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Overview

There are lots of different concepts in signal processing. For example:

e Linear/convolution filters:
u=fx*g

e Diffusion or other partial differential equations like

uy = Au or uy = div(g(|Vu|)Vu)

e Nonlinear wavelet methods like soft or hard threshholding ( “shrinkage™).

Goal of this talk: Establish a connection between PDEs and shrinkage methods.
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Outline of shrinkage methods
Take an invertible linear isometry

T:L°—L?
resp. 7 : L* — [?

and define the 7-shrinkage of a function f € L? by

u(t) =T (ST f))

with the shrinkage function

Si(x) = sign(z)(|z] — 1)+
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Example: Discrete wavelet shrinkage

For an orthogonal wavelet 1) the discrete wavelet-shrinkage looks like

Pictures:

~> Haar-Wavelet ~ db2-Wavelet ~ db4-Wavelet
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History of shrinkage methods

e Development of discrete wavelet-shrinkage for data smoothing (Johnstone and
Donoho, 1994, 1995)

e Translation invariant denoising by redundant discrete wavelet-shrinkage (Coifman
and Donoho, 1995)

e Discrete wavelet-shrinkage as an evolution equation resp. smoothing Scale-Space
(Chambolle, DeVore, Lee, Lucier, 1998)

e Translation invariant discrete wavelet-shrinkage as Scale-Space (Chambolle,
Lucier 2001)
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Discrete Shrinkage and PDEs

Chambolle and Lucier showed that the discrete wavelet-shrinkage is the solution of
a descent problem:

u(t) = Y Su(f[9ia)ie & i+ Olulg, 30, u(0)=f
7,k

Short explanation:

To solve the descent problem, use backward differences in time:

u™ — ynl 1
Al + 8\un|Bil 50 < minimize Q—AtHv —u"H|7s + "U|B;ll,1.
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To minimize the functional ﬁ \v—u”_lH%QH’U‘B% | we use the wavelet expansion of
1™~ 1 and v and the norm equivalence [ulpr =< 32, 1, [{ult)jk)|- So the minimization

problem is:

So we can compute the minimum for each wavelet coefficient separately.

We have to find the minimum of the convex function

1

B(r) = 5

€T — :1:0)2 + |z|

and this is x = Sa(xo).
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So we have

u” =Y Sac((u" i) ie= Y Snac({F105k)) 1)k
7.k

7k
Going to the limit n — oo while nAt =t yields

u(t) =) Se((flh ).

3.k

Is a result like this possible for other transformations 7 as the discrete wavelet
transform?
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Computation in the image domain of 7

Theorem: For a given f € L? the shrinkage u(t) = S;(f), t > 0 is a subgradient
descent:
us + O||lullz1 20, u(0) = f.

Where ||u|| ;1 = [ |u| has to be understood as a functional on L?.

How can this be seen?
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Same arguments as above:

Use backward differences:

. un—l

At

u’I’L

+ 0||ul|;1 20

The minimizer is given by

and we have

RS minimize ——

1
2At

o —u" 72+ [oll -
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Pulling back in the domain of 7

Now we see, that in the image domain of our transformation 7, the shrinkage is a
descent along the L'-Norm.

But how can we understand this in the domain of 77

Lemma:Let V, H be Hilbert spaces, T : V — H be an invertible linear isometry,
¢ . H —] — 00,00| be proper, convex and lower semi-continuous and V(u) =

®(7Tu). Then solving
us +0¥(u) 30, u(0)=finV
18 equivalent solving

vy +0P(v) 20, v(0)=7fin H.

11
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Fourier-shrinkage as a descent

The continuous Fourier-shrinkage is

1 wxT
u(t, x) = \/—27/RSt(.7:f(w))e dw.

Applying the preceding lemma, we have, that the Fourier-Shrinkage is a descent
along the subgradient of W(u) = ®(Fu) = ||Ful|;1, i. e.

us + O||Fullp1 20, u(0)=f.

Picture: |

s 4 8 2 a0 1z 3 4
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~»Continuous Fourier shrinkage
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Wavelet-shrinkage as a descent?

Unfortunately this is not working for the wavelet-shrinkage.
Problem: The wavelet-transform L, is not onto and we can not use the lemma.

More precisely: For a signal u, Si(Lyu) is not in the image domain of the wavelet

transform.

So in every time step we have to make a projection on the domain of the wavelet
transform.

14
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A more sophisticated argument:

In the Fourier case we had, that the shrinkage was a descent:
ug + F 0P p(Fu) 30, u(0) = f

with ®p(v) = [ |v|dx, moreover F~10® p(Fu) = 0||Ful| 1.

In the wavelet case it is not true, that L, 0Py (Lyu) = 8HL¢UHL1(da_gb)-

With @&y (v) = [ |v]|%24 we have

a?

Ly 0w (Lyu) #0 < u=0.

But the theory of continuous semi-groups say, that the descent problem
us + OP(u) > 0 has a unique continuous solution for every initial value f € dom &,
if ® is convex, proper and lower semi-continuous.

15
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Conclusion

Theorem: Let f € L*(R). Then a solution of the descent problem in the spatial
domain

ug + 0| Fullprry 20, u(0) = f
18 given by the Fourier-shrinkage of f:

1 .
=—— [ Si(Ff(w))e“ dw.
o= | S(FI @)
The descent problem in the wavelet domain
’Ut—i_aH’UHLl(RQ’da_gb) =, O, ’U(O) = wa

has a solution v for wich, with u(t) = Lyv(t), the relation

dadb
//StL¢fab|a] 1/2 ( )a2
VCy

16
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holds.

17



Shrinkage Methods and PDEs

Application: Denoising of spectroscopy data

BRUKER BRUKER

Bruker Daltonics is a manufacturer of mass spectrometry instruments and accesso-
ries for pharmaceutical, biochemical and chemical research.

Data of of spectometry of blood.

ST Vo1 X PV

The peaks indicate different proteins. The concetration of the proteins shall be used
for cancer diagnosis. Assumption: Cancer can be detected by “proteonics” before
it can be seen be computer tomography.

Goal of preprocessing: Remove the noise and keep the “structure”.

18
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The data and the denoising

Continuous wavelet transform (mexican hat)

/ _/l\./l\

L —————————

~+The denoising process

19



Shrinkage Methods and PDEs

The denoised data:

20
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Wavelet-Shrinkage with the Haar-Wavelet
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Wavelet-Shrinkage with the db2-Wavelet
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Wavelet-Shrinkage with the db4-Wavelet
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Fourier-Shrinkage
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Continuous Fourier-Shrinkage

~Back
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