
1
Furthermore let K=4 be an even integer and assume the existence of constants

0< Mn< o such that

)
(i) Bt

SMn

for any kl,...,kl(n)é {0,...,K} such that 1<1+...+1<I(n) = K.
(ii) I(n) Mlzl/K . 6;2 is bounded as n - w
Then, as n—»o and I(n) — o, the standardized sum convergences to its normal limit

of order dK:

d
(iii) sils —X . N(0,1)

n n

k;
Remark 1: The factors E(X_})

need only be taken over the set {i|l<i22} which has at most K/2 elements.

in (i) are 1 resp. 0 for k;=0 resp. 1. Hence the product

Remark 2: (i) and (ii) are joint conditions on the bounds M,, for the moments and the
average variance 0121/1(11) of an,...,XnI(n). The following two separate conditions

imply (i) and (ii):

(i)* E{xX.} is bounded for all n and all i.
(ii)é'e I(n)/c}z1 is bounded for all n.

Remark 3: Note, that (iii) for K=2 is equivalent to convergence in distribution since

_1 . .
o, S, is standardized.
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Corollary 1:
Suppose in addition (in the CLT) for all n<N, that X,; are i.i.d. variables with

variances bounded away from O and finite K-th moment Lo = E{Xllfl}w . If the

moments p . are bounded for n =, then (1)*(iii)* hold and hence (iii) follows.

Corollary 2:
Take I(n)=n in the CLT and let the random variables be of the form X, = a,;Y; for

real numbers a . and i.i.d. random variables Y,,Y,,... with zero expectation, unit

variance and finite K-th moment py = E{Ylf}. Then the assumptions (i) (ii) and hence

(iii) follow from the following conditions on the numbers a

. 2 .

(iv)  la 7= %aﬁﬁo (Le.a_+0)

(v) +V/nla |71+ A is bounded for n—o with A_:= Max|a .| .
n n n - ni

1

Note, that (iv) (v) hold in the "i.i.d. case” given by a_. =1 for all n and i.

Proof (CLT)

Taking r=K/2 2 2, Ljapunov’'s condition follows from

n

o K g E(XK) <o ®Im)M _ = [I{n)ML "o 2] - I(n)' 7"
and (ii), since I(n) = . Hence we have convergence in distribution 6;11 S, =, N(0,1).
This implies [Billingsley (1968), Th. 5.3]:

E(IN(0,1)217) < lim inf E([o2 $217)

n

and hence (iii) holds if we establish

: -K ¢K K
(a) llmnsup E(Gn Sn) < E(N(O,l) )
N sk=x! ¥ Hk'_l in
ow n_ e ni’

where the sum ranges over all k = (kl ..... kI(n)) <{0,..., K}I(n) such that k, == 2 k, = K.
1
k.
Hence E(G;KSE) = G;K K! % ilé-[J E{Xn;} )

The sum can be restricted to all k such that k;#1 for all i, since E(Xni)=0. And the
product for such k need only be taken over the set J(k) = {i|l<i22} which has at most r
elements. Since each k is uniquely determined by its values on J(k) we may rearrange

the sum above to get
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(b) E(o-XsK) =K1 3 E, with
=1

n
kU E{XC}
1
IT=j ke K(I) ieJ

(c)

!

where the first sum ranges over all subsets Jc{l,..., I(n)} with j elements and the second
sum extends over the set (J) = {ke {2,...,K}J‘k+=K} which has at most K¥! elements.
Now (i) yields

’ <o K Mn
Tl=j ke &)

o (1) Kim,

IN

IN

I <I(n)) [I 1/1‘ ;12] I(I‘L)j_r . Kj )
By I(n)_j<Ign)) —— 171 as I(n) = « and (ii) we get
(d) Enj —— 0 for all j<r .

Now looking at j=r in (c), we observe that &(J) has for [J|=r exactly one element, given by
1<i=2 for all i. Hence

E _=o X27r ¥ [] E(X%,).

wrooom 1Tl=r ieJ
Now o2 = [ZLE(XZ)] =t X T E(X3)
i 1 [Jl=r 1i€J
gives K'E < K!27% ™! = B(N(0.1)%) .

Together with (b)(d) we now conclude (a). O

Proof of Remark 2

By (1)* there is a bound M =1 such that E{|Xni|k}<M for all k=0,....K. To prove (i) in

view of remark 1 we observe

Te()

s TE(IX, ) < M¥2
1

So (i) holds for the constant sequence M_:= MX72 and (ii) is then equivalent to (ii)*. O

Proof of Corollary 1
Apply Remark 2 and observe that Gi/l(n) = Var(an). O
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Proof of Corollary 2

To prove (i), let M:= . Max E{IYIIk}< w, A_:=Max IaniI and observe
=0,..., K i

| TE(X)] = Tl B, 1)
1 1

I

k.
A K . i 5K'TIK/2"PI
n E[E<|Y1l ) < n - n
where the last inequality follows from remark 1. Hence (i) holds and (ii) follows from

6%1 = HanH2 and (v). O

Central Limit Theorem (CLT) for e-Convergence
For each n¢ N let X;; be independent random variables for i=1,..., I(n) with E(X _.) = 0

ni

and finite variance Var(Xni)< o. Let S := Zl X, and suppose 0?1:: Var(Sn)>O.
Furthermore let r>0 and assume

(i)  The MGF M ;(s) of X_; is finite for |s| <ro_?
(ii) There exists a bound ¢ for the third derivative of log M,

l(log M )(t)| <¢c <o for all i, |s|=ro-! and almost all n,
ni n n
such that I{n)o ¢ —— O asn—>o.
n n
Then the standardized sum converges to its normal limit of order e_as n —co.

c
(iii ) o l'S -

n n

N(0.1) .

Remark 1: If I(n) - o, then (ii) follows from the two conditions
(ii)* I(n)/c}z1 is bounded.

(ii1)* c, is bounded .

Corollary 3

Take I(n) = n in the CLT above and let the random variables be of the form
Xni = aniYi for 1.i.d. random variables YI,Y2 ..... with mean 0O, variance 1, and real

numbers a . satisfying

: 2 .

(iv) lalI” = Z alei >0 (i.e. aniO)
1

(v) /n HanH_1 *A_ is bounded for n—>o with A_:= Me}X | aniI .

Finally assume

(i)* The MGF of Y, is finite on [-r,+r] .

Then conditions (i) (ii) hold and hence (iii) follows. Note that (iv)(v) hold in the "i.i.d.

case” given by ani=1 for all n, i.
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Proof (CLT)
The MGF of 67! S, is M_(t)

I1 Mni(ts;l) and by Lemma 2(v) is suffices to show

i

(a) log Mn(t) = Zl log Mni(tc;ll) — %tz for |tl<r.

3 = , - - 2 .- _ -
Since Mni(O) =1, Mni(O) = E(Xni) =0, op; = Var(Xni) = Mni(O), Taylors formula
gives log Mni(tc;ll) = 15 Gii t2 6;2 + lg Cpi t3 6;13

with |c_.|<c_ for almost all n. Hence
ni n

_1.2,. 1.3 3
logMn(t)—Zt +ztoo zi:cni

and (a) follows from (ii) since ‘Z cni‘él(n)-cn for almost all n. O
1

Proof of Corollary 3
Denote the MGF of Y, by M. By o = la/l, la[<o_  and (i)* we have that

Mni(s) = M(a_.s) is finite for [s| < rc;ll. Furthermore (log Mni)m(s) = aﬁi(lgg M)W(anis)
for |S|<I‘6;11 and hence

-8
ni

I(log Mni)”’(s)I < Afl d, with d_= sup [(log M)“(t)] .

[tl<rA o,

Now (v) implies Ancl_ll ——0 and hence d < o for almost all n. Thus (ii) holds for

c, = Aﬁ d, (for almost all n) in view of (v). O
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For later reference we note two important limit results, being well known in view of

Lemma 2(v), which also emerge as special cases of the CLT above.

Example 1: Binomial Limit Theorem
For a sequence X  of Binomial(n,pn) variables the standardization of X converges to
its normal limit of infinite exponential order as n — oo, provided p is bounded away

from 0 and 1:

(np,[1-p, )72 (X, - np,) N(0,1) .

To deduce this result from corollary 1 take n=I{n) independent binomial(l,pn) variables

Y,; and put X _.=Y .-p .U

Example 2: Poisson Limit Theorem

For a sequence X, of random variables with Poisson-distribution such that

n
A= E(Xn) — o, the standardized variable converges in distribution of infinite expo-

nential order to its normal limit

A2 (X ay) N(0,1) .

To deduce this result from the CLT take n=I(n) independent Poisson variables Y,; with

expectation n_l)\n and put X _.=Y .- n_l)\n. O
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5. Stochastic Taylor Formula (3-Method) for d-Convergence

Let Y ,Z be I-dimensional random vectors with values in VcR which converge in

probability to an element a< R!

(1) Y, = a, z > a.
n n

Suppose further, that the scaled difference converges of order s20 to a random vector U
(2) e [Y -2 1-5.0U

nt n “n
with scaling factors ¢ —o. Now let G: A — R¥ be a continuously differentiable
function defined on an open convex neighbourhood AC R! of a containing V, and consider
the random variable

(3) S = oSup

3

| PG (Y, 6(z,-Y,))

where DG(x) denotes the derivative of G at x. Finally suppose for some t>0:

(4) S:l is uniformly integrable .

Under these assumptions the convergence (2) can be "transformed” via G into
dI‘

(5) ¢ [G(Y )-G(Z )] —— DG(a)-U

with r = % Min {s,t}. Furthermore, the stochastic Taylor formulas hold

d

(6) ¢ [G(Y )-G(Z ) - DG(a)lY _-Z 1] ——0 ,
(7) ¢ [G(Y,)-G(Z.) - DG(Y,)[Y.-Z,1] —— 0 .

Remark 1: (2) implies [y -7z 1 P .0, so that one condition in (1) follows from the

other. If Z = a is constant, then (1) follows from (2).

Remark 2: If U has an I-dimensional normal distribution N(g,>), then D-U with
D=DG(a) has a K-dimensional normal distribution N(Dy,DXDT).

Remark 3: For compact V, the condition (4) holds for any t=0. Taking t=s gives r= Ls.

Remark 4: For s=t=0 the condition (4) holds and (2)(5-7) reduce to convergence in

distribution, since r=0.
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Proof of (5)-(7)
By Taylor’s formula, e.g. Dieudonné (1960), (8.14.3) we get

(a) ¢ [G(Y )-G(Z )]=c H][Y -Z ] with
H_= j" DG(Y +E(Z -Y,))dE .
(@)
For D = DG(a) we have

IH,-DIl < sup IDG(Y,+E(Z,-Y,))-DI.

Since the righthand side converges in probability to 0 by (1), we get [H _-D] £ .o
Now HHn—DHSZMaX {S,. DI} implies by (4) that HHn—DHt is uniformly integrable and
d¢ R d, A
thus [H_-D]——0. Since 2r<s,t we conclude by(2) c [H -DILY _-Z 1——0, using
Cramér-Wold's device and Slutzky’s rule 2(10). Hence (6) follows in view of (a).
d
By (2) we have an[Yn—Zn]—S> D-U, so that (6) implies (5). To deduce (7) from (6),
d
observe DG(Yn) — D by (1), since HDG(Yn)Ht < St is uniformly integrable. As above,
d

with DG(Y_) in place of H_, we get ¢ [DG(Y_)-DI[Y _-Z 1 —"—0, and (7) follows
from (6). O

Example 1 (Log-Transformation)
Let I=1, V=A=(0,0) and G=log. Then S_ < Max{Y_!.Z-!} and (4) holds if Y_* and

Z_:l are uniformly integrable.

Example 2 (Probability Integral Transformation)
Let I=1, V=A=(O,1) and suppose for some o=0

(8) M := sup x*(1-x)*|DG(x)| <o .

O<x«<1

Then S_<2%-M-Max{Y_* (1-Y_)"* Z7*, (1-Z ) *} and (4) follows from the condition
(9) Y;“t,(l—Yn)_“t, Z;lo‘t, (I—Zn)_Oct are uniformly integrable.

The most commonly used transformations G for probabilities satisfy (8): the Probit-,
Logit-, and log-log-transformation (all «=1), as well as the inverse distribution

function of the Cauchy-distribution (ot=2).
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6. Counterexamples

Having established the following hierarchy of convergences
€ s e4 ds ds $2
X,/ X = X, —X = X —X = X —X = X —X,

we now show by means of counterexamples that none of the above implications can be
reversed. Furthermore we will see that convergence of any (exponential) order does
not imply convergence of any higher (exponential) order.

The basic construction for all counterexamples is as follows. For random variables X
and Y, with densities f and g, we consider the random variable X, with a mixed

distribution having the density I =c g + (l—cn)-f for some O<c <1. Thus

(1) E(h(X_)) = c, E(h(Yn))+ (l—cn)E(h(X)) for any measurable function h.

1n

For the distribution functions F_ and F of X and X we have for the supremum norm
IF_-Fl/<c_. Assuming ¢_ —0 we always get ||[F_-F|| =0 and in particular X LX.
n n n n n

Now let Z be a random variable and put

(2) X = exp(Z). Y, = exp(an) with b > 0.
Using the moment generating function M of Z we get for r=0

(3) E(XT) = M(r), E(XT) =c_M(b r)+ (1-c ) M(r).

Provided these moments are finite, we conclude

(4) XHLX & EB(XE)—E(X") & ¢ M 1)-0.

Example 1:  d,-convergence does not imply d,-convergence.

Let Z have a standard normal distribution N(0,1), so that M(t) = exp(%tz), and take
d

c, = exp(-n). For brz1 = 2n” we conclude from (4) that X, —— X does not hold for any

r>0. Note, that E(Xfl) is finite but converges to co. [J

Example 2: d -convergence for any O<r<s does not imply d_ -convergence.

Suppose Z has an exponential distribution with expectation p.Then M(t) = (l—tu)_1 for
t<p~L. For fixed O<s<u™! we choose b, = g1 u_l(l—cn) < s71yu™! and conclude from (4)
that Xn L X for any O0<r«<s, but not Xn L X. Note, that E(Xfl) is finite and
converges to 1+E(X®). O
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Example 3: d__-convergence does not imply e,-convergence.

Taking Z = log X in example 1, we get Z _E Z but not Z o, Z for any r>0
by Lemma 2(v). Furthermore frodm (1) with h(x) = (log x)* one obtains E(erl) - E(Z7)
for any r>0. Thus we have Z —=2 . 7 but not Z, S, Z, although the MGF of Z

and Z are finite on R. O

Example 4: e ~convergence for any O<r«<s does not imply e -convergence.

Taking Z = log X in example 2, we get by Lemma 2(v) Z, —fr.z for any O<r«<s,
but not ZHLZ. Note again, that E(exp (s Zn)) = E(Xfl) is finite and converges to
1+E(exp(sZ))= 1+ E(X®). O

The first two examples involve only positive random variables Xn,X, because absolute
moments for these are simple to calculate. However other examples are easily given,

like the following with a standard normal limit.

Example 5: Convergence of any order 0<r<2 to N(0,1) does not imply d, -convergence.
Suppose (X) = N(0,1), E(Yn) = N(0,n) and let X,, have a mixed distribution as above
with ¢ = n~!. Then Xn—r> X holds for any 0<r<2, but X L X does not hold,
since E(Xlzl) — 2 and Var(Xlzl) —2. 0

The last example is of particular interest in statistics, since convergence of a random
variable X , e.g. a scaled parameter estimate with E(Xn)=0, to a normal limit N(0,6%)
are often encountered. If we only have convergence in distribution together with
E(Xn)—>0, but not of convergence of order 2, we can only conclude lirrp inf Var(Xn)
> 0% [e.g. Billingsley (1968), Thm.5.3]. Hence the "asymptotic” variance 6% of the
normal limit may be considerably smaller than the actual variance of Xn, unless, of

course, we have convergence of order 2 (like e.g. in the central limit theorem above).
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7. Statistical Applications

To illustrate the concepts and methods above, we now strengthen some results on
asymptotic normality used in statistics to d_-convergence. Further examples of d -
convergence in connection with bootstrap methods may be found in Bickel & Freedman
(1981) and Freedman (1981).

Transformation of Binomial Rates

Let X be binomial(n,p)—distributed, and let X = LnX be the observed rate. In some
applications one is interested in the transformed rate G(X) for a suitable transformation
G:(0,1) — R, e.g. the probit- or logit-transformation. Since G(x) is not defined for
x=0, x=1 we use a modified rate )mé which coincides with X except for the values 0,1
where &f takes the values cn™ Y, 1-cii ¥ for some constants O<c<1, y21, e.g. ¢c= 17 ,Y=1
as Berkson (1955) suggested.

The difference beetween X and X is negligable as n— o, since Vﬁ()_(—g) e, 0 by
Lemma 2(v). Hence X has the same asymptotic distribution as X (see 4. Example 1)
(1) ﬁ(%—p) S, N(0, pq) as n—o and q = 1-p.

Furthermore one can show that

o d — 4y — d _
(2) Xt —=p ', (X! —(1p)".

Application of 5. Example 2 gives the following limit result for the transformed rate,
provided the transformation G satisfies condition 5(8)

~y d
(3) /n [G(X)-G(p)] —= N(0.¢*) as n—ow ,

with o2 = pq[G’(p)]Z. Note, that 5(9) follows from (2).
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Log-Odds-Ratio for Poisson Variables

Let X, ;. X5, X5,

with )\ij:E(Xij) > 0. Regarding the Xij as a 2x2-contingency table

X,, be independent random variables having Poisson distributions

X
X

X
X

11 12

21 22

one is (among other things) interested in the log-odds-ratio of the observed table
(4) U = log X;; + log X,, - log X;, - log X, .

To derive a limit result for U we first consider log X for a single Poisson random
variable X with E(X) = A. To avoid infinite values of log X we replace X by a random
variable X which coincides with X except for the value 0 where X takes a fixed value
O<c<l, e.g. c=17. For A— o the difference beetween X and § is negligible since
)\_I/Z(X—)z) i>O by Lemma 2(v). Hence X has the same asymptotic distribution as

X (see 4. Example 1)

(5) IA(XX1-1)

== N(0,1) as A—=ow .
Application of 5. Example 1 gives

~ d
(6) VA[log X-logA] —== N(0,1) as A- o,

since the condition 5(4) follows from
v d
(7) AX TS

We now return to the table (Xij) and consider a limit process )\ij—> oo, such that )‘ij/>‘++

converges to a constant Ci;” 0, with A, = )\11+)\12+ )\21+)\22. Then the aymptotic

distribution of the log-odds-ratio follows easily from (6) applied to each gij:

1 [ (}7:11 >N‘:zz) A1 Aao ] d,
8 —— |log| ————— 1 - lo NI(0,1
(8) 7= leel T g ) (0.1)

)\21 >\22

. _ a1 -1 -1 -1
with v = A7+ A5+ A+ Aysy .
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The Linear Model
Let YI,YZ,... be a sequence of observations satisfying the linear model
(1) Yi = <XisB> + Ei E)

where x;¢€ R% is a vector of known covariantes, B¢ R® is the unknown vector of parame-

ters, and €; is a random error. We assume that the errors €),E5,... ATE 1.1.d. with
(2) E(sl) =0, 0<o”:= Var(sl) < oo .

The vector Y q = (Y ,Yn) of the first n observations may then be written in the

150
usual form of a linear model

(3) Yrn1 ™ XpaaP * e

where X[n] is the (nxs)-matrix with rows X—IIX—II; and the error gp 4 = (81,...,£n)
satisfies

(4) E(er,q) = 0. Covle,7)=o?I . (I is the nxn identity matrix).

The least square estimator of © based on the first n observations is

A _ T -1 T
(5) e|:n:| - (X n] X[n]) X[n] Y[n]

with expectation O and covariance matrix GZ(XE-H] X[Tn])_l. It is well known, e.g. Schach

& Schifer (1978) Sec. 2.6, that the standardized estimator

-1/2 -4
)

(6) z, =o' X[ ;X [6,7-0]

[n] [nl

converges to the s-dimensional standard normal distribution NS(O,IS), if certain condi-
tions on the covariates hold. Here A2 denotes the Cholesky-root of a positive definite
matrix A, i.e. the unique lower triangular matrix such that AL7Z(A/2)T = A,

The convergence of Z, to its normal limit can be shown to be of order dr resp. e,

provided the corresponding moments of the error-distribution exist.

Theorem: Assume the following condition on the covariantes

(i) The sequence X,.,X,,... is bounded.
(ii) Xry,7 has full rank s for n=s.

(iii) The trace of n(XE—n] X[n])_1 is bounded for n>s.

Then the following convergence results hold as n — o:
. da
(iv) z_ —— NJ(0.Iy).
d
(v) It E(eX)<oo for an even K€ N, then Z_ ——N_(0.1,).
(iv)  If the MGF of ¢, is finite on some open neighbourhood of 0 resp. on R then
Z —*N(01) resp. Z —=—N|(0.I).
S S
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Remark 1: If X, has full rang for some n2s, then condition (ii) holds after rearranging

the first n observations.

Remark 2: Condition (iii) follows from the stronger "standard" assumption

(iii)* nIX[ X,y —— V positive definite, as n = w.

Remark 3: To prove (iv), the condition (i) may be weakened to the following consequence
of (iii)*:

(i)* n~172 HXnH ——>0 asn-—->o .

Proof (Theorem)
ad (iv): By Cramér-Wold’s device it suffices to show for any t< R, t0

. . d2 2
(vii) U = <Z > N(o, [t1I?) .
Without loss of generality, we may assume |/t| = 1. From the representation
AT T ) _oT -1/2
Zn =0 Cn X[n] L] with Cn - (X[n] X[n])
we get

_ -1 _ -1 . _ 2 _
(viii) U =0 <an,s[n]> = g a ;0 g with a =X 4Ct, HanH =1.
We first show for the maximum-norm |-

max
(ix) ﬁI\anHmaX is bounded.

This follows from

2, . .
(X) /n Han”rnax S HX[n]Hmax Hﬁcn”max Ht”max
together with (i) and (iii) in view of
(xi) HAHinaX < trace(AAT) for any sxs matrix A.

Now U_ has expectation 0, variance 1, and Uni> N(0,1) follows from the central

limit theorem, since Lindeberg’s condition may be derived from lla_|| — 0. And (vi)

n max

follows, since Un is standardized.

ad (v)(vi): The proofs are similar to (iii), using Cramér-Wold's device and the corolla-
ries to the central limit theorems for d- and e-convergence above, which apply in view
of (viii)(ix). O

Proof (Remark 3)

Condition (i)* implies n™1/2 [|X

[n]HmaX—> 0 and using (x) we get instead of (ix) only

lla_|l — 0, which was sufficient to derive (iv) above. O

n max
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Estimation of Quantiles and the Median

Sen (1959) has shown that the (suitably scaled) distribution of sample quantiles (e.g. the
median) converges to its normal limit of order dr, for any 1< N, as the sample size tends
to infinity, provided of course the underlying sample distribution has certain properties.
We are now going to prove this result under slightly different assumptions, using the
asymptotic moments of beta distributions given in Sen (1959), Sec. 2. and the above

properties of d_-convergence.

Let Xl,...,Xn be i.i.d. random variables with a distribution concentrated on some open
intervall IcR. We assume that the distribution function F of X, has a continuous
densitity f = F’>0 on I. Then for any O<p<l, the p-th quantile of F is defined by
9p== F(p)¢ 1. Of course p =%gives the median of F. The estimate of Gp should be the
corresponding quantile of the empirical distribution function Fn of Xl""’Xn given by
Fn(x) = ﬂ{ilxién}/n. However Fn being a step function has no unique inverse F;ll and
the quantile is usually defined as ép=F;11(p) with some definite choice of inverse like

the left resp. right-continuous inverse of a distribution function G given by
(1) G (p) = inf{x|p<G(x)} (left-continuous inverse) resp.
(2) G_(p) = supix|G(x)<p} (right-continuous inverse).

To be explizit, we take ép = FI: (p). Results for the other estimate Fn_(p) may be derived
from those of F;l(p) in view of Fn_(p) = - G;(l—p), where G is the empirical distribution

function of the variables -X .,—Xn. First we derive the limit result for the uniform

0
distribution on (0,1) and generalize to arbitrary continuous distributions using the

o-method.

Theorem 1 (Uniform case): If F is the uniform distribution on I = (0,1) then as n = o
) [Fp)-p] —= N(Opq) with q= 1.

(ii) E[F;(p)_sj —p provided n>s/p, s€N.

(iii) E[(I—F;l(p))_sj — q 5, provided n>s/q, s€N .

Remark: The conditions on n in (ii)(iii) garantee the existence of the inverse moments.
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Proof: én = F;(p) has a Beta(an,bn)—distribution with an+bn= n+l, where a_ is the
smallest integer = np resp. b is the greatest integer < l+ng. From Sen (1959), (2.11),

(with a_.b_ interchanged) we get for any s¢ N
E{Z> } —— E{N(0.pq)°}. where Z_= Jﬁ[én—un], W, = E{@n} =a_/(n+1).
d
This implies Z &N(o,pq) [Billingsley (1979) Thm.30.2], and hence Z _—=>N(0,pq).
Adding ﬁ(un—p) — 0 and using 2(3), 2(6) gives (i). Now (ii) follows from
E{6_°} = B(a -s,b_)/Bla_b ) = n®) /(a_-1))

where B(-,-) is the beta funtion, k() = k(k-1)...(k-r+1) is the descending factorial, and

s<np<a_. Finally (iii) follows similarly, since l—én has a Beta(bn,an) distribution. [J

Theorem 2 (General Case)

Let I have a continuous density f=F"> 0 on its support I and assume for some o0
(i) F(x)* [1-F(x)1* f(x)~! is bounded for x<I.

Then for any r¢ N and n — o with n > 2 oc-r-max(p_l,q_l), q=1-p:

(i) Jﬁ[ép—ep] e S N(0,62)  with

(i) o®=(pa)/1(6, )

Remark 1: (i) is a condition on the tails of the distribution and is equivalent to condition
5(8) for G=F ' Sen (1958) uses another condition, namely the existence of the §-th

moment of F for some §>0, to derive (ii), using slighly different conditions on F.

Remark 2: The condition on n garantees that the r-th moment of the left-hand side in

(ii) exists.

Proof: The variables Y, = F(Xi) are i.i.d. with a uniform distribution on (0,1). Since F
has an inverse F ': (0,1) — I we get X, = F_l(Yi). For the empirical distribution
function F_resp. H  of X, resp. Y, we have F_ = F_IOH;1 . By Thm.1(i) we have
_ d., o .
ﬁ[Hn(p)—p] —=- N(0,pq), and application of the 8-method (see S. Example 2 with
G=F"") will give (ii)(iii) provided condition 5(9) holds for t=2r, i.e. H_(p)>*" and

n>2o-r- max{p 1, q1}. O
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