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What this talk is about

m Tikhonov functionals for
Ku — fl12 ill-posed problems
in LK =7 ) .
ucH 2 m Regularized
optimal control problems

® models prior knowledge or a known constraint, e.g:

A sparsity constraint
For a given basis (1x) and convex ¢:

O(u) = > o((u, 1)),
k
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What this talk is about

m Tikhonov functionals for
|IKu — |2 ill-posed problems
Lrlnellr_} 2 +o(u) m Regularized
optimal control problems

® models prior knowledge or a known constraint, e.g:

A sparsity constraint
For a given basis (1x) and convex ¢:

d(u)= > wil[(u, )P, 1<p<2
AR : \V
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Problems with minimization

HKU FIIZ

min Zwk|uk|p

uel?

m lll-posed problems:
The functional ||Ku — f||?> has no minimizer.

m 1 < p < 2: The functional ), |(u,«)|P is non-smooth.

Goal of this talk: Develop generalized gradient methods
for the minimization.
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2 Gradient Methods
Classical Gradient Methods
Generalizations
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Constraint minimization:

Conditional gradient method

1 Descent direction v" by

min F(u) subject to u € U

veh min(F’'(u"), v) subject to v € U
veH

2 Choose a stepsize s" > 0.
3 Update

un+1 — un +Sn(vn _ un)
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Constraint minimization:

Conditional gradient method

1 Descent direction v" by

min F(u) + Iy(u)
veh min(F’(u"), v) subject to v € U
ve

2 Choose a stepsize s" > 0.
3 Update

un+1 — un +Sn(vn _ un)
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Constraint minimization:

Conditional gradient method

1 Descent direction v" by
milr_1l F(u) + ly(u)
ue . /
n /
92'2<F (uM),v) + ly(v)
2 Choose a stepsize s" > 0.
3 Update

un+1 — un +Sn(vn _ un)
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Generalization of the conditional gradient method

1 Descent direction v" by
milr_} F(u) + o(u)
uec H 1(,,n
F )
- min(F(u"), v) + &(v)
2 Choose a stepsize s"” > 0.

3 Update

un+1 _ un +Sn(vn _ un)
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Generalization of the conditional gradient method

1 Descent direction v" by

ueH | min(F'(u"). v) + &(v)

2 Choose a stepsize s"” > 0.
3 Update

un+1 _ un +Sn(vn _ un)
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Convergence Analysis

Condition

m ® is proper, convex and Isc
m 99 is onto and (0%)~! bounded

Theorem

Let F be Lipschitz and convex, ® like above. Then the generalized
conditional gradient method converges to a minimizer of F + ®.

(Descent direction is v = (9®)~(—F'(u")).)

Sparsity constraints Gradient Methods Application Examples  D.A. Lorenz

@ Universitat Bremen

9/21


http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de

Zentrum fiir Fachbereich 03
Technomathematik Mathematik/Informatik

3 Application to Tikhonov Functionals
Soft shrinkage
Hard shrinkage
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Inverse Problems with sparsity

| Ku - f]? b
H A DA

N—_———
®(u)

For p =1:
m ® is convex and lsc,
m but 0®(u) = >, wksgn(uk)yx is not onto.
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Workaround 1 ~~ soft shrinkage

Ku—=f2 Xull? | Aul? P
Lrlneln 5 > + > —i-zk:wk\uk

P(v)
0P(u) = Au+ >, wiesgn(uk)
and hence the descent direction is
vl o= (09) Y (Au" — K*(Ku" — f))
= Sun(u" = K*(Ku" = £)/))

(For [|K|| < 1, A\ =1 stepsizes” =1 is ok,
s u™ =y =S, (u" — K*(Ku" — f)).)

Sparsity constraints Gradient Methods Application Examples  D.A. Lorenz

@ Universitat Bremen


http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de

Zentrum fiir Fachbereich 03
Technomathematik Mathematik/Informatik

Workaround 2

Estimate the norm of the minimizer u*:

(F+@)(w) _ (F+2)(0) _ I£11®

[u™]|P <

wo wo B 2 wo

H]H2 P
ug| < e =: 5.
‘ kli <2W0 0

Modify ¢ for large values:

b(u) = wid(uk)
P

Hence,

(Quadratic extension in a C! way)
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Workaround 2 ~~ hard shrinkage!

The descent direction is

Vo= (09)H—K*(Ku" - f))
Vi = (90) (=K (Ku" — f)/wi)

(The special step-size s” = min(1, ¢(”n)_¢(vHN,)<J(FV<:<_u:n_)ﬂ’zK(un_Vn»)

guarantees convergence.)
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Properties of the iterated hard shrinkage

Theorem

Let u* be a minimizer of
V() = 3l1Ku — FI? + 3, wiluxl?

and u", v" be generated by the iterated hard shrinkage.

m forl < p <2 it holds

lum — u*] < CA"
m for p =1 and K injective it holds
|u” — u*]| < Cn~Y/2,
Furthermore the estimate
Dy = &(u") — &(v") + (K*(Ku" — £), u" — v") > U(u") — ¥(u*)
can serve as a stopping criterion.
Bredies, L. (2006)
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4 Examples
Backwards heat condution
Inverse integration
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Backwards heat conduction

ur = Uy for (t,x) € [0, T] x [0,1]

u(0,x) = u°(x)

u(t,0) = u(t,1) =0.
Ku® = u(T)
10 0.4
7.5 + 4 0.3 4
3 5+ 4 e
25 | g
0 L L
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1

T x
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Backwards heat conduction
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Inverse integration

t

Ku(t)= [ u(s)ds, s,te€0,1], wue L?0,1].
0
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Inverse integration
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Conclusion

m Tikhonov functionals with sparsity constraints
can be minimized by iterated hard shrinkage.

m The iterated hard shrinkage is very easy to implement.

m The convergence speed changes drastically
fromp>1top=1.

m The distance to the minimizer can be estimated easily.
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