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Yet another talk on sparsity constraints. ..

m Tikhonov functionals for
IKu — f|2 ill-posed problems
i +

min ————— d(u)

ueH m Regularized

optimal control problems
® models prior knowledge or a known constraint, e.g:

A sparsity constraint

For a given basis (¢x) and convex ¢:

O(u) =) will(u, )P 1< p<2
k
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Yet another talk on minmization with /1. ..

| Ku — f”fz(N)
min —M——~ + wy | ug|P
i 5 keZN k| Uk

m lll-posed problems:
The functional ||Ku — f||> has no minimizer.

m 1 < p < 2: The functional ), w|(u,1x)|P is non-smooth.
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Yet another talk on minmization with /1. ..

| Ku — f”iz(N)
min —M——~ + wy | ug|P
i 5 keZN k| Uk

m lll-posed problems:
The functional ||Ku — f||> has no minimizer.

m 1 < p < 2: The functional ), w|(u,1x)|P is non-smooth.

In this talk we will see. ..

B ...that iterated hard shrinkage can minimize.

m ... why iterated soft shrinkage is so slow, and how slow it is.
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What

is known?

1 < p < 2 gives a regularization (Daubechies, Defrise, DeMol)

m jterated soft shrinkage converges to minimizer (DDD)

iterated soft shrinkage combined with fixed-point iteration
converges for non-linear inverse problems (Ramlau, Teschke)
soft shrinkage is a gradient descent (Bredies, L., Maass)
iterated soft shrinkage converges without fixed-point iteration
(Bredies, L., Maass)

geometry of sparsity in the finite dimensional setting

(e.g. Tropp, Donoho and others)

higher order minimization in the finite dimensional case
(Candes)

Open: How fast is the iterative soft shrinkage? What about
efficient algorithms in the infinite dimensional case?
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2 Approach: Generalized Gradient Methods
Generalized Gradient Projection Method ~~ Soft Shrinkage
Generalized Conditional Gradient Method ~~ Hard Shrinkage
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Constraint minimization:
Generalized gradient projection method (GGPM)

Lrlneipl F(u) + ly(u)
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Constraint minimization:

Generalized gradient projection method (GGPM)

Lrlneipl F(u) + ly(u)

F’ Lipschitz with constant L,
choose 1° € U and stepsize 0 < s < %
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Constraint minimization:

Generalized gradient projection method (GGPM)

Lrlneipl F(u) + ly(u)

F’ Lipschitz with constant L,
choose 1° € U and stepsize 0 < s < %

|
{ /
- “\ /
Iteration \ /
S~ - Jl/‘

u™ = Py(u" — sF'(u"))
Projection:

Py(u) = argmin|v — ull®> + Iy(v)
Convergence analysis under construction. . .
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Constraint minimization:

Generalized gradient projection method (GGPM)

umeipl F(u) + &(u)

F’ Lipschitz with constant L,
choose 1° € U and stepsize 0 < s < %

|
{ /
- “\ /
Iteration \ /
S~ - Jl/‘

u" = Py(u" — sF'(u™))
Projection:

Ps(u) = argmin3|v — ul)® + sd(v)
Convergence analysis under construction. . .
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Reminder: Inverse Problems with sparsity

Lrpei,r_} F(u) + ®(u)

where )
Ku— f
Fu) = 1K= g o) =3 wilugl?

k
Hence: F'(u) = K*(Ku — f) and L = ||K]||?.
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GGPM ~~ soft shrinkage

u™t = Py(u" — sK*(Ku" — f))

The generalized projection is

Ps(u) = argming|lv —ul®+5 > wilul?
k
= Spysw(u)
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GGPM -~ soft shrinkage

u™t = Py(u" — sK*(Ku" — f))

The generalized projection is

Ps(u) = argmin%”v— uH2+sZWk|uk|p
k
= Sp.sw(u)

Iteration
U™t =S, o (u" — sK*(Ku" — f))
Step-size s = 1 is OK for ||K|| < v/2. (DDD: ||K| < 1)
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GGPM ~~ soft shrinkage

u™t = Py(u" — sK*(Ku" — f))

The generalized projection is

Ps(u) = argmin%”v— uH2+sZWk|uk|p
k
= Spsw(u)

Iteration
U™t =S, o (u" — sK*(Ku" — f))
Step-size s = 1 is OK for ||K|| < v/2. (DDD: ||K| < 1)

Convergence and rates not proven yet. ..
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Constraint minimization:

Generalized conditional gradient method (GCGM)

1 Descent direction v" by

min F(u) subject to u € U
ueH mifg(F’(u”), v) subject to v € U
ve

2 Choose a stepsize s” > 0.
3 Update

un+1 — " +Sn(vn . un)
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Constraint minimization:

Generalized conditional gradient method (GCGM)

1 Descent direction v" by

Lrlnei,[ll F(u) + ly(u)
min(F/(u"), ) + Iu(v)

2 Choose a stepsize s” > 0.
3 Update

un+1 — " +Sn(vn . un)
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Constraint minimization:

Generalized conditional gradient method (GCGM)

1 Descent direction v" by
min F(u) + ®(u)
< min(F'(u"), v) + ®(v)
ve

2 Choose a stepsize s” > 0.
3 Update
un+1 — " +Sn(vn . un)

for ® convex and lIsc.
Note: v, = (8¢)*1(—F’(u”)).
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Convergence Analysis of GCGM

Theorem
Let F(u) = 3||Ku — f||? and, ® fulfill
m ® is proper, convex and Isc
m 0 is onto and (09)~! bounded.
Then the generalized conditional gradient method converges

strongly to a minimizer of F + ®. (Bredies, L. 2006)

Remark

A local coercivity estimate around a minimizer u* like
(K*(Ku* = £),v — u*) + &(v) — &(u*) = Cllv — u*||?

guarantees linear convergence.

Introduction Gradient Methods On the Speed Experiments  D. Lorenz 12 /28

@ Universitat Bremen


http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de

Zentrum fiir Fachbereich 03
Technomathematik Mathematik/Informatik

A little workaround

Problem

d(u) = >4 wi|uk|P is convex and Isc
but 09 is not onto for p = 1.
~ v = (09) 71 (—K*(Ku" — f)) must not exist!
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A little workaround

Problem

d(u) = >4 wi|uk|P is convex and Isc
but 09 is not onto for p = 1.

~s v = (09)7(—K*(Ku" — f)) must not exist!

Workaround

Modify ® for large values:
O(u) = 22 wip(uk)

(Quadratic extension in a C! way)

1/p
.. £112
OK because for minimizer u™: |uj| < (%) =: So.
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Workaround ~~ hard shrinkage

The descent direction is

v = (00) N (—K*(Ku" - f)) S

and (09)~! =: H,, is hard shrinkage !
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Workaround ~~ hard shrinkage

The descent direction is

v = (09)TH(—K*(Ku" — f)) /J

and (0®)~! =: H,, is hard shrinkage !
P;
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Workaround ~~ hard shrinkage

The descent direction is

v = (090) "N (—K*(Ku" - f)) /J

and (09)~! =: H,, is hard shrinkage !

[teration

U™ = (1 = 5,)u" + spH . (— K (Ku" — £))

S(u")—d(v")+(Ku"—f,K(u"—v"))
1K (v"—um)]|2

Step-size s" = min(1 uarantees convergence.
p , g g
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3 On the Speed
Iterated Shrinkage is Slow
Higher Order?

Introduction Gradient Methods On the Speed Experiments  D. Lorenz 15/28
@ Universitat Bremen


http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de

Zentrum fiir Fachbereich 03
Technomathematik Mathematik/Informatik

1 Introduction

2 Approach: Generalized Gradient Methods
3 On the Speed

Iterated Shrinkage is Slow
4 Experiments

Introduction Gradient Methods On the Speed Experiments  D. Lorenz 16 /28
@ Universitat Bremen


http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de

Zentrum fir Fachbereich 03
Technomathematik Mathematik/Informatik

Properties of the iterated hard shrinkage

Theorem

Let u* be a minimizer of
V() = 3l1Ku — FI? + 3, wiluxl?

and u", v" be generated by the iterated hard shrinkage.

m forl < p <2 it holds

||u" — u*]| < CA”
m for p =1 and K injective it holds
|u" — u*|| < Cn~1/2,
Furthermore the estimate y :
Dp=®(u") — &(v") + (K*(Ku" — ), u" — v") > V(u") — W(u*)
can serve as a stopping criterion.
Bredies, L. (2006)
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Higher order methods for p =17

The equation
u=Sy(u— K*"(Ku—f))

is almost smooth! ~» Newton-methods?
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Higher order methods for p =17

The equation
u=Sy(u— K*"(Ku—f))

is almost smooth! ~» Newton-methods?

Theorem

The function F(u) = u— Sy (u — K*(Ku — f)) is slantly
differentiable and the Newton-method

un+1 — " — F/(un)—ll_-(un)
converges locally and superlinearly. (Griesse, L., 2007)

Per step: solve small (esp. finite) linear system.
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4 Experiments
Backwards Heat Condution
Inverse Integration
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Backwards heat conduction

ur = Uy for (t,x) € [0, T] x [0, 1]
u(0,x) = u®(x)
u(t,0) = u(t,1) =0.

0
Ku® = u(T)
true solution noisy data
10 T T 0.4 T T T
75 F 4 0.3 - 4
s 5t g “~

25 | B
0 . .

0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1

T T
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Backwards heat conduction

p=1

p=1.01

c -
o 15 : : : 15 - T T 0.4 - T T
=] 03
8] 1t 1 1t
> 02 ]
= g s s
pras} 05 | 1 05
0 01+ 1
c
o 0 0 0
b . . . . . . . . .
5 5 ™ 25 5 5] 25 5 5]

) 0 025 05 0.75 1 0 0.25 0.5 0.75 0 0.25 0.5 0.75 1
pal z z @

101 10° T T T T T 10 T T T T T
6 10% 100 100
S s $ 5
[g] ) 107 1077
E 107
S 1074 10-10 . . . . . 10-10 . . . . .
n 250 500 750 1000 2 50 75 100 12 510 15 20 2
(5 n n n
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Inverse integration

Ku(t) = /Ot u(s)ds, s,te0,1], wel2[0,1].

true solution noisy data
j j ] 0.5 T

50

—50 4
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Inverse integration
After 1000 iterations of. ..

... hard shrinkage

... soft shrinkage

Us

0.75 1 0

W(u™)

10

0 1 1 1
250 500 750
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Experiments with Newton

true solution noisy data
100 T T T T
50 H 4
- | u
=50 F \I -
Lo ‘ ‘ ‘
0 0.25 0.5 0.75 1 .
t t
1000 soft shrinkage iterations ...and 11 Newton iterations
100 T T T 100 T T T
50 - B 50 F e
Bl 0 H 0
=50 4 —50 F V 4
100 L L L 100 L L L
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1

V(us) = 15.22
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W(uy) = 13.90
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Conclusion

m Tikhonov functionals with sparsity constraints
can be minimized by iterated hard shrinkage
as well as soft shrinkage.

m Both are generalized gradient methods.
m The iterated hard shrinkage is very easy to implement.

m The convergence speed changes drastically
fromp>1top=1.

m The distance to the minimizer can be estimated easily.
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Conclusion

m Tikhonov functionals with sparsity constraints
can be minimized by iterated hard shrinkage
as well as soft shrinkage.

m Both are generalized gradient methods.
m The iterated hard shrinkage is very easy to implement.

m The convergence speed changes drastically
fromp>1top=1.

m The distance to the minimizer can be estimated easily.
Outlook:

m Globalize convergence of Newton methods?

m Use small p to get good initial value for p =17
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