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Summary

In square contingency tables the agreement between row and column
classification is often of primary interest. Using a decomposition of the
total association into a symmetrical component describing relative
agreement and an asymmetrical part, and then providing separate mo-
dels for each part yields a variety of models for the expected table.
Simple and easily interpretable models are introduced for classifica-
tions on nominal and ordinal scales which only restrict the symmetri-
cal association, thus leaving the asymmetrical part and the margins
completely arbitrary. Furthermore corresponding models for the
asymmetric part of the association are discussed, and it is shown, that
for nominal scales only two extreme models with zero or saturated
asymmetry are suitable. All models considered here are log-linear mo-
dels which are applicable under the usual sampling schemes (Poisson
or multinomial) and can be fitted using standard software. The models
are extended to a set of square tables arising from stratification accor-
ding to additional observed covariables. The methods are applied to an
original data set on the classification of uterine cancer and to two so-
cial mobility tables from the literature.
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1 Introduction

The question of agreement in square contingency tables arises in a va-
riety of observational studies. One typical situation occurs if each item
under study is classified into J categories in two different ways, giving
the classification factors A and B with values 1, ..., J. For example (e.g.
application 1) the development of a particular tumor may be classified
first using a low cost screening method A and later by a more expen-
sive clinical diagnosis B. In another typical situation A and B represent
the joint classification of a pair, using J categories for each member of
the pair. In social mobility studies for example (e.g. applications 2 and
3), A and B may represent the occupational status of father and son,
the item under study being the pair of father and son.

In the general setting, A and B can be arbitrary discrete random va-
riables with values 1,..,J and positive probabilities 7 = P{A=j,
B=k} >0 for all j and k. The data to be analyzed here arise from the
classification of a number of items according to A and B and may be
summarized by the total numbers of observed counts Y for the clas-
sification {A =j, B=k}, thus giving rise to a JxJ square contincency ta-
ble Y = (Yj). The sampling distribution of the table Y will only
partly be specified here in order to cover several important sampling
schemes in collecting the items under study. More precisely, we allow
for Poisson or multinomial sampling, the latter fixing either the total
Y, ., the row totals Y, or the column totals Y, in advance, where
”+7 indicates summation over the replaced subscript. The expected
counts are denoted by uy, = E(Y ).

Our aim is to provide models for agreement of A and B without re-
stricting the marginal distributions of A and B by separating agree-
ment from the total association of A and B. For a start let us look at
the simple case with J =2 categories. In a 2x2 table the factors 4 and
B agree exactly on the two main diagonal cells and disagree on the
other two off-diagonal cells. Hence the odds ratio (or cross-product ra-
ti0) 6 = f117 Koo/ K1g to1 Tesp. its logarithm ¢ = log 6, which characte-
rizes the association independently of the margins, also describes the
agreement. If the off-diagonal cells uq9 and pq; both tend to zero (ie.
the table approaches complete agreement) then 6 tends to infinity.
Since the converse does mnot hold (take for example
P11 = Hip = Ppy =5np and pyy =n(l-p) where 0=3p/(l-p)— co as
p— 1) the odds ratio appears as a measure of relative agreement rather
than absolute agreement, and the term agreement hereafter is under-
stood to refer to relative agreement even if not explicitely stated. The
sign of 1 gives the direction of agreement (negative values indicating
disagreement) and the absolute value measures its strength, which is 0,
of course, if and only if A and B are independent.

For a general JxJ table, the total agreement between A and B is de-
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termined by the agreement on all subsets {j,k} for any two categories
1<j<k<J, which in turn are characterized by the odds ratios

Os = Kij Pk / Bt ks @

of all 2x2 subtables with upper left and lower right cells on the main
diagonal. An important feature is that the odds ratio can also be writ-

ten as the corresponding ratio of the probabilities 7, or the conditio-
nal probabilities rﬁc: P{B=Fk | A=y} resp. ﬁf:P{A:j | B=Fk}.

— _ BB B _ B _
9j/c = Ty Wkk/ﬂ'jk Mg = Ty5 Wkk/ﬂ'jkﬂ'kj = Wﬁﬁfk/ﬁﬁcﬁfj
The following discussion is based on the conviction, that the odds
ratio family (f;) formally summarizes (and thus defines) a concept of
(relative) agreement between A and B, which is independent of the mar-
ginal distributions. The total association beetween A and B however, is

determined by the family of all odds ratios

Oskim = M Kim | jm, M1k 2

for any j, k, I, m € {1,.../}, which contains all 6 = 0,5,. The association
family (0jklm) can be decomposed into a symmetrical and an asymme-
trical component (Sobel et al. 1985). The symmetrical part turns out to
be uniquely determined by the subfamily (ij) and thus represents
agreement, whereas the asymmetrical part is a family (Ajk) containing
the remaining association beetween 4 and B. The family (0;) of agree-

. . . J
ment has four obvious, attractive properties:

o FEach member 6, has a clear interpretation as an odds ratio.

e The family does not depend on the marginal distributions of the
factors A and B,

e The value of a single member 6;; depends only on the 2x2 subtable
with rows and colums in {j,k} and hence remains unchanged if one
or more of the remaining categories are modified, e.g by combining
adjacent categories.

e Suppose the factors are restricted to a subset IC{l,..,J} by
omitting one or more levels which may not be observed for both A
and B. Then the family for the restricted table {Yj, |j, k €I}, i.e. for
the conditional distribution of Y given {4, B€I}, coincides with the
subfamily {0}, | j, k €1} of the unrestricted table Y.

Our first goal is to present models for association by specifying only
the family (0;,) of agreement, thus leaving the remaining structure of
the expected table g completely arbitrary. Allowing for additional
(asymmetrical) association besides agreement (i.e. symmetrical associ-

ation) distinguishes the proposed models from popular quasi-symmetry
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models (cf. Agresti 1990, chapter 10) and leads to a broader class of
models. Starting with models for nominal classifications (which do not
depend on the possibly artificial ordering of the categories 1,...,J ) we
proceed to models for ordinal classifications which exploit the natural
ordering or make use of a distance defined between the response cate-
gories. Although not of primary interest for agreement, corresponding
models for the asymmetrical association family (A;;) are also given.

As a second goal we wish to extend the above models to situations
where an additional vector X of covariables is observed for each item
under study and the conditional agreement of A and B given the value of
X is of primary interest. We restrict our attention to discrete covari-
ables taking a finite set of values (also applying for continuous vari-
ables after appropriate grouping), which allows to rely on standard
asymptotic results. Since the vector X can only take a finite number S
of values Xy, ..., Xxg and it may be coded into a single stratum factor C
with values 1,...,5, i.e. C'=s is equivalent to X = x,. Typical examples
for the components of X are population characteristics like gender and
age group or an observational period, e.g. calendar year.

The classification of items according to A, B and C is now summa-
rized by the observed counts Yy, for the events {A=j, B=k, C=s} gi-
ving rise to a JxJxS contingency tableY = (Y;;). As above we allow
the distribution of Y to arise from Poisson or multinomial sampling,
the latter fixing in advance any set of marginal totals except (Yj4),
which restricts the joint distribution of (4, B), and drawing items condi-
tional on the corresponding values of A resp. B and/or C.

Denoting the expected value by pj,;=FE(Yj,), the (conditional)
agreement of A and B given stratum s is as above characterized by the
family of odds ratios

Oiks = Hijs Piks | Hiks Phjs (3)

for any two categories j and k. Again our main objective is to present
models for association by specifying only the family (ijs) of agree-
ment, thus leaving the remaining structure of the expected table p
completely arbitrary. All models given here correspond to log-linear
models for the expected table g thus allowing an analysis of the obser-

ved table Y by means of standard statistical software.

Application 1: Cytological and pathological
classification

The application, which motivated this paper, is concerned with the di-
agnosis of uterine cancer (carcinoma of the cervix). In Germany a pre-
ventive check-up to detect various forms of cancer is offered free of
charge by the health insurances. As part of the investigations for fe-
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males, a vaginal smear is analyzed histologically and categorized ac-
cording to a cytological classification given in table 1-1, which goes
back to Papanicolaou (1943). For the categories Pap III , IV and V, a
suspicion of a carcinoma cannot be ruled out, and a pretherapeutic
cone-biopsy is suggested, in order to obtain a reliable diagnosis based
on a pathological classification of the tissue using the same categories
of table 1-1. Obviously, the accuracy of the cytological classification
CYT as measured by its agreement with the final pathological classi-
fication PAT is of major importance.

Pap I normal cells
Pap 1II light inflamed or regenerative alterations

Pap III DL  light displasias

Pap III DM  medium displasias

Pap IV AS severe displasias

Pap IV A Cis carcinoma in situ

Pap IV B carcinoma in situ with beginning infiltration

Pap V carcinoma in epithelial tissue or adenoid carcinoma

Table 1-1: Categories for cytological and pathological classifications in
application 1.

The data to be analyzed here are taken from the records of the Cy-
tological Lab (headed by Prof. Dr. D. Langnickel) in the gynaecological
clinic of the central hospital Zentralkrankenhaus St. Jirgen Strasse in
Bremen, Germany. From the large body of data only those individual
records from 12 years (1972-1983) are selected, for which both classifi-
cations CYT (4) and PAT (B) were given. Since a cone-biopsy was routi-
nely performed only if CYT was Pap III or higher, our analysis is re-
stricted to these cases. As mentioned earlier, the exclusion of the first
two categories, i.e. conditioning upon the event { CYT, PAT > Pap III},
does not affect the agreement between the remaining categories. This
leaves us with J=6 response categories from Pap III DL to Pap V, ex-
hibiting a natural order corresponding to the severity of suspicion. In
order to investigate whether agreement of both classifications has
changed over time (which is the only question to be pursued here), the
data is divided into S =6 strata according to two-year time intervalls
(table 1-2). The (one-dimensional) covariate ¢ime in stratum s is taken
as £, =2(s—1) to represent the number of years elapsed since the be-
ginning of the study. An explorative data analysis ignoring the stratifi-
cation is given in Osius (1993).
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Cytol. Pathological classification
class. IITDL IIIDM IV AS IVAC 1IVB V | Total
1972 — 1973
ITI DL 2 0 1 1 0 0 4
IIT DM 0 0 0 1 1 0 2
IV AS 1 2 2 5 1 3 14
IV AC 2 4 6 51 9 13 85
IVB 0 0 1 5 7 31 44
A% 0 1 1 28 10 139 179
1974 — 1975
IT1I DL 4 4 0 0 0 0 8
I1T DM 2 18 7 16 0 2 45
IV AS 0 3 4 7 1 1 16
IV AC 2 1 7 55 1 9 75
IVB 0 0 1 5 1 9 16
A% 0 0 2 23 0 103 128
1976 — 1977
III DL 8 15 6 3 0 0 32
I1T DM 7 17 17 26 0 1 68
IV AS 1 7 16 10 0 0 34
IV AC 1 2 6 55 3 4 71
IVB 0 0 1 10 2 7 20
A% 0 0 0 14 1 90 105
1978 — 1979
ITT DL 18 14 6 2 0 0 40
IT1T DM 11 19 32 18 0 1 81
IV AS 1 2 20 19 0 2 44
IV AC 2 4 18 57 1 12 94
IVB 0 0 2 8 2 1 13
A% 0 1 2 8 1 60 72
1980 — 1981
ITT DL 9 4 1 2 0 1 17
I1T DM 9 26 16 11 0 0 62
IV AS 1 5 23 17 0 1 47
IV AC 1 3 10 39 0 4 57
IVB 0 0 0 3 2 0 5
A% 0 0 2 4 1 73 80
1982 — 1983
I DL 12 5 0 1 0 1 19
III DM 6 32 13 7 0 2 60
IV AS 0 8 43 18 1 1 71
IV AC 0 0 9 36 2 1 48
IVB 0 0 1 6 0 1 8
A% 0 1 1 7 1 64 74

Table 1-2: Cytological and pathological classifications in Bremen
during 1972-1983 for six two-year time strata (application 1).
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Application 2: Social mobility in Britain

The cross-classification of british males according to the occupational
status of father (4) and son (B) using J =8 status categories given in
table 1-3 is based on data by Glass (1954). Goodman (1979) has fitted
several models to the observed table with the main diagonal deleted
and we will fit models presented here to the complete table.

Father’s Son’s Status
Status 1 2 3 4 5 6 7 8 Total
1 50 19 26 8 7 11 6 2 129
2 16 40 34 18 11 20 8 3 150
3 12 35 65 66 35 88 23 21 345
4 11 20 58 110 40 183 64 32 518
5 2 8 12 23 25 46 28 12 156
6 12 28 102 162 90 554 230 177 1355
7 0 6 19 40 21 158 143 71 458
8 0 3 14 32 15 126 91 106 387
Total 103 159 330 459 244 1186 593 424 3498

Table 1-3: Classification of british males by occupational status of
father and son (taken from Goodman 1979, based on Glass 1954).

Application 3: Social mobility in the United States

Another social mobility table taken from the 1973 Occupational Chan-
ges in a Generation Survey in the United States (whose primary analy-
ses were reported by Featherman and Hauser, 1978) with J =5 occupa-
tion categories is given in table 1-4. The data has been analyzed by
Yamaguchi (1990) who focused on the asymmetric structure of associ-
ation and our aim is to provide models for its symmetric structure.

Son’s Occupation
Father’s Occupation 1 2 3 4 5 Total

1: Upper nonmanual 1275 364 274 272 17 2202
2: Lower nonmanual 1055 597 394 443 31 2520

3: Upper manual 1043 587 1045 951 47 3673
4: Lower manual 1159 791 1323 2046 52 5371
5: Farmer 666 496 1031 1632 646 4471
Total 5198 2835 4067 5344 793 18237

Table 1-4: Social mobility in the United States from the 1973
Occupational Changes in a Generation Survey (from Yamaguchi 1990).
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2 Symmetrical and asymmetrical components
of association

For simplicity we begin the discussion of models for an unstratified
JxJ-contingency table Y = (Yj) with J>3 and positive expectations
pir = E(Y ) >0 for each cell. For any pair of cells (j,k) and (I,m) the
odds ratio 6y, for the 2x2 subtable with columns {j,/} and rows
{k, m} is given by (2). It is well known (Plackett 1974, sec. 3.4) that the
expected table p is uniquely determined by: the row margins (,uj_|_), the
column margins (¢+), and the odds ratio family (6:5;,,)-

Our primary interest focuses on the subfamily (6;) given in (1) con-
taining all odds ratios 6 = 0,5, of "quadratic” 2x2 subtables along the
main diagonal. We want to specify parametric models for the subfa-
mily (ij), leaving the remaining structure of the expected table g com-
pletely arbitrary. Before proposing specific models it is useful to give a
convenient parametrization of the saturated model which imposes no
structure on the expected table whatsoever. In the saturated model, the
log-expectations 7y, = log g, can take arbitrary values, and a common

parametrization is
M= Ao+ A+ AP+ Ay @

To identify the parameters, suitable linear constraints have to be
imposed. We adopt the constraints X =0, Xf=0, An=0 and A= 0
for all j and k, which allow the following interpretation of the parame-
ters

Ao =log uyy, A}ﬁ = log (ﬂj]/ﬂll) ) A? = log (M1x/t11) » >‘jk = log 6’11]‘1c .

The association parameters A; thus completely determine the fa-
mily (x;,,,) of odds ratios resp. the family of logarithms
Vikim = 108 Oikim = Mk + Mim, — Mjm — Mk - (5)

Since we are dealing with a square table, we get a decomposition

A=A g+ Ag ©)

into the following parts
M=+ M) Ap=1 k= M) =1 (b1je — bugg) - (D)

In view of X ;= A ysand Ay = — Ay, the family (X ;) represents the
symmetrical a,n(i (Ajk) the asymmetrical part of the association A. The
main advantage of this decomposition is that the symmetrical part A
completely characterizes the family (ij) of agreement resp. the family
of logarithms
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Vi = log O = i+ Mk — Mg — M - (®)

In fact, inserting (4) herein yields 5 = As; + Akk 2 X - Using Ajs= Xy,

gives ':ﬁ as a function of A . And conversely, =1y y1e1ds by as func-
tion of %:

E= 1 (g5 + Y1 — bp)- ©)

Inserting (6) and (9) into (4) now gives the desired parametrization of
the saturated model

(SM) mip =00+ o +af + Ay — Loy,

with new parameters ag = Aoy @ ol = )\A 1¢1] and of =P —l—%lplk satis-
fying for all j, k&

oe‘l4 =0, a? =0,
Ay =0, Ay = =4y, (10)
Y =0, Vi = Y

The symmetrical part 9 is determined by the subfamily ¢ with
1<j<k<J through

V=i =k} Yiam GV - (1)

Here I{E'} denotes the indicator for an event E (which equals 1 if £ oc-
curs and 0 otherwise), and jAk resp. jVk is the minimum resp. maxi-
mum of j and k. And the asymmetrical part A is determined by all Ay
with 1<j<k<J through

Ay =K1<jnk} - sgn(k—) - Agag iva) » (12)

where sgn(m) denotes the sign of m, taking values —1, 0, +1 for m<0,
=0, >0. The dimensions of these parameter families are summarized in
table 2-1.

Using (11) and (12) the saturated model may finally be written as

M) my =g+ off +of + {1<jAk} - sgn(k=) - Agag Gvpy
—y W=k dgan gy

Wlth no additional restrictions for the parameters o, {aA |1<5<J},
{of |1<k<T}, { A 1< <k<J} and {4y, 1<5 <k <J}.
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Source Parameter Dimension
constant g 1
row factor 4 ot J-1
column factor B o J-1
asymmetric association A (J~1)(J-2)/2
symmetric association P J(-1)/2
total IxJ

Table 2-1: Dimensions of the parameters in the saturated model.

Our definition of the asymmetrical part A is based on the subfa-
mily (v11;) of log odds ratios, which completely determines the whole
family (Tﬁjjklm)' However, other minimal subfamilies may be used, e.g.
the local log odds ratios

Vi = Vir(HDk+) = Tk T TGHDG+) — Ti+) — TG0k (13)
for all j, k =1, ...,J—L. The corresponding local asymmetrical family
A% =1 (45— v 14
is a linear function of A:

A% = A+ DG+ — Digty — Ag+k - (15)
Conversely, A is uniquely determined by the local family A* through

Ajp= 22 2 Al = sgn(k—j)- 22 2 Af, (16)

1<I<j“1<m<k

and this relation can be used to replace A in (SM)’ by A*, if preferred.

All models discussed here will only restrict the association but not
the marginal distributions of A and B, i.e. the parameters a;, a4 and
oB in the saturated model remain arbitrary. Our first goal is to con-
struct submodels by imposing additional structure on the symmetrical
part 1 of the association, thus leaving the asymmetrical part A com-
pletely arbitrary. All models given here restrict ¥ to a linear subspace
2 of R/¥. And in a second step we discuss structures for the asymme-
trical family by restricting A to a linear subspace & of R/*J. Combi-
ning any model 2 for ¥ with any model & for A provides a variety of
log-linear models for the expected table p in which ¥ € 2 can vary in-
dependently of A€ &, i.e the corresponding model formulae for ¥ and
A have no common parameters. We will distinguish between models
suitable for nominal responses and those who depend on the given or-
dering of the response categories. A model £ for the symmetrical part

1<I<j“j<m<k
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is called suitable for nominal responses, if it is invariant under any
permutation p of the response categories 1,...,J, i.e. = € 2 im-
plies 4, = (¢p@ p(;c)) € 2. Suitability of a model D for A is d7ef1ned cor-
respondingly.

3 Models for symmetry

Beginning with models suitable for nominal reponses (e.g. blood
group), the most elementary models are zero symmetry

(ZS) Yr=0 , J=k
and constant symmetry with an additional parameter ¥
(CS) Yix=%0 , J=k

A natural extension allowing additive row and column effects is
VY5, = Yo + 0; + vy, for all j = k with parameter vectors o,v € R/ satis-
fying 0y= vy= 0. However the constraints upon % require ¢ = » thus re-
ducing the above model to additive symmetry

(AS) Ypr=v%oto;jtor , J=k
An equivalent formulation without using particular parameters is

AS)"  For any fixed pair j = [ the differences 1 — are constant for
( y pair j ik~ ik
all k=7, 1.

A reparametrization o; = o; —I—%’lﬁo leads to

(AS)” Yp=0;+ op , J=k

where o represents the contribution of category j to each symmetric
association involving j. For a satisfactory overall agreement we expect
all parameters o to be positive.

Suppose now we are dealing with an ordinal response variable with
category labels 1, ..., J reflecting the order of the response. The additive
symmetry model may then be extended to an order additive symmetry
model by allowing different contributions according to the order of the

responses for the row and column factor

(OAS) bip=bo+ Tink T Vivk Tk

with parameter vectors T,v€R/ satisfying suitable constraints, e.g.
71=7;=0, ¥1=v;=0. An equivalent description reveals the model to
contain the additive symmetry model:
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(OAS)’ For any fixed j=1, ..., J the differences ¥, — ¥1 are constant for
all k>jand ¢, — vy are constant for all k <j.

A reparametrization 7; = 7; ; — 7;and v = v —v; for 1 <j <Jyields
. o o o >
(OAS) 2p]k ’Zﬁo El<l§j Tl Zk§l<.] vy , J<k

with the following interpretation of the parameters. The constant
1o =1y represents the agreement for the extreme responses 1 and J,
and for j <k the parameter 7;=1; g — ¥y resp. vi=v;q4— Yy
measures the change in agreement due to decreasing the lower category
j resp. increasing the upper category k. For a satisfactory overall
agreement, the parameter ¢, as well as all changes 7,.., 774,
Vg, - Vj_1 should be positive.

The model (OAS) has 2J— 3 independent parameters whereas (AS)
has only J parameters. However, for J=3 both models coincide with
the saturated symmetry model (which leaves 3 completely arbitrary),
but for J> 3 the three models are strictly nested.

If in addition to the given ordering a distance d;, > 0 between any
pair 7 = k of responses can be specified, further moiels for 4 based on
the distance are straightforward, for instance the quadratic distance
symmetry model

(QDS) Y=o+ odix+0,dE , J=k.

A natural choice is dj = |k—j|, and more generally dj; = |2z}—2;|, pro-
vided the ordering of] the response categories is induced by associated
scores z1 <z, ... <zj. The most general model in which 9;; depends on j
and k only through the distance |j—k| is obtained by viewing the di-
stance as a factor with J—1 levels, thus giving the general distance sym-
metry model with parameters gy,..., 071

(GDS) V=0 » J=k

4 Models for asymmetry

Even if prime interest focuses on agreement and hence on models for
1, it may be desirable to specifiy the asymmetrical association A as
well, in order to achieve a more parsimonious log-linear model for the
expected counts u. For instance, if the observed table y = (yj ) contains
several zero entries, the maximum likelihood estimate § may not exist
for some models given by ¥ € £ and saturated asymmetry, but only
under a restriction A€ & (for the existence of maximum likelihood
estimates, see Haberman 1974, Chapter 2). Clearly, the most restrictive

model for A is the zero asymmetry model
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(ZA) Ag=0.

This model states that the association for the expected table g and its
transpose p! are equal, ie. interchanging the factors A and B does not
change the association. Note that the model may also be formulated in
terms of the local family as A* =0.

A natural extension of zero asymmetry is constant asymmetry
(CA) Ap=24, , 1<j<k<J.
However, in contrast to constant symmetry, the model (CA) makes im-
plicit use of the given ordering for the response categories (via the defi-
nition of A;) and hence is not suitable for nominal responses. In fact,
the following consideration shows, that any log-linear model, specified
by ¥ € 2 and A € ¥, which is suitable for nominal responses and con-
tains constant asymmetry already contains the model with saturated
asymmetry:

PD={AcRI¥|Aj;=0and Ay =—Ay, forall j, k}.

This is mainly due to Ay =— Ay, and a formal argument runs as fol-
lows. Suppose there exists a constant non-zero element A°€ 7, ie.
A% =Ap=0 for all 1<j<k<J. Choosing the permutation p which
swaps only 2 and 3, we conclude A;= (A;@ ok )EZ and hence
A-A € D. Let ey, = (I{j=1,k=m}) denote the JxJ "unit table” with
entry 1 in cell ([, m) and zero entries elsewhere. Then the representation
A—-Ap=2Aqdy3 with dy3=ey3—e3y implies dyz € . Applying the
permutation with exchanges 2 with j and 3 with k yields dj, = e;,—ey;
€ P for any 1 <j<k<J and hence & contains the linear space span-
ned by all such tables dj;, which is precisely P above.

Another disappointing feature of the constant asymmetry model is
its dependence upon the chosen representation of the asymmetric fa-
mily. The equivalent formulation in terms of the local asymmetric fa-
mily A* is

CA)Y  Afjn=4¢ , ARk=0 , 1<j<k<J, k=j+1,

and does not coincide with the corresponding model for constant local
asymmetry

(CLA) Mf=AF , 1<G<k<J.

The latter model was introduced by Yamaguchi (1990) under the name
of uniform skew-symmetric association model and can be rewritten in
terms of A as
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(CLA)’ Ajp=0-Dk-5)AF , 1<y<k<J

The model (CLA) suffers from the same drawbacks as (CA). It is not
appropriate for nominal responses (the above argument still holds if A
is replaced by A*) and depends upon the chosen asymmetric family
A*. For J =3 however, both models (CA) and (CLA) already coincide
with saturated asymmetry, and to avoid trivialities, we assume J > 4 in
the remaining discussion for asmmetric models.

Further models for the asymmetric family A or the local family A*
can be obtained from any symmetry model if ¢ is replaced by Ay for
all 1<j<k<J or by A]*k for all 1<j<k<J. For example, the corre-
sponding models for (AS) are the additive asymmetry resp. additive lo-
cal asymmetry model

(AA) Ap=0;+0, , 1<j<k<J,

(ALA) Af=of+of , 1<j<k<l,

which may be rewritten using (15) resp. (16) as

Ay Afjrp=oj41tor , AR=0 , 1<j<G+1<k<,
(ALA) Ay =k-25+1)67+ (-5 , 1<G<k<,

where %= of +..+ U;“_l. Again, both models are not suitable for nomi-
nal responses by the above argument. For completeness, the order ad-
ditive asymmetry resp. local asymmetry model corresponding to (OAS)
are given below in terms of both A and A*:

(OAA) Ajk:AO—I_Tj—I_Vk , 1<j<k§=]
(OAR) Afjry= Ao+ mi+vx , Ah=0 , 1<j<j+1<k<J
with constraints 79 =77 =v9=v;=0, resp.
(OALA) M= Af i+l 1<i<k<J
(OALA)’ Aj = ([=1)k=1)AF + k=) 7] + G-D(FE-7)
Ff=rt.+rhy , Pf=vi+tvi, , 1<G<k<J

with constraints 7¥=7F ; =v¥=v} =0.

The additive models (AA) and (ALA) have J—1 independent para-
meters while the order additive models (OAA) and (OALA) have 2J—5
parameters. Hence, for J =4 the additive model and the corresponding

order additive model already coincide with saturated asymmetry, but
for J > 4 the three models are strictly nested.
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Finally, the class of skew-symmetric level models introduced by
Yamaguchi (1990) are based on the family

Do = 55— 3;) + Wik — k) + = m30) = 2(AQy5+ App + Ag;)

for 1 <j <k, and can be reformulated in terms of Ay = 1 P1j%- In parti-
cular, the triangles-parameter skew-symmetry mo&el7 given by
P55 =2 for 1 <j<k, coincides with the model (CA) for Aj=¢. And
the middle-value-effect skew-symmetry model, given by @5 =2&; for ¢
<j <k, is a submodel of (OAA), given by v =0 with &,= A + 7.

Resuming the above discussion, we conclude that among log-linear
models only zero or saturated asymmetry are suitable for nominal as
well as ordinal responses. Since zero asymmetry is clearly too restric-
tive for many applications, we generally advocate models with satura-
ted asymmetry, unless the asymmetric structure is of primary interest.

5 Joint models for symmetry and asymmetry

Combining any of the above models for the symmetrical part 4 (inclu-
ding saturated symmetry) with one for the asymmetrical part A yields
a variety of log-linear models for the expected counts, some of which
have been introduced before by other authors under different names (cf.
Agresti 1990, Chapter 10). In particular, the model with zero asymme-
try and saturated symmetry, i.e. omitting A in (SM), was introduced by
Caussinus (1965) as the quasi-symmetry model. And submodels thereof,
given by additive symmetry (AS) resp. (AS+QDS) with p=0 are known
as quasi-independence resp. quasi-(uniform) association models (an epi-
demiological application is given by Velema et al. 1991 which is re-ana-
lyzed in Osius 1993). Tanner and Young (1985) already used models
with constant symmetry (CS) and constant asymmetry (CA) as well as
a combination of general distance symmetry (GDS) with the corre-
sponding model for asymmetry. However, models for ordinal responses
containing order additive symmetry (OAS) or asymmetry (OAA) seem
to be new, as well as models using saturated asymmetry.

There is a convenient description for models by means of model
formulae (McCullagh and Nelder 1989, 3.4), which is used by computer
programs like GLIM (Francis et al. 1993). Let SYM and ASYM denote
the model formulae for the symmetrical and asymmetrical components
¥ and A of association. The corresponding model formulae for the
log-expectation (linear predictor) 7 =log p is then given by

n=14+A+B+S5.5YM+ AS.ASYM

where S and AS represent covariates given by
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SG, k) =— 3+ H{j=k}, AS(j, k) = {1<j Ak} - sgn(k—).

In the saturated model SYM is given by a factor SatSym, taking (‘2])
different values for all subsets {j,k } of {l,...J } with j=k, and an addi-
tional value on the diagonal j=k. A convenient version is

SatSym(j,k) =1 + I{j =k} -[ GAR) + & (VE—1) (VE—2)],

with levels ranging from 1 to 1-|—(“£). And ASYM is given by a factor
SatAsym taking (Jz_l) different values for all subsets {j,k} of {2,..J}
with j=k, and an additional value in the remaining cases j=Fk, =1, k=1,

e.g.
SatAsym(j, k) = 1 + I{j = k, 1<jAk}-[ (irk—1) + %(j\/k—2) (iVk —3)]

with levels ranging from 1 to 1—|—(J2_1). For a 6x6 table both factors Sat-
Sym and SatAsym are pictured in table 5-1.

SatSym SatAsym

1 2 3 4 5 6 1 2 3 4 5 6
1 1 2 3 5 8 12 1 11 1 1 1 1
2 2 1 4 6 9 13 2 11 2 3 5 8
3 3 4 1 7 10 14 3 1 2 1 4 6 9
4 5 6 7 1 11 15 4 1 3 4 1 7 10
5 8 9 10 11 1 16 5 1 5 6 7 1 11
6 |12 13 14 15 16 1 6 18 9 10 11 1

Table 5-1: The factors SatSym and SatAsym in a 6x6 table

The model of order additive symmetry, for example, can briefly be
described by SYM = Min + Maz with factors Min and Maxz represen-
ting the minimum and maximum of A and B. Leaving the remaining
structure of p unspecified produces the model

n=1+A+ B+ S.(Min+ Maz) +AS.SatAsym .

Viewing JxJ tables as vectors of length J2 (and vice versa) this model
may be written in matrix notation as n = X0 with a parameter vector
0= (0,04, aB, A, vy, 7,v°) of dimension, say R, and a corresponding
J2xR model matrix X. The columns of X are pictured as JxJ tables in
table 5-2 for each component of 8, except for the first column which is
the constant table 1 corresponding to ay.
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Yo T 1/]o
1.t J 1..017....J 1 gl J
11(0 1 1
. 1 : O O : L O
B —-2— 71 : 2
L ! 1 '{I.-l
— = - : 1 17
: 2 . : O 2 : 0 0
J 0 J J

Table 5-2: Parameters and associated columns (viewed as JxJ tables) of
the matrix X for the model (OAS) with saturated asymmetry.

6 Models for stratified square tables

Let us now generalize the previous models to the case where an addi-
tional stratum factor C with S levels is observed. The previous nota-
tions will be extended by a subscript s=1,...,S referring to stratum s.
The saturated model for the log-expectation 7 may be parametrized
using (SM) for each stratum s thus giving the saturated stratum model

(SSM) Tigs = Qs + s + 0fs + Ajs — & Vit

with the obvious constraints corresponding to (10) for each s. As before
our main interest focuses on models for the symmetrical part Wjks)
and possibly on (Aj,) leaving the remammg parameters (o), () and
(oefs) completely arbitrary to cover all major sampling models fzor the
observed table Y. Concerning the dependence of ¢ on stratum s, the
most simple model is constant stratum symmetry

(CSS) ¢]k5 ﬂO]k ,  Jzk

with a parameter matrix B, € R/~ satisfying By = Bo;-
If stratum s is defined as the subset {X =x 1} of the population un-
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der study on which a vector X = (X7, .., Xg) of R covariables takes a
given value x;= (4, ..., Zsg), then a linear stratum symmetry model
for 9 is available

(LS S) wjks /BOJIC + Z

The parameter matrix B e R/ gives the baseline symmetry corre-
sponding to x =0 and for each 7 the slope §, € R J%J measures the inc-
rease of symmetry per unit increase of z,. "Note that the constraints
Brik = Bri; for all r (including 7=0), j and & are required to guarantee
Vjks = Yrjs for all possible values x, € RE.

The linear stratum model represents a log-linear model for the ex-
pected counts. A number of interesting submodels are obtained by im-
posing additional structure on the baseline f; and the slopes 8, along
the lines of the preceeding section, e.g. order additive baseline resp.
slope symmetry

1<r<R Tjkxs’/‘ ,  J=k.

(OABS) Bojk = Yoo + Togary + Yogvr > J=k
(OASS) ﬂrjk = ¢7‘0 + Tr(in k) + Ve(ivik) > J=k.

It may also be desirable (in particular in the presence of many
strata), to restrict the dimension of asymmetrical part A by additional
model assumptions, aslinear stratum asymmetry

(LSA) Ajps = bojp + 22

The baseline asymmetry &, € R and slopes of asymmetry 8, c R/
(with the constraints 6,4 = — 6,4; for all 7>0 and all j, k) may, if nee-
ded, be restricted further to one of the models for asymmetry in the
previous section, e.g. order additive baseline and slopes.

1<r<R5Ti7x5T » J=k

7 Data analysis and applications

The analysis of an observed stratified table Y = (Y ;) using the above
models for ¥ and A is straight forward, because these models belong
to the family of log-linear models for the expected counts p. Since log-
linear models are treated in detail by many textbooks, e.g. Haberman
(1974), Bishop, Fienberg and Holland (1975), McCullagh and Nelder
(1989) and Agresti (1990) only a few remarks are required here.

The models for ¥ and A given here restrict the joint distribution of
(A,B,C) only by specifying the conditional distribution (4,B|C) of A
and B given C, but not the (marginal) distributions of the pairs (4, C)
and (B,C), because the corresponding family of nuisance parameters
g, o and of, are unrestricted. Results from Haberman (1974, The-

78
orems 2.4, 4.1) imply, that an analysis based on the above models is in-
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variant under the allowed sampling distributions for Y given earlier
(namely Poisson and certain multinomial models) in the following
sense:

Theorem (Invariance property): The mazimum likelihood estimate
(,A) and its estimated asymptotic covariance matriz coincide under
all allowed sampling distributions for Y.

The asymptotics employed here requires the number J of reponse
categories and the number S of strata to remain fized as the total num-
ber Y444 of items resp. its expectation py4 tends to infinity. And
this is the only reason why the vector X of covariables defining the
strata has been restricted to take only a finite number S of values.

The invariance property is inherited by the estimates of all para-
meters used to describe the symmetrical resp. asymmetrical compo-
nent % resp. A in a particular model. Hence estimation and asymptotic
inference about 9% and A in the above models can be based on any of
the allowed distributions for the observed table Y, instead of the ac-
tual sampling distribution (which must be of the allowed type). This
allows a flexible analysis of the data according to the availability of
suitable software. For example, GLIM may be applied on the basis of
the Poisson model.

For an explorative data analysis it is instructive to compute for
each stratum s the (corrected) observed odds ratios

ojgklms = (ijs+ C) (Ylms+ C) / (ijs+ C) (Ylks+ C)

and investigate the corresponding families (5 and (Ag,) of agree-
ment and asymmetry. A good choice for the correction is ¢ =—3 (Cox
and Snell 1989, 2.1.6), but if all Y, are positive, the ML estimate under
the saturated model (given by ¢ = 0) may be preferable.

Application 1: Cytological and pathological
classification

We first assume a linear trend for the total association, i.e. linear stra-
tum symmetry (LSS) in combination with linear stratum asymmetry
(LSA), which leads to the following log-linear model of linear stratum
association

Miks = Qs + s + oBs + bojp — 5 Boj Hbjp — S Bp)zs (A7)

with obvious constraints for the parameters. In view of z; =0, the ba-
seline symmetry B, describes agreement in the first stratum 1972-73,
ie. Y1 = Biko, and the slope f of symmetry represents the increase of
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agreement per year, i.e. ¢jk(s+1)_¢jks =20y And similar interpreta-
tions apply to the baseline asymmetry &, and slope 4. Restricting in
(17) the parameters B, and B by (OABS) and (OASS) respectively, but
leaving the parameters 8, and & arbitrary, constitutes the basic model
for our analysis.

The basic model provides a satisfactory fit (based on an examina-
tion of the residuals) and has a deviance D=107.51 with 112 d.f. The
estimates [ ;; resp. 0, for the baseline resp. slope of agreement and
their standard errors are given in table 7-1. Not surprisingly, all esti-
mates are positive, and the majority even significantly positive, based
on Wald’s one sided test on the 5% level. In particular, the baseline
Bojr, Wwas not significant only for two adjacent pairs. And the slope was
not significant for all pairs containing category Pap IV B, as well as
for two "adjacent” pairs (i.e. with adjacent categories) indicating a non
significant increase over time for these pairs. However, the estimates
Pjks (not tabled here) obtained from (LSS) show a steady increase with
s, and are significantly positive for s >2 and all j, k. In summary, the
basic model reveals positive agreement increasing over time for all
pairs, being significantly positive for most pairs.

Although the basic model gives a satisfactory description of the
data, it is instructive to investigate whether the above conclusions for
agreement depend on the chosen model for the remaining association
A Passing to the enlarged model which leaves A, completely arbi-
trary - by abandoning the condition (LSA) of linear stratum asymmetry
- yields a decrease of the deviance by 27.50 with 40 d.f. which is not
significant. Hence there is no need for a model extension concerning
asymmetry. But even if the enlarged model is used, the conclusions
concerning f; and B are similar to those for the basic model, except
that (due to an increase of standard errors up to 13%) three further slo-
pes Bog, Bog and [z are no longer significantly positive.

On the other hand, the submodel of the basic model given by é =0,
i.e. assuming the (saturated) asymmetric part A;, to be the same for
all strata s, increases the deviance by 19.13 with 10 d.f., leading to a re-
jection of the submodel (p=3.9%). And passing even further to zero
asymmetry, i.e. § = § =0, yields a totally inacceptable fit. Finally, the
submodel of the basic model postulating an additive instead of an or-
dered additive symmetric structure corresponding to (AS) for both pa-
rameters B and fin (17) yields an extremely poor fit too.
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Cytological Pathological classification (k)
Classificatipn IIT DL, IITI DM IV AS IV AC IV B
() 1) 2) 3) 4) ®)
DM (2) 0.46
4+ 0.78
IVAS (3) 214% 004
+1.03 4+ 0.65
IVAC () 435% 2926% 129 %
4+ 0.96 + 0.60 + 0.50
IVB (5 750%  540%  444% 200 *
+1.21 4+ 0.97 + 091 4+ 0.57
Vv (6) 8.52 * 6.42 * 546 * 3.02 % 1.31 *
+1.09 + 0.82 + 0.75 + 0.30 + 0.50
DM (2) 0.30
4+ 0.23
IVAS (3) 077 %  051%
4+ 0.33 4+ 0.18
IVAC (@) 065* 038*  0.16
+ 0.32 4+ 0.20 +0.14
IVB (5) 0.59 0.32 0.09 0.04
+ 043 4+ 0.35 4+ 0.32 4+ 0.24
Vv (6) 0.94 * 0.67 * 044 * 0.39 * 093 *
+ 0.38 +0.28 + 0.25 +0.13 +0.28

Table 7-1 (application 1): Estimated baselines Bojk (top) resp. slopes Bjk
(bottom) of agreement with standard errors (£S.E.) for the basic model
(* indicates a significantly positive entry at the 5% level).

Application 2: Social mobility in Britain

Using the complete table 1-3 (i.e. including the main diagonal) we find
that the order additive symmetry model (AOS) with saturated asym-
metry provides an acceptable fit with a deviance D = 24.38 having 15
df. (p =5.9%) and no extreme residuals. The estimates and their stan-
dard errors of the parameters in (AOS)° are given in table 7-2. Note that
only four parameters are not significantly positive on the 5% level.

Passing to the submodel with zero aymmetry reduces the deviance
by 21.25 with 21 d.f. which is not significant (p = 44%) but yields two
larger residuals. The estimates vy, 7 and 27 in the submodel do not
differ much (at most by 50% of their standard errors) from the previous
ones and their standard errors are only slightly (at most 5%) smaller
than before. Hence, the choice of the model for the asymmetrical part
A is not crucial here concerning conclusions for the symmetrical part,
but this is not generally the case (cf. application 3). Reducing on the
other hand the ordered additive symmetry model to additive symme-
try (AS) gives a very poor fit, even under saturated asymmetry.
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Po T3 T3 T4 Ts 76 7
6.904% | 1769% 2042% 0.743* —0297  1.600*% 0.194
+0322 | £0338 +0282 40210 +0278 +0276 40213

Vs Vs Vq Vg Vg v
0603  1.887* 0.913* 0017  1273* 0.326*
+0479 +0320 +0334 +0286 +0.171 +0.181

Table 7-2 (application 2): Estimates with standard errors for the order
additive symmetry model (OAS)° and saturated asymmetry (* indicates
a significant positive entry at the 5%-level).

Application 3: Social mobility in the United States

Yamaguchi (1990) focused on the asymmetric (or skew-symmetric in his
terms) part of the association and fitted several models (including
non-log linear models) which restrict only the asymmetric part of as-
sociation, leaving the symmetrical part completely arbitrary. Being
primarily concerned with agreement here, we are using models for the
symmetric part 9 only, thus allowing for saturated asymmetry. Fitting
the order additive symmetry model (AOS) with saturated asymmetry
yields a deviance D =7.30 with 3 d.f. (p =6.3%) and no extreme residu-
als. In view of the rather large sample size this indicates a satisfactory
fit, which might possibly be improved by partitioning the population
into more homogeneous strata. The estimates and their standard er-
rors for the parameters in (AOS)® are given in table 7-3. The only nega-
tive estimate does not differ significantly from zero, all other estimates
being significantly positive. In contrast to the British mobility table,
the restriction of the asymmetric part A to any of the discussed mo-
dels extremely deteriorate the above fit (p < 0.3%) thus clearly demon-
strating the need for saturated asymmetry here. And passing on the
other hand to submodels of (OAS) for 1 produces unacceptable fits too.

Po T3 T3 T4 Vs Vs Vy
4112 | 0730 0774 -0.38 | 0953 0399 2076
+0.124 | £0.081 +0.083 40182 |+£0.099 +0075 40118

Table 7-3 (application 3): Estimates with standard errors for the order
additive symmetry model (OAS)® and saturated asymmetry.
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8 Concluding remarks

Starting with a single quadratic contingency table Y arising from
cross-classification according to factors A and B, we discussed several
models for the association specified by separate models for the sym-
metrical resp. asymmetrical part of the association and unrestricted
marginal distributions of A and B (to cover all major sampling sche-
mes). The symmetrical part 9 provides a concept of agreement which is
independent of the margins in the sense that % is given by the family
of odds ratios for all 2x2 subtables along the main diagonal obtained
from restricting (or conditioning) A and B to two categories. Hence, if
agreement (i.e. symmetric association) is of primary interest, we advo-
cate the use of semi-parametric models for the expected table p, which
only restrict the symmetric part 9, thus leaving the remaining struc-
ture completely arbitrary. Among the models for %, we distinguished
among those suitable for nominal or ordinal responses and those de-
pending on a given distance between the response categories. Particu-
lary for ordinal responses, a rather general order additive symmetry
model has been introduced and sucessfully applied to social mobility
tables a medical data set. Moreover, all models for 9 and their para-
meters are easy to interpret in terms of odds ratios.

Concerning models for the asymmetric part, an argument revealed,
that only the two extreme models, namely zero and saturated asymme-
try, are suitable for nominal respones. For ordinal responses however,
any of the previous models for symmetry gives rise to a corresponding
model for asymmetry. Unfortunately, these models depend on the cho-
sen representation A describing asymmetry and differ (except in trivial
cases) from the corresponding models based on other representations,
e.g. the local family A* derived from local odds ratios. The lack of
non-trivial canonical models for asymmetry (even for ordinal scales)
strongly suggests the use of the saturated asymmetry model, unless the
asymmetric structure itself is on focus.

The models for symmetry and asymmetry for a single table extend
in a natural way to a finite set of tables arising from stratification ac-
cording to an additional observed vector of covariables by applying the
above models separately to each stratum and allowing common para-
meters across strata. Again, with focus on agreement, the asymmetric
association as well as the margins may be left completely arbitrary
within each strata, even if this results in a large number of nuisance
parameters as in our medical example.

We restricted our attention to log-linear models which provide a
comfortable framework from a theoretical point of view and are easily
fitted to observed data using standard statistical software. However, in
situations where log-linear are not found flexible enough further mo-
dels for symmetry and asymmetry may be designed in similar ways.
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