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Abstract

In this paper we study stability radii of positive polynomial matrices under a2ne perturbations of the coe2cient matrices.9
It is shown that the real and complex stability radii coincide. Moreover, explicit formulas are derived for these stability
radii and illustrated by some examples.11
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1. Introduction

A dynamical system with state space Rn is called positive if any trajectory of the system starting at an15
initial state in the positive orthant Rn+ remains forever in Rn+. Positive dynamical systems play an important
role in the modelling of dynamical phenomena whose variables are restricted to be nonnegative. This model17
class is used in many areas such as economics, populations dynamics and ecology, see [2,9]. The mathematical
theory of positive systems is based on the theory of nonnegative matrices founded by Perron and Frobenius.19
As references we mention [1,3].
In this paper we will study robust stability of discrete time linear systems described by higher order21

di�erence equations of the form

A�y(t + �) = A�−1y(t + �− 1) + · · ·+ A1y(t + 1) + A0y(t); t ∈N; (1)

where we suppose det A� �= 0. Such a system is called positive if every solution y(·) whose Arst � values23
y(0); : : : ; y(�−1) lie in the positive orthant, remains there for all later times. It is easily seen that this condition
is equivalent to the nonnegativity of the matrices A−1

� A0; : : : ; A−1
� A�−1. The above di�erence equation is called25

asymptotically stable if all the solutions y(t) of (1) tend to zero as t → ∞. An equivalent condition is that
the associated polynomial matrix P(z)=A�z�−A�−1z�−1 · · ·−A0 is Schur stable in the sense that all the roots27
of p(z) = det P(z) lie in the complex open unit disk.
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Now assume that the coe2cient matrices Ai; i∈ � := {0; 1; : : : ; �} are subjected to a2ne perturbations of1
the form

Ai  Ai(�) = Ai + Di�iEi; i∈ �; (2)

where the matrices Di; Ei (determining the structure of the perturbations) are given and the matrices �i ∈Cli×qi3
are unknown disturbance matrices. The object of this paper is to determine the stability radii [5] of positive
higher order di�erence equations (1), under perturbations of the above form with nonnegative structure matrices5
Di; Ei. The complex (resp. real) stability radius of the system (1) under perturbations of the form (2) is by
deAnition the supremal value of r ¿ 0 such that all the di�erence equations with perturbed coe2cients Ai(�)7
are stable whenever the overall perturbation �= (�0; : : : ; ��) is of norm �(�) =

∑�
i=0 ‖�i‖¡r (and real).

It is known that for positive state-space systems which are perturbed by a2ne perturbations with nonnegative9
structure matrices, the real and complex stability radii coincide and can be computed by a simple formula
[6]. In the present paper we will extend these results to higher order di�erence equations of the above form.11
Since the modelling of discrete time systems often results in higher order di�erence or di�erential equations
[12,14], it is useful to have results available which can be directly applied without prior transformation into13
state-space form. Such results have recently been systematically derived in the context of behavioral systems
theory [11]. Stability criteria for higher order di�erence and di�erential equations can be found in [13].15
The complex stability radius of such systems was Arst investigated in [10] under the condition that the

leading coe2cient matrix A� is the identity and remains unperturbed (monic case). Real and complex stability17
radii of matrix polynomials P(z) under unstructured perturbations of all the coe2cient matrices including the
leading one have recently been analyzed in [4]. In the present paper we will consider structured perturbations19
of all the coe2cient matrices, but will mainly deal with the special case of positive systems. For these systems
it will be possible to derive computable formulae for arbitrary a2ne perturbation structures for which in the21
general case only estimates can be derived by techniques of �-analysis, even for state-space systems, see [5].
The formulae derived in this paper extend some of the results in [6] from state-space systems to higher order23
di�erence equations. We proceed as follows.
After recalling some preliminary results on nonnegative matrices in the next section, we Arst deal with25

arbitrary asymptotically stable di�erence equations of form (1) and derive a computable formula for their
complex stability radii under structured perturbations of the coe2cient matrices (Section 3). This formula27
generalizes the main result in [10] to matrix polynomials with perturbed leading coe2cient matrix. In Section
4 we specialize to the positive case and show that for arbitrary a2ne perturbations with nonnegative structure29
matrices the real and the complex stability radii coincide and can be computed by simple formulae. The results
are illustrated by two examples.31

2. Preliminaries

Let K=C or R and m; n be positive integers. Inequalities between real matrices or vectors will be understood33
componentwise, i.e. for two real m× n-matrices A= (aij) and B= (bij), the inequality A¿B means aij¿ bij
for i = 1; : : : ; m; j = 1; : : : ; n. The set of all nonnegative m × n-matrices is denoted by Rm×n+ . If x∈Kn and35
P ∈Km×n we deAne |x|= (|xi|) and |P|= (|pij|). For arbitrary A; B∈Cm×n

|A+ B|6 |A|+ |B|; |AB|6 |A| |B|: (3)

For any matrix A∈Kn×n the spectral radius of A is denote by �(A) = max{|�|; �∈ �(A)}; where �(A) :=37
{z ∈C; det(zIn−A)=0} is the set of all eigenvalues of A. The spectral radius has the following monotonicity39
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property, see e.g. [6].1

∀C ∈Cn×n;

B∈Rn×n+ : |C|6B⇒ �(C)6 �(|C|)6 �(B): (4)

A norm ‖ · ‖ on Kn is said to be monotonic if |x|6 |y| implies ‖x‖6 ‖y‖ for all x; y∈Kn. Every p-norm
on Kn; 16p6∞, is monotonic. Throughout the paper, the norm ‖M‖ of a matrix M ∈Km×n is always3
understood as the operator norm deAned by ‖M‖ = max‖y‖=1‖My‖ where Kn and Km are provided with
given monotonic vector norms. The operator norm ‖ · ‖ then has the following monotonicity property, see5
e.g. [6],

P ∈Km×n; Q∈Rm×n+ ; |P|6Q ⇒ ‖P‖6 ‖ |P| ‖6 ‖Q‖: (5)

For later use, we summarize some basic properties of nonnegative matrices which will be used in the sequel7
(see [1,6,9]).

Theorem 2.1. Let A∈Rn×n+ , t ∈R. Then
9

(i) (Perron–Frobenius) �(A) is an eigenvalue of A and there exists a nonnegative eigenvector x¿ 0; x �= 0
such that Ax = �(A)x.11

(ii) Given #∈R; #¿ 0, there exists a nonzero vector x¿ 0 such that Ax¿ #x if and only if �(A)¿ #.
(iii) (tIn − A)−1 exists and is nonnegative if and only if t ¿�(A).13

3. Complex stability radii of high order di�erence equations

Consider the �-th order linear di�erence equation of form (1) where A0; A1; : : : ; A� ∈Rn×n are given matrices.15
With this equation, we associate the polynomial matrix

P(z) := A�z� − A�−1z�−1 − · · · − A0: (6)

Denote by �(P(·)) the set of all roots of the characteristic polynomial det P(z) of (1), that is �(P(·)) =17
{�∈C; det P(�) = 0}; and let �(P(·)) := sup{|�|; �∈ �(P(·))}. Then, �(P(·)) and �(P(·)) are called the
spectrum and spectral radius of the polynomial matrix P(·), respectively. If det P(z) ≡ 0 then �(P(·)) = C,19
otherwise the spectrum of P(·) is a Anite subset of C consisting of at most deg det P(z) “eigenvalues”
of (1).

21

De!nition 3.1. A polynomial matrix P(·) of form (6) is called Schur stable if �(P(·)) ⊂ D := {z ∈C; |z|¡ 1},
or equivalently �(P(·))¡ 1.

23

Remark 3.2. If det P(z) �≡ 0 the di�erence equation (1) has a Anite dimensional solution set (i.e. deAnes an
autonomous behaviour, in terms of behavioural system theory [11]) and can be transformed equivalently into25
a Arst order di�erence equation x(t + 1) = Ax(t) (see e.g. [14]). It is known that �∈ �(A) if and only if
det P(�) = 0 (see [13]). Hence the state-space system described by x(t + 1) = Ax(t) is asymptotically stable27
if and only if the polynomial matrix P(z) is Schur stable. If det A� �= 0; an equivalent state-space system is29
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easily determined by introducing the state vector x(t) = [y(t − �+ 1)T; y(t − �+ 2)T; : : : ; y(t)T]T:1

x(t + 1) = Ax(t); t ∈N;

A=




0 In 0 : : : 0 0

0 0 In : : : 0 0

:: :: :: : : : :: ::

0 0 0 : : : 0 In

A−1
� A�−1 A−1

� A�−2 :: : : : :: A−1
� A0



: (7)

If det A� = 0, the construction of an equivalent state-space system is more complicated (see [14]).

We now assume that the polynomial matrix (6) is Schur stable and the coe2cient matrices A0; A1; : : : ; A�3
are subjected to structured perturbations of the output feedback type (see [5])

Ai  Ai(�) := Ai + Di�iEi; �i ∈Cli×qi ; (8)

where Di ∈Rn×li ; Ei ∈Rqi×n; i∈ � are given matrices deAning the structure of the perturbations and �i; i∈ �5
are unknown disturbance matrices.

Remark 3.3. (i) The perturbations of form (8) can be described as a blockdiagonal perturbation of the7
coe2cient vector

[A0; : : : ; A�] [A0; : : : ; A�] + [D0; : : : ; D�]diag(�0; : : : ; ��) diag(E0; : : : ; E�):

However, not every linear perturbation of the matrices Ai can be represented in this way, see [10]. In the9
next section we will consider arbitrary a2ne parameter perturbations under a positivity condition.
(ii) It should be noted that the perturbation of the leading coe2cient matrix A� leads in general to a nonlinear11

(rational) dependency of the system matrix A (7) on the disturbance parameters (the entries of �i ∈Cli×qi).
Choosing the structure matrices Di and Ei appropriately, a variety of rational parameter dependencies of A13
can be modeled in this way.

The linear space �K =Kl0×q0 × · · · ×Kl�×q� of all �= (�0; : : : ; ��); with �i ∈Kli×qi is endowed with the15
norm �(�)=�(�0; : : : ; ��)=

∑�
i=0 ‖�i‖; where the norms ‖�i‖ are operator norms on Kli×qi , induced by given

monotonic vector norms on the spaces Kli ;Kqi ; i∈ � (K = R;C). Denote the perturbed polynomial matrices17
by

P�(s) := (A� + D���E�)s� − (A�−1 + D�−1��−1E�−1)s�−1

− · · · − (A0 + D0�0E0): (9)

Throughout the paper, we set inf ∅=∞; 0−1 =∞;∞−1 = 0.19

De!nition 3.4. Let the polynomial matrix (6) be Schur stable. Then the complex stability radius of the
polynomial matrix (6) with respect to perturbations of the form (8) is deAned by21

rC = inf{�(�0; : : : ; ��); ∀i∈ � : �i ∈Cli×qi ; �(P�(·))¿ 1}: (10)

If the disturbance matrices �i in (10) are restricted to the real spaces Rli×qi ; i∈ �, then we obtain the real
stability radius rR.23

We Arst analyse under which condition rK = 0.
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Proposition 3.5. Let P(z) be Schur stable and p�(z) := det P�(z); p(z) := det P(z). Then
1

(i) rK = 0⇔ ∃�∈�K; degp�(z)¿ degp(z).
(ii) If the perturbation (8) are unstructured, i.e Di = Ei = In for i∈ �, then3

rC = rR = 0⇔ det A� = 0:

Proof. (i) To prove the implication ⇐, let
p�(z) = det P�(z) = an�(�)zn� + an�−1(�)zn�−1 + · · ·+ a0(�)

and suppose that �̃= (�̃0; : : : ; �̃�)∈�K is chosen such that5

p�̃(z) = a%(�̃)z
% + a%−1(�̃)z%−1 + · · ·+ a0(�̃); a%(�̃) �= 0

is a perturbed polynomial of maximum degree among all p�(z); �∈�K. By assumption # := degp(z)¡
degp�̃(z) = %. Note that a%(�) is a multivariate polynomial of the elements of the matrices �0; �1; : : : ; ��.7
Since a%(�̃) �= 0, it is not identically zero. Hence for every &¿ 0, there exists �(&) = (�0(&); : : : ; ��(&))∈�K
such that a%(�(&)) �= 0 and �(�(&))¡&. Consider the following polynomials9

q(s) := a#(0)s%−# + a#−1(0)s%−#+1 + · · ·+ a0(0)s%;

q&(s) := a%(�(&)) + a%−1(�(&))s+ · · ·+ a0(�(&))s%:
Since ai(�(&))→ ai(0) for i∈ % as &→ 0 and q(0)=0, it follows from RouchQe’s Theorem that the polynomials
q&(s) have zeros s& �= 0 satisfying s& → 0 as &→ 0. Then, z&=1=s& is a zero of p�(&)(z) and so the perturbations11
�(&) are destabilizing if & is su2ciently close to 0. It follows that rK¡& for every &¿ 0; i.e. rK = 0.
Conversely, assume that degp�(z)6 degp(z) for all �∈�K. Since the coe2cients ai(�); i∈ � are contin-13

uous in �, it follows from the continuity property of polynomial roots and the Schur stability of P(z) that
rK¿ 0, see e.g. [11, Theorem 7.3.5].15
(ii) Suppose that Di=Ei=In; i∈ �. From the explicit expression for the determinant we see that degp�(z)6

�n and the coe2cient of z�n in the expansion of det P�(z) = p�(z) is det(A� + ��) for all �∈�K. Hence17
there exists �∈�K such that degp�(z)¿ degp(z) if and only if det A�=0. Thus (ii) is a direct consequence
of (i).19

In the rest of this paper, we always assume that A� is a regular matrix.

Remark 3.6. The assumption det A� �= 0 is quite restrictive for structured perturbations. We believe that for21
perturbation of the form (8), robust stability criteria can be obtained under the weaker assumption det P(z) �≡
0. However, such an analysis will require more subtle algebraic considerations connecting algebraic systems23
theory with perturbation theory and robust stability analysis.

With any given polynomial matrix (6) and perturbation structure (8) we associate a partitioned transfer25
matrix G(z) = (Gij(z))i; j∈� deAned by

Gij(z) := EiP(z)−1Dj ∈Cqi×lj (z); i; j∈ �: (11)
27

Lemma 3.7. Let the polynomial matrix (6) be Schur stable. Then, for every z0 ∈C; |z0|= 1, there exists a
perturbation � := (�0; : : : ; ��)∈�C such that29

�(�0; : : : ; ��) =
1

maxi∈�‖Gii(z0)‖ and det P�(z0) = 0: (12)
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Moreover, if Gii(1)∈Rqi×li+ for every i∈ � then there exists a real perturbation � satisfying (12) with z0=1.1

Proof. Given z0 ∈C; |z0| = 1, suppose that maxi∈�‖Gii(z0)‖ = ‖Gi0i0 (z0)‖ for some i0 ∈ �. By the deAnition
of ‖Gi0i0 (z0)‖; there exists a vector u0 ∈Cli0 ; ‖u0‖ = 1 such that ‖Gi0i0 (z0)u0‖ = ‖Gi0i0 (z0)‖. Then, by the3
Hahn–Banach Theorem, there exists y∗0 ∈ (Cqi0 )∗; ‖y∗0‖ = 1 satisfying y∗0Gi0i0 (z0)u0 = ‖Gi0i0 (z0)u0‖. DeAne
�̃i0 := ‖Gi0i0 (z0)‖−1u0y∗0 ∈Cli0×qi0 . It is clear that ‖�̃i0‖= ‖Gi0i0 (z0)‖−1 and �̃i0Gi0i0 (z0)u0 = u0. Setting x0 :=5
P(z0)−1Di0u0, we have �̃i0Ei0x0 = �̃i0Gi0i0 (z0)u0 = u0. Thus x0 �= 0 and P(z0)x0 = Di0u0 = Di0�̃i0Ei0x0, i.e.
(P(z0)−Di0�̃i0Ei0 )x0 =0. If i0 = �, we set �i=0 for i∈{0; 1; : : : ; �−1} and �� := −�̃�z−�0 . Otherwise, we set7
�i=0; i �= i0 and �i0 = �̃i0z

−i0
0 . Then, we get P�(z0)x0 = 0; where �=(�0; : : : ; ��). Therefore �=(�0; : : : ; ��)

satisAes (12).9
If Gi0i0 (z0)∈R

qi0×li0
+ for z0 = 1 then we have ‖Gi0i0 (1)‖ = max

u∈Rli0+ ;‖u‖=1‖Gi0i0 (1)u‖; see [7]. Thus we
can choose u0 ∈Rli0+ such that ‖u0‖ = 1 and ‖Gi0i0 (1)u0‖ = ‖Gi0i0 (1)‖. Since Gi0i0 (1)u0¿ 0 there exists by11
a theorem of Krein and Rutman [8] a positive linear form y∗0 ∈ (Cqi0 )∗ of dual norm ‖y∗0‖ = 1 such that
y∗0Gi0i0 (1)u0 = ‖Gi0i0 (1)u0‖. So the perturbation �̃i0 constructed as above is nonnegative and the proof is13
complete.

Using this lemma we obtain the following estimates for the complex stability radius.15

Theorem 3.8. Let G(z)= (Gij(z))i; j∈� be the transfer matrix associated with the polynomial matrix (6) and
the perturbation structure (8). If P(z) is Schur stable then17

1
maxz∈C; |z|=1max{‖Gij(z)‖; i; j∈ �}6 rC6

1
maxz∈C; |z|=1max{‖Gii(z)‖; i∈ �} : (13)

In particular, if Di = Dj (or Ei = Ej) for all i; j∈ � then

rC =
1

maxz∈C; |z|=1max{‖Gii(z)‖; i∈ �} : (14)

Proof. Let � = (�0; : : : ; ��) be a destabilizing disturbance of minimum norm. By continuity of the map19
� �→ �(P�(·)) it follows that �(P�(·)) = 1. Hence there exist a complex number �; |�| = 1 and a non-zero
vector x∈Cn such that21

P�(�)x=

(
(A� + D���E�)�� −

�−1∑
i=0

(Ai + Di�iEi)�i
)
x

= 0:

Since the polynomial matrix (6) is stable, we get

P(�)−1
(
−D���E��� +

�−1∑
i=0

(Di�iEi)�i
)
x = x:

Let k ∈ � be an index such that ‖Ekx‖=max{‖Eix‖; i∈ �} then the last equality implies Ekx �= 0. Multiplying23
the last equation with Ek from the left and taking norms, we obtain

�∑
j=0

‖Gkj(�)‖‖�j‖‖Ejx‖¿ ‖Ekx‖:
25
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Hence1

�(�0; : : : ; ��) =
�∑
j=0

‖�j‖¿ 1
maxz∈C; |z|=1 max{‖Gij(z)‖; i; j∈ �} ;

and this proves the Arst inequality in (13). The second inequality in (13) follows from Lemma 3.7 and the
deAnition of rC. Finally (14) follows from (13) and the fact that if Di=Dj (resp. Ei=Ej) for all i; j∈ � then3
all the block entries Gij(z) of G(z) in the same block row (resp. block column) are identical.

4. Stability radii of positive polynomial matrices5

We now restrict ourselves to positive polynomial matrices (6) (with regular A�).

De!nition 4.1. The polynomial matrix (6) with det A� �= 0 is called positive if the matrices A−1
� A�−1; : : : ; A−1

� A07
are nonnegative.

Remark 4.2. From the above deAnition, it follows that P(z) in (6) with det A� �= 0 is a positive polynomial9
matrix if and only if the associated discrete state-space system of the form (7) is positive.

It is clear from the DeAnition 3.4, that the stability radii of the polynomial matrix (6) with respect to11
perturbations of the type (8) satisfy

rC6 rR: (15)

We will show that, for positive polynomial matrices, equality in (15) holds and moreover, these stability radii13
are easily computed.
We need the following property of the spectral radius of positive polynomial matrices.15

Lemma 4.3. Let the polynomial matrix (6) be stable and positive. Then,

�(A−1
� A�−1 + A−1

� A�−2 + · · ·+ A−1
� A0)¡ 1: (16)

Proof. The proof is based on (4) and is omitted here.17

We are now in a position to derive the Arst main result of the paper.

Theorem 4.4. Let the polynomial matrix (6) be stable and positive. Assume that the matrices Ai are sub-19
jected to parameter perturbations of form (8), where A−1

� Di ∈Rn×li+ ; Ei ∈Rqi×n+ ; i∈ �. If Di =Dj (or Ei =Ej)
for all i; j∈ �, then21

rC = rR =
1

maxi∈�‖Ei(A� − A�−1 − · · · − A0)−1Di‖ : (17)

Proof. Since the matrices A−1
� Aj; j∈ � are nonnegative matrices, we have for all z ∈C; |z|= 1

|A−1
� A�−1z�−1 + A−1

� A�−2z�−2 + · · ·+ A−1
� A0|6A−1

� A�−1 + A−1
� A�−2 + · · ·+ A−1

� A023



UNCORRECTED P
ROOF

8 D. Hinrichsen et al. / Systems & Control Letters ( ) –

SCL2382
ARTICLE IN PRESS

so that by (4) and Lemma 4.3 for all z ∈C; |z|= 11

�(A−1
� A�−1z�−1 + A−1

� A�−2z�−2 + · · ·+ A−1
� A0) ¡ 1:

As a consequence, we obtain from (6) the following expansion for P(z)−1 on the unit circle in C

P(z)−1 =

( ∞∑
k=0

(A−1
� A�−1z�−1 + A−1

� A�−2z�−2 + · · ·+ A−1
� A0)k

z�(k+1)

)
A−1
� :

Hence, on the unit circle3

|P(z)−1A�|6
∞∑
k=0

(A−1
� A�−1 + A−1

� A�−2 + · · ·+ A−1
� A0)k

=P(1)−1A�: (18)

It follows from (3) that for z ∈C; |z|= 1
|Gii(z)| = |EiP(z)−1Di|

= |EiP(z)−1A�A−1
� Di|

6 EiP(1)−1Di = Gii(1): (19)

Hence by the monotonicity property (5) we get ‖Gii(z)‖6 ‖Gii(1)‖ for all z ∈C; |z| = 1, and from this we5
conclude by (14) that

rC =
[
max
i∈�

‖Gii(1)‖
]−1

: (20)

On the other hand, (19) implies that Gii(1)∈Rli×qi+ for every i∈ � so that by deAnition of the real stability7
radius rR and Lemma 3.7 we have rR6 [maxi∈�‖Gii(1)‖]−1. This together with (20) proves the equality
(17).9

We now turn to a di�erent perturbation structure and assume that the polynomial matrix (6) is subjected
to perturbations of the following kind:11

Ai  Ai(,) := Ai +
N∑
j=1

,ijBij; (21)

where Bij ∈Cn×n; i∈ �; j=1; 2; : : : ; N are given matrices and ,ij ∈C are unknown scalar parameters. This is
a very Texible perturbation structure since arbitrary additive linear perturbations of the Ai can be represented13
in this way. The size of a disturbance , = (,ij)∈C�×N is measured by the norm ‖,‖∞ = maxi∈�;16j6N |,ij|
and the corresponding perturbed matrix polynomial is denoted by15

P,(z) :=


A� + N∑

j=1

,�jB�j


 z� −

�−1∑
i=0


Ai + N∑

j=1

,ijBij


 zi: (22)

De!nition 4.5. Let the polynomial matrix (6) be Schur stable. Then, the complex stability radius of the17
polynomial matrix (6) with respect to perturbations of the form (21) is deAned by

raC = inf{‖,‖∞; ,= (,ij)∈Cp×N ; �(P,(·))¿ 1}: (23)

If the scalar disturbances ,ij in (23) are restricted to be real, then we obtain the real stability radius raR.19
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In order to represent perturbations (21) in output feedback form with blockdiagonal disturbance matrices1
(as usual in �-analysis) we introduce the following:

Di := [Bi1 · · ·BiN ]∈Cn×nN ; Ei := [In : : : In]� ∈CnN×n;

Di := {diag(,i1In; : : : ; ,iN In); ,ij ∈C; j∈Ni} ⊂ CnN×nN ; i∈ �: (24)

Then perturbations (21) can be represented in the blockdiagonal form3

Ai  Ai(,) = Ai + Di�i(,)Ei;

�i(,) = diag(,i1In; : : : ; ,iN In)∈Di : (25)

Now deAne

D(z) := [D�z�; D�−1z�−1; : : : ; D0]∈Cn×(�+1)nN ; E :=



E�

...

E0


∈C(�+1)nN×n (26)

and let D be the set of all diagonal disturbance matrices of the form5

�(,) := diag(��(,);−��−1(,); : : : ;−�0(,)); �i(,)∈Di ; i∈ �:
Then, we have D(z)�(,)E = D���(,)E�z� −

∑�−1
i=0 Di�i(,)Eiz

i, and so by (22)

P,(z) = P(z) + D(z)�(,)E; �(,)∈D: (27)

Thus, according to DeAnition 4.5, the complex and real stability radii of the polynomial matrix (6) subjected7
to the a2ne parameter perturbations (21) can be rewritten as

raK = inf{‖�(,)‖; �(,)∈DK; �(P(·) + D(·)�(,)E)¿ 1}; K= R;C; (28)

where DC := D;DR := D ∩ R(�+1)nN×(�+1)nN are provided with the perturbation norm ‖�(,)‖= ‖,‖∞.9

Theorem 4.6. Suppose (6) is Schur stable, positive and subjected to a>ne perturbations of the form (21),
where A−1

� Bij ∈Rn×n+ ; i∈ �; 16 j6N . If B :=
∑�

i=0

∑N
j=1 Bij then11

raC = r
a
R = 1=�(P(1)

−1B): (29)

Proof. Setting I := I(�+1)nN×(�+1)nN , we obtain from (28)

raR = inf{‖�(,)‖;�(,)∈DR; ∃z ∈C|z|¿ 1 and det(I + EP(z)−1D(z)�(,)) = 0};
where E;D(z) are deAned by (26). Now EP(1)−1D(1) = EP(1)−1A�A−1

� D(1)¿ 0 (see (18), hence13

raC6 raR

6 inf{‖�(,)‖; �(,)∈DR; det(I + EP(1)−1D(1)�(,)) = 0}
6 inf{|#|; #∈R; det(I + #EP(1)−1D(1)) = 0}
= 1=�(EP(1)−1D(1)): (30)
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On the other hand, we have by (28) and the continuity of the spectrum (see the proof of Theorem 3.8)1

raC = inf
z∈C;|z|=1

inf{‖�(,)‖; �(,)∈D; det(In + P(z)−1D(z)�(,)E) = 0}: (31)

Now let �(,)∈D be any perturbation such that det(I + P(z)−1D(z)�(,)E) = 0 for some z ∈C; |z|= 1. Then
det(I + EP(z)−1D(z)�(,)) = 0 and since �(,) is diagonal and ‖�(,)‖ = ‖,‖∞ we get ‖�(,)‖I¿ |�(,)|.3
Hence, by (4)

‖�(,)‖�(|EP(z)−1D(z)|)¿ �(EP(z)−1D(z)�(,))¿ 1: (32)

In the proof of Theorem 4.4, we have seen that |P(z)−1A�|6P(1)−1A� for every z ∈C; |z| = 1 (see (18)).5
Moreover, since A−1

� Bij¿ 0 for all i∈ �; 16 j6N by assumption, we have |A−1
� D(z)| = A−1

� D(1) on the
unit circle. It follows that �(|EP−1(z)D(z)|)6 �(EP(1)−1D(1)) for every z ∈C; |z|= 1. So by (31) and (32)7

raC¿ inf
z∈C;|z|=1

1
�(|EP(z)−1D(z)|) =

1
�(EP(1)−1D(1))

: (33)

Combining (30) and (33) we obtain, making use of [7, Theorem 1.3.20],

raC = r
a
R =

1
�(EP(1)−1D(1))

=
1

�(P(1)−1D(1)E)
:

Since D(1)E =
∑�

i=0

∑N
j=1 Bij = B by (26) and (24), formula (29) follows.9

We conclude the paper by two examples illustrating Theorems 4.4 and 4.6.

Example 4.7. Consider the linear di�erence system11

A2y(t + 2) = A1y(t + 1) + A0y(t); t ∈N;
where

A2 =

[
1 −1
0 −2

]
; A−1

2 =

[
1 −1=2
0 −1=2

]
; A1 =

[
0 1

0 0

]
; A0 =

[
3=4 1

0 −1

]
:

The associated polynomial matrix is13

P(z) = A2z2 − A1z − A0 =

[
z2 − 3=4 −z2 − z − 1

0 −2z2 + 1

]
: (34)

Clearly P(z) is Schur stable. Moreover, it is easily veriAed that A−1
2 A1¿ 0 and A−1

2 A0¿ 0, so that P(z) is
positive. Now suppose that P(z) is perturbed as follows:15

P�(z) =

(
A2 +

[
1 0

0 −1

]
�2

)
z2 −

(
A1 +

[
1

0

]
�1

)
z −

(
A0 +

[
1

−1

]
�0

)
; (35)

where �2 ∈K2×2 and �1; �0 ∈K1×2. The perturbations are of the form (8) with

E0 = E1 = E2 = I2 and

D0 =

[
1

−1

]
; D1 =

[
1

0

]
; D2 =

[
1 0

0 −1

]
:

17
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Since Ei¿ 0 and A−1
2 D0¿ 0, A−1

2 D1¿ 0, A−1
2 D2¿ 0, the assumptions of Theorem 4.4 are satisAed. We have1

Gii(1) = (A2 − A1 − A0)−1Di and (A2 − A1 − A0)−1 =

[
4 −12
0 −1

]
so that

G00(1) =

[
16

1

]
; G11(1) =

[
4

0

]
; G22(1) =

[
4 12

0 1

]
:

If we provide K2 with the maximum norm and K1 with | · |, we obtain ‖G00(1)‖=16; ‖G11(1)‖=4; ‖G22(1)‖=3
16. Hence rC = rR = 1=16. If ‖�0‖ + ‖�1‖ + ‖�2‖¡ 1=16, P�(z) is Schur stable. On the other hand a
destabilizing perturbation �=(�0; �1; �2) of minimal norm �(�)=1=16 can be constructed as in the proof of5
Lemma 3.7. Here we may choose i0 = 0 or i0 = 2. Let e.g. i0 = 2. Then we may take u0 = [1 1]� to obtain
‖G22(1)u0‖=‖G22(1)‖=16. The dual norm on (K2)∗=K1×2 is the 1-norm. To obtain y∗0G22(1)u0=‖G22(1)‖7
with ‖y∗0‖1 = 1 we choose y∗0 = [1 0]. Hence �= (0; 0; �2) with

�2 =−‖G22(1)‖−1
[
1

1

]
[1 0] =−1=16

[
1 0

1 0

]

is a minimal norm destabilizing perturbation. In fact, one easily veriAes that det P�(1)=0. Note that minimum9
norm destabilization is obtained here by only perturbing the leading coe2cient matrix A2.

In the following example we deal with the same perturbed polynomial as in the previous one, but represent11
it in form (22) by an appropriate choice of the structure matrices Bij. Since the corresponding perturbation
norm is di�erent from �(�) used in the previous example we obtain di�erent stability radii raC = r

a
R.13

Example 4.8. Let P(z) and P�(z) be as in (34) and (35), respectively. Writing �0 = [,01 ,02]; �1 =

[,11 ,12]; �2 =

[
,21 ,22

,23 ,24

]
and setting

15

B21 =

[
1 0

0 0

]
; B22 =

[
0 1

0 0

]
; B23 =

[
0 0

−1 0

]
; B24 =

[
0 0

0 −1

]
;

B11 = B21; B12 = B22; B01 =

[
1 0

−1 0

]
; B02 =

[
0 1

0 −1

]
;

B03 = B04 = B13 = B14 =

[
0 0

0 0

]

the perturbed polynomial P�(z) (35) can be represented in the form

P,(z) =


A2 + 4∑

j=1

,2jB2j


 z2 −


A1 + 4∑

j=1

,1jB1j


 z −


A0 + 4∑

j=1

,0jB0j


 :

17
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It is easily veriAed that A−1
2 Bij¿ 0 for i = 0; 1; 2; j = 1; : : : ; 4. Hence we can apply Theorem 4.6 and obtain1

raC = r
a
R = �(P(1)

−1B)−1;

where

B=
2∑
i=0

4∑
j=1

Bij =

[
3 3

−2 −2

]
:

Since3

P(1)−1 = (A2 − A1 − A0)−1 =

[
4 −12
0 −1

]

(see Example 4.7) we get

raC = r
a
R = �

([
36 36

2 2

])
= 1=38:

Thus P,(z) is Schur stable if |,ij|¡ 1=38 for all i∈ 2; j∈ U3. On the other hand it is easily veriAed that if5
we set ,̂ij = 1=38 for all i∈ 2; j∈ U3 then ,̂ = (,̂ij) is a minimum norm destabilizing perturbation satisfying
det P,̂(1) = 0.7

References

[1] A. Berman, R.J. Plemmons, Nonnegative Matrices in Mathematical Sciences, Academic Press, New York, 1979.9
[2] L. Farina, S. Rinaldi, Positive Linear Systems: Theory and Applications, Wiley, New York, 2000.
[3] F.R. Gantmacher, The Theory of Matrices, Chelsea Publishing Company, New York, 1974.11
[4] Y. Genin, R. Stefan, P. Van Dooren, Real and complex stability radii of polynomial matrices, submitted.
[5] D. Hinrichsen, A.J. Pritchard, Real and complex stability radii: a survey, in: D. Hinrichsen, B. MXartensson (Eds.), Control of13

Uncertain Systems, BirkhIauser, Basel, 1990, pp. 119–162.
[6] D. Hinrichsen, N.K. Son, Stability radii of positive discrete-time systems under a2ne parameter perturbations, Int. J. Robust Nonlinear15

Control 8 (1998) 1169–1188.
[7] R.A. Horn, Ch.R. Johnson, Matrix Analysis, Cambridge University Press, Cambridge, 1993.17
[8] M.G. Krein, M.A. Rutman, Linear operators leaving invariant a cone in a Banach space, Amer. Math. Soc. Transl. 10 (1948) 199–

325.19
[9] D.G. Luenberger, Introduction to Dynamic Systems, Theory, Models and Applications, Wiley, New York, 1979.
[10] G. Pappas, D. Hinrichsen, Robust stability of linear systems described by higher order dynamic equations, IEEE Trans. Autom.21

Control 38 (1993) 1430–1435.
[11] J.W. Polderman, J.C. Willems, Introduction to Mathematical Systems Theory, A Behavioral Approach, Springer, New York, 1998.23
[12] H.H. Rosenbrock, State Space and Multivariable Theory, Nelson-Wiley, New York, 1970.
[13] J.C. Willems, P.A. Fuhrmann, Stability theory for high order equations, Linear Algebra Appl. 167 (1992) 131–149.25
[14] W.A. Wolovich, Linear Multivariable Systems, Springer, New York, 1974.


	Stability radii of higher order positive difference systems
	Introduction
	Preliminaries
	Complex stability radii of high order difference equations
	Stability radii of positive polynomial matrices
	References


