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INTERCONNECTED SYSTEMS WITH UNCERTAIN COUPLINGS:
EXPLICIT FORMULAE FOR p~-VALUES, SPECTRAL VALUE SETS,
AND STABILITY RADII*
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Abstract. In this paper we study the variation of the spectrum of block-diagonal systems under
perturbations of compatible block structure with fixed zero blocks at arbitrarily prescribed locations
(“Gershgorin-type perturbations”). We derive explicit and computable formulae for the associated
p-values. The results are then applied to characterize spectral value sets and stability radii for such
perturbed systems. By specializing our results to the scalar diagonal case, the classical eigenvalue
inclusion theorems of Gershgorin, Brauer, and Brualdi are obtained as corollaries. Moreover it follows
that the inclusion regions of Brauer and Brualdi are optimal for the corresponding perturbation
structures.

Key words. linear systems, perturbations, spectral value sets, stability radii, p-values
AMS subject classifications. 15A18, 93C05, 93C73, 93D09

DOI. 10.1137/050626508

1. Introduction. More than 20 years ago, various researchers recognized the
importance of block-diagonal perturbations for describing structured uncertainties
of interconnected systems where the overall model uncertainty is a consequence of
those in its components; see [7] and [23]. Structured singular values (u-values) were
introduced in [7] as a means of analyzing the effect of block-diagonal perturbations. In
recent years this concept has proved to be an effective tool in the robustness analysis of
systems with structured uncertainties and in the synthesis of robust control systems;
see, e.g., [1], [8], [19], [24].

Generalizing the definition in [7], the p-value of a matrix M € C7*! with respect
to a given perturbation set A C C'*? and a given norm || - || on C'*? is the inverse
of the smallest ||A||, A € A, such that 1 is an element of the spectrum of the matrix
product AM; see [15]. The p-value is denoted by pa (M). Explicit characterizations
of ua(M), M € C?*! have been obtained in the full block case where A = C!*4 or
A = R4 For most other perturbation structures, e.g., block-diagonal, computable
formulae are not available and so robust analysis/synthesis is usually based on upper
bounds for the p-value; see [18], [19]. In this paper we study the converse of the
usual case in that we consider p-problems where the nominal matrix M is block-
diagonal and the perturbations A € A are constrained only by the condition that
they have zero blocks at certain fixed locations, e.g., on the diagonal (“Gershgorin
type perturbations”). In contrast to the usual case we will be able to derive a number
of computable exact formulae for the corresponding p-values.

These formulae will then be applied to obtain computable characterizations of
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spectral value sets and stability radii of block-diagonal systems under Gershgorin-type
perturbations. Our objective is not only to prove new results but also to illustrate,
on the methodological side, that the techniques of p-analysis in combination with
the concepts of spectral values sets and stability radii provide powerful tools for the
spectral analysis of interconnected systems with uncertain couplings.

Pseudospectra (spectral value sets for unstructured complex perturbations) have
been applied in various areas of the mathematical sciences, for instance, in numerical
analysis [27] and the stability analysis of fluid flows [22], [27]. However, they have
not found many applications in systems and control theory. For some papers in this
field, see [12], [14], [15]. The spectral value set of a matrix A under perturbations
A~ Aa, A € A, consists of all eigenvalues of the perturbed matrices Aan with
A € A constrained by ||A]| < 8. Here ¢ reflects the level of uncertainty of the
nominal matrix measured in terms of some norm || - ||. By visualizing spectral value
sets as the perturbation level changes, one obtains insight into the mobility of the
eigenvalues under the perturbations in question. This is particularly useful for the
stability analysis of uncertain linear systems.

A linear system is said to be stable with respect to a given stability region C,4 in
the complex plane if all the eigenvalues of the system matrix lie in C,. The nominal
matrix A is regarded as an approximation to a system matrix whose exact value is
unknown. If 0(A) C C; and a bound for the level of uncertainty is known, then the
exact system matrix will also be stable provided that the associated spectral value set
is contained in C,.

An alternative but related approach is through the concept of a stability radius
[13], [15]. This is defined to be the smallest perturbation level for which at least one
of the perturbed matrices Aa with A € A, ||A|| < 6 becomes unstable. It is therefore
a robustness measure of the Cg,-stability of the nominal matrix A. We will see that
spectral value sets and stability radii can be expressed in terms of u-values (section 2).

In this paper we consider perturbations of the form A ~ Ax = A + BAC,
where A, B, C are given block-diagonal matrices and A € A. The perturbed matrices
A can be viewed as the system matrices of composite systems obtained by the
interconnection of subsystems via couplings determined by the A’s; see section 3.
The overall transfer matrix of the block-diagonal system is the direct sum of the
transfer matrices of its subsystems and thus the formulae we obtain for u-values of
block-diagonal matrices can be applied to this transfer matrix to yield computable
formulae for the corresponding spectral value sets and stability radii.

In the decentralized control of large scale systems it is common to adopt a de-
composition principle where the overall system is regarded as the interconnection of
decoupled subsystems. For such systems a notion of connective stability has been
introduced where the decoupled subsystems are assumed to be stable and the system
is said to be connectively stable if the overall system is stable for all interconnections
in a set £ which reflects the size and structure of the interconnections; see [25]. We
will see that the results we develop for the stability radii of systems of the form Aa
can be used to obtain precise statements for the connective stability of large scale
systems.

The organization of the paper is as follows. In section 2 we give definitions of
spectral value sets and stability radii and establish their connection to p-values. In
section 3 we introduce the perturbation structures to be considered and interpret
them in the context of interconnected systems. Sections 4 and 5 contain the main
results of this paper. Here we provide formulae for the computation of u-values
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with respect to Gershgorin-type perturbations and apply them to obtain computable
characterizations of spectral value sets and stability radii. Two different types of
norms will be considered on the perturbation spaces. In section 6 we specialize our
results to the full class of all off-diagonal perturbations. Finally in section 7 we relate
our results to the classical eigenvalue inclusion theorems of Gershgorin, Brauer and
Brualdi; see [16].

2. The framework. In this section we introduce some basic concepts and fix the
notation. The symbols N, R, R, C denote the sets of positive integers, real numbers,
nonnegative real numbers, and complex numbers, respectively. For a € C the closed
disk of radius 7 > 0in C is D(a,r) = {s € C;|s—a| < r}. By K™*™ we denote the set
of n x m matrices with entries in K, K = R or C. Furthermore, K = K**! is the set
of column vectors of length n. The transpose of A€K"*™ is denoted by A'. If A is
square, then o(A), p(4) = C\ o(A), and o(A) denote its spectrum, its resolvent set,
and its spectral radius, respectively, o(4) = max{|s|; s€o(A)}. We let L, ;, be the
set of triples of matrices (A, B,C) with A € C"*" B € C"*!,C € C?*", n,l,q€N.

By 0S we denote the boundary of the set S C C. We use the conventions

(1) 0 '=00, 0o !=0, inf0=o0,

where () stands for the empty set. Throughout the paper we will consider the following
perturbation structures; see [15].
DEFINITION 2.1. Let l,geN. By P, , we denote the set of pairs (A, || - ), where
e A # {0} is a nonempty closed subset of C'*9 which is star-shaped with respect
to 0; i.e., A€ A implies tA€ A for every t€|0,1];
e || -|| is a norm on the real vector space spang A C C!*4.
By Pl(?q we denote the set of pairs (A,] ), where
o A # {0} is a nonempty closed subset of C'*9 which satisfies CA = A; i.e.,
A€ A implies that sSA€ A for every s€C;
e |- |l is a norm on the complex vector space spanc A C C!*4.
The pairs (A, || - ||) €Prq are called perturbation structures, and the pairs (A, || -||) €
’Pl(?q are called complex perturbation structures.
By definition we have "Pl(?q C P4 Given any triple (A,B,C) € L, ;4 and a
perturbation structure (A, || - ||), we consider perturbations of A of the form

(2) A~» Ay = A+ BAC, A€ A.

DEFINITION 2.2. Let (A, | -||) € Piq be a perturbation structure. The spectral
value set of the triple (A, B,C) € Ly, 1 4 with respect to (A, ||-||) € Pr,q and perturbation
level 6 > 0 is the following subset of the complex plane:

oa(A,B,C;6) = |J oA+ BAC)

INVINE

3)
={seC; A € A ||A|| <6, and det(sl, — (A+ BAC)) = 0}.

Thus the spectral value set oa (A, B,C;6) is the union of all the spectra of the per-
turbed matrices Ax where A€ A, ||A|| < §. The assumption that the perturbation
class A is star-shaped with respect to 0 guarantees that each connected component
of oa(A, B,C;6) contains an eigenvalue of A.
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A concept closely related to the notion of spectral value set is that of stability
radius. It presupposes that a stability region C, C C is given and measures the
robustness of C,-stability of a matrix A with respect to perturbations of the form (2).

DEFINITION 2.3. Let Cy be a nonempty open subset of C. A matric A€ C™*™ is
said to be Cy-stable if o(A) C Cy4. The Cy-stability radius of (A, B,C) € Ly 4 with
respect to (A, |- |]) €Pyq is defined as follows:

ra(4,B,C;Cy) = inf{||A]; Ac A, A+ BAC is not Cg,-stable}

(4) = inf{|A; A€ A, o(A+ BAC) ¢ C,}.

If A is not Cy-stable, then ra (A4, B,C;C,) = 0. It is easily seen that a minimum
in (4) always exists if ra (4, B, C; C,) is finite. Obviously,

ra(A,B,C;Cy) =inf{6 > 0; ca(4, B,C;6) £ C4}.

Next, we give the definition of u-values.
DEFINITION 2.4. For (A, |- ||) € Py the corresponding p-value of M € CT*! is
given by

(5) pa(M):=[inf{|A]; Ac A, 1ea(AM)}] " .

Note that the set Ay = {A € A; 1€0(AM)} is closed and does not contain
the zero matrix. Thus a minimum in (5) is attained and is nonzero unless A,; = 0.
Hence, with the conventions (1), ua (M) is always well defined and pa (M) = 0 if and
only if Ay = 0.

The following theorem specifies the relationship between spectral value sets, sta-
bility radii, and p-values.

THEOREM 2.5. Let (A, ||-|)€Piq, (A, B,C)€E Ly 4, and G(s) = C(sl,—A)"'B.
Then

(6) na(G(s) = [f{|All | AcA, seo(A+BAC) )™, sep(A);
(1) 0a(AB,C56) = o(A) U{s € p(A); pa(G(s)) > 67"}, 6> 0;

-1
8) ra(4,B,C;Cy) = ( sup ,uA(G(s))> if A is Cgy-stable.
s€0C,

Proof. (6) follows from the definition of pa(-) and the equivalence
(9) s€o(A+ BAC) & 1eo(AG(s)),

which holds for all s € p(A) and all A € C'*9; see [13, Proposition 2.3]. Then the
characterizations (7), (8) are immediate consequences of (6). 0

Theorem 2.5 is the basis for our further development. It shows that spectral value
sets and stability radii can be calculated by evaluating the function s — pa(G(s)).
For completeness we mention some facts related to the characterization (7). The
proofs can be found in [15], [17].
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Remark 2.6. Let (A, | - ) €Pf,. Then, for any § > 0,
(i) the sets oa(A4,B,C;8)\ o(A)={sep(A); ua(G(s)) > 6!} are open;
(ii) the closure of oa (A, B,C;6) is given by

(10)
cl(oa(A, B,C;6))= U 0(A+ BAC) =a(A)U{s € p(A);ua(G(s))> 61}

(iii) the boundary of oa (A, B, C;§) satisfies
d0a(A,B,C;6)\o(A) = {sep(A); pa(G(s) =61}

Note that these statements do not hold for all perturbation structures (A, ||-||) € P.q-
Next, we give a useful characterization of pa(-) via the spectral radius. It gener-
alizes a result of [19].
LEMMA 2.7. Let M eC™! and (A, || - ||) € Pf,. Then

(11) na(M) = max{ o AM); A€ A, [A] =1}

Suppose that the maximum in (11) is nonzero and is attained at A € A, ||A] = 1.
Let Ay = s7YA, where s€a(AM) and |s| = o(AM) #0. Then A €A, 1€0(A1 M),
and || A = pa (M)~

Proof. Let go denote the maximum on the right-hand side of (11). For any nonzero
A€ A we have o(AM) = || Al g(ﬁM) < ||AJ| 0. Hence, the condition 1€ o(AM)
implies that 1 < ||Al| go. This yields pa (M) < go. Equality holds if g9 = 0. Suppose
00 # 0. Then the matrix A; satisfies |A;]| = 05" and ||Ay]| > pa(M)~'. Thus
00 = pa(M). 0

We now determine pa (M) for the case that A = C'*? and the underlying norm
is an operator norm. Let || - ||a, || - || be norms on C? and C', respectively. Then the
induced operator norms on C'*? (resp., C?%!) are defined by

1Aylls

a | Mul|o
X b
yeC\{0} ||Ylla

max ,
uec\{o} |lullg

HA”aﬁ = Ae(clxq7 and ||MH[‘3,04 = Me(Cle'

Recall that, for every A € C!*4, there exist y € C?, u € C', with [jy|. = Hu||g =1
and

1Allas = u' Ay.
Here || - ||g denotes the dual of the norm || - || g,
D ju' 2| I
flull5 = max , ueC.
zech\{0} ||zl
PROPOSITION 2.8. Let || - ||a,|l - ||g be norms on C? and C!, respectively. Let

-1l =1 lla.g be the induced operator norm and A := C*4. Then the following hold:
(a) For any M eC*!, ua(M) = | M||g,q-
(b) Suppose M # 0. Let u € C!, y € C? be such that |ulls = ||y|? = 1 and
y"Mu = |M||g.o. Then the matriz Ay := ||M||Eloéuy—r satisfies 1 € o(AogM)
and | Boll = e (M) .
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Proof. If 1 € o(AM), then there is u # 0 with u = AMwu. Hence,
0 # [lulls = [AMullg < [|Allas [|M 5,0 [ll5-

Thus 1 < ||Al|la,g [|M]|8,o- This implies pa (M) < ||M||g,o. Equality holds if M =
0. Let M # 0. Then the matrix A¢ satisfies ||Aq|la,s = HMH[;%] Furthermore,
AoMu = u. Thus 1 € o(AogM). It follows that pua (M) > ||A0||;715 = |M||g,a- So
ua(M) = [Mllpe = 1207 O

Remark 2.9. Throughout the rest of this paper we consider only complex pertur-
bation structures. There are some results available for real perturbation structures.
For example, if M € C7*! and A = R4 there are formulae for jza (M) (and hence for
spectral value sets and stability radii) if R* and R? are normed with Euclidean norms;
see [15], [17], and [21]. In [15] formulae are proved for stability radii of a real diag-
onal matrix with respect to real off-diagonal perturbations; see Corollary 6.6 for the
complex case. Also in [20] a formula is given for the stability radius of real symmetric
systems with respect to real symmetric (or diagonal) dynamic perturbations.

Remark 2.10. oa(A,B,C;06), ra(A,B,C;Cy), and pa(G(s)) depend strongly
upon the perturbation norm || - || on A. Also the problem of evaluating numerically
the formulae in Theorem 2.5 depends strongly on this norm. In a given application
one should therefore carefully choose the norm on the perturbation space in such a
way that it reflects the parametric uncertainty of the application and is also suitable
from a computational viewpoint. In order to provide greater flexibility we have stated
the results in the following sections for different classes of norms from which one can
choose the most appropriate norm in a given case. In general, the (approximate)
computation of oa (4, B, C;6), ra(A,B,C;Cy), na(G(s)) is a difficult problem, but
under specific conditions efficient algorithms and estimation procedures are available;
see, e.g., [5], [1], [18], [9], [26], [11].

3. Composite systems. Let us introduce some additional notation. In the
following, ¢,l are finite sequences ¢ = (q1,...,q¢m), | = (I1,...,l;n). We write m :=
{1,2,...,m} and denote by C9*! := {[M;x]; M;, € C4*" for (j,k) € m x m} the
set of m x m block matrices
My - Mg
(12) [Mjk] = [Mjkljemrem = | :
Mml T Mmm

The block-diagonal matrix with blocks M; € C% *lj j€m is denoted by

M, 0
M = am M, := diag(M,, ..., My)= e e cox!
— Yi=15 -— g 1y m)— . .

0 Mo

For any index set Z C m x m we denote by Az 4; the set of block matrices A of the
form

All Alm
(13) A=[Aj]:=| Do, Ay eChH*% and Ay, =0 if (j, k) ¢ Z.
Api oo Apm
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Given (Aj, Bj,Cj) € Ln; 1;.4;, J € m, the object of this paper is to study the variation
of the spectrum of the block-diagonal matrix A = @;ﬂzlAj under perturbations of the
form

(14) A~ Apx:= A+ BAC, AclAz,,

where B, C are the block-diagonal matrices B = @}, B;, C = &7, Cj.
The matrices Ax have the following system theoretic interpretation. Consider

the system

(15) ¥ &(t) = Ax(t) + Bu(t), y(t) = Cx(t)

which is the direct sum of the m subsystems

(16) Xy @) = Az () + Biuy(t),  y,(t) = Cha(t),  jem.

The transfer matrix of ¥ is the direct sum of the transfer matrices of these subsystems:

(17)
G(s)=C(sI = A)7'B=07,Gy(s),  Gy(s) :=Cy(sly, — A;)"'Bj, jem.

Introducing the couplings

(18) uit)y= > Aput), jem,
kem, (j,k)€T

one obtains the composite system

T € L1
(19) YA = (A + BAC) = Aa

T, T, T

Thus the perturbed system XA with system matrix Aa can be viewed as the composite
system obtained by interconnecting the subsystems ¥; via the couplings (18) defined
by the perturbation blocks Aj;. The unperturbed (“nominal”) system ¥ : & = Ax
obtained by setting A = 0 is simply the direct sum of the subsystems &; = A;x;.

The pairs (j,k) € Z can be regarded as the oriented edges of a directed graph
I'(m,7) whose vertices are the numbers 1,...,m. This is illustrated in Example 3.1
for the case where m = 3. Observe that in the directed graph the endpoint of the
edge (j,k) is the first component, j.! This orientation reflects the interconnection
structure (18).

Ezample 3.1. Consider the index set Z = {(1,2), (1,3), (2,1), (3,2),(3,3)}.
Then the matrices A € Az 4, take the form

0 A Az
A=Ay 0 0
0 Az Ass

The directed graph I'(3,7) and the block diagram of the closed loop system (19) are
shown in Figure 1.

INote that this is the reverse of standard notation in graph theory. We have used our notation
to be in harmony with the system theoretic interpretation.
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Directed Graph I'(3,Z) Block Diagram
13 3)
(1,2) 1) 3 13,9 A, A, 2, A
3,2
2 ( ) | 22 A32 +

Fic. 1. Composite system.

Applying Theorem 2.5, the spectral value sets and stability radii of the system
(A, B,C) under perturbations of the form (14) are given by

(20) OAz 4.1 (Aa B? C; 6) = U(A) U {SEp(A) 5 MAI,(],I (G(S)) > 6_1}
and
(21) TAI,q,L(A’B’C;Cg) = ( sup MAz,q,z(G<5))> .

s€0Cy

In order to determine the spectral value sets and stability radii via (20), (21) we
need to study the p-values of block-diagonal matrices M = @7, M; with respect to
perturbations A € Az ;. Note that this is just the inverse situation of traditional
p-analysis where block-diagonal perturbations of arbitrary matrices are considered;
see [7]. Applying Proposition 2.7, we obtain

(22) paz,,(M)= max o(AM), MeC™.

The size of the perturbations A € Az ,; will be measured by two types of norms: a
weighted maximum of the nonzero block norms ||A,ll, (4, k) € Z, and mixed operator
norms of the overall matrix A. In the next two sections we derive formulae for
paz.,, (M) with respect to these types of norms.

Remark 3.2. A composite system ¥ of the form (15) which is the direct sum of
subsystems X; of the form (16) is said to be connectively stable with respect to a given
set of interconnections E (possibly time-varying and/or nonlinear) if o(4;) C C_,
j € m, and the origin of the interconnected system obtained from the block-diagonal
system 3 by the feedback u(t) = e(t,y(t)) is globally asymptotically stable for all
e € E; see [25]. In the literature many different methods have been put forward
for obtaining sufficient criteria of connective stability based on knowledge of the sub-
systems ¥; and their interconnection structure. Input-output and passivity methods
have been used, but the most popular seem to be Liapunov methods; see [25]. The
advantage of these methods is that time-varying and nonlinear interconnections can
be considered. However, the robustness results obtained in this way are in general
quite conservative. This is in contrast with the full block case (where Az ,; = C*9;
ie., Z =m x m). In this case a quadratic Liapunov function of optimal robustness
can be constructed which secures asymptotic stability for all time-varying nonlinear-
ities with gain strictly smaller than reixq (A, B, C;C_); see [13] and [15, section 5.6].
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It remains an open problem to determine those perturbation structures Az q; for which
it is possible to construct a joint quadratic Liapunov function for all perturbed systems
Ya, A€ Arg, Al <raz,, (A, B,C;C_). Such a Liapunov function would secure
the connective stability for all time-varying nonlinearities with gain strictly smaller
than ra, (A, B,C;C_).

4. Weighted maximum norms. We consider the same basic framework as that
in section 3. Let || - [|o, be a norm on C% and || - ||, be a norm on C*. We assume
that we are given a nonnegative weight matrix R = [rj,] € R"*"™ and introduce the
index set

(23) I=TIp:={(j,k)em xm; rj, > 0}.

With these data we associate a normed perturbation space (Az 4, || - ||), where (see

(13))
(24) Az, =1{[A]; Ajr € CH¥% for j k€ mand Ay, = 0 if (j, k) ¢ T}

and || - || is the weighted maximum norm
(25) 1A] = (ﬁ?ézrj_klnAijakﬂjv A€ Azg

Note that the following equivalence holds for A€ C!*4:
(26) (AcAzgiand [|[A<1) & [[Ajkllars; < forall (j,k)em x m.

In this section we determine the p-value of block-diagonal matrices with respect to
the perturbation structure (Az 4, || - ||) and apply it to obtain formulae for spectral
value sets and stability radii. We will make use of the following well-known results
from the theory of nonnegative matrices; see [2], [10], [16].
(01) If AecR™ " is nonnegative, the spectral radius p(A) is an eigenvalue of A and
there exists a nonnegative eigenvector corresponding to g(A).
(QQ) Let Al,A2 eR™ " If0 < A < AQ, then Q(Al) < Q(AQ)
(03) If av < Av and v > 0, v # 0, then a < p(4). If Av < Bv and v; > 0 for
1 € n, then g(A) < S.
The next lemma is a consequence of (¢3).
LEMMA 4.1. Let Yj, €Cli*l j kem, and | - |3, be a norm on C'i. Then

Yin ... Yim Millgiee - 1Yimllgn.6
(27) 0 : : <o : :
Y1 oo Yom ||Ym1 ||Blvﬁm, s ”Ymmuﬂm,ﬁm

Proof. Let A€ C be an eigenvalue of the block matrix [Yi], i.e.,

Y11 Ylm T I
=A| |, weCh, jem,

Yoiu oo Yom!| |zm T

and z; # 0 for at least one j. Then Az; = >_/" | Yjpay for all j€m. This implies

m

Mzslle, <D 1Yikllgs, lexlls . 7€m.
k=1
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Setting A = (|[Yjkllg,.8,)jkem and v = (vj)jem, where v; = ||z;|g,, we have
A v; < (Av)j, jEmM.

Hence |A| < o(A) by (03), and this implies (27). 0
We associate with any given block matrix M = [M;;] € C?*! of the form (12) the
following nonnegative m x m matrix of block norms:

[Mirllgyar oo [[Mim

Bm,a1

(28) M= : :
||Mm1||ﬂ1,am ”Mmm”ﬁm,am

We now prove the main result of this section.

THEOREM 4.2. Suppose R = [rj;] €ER™*™ is a nonnegative matriz and I = Ig
is given by (23). If M = [Mj3] € C?*! and M = (I M5l gy or; ) j,kem s the associated
matriz of block norms, then, with respect to the norm (25),

(29) )LLAI,q,l (M) < Q(R M)
Equality holds in (29) if M = @7 M;, M; €C%*li | jem, is block-diagonal, viz.
(30) taz,, (M) = o(Rdiag(|[ Mg 1Ml g,.cm))-

Proof. We have already seen that by Lemma 2.7,

(31) g, (M) = Aerggx LoAM).
Iall=

Moreover, if (AM);y, is the (j, k)-entry of the m x m block matrix AM € C'!, then

(32)

I(AM) jkl| 3,8, = ZAmMm <D NAillass; 1Mitllgea: = (AM)jh, jik € m,
BB i=1

Where A = [HAijak,ﬂj]j,kEm' NOW let A = [Ajk} S AI,q,l With ||AH S 1. Then

A < R by (26) and
o(AM) < o([[I(AM); llg.,])  (by Lemma 4.1)
< o(AM) (by (32) and property (02))
< o(RM) (by (26) and property (02)).

Thus,

It remains to show that the latter inequality is actually an equality if M =
7L, M; is block- diagonal For k€m let y, € C% and uy € C'* be such that ||ug|/g, =

Hyk||£ 1 and y, T Myug = | Mkl gy ,0n- Let Al = [A?k], where A?k = Tjkujy,;r.
Then A€ Az, and |A°|| = 1. Since RM = R diag(||Mi3,.01s - - | Ml g, .00, ) €
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R™*™ is nonnegative, there is a nonnegative vector & = [¢1,...,&,] T €R™ such that
RM¢ = o(RM)¢. Define w = [€u] ,...,&Emu, 7. Then a straightforward compu-
tation yields A® (@7, My)w = o(RM)w. Thus paz, (M) > oA (&7 My)) >
Q(RM ), and the proof is complete. d

For the case where all the o and 3 are 2-norms, a characterization of pa, (M)
is given in Part I of [6] which shows that the p-value can be obtained as the solution
of a smooth constrained optimization problem. Associated computational aspects are
discussed in Part II of [6].

We will now apply the above theorem to determine the spectral value sets and
stability radii of block-diagonal matrices A with respect to perturbations of the form
(14). Let Bgr(6) denote the open ball with radius § > 0 about the origin in the
perturbation space Az ,; provided with the norm (25),

(33) Br(8) = {A € Az g Al < 6}
It follows from (26) that Br(6) is the set of block matrices A = [A ] satisfying
1Ak llan.s; < Orje,  (J,k) €L =TIr, [Ajkllay,s, =0 otherwise.

COROLLARY 4.3. Suppose R = [r;] € R™*™ is a nonnegative matriz and Z = Ig
is given by (23). Let (Aj,B;,C5) € Ly, 1;.4;, J €m, and consider perturbations (14)
of the block-diagonal matriz A. If Az, is provided with the norm (25) and G(s) is
defined by (17), then the following hold:

(a) The spectral value set oa, (A, B,C;0) is given by

U o(4a) = o(4) U {sep(4); o(Rdiag(|G1(s)l|gr.ar- - - [|Gim(s)
AEBR(5)

Bm,am)) > 5_1} .

(b) Let C, be an open subset of C and suppose A1, ..., Ay, are Cy-stable (i.e., 0(A) C
Cy). Then the stability radius is given by

(34)

-1
o, (A B.CSC,) = ( sup o(Rding (|G (3) 5, 1:- - | Gon5) @,L,am))) .
scoly

Proof. Applying Theorem 4.2, (a) follows directly from (20) and (b) follows from
(21). |

We conclude this section by specializing the previous results to the scalar diagonal
case where A = diag(as,...,a,) is perturbed to A = A+ A with

(35) AcAr:={AecC™; Ay, =0if rj =0}

Here R = (rjk)jken is a given nonnegative n x n matrix, and the perturbation space
A7 is provided with the norm

(36) ||A] = (nllfz)iéczr;kHAjkL A€ Az, whereZ:=TIp={(j,k)en xn;rj; >0}
7,

This can be subsumed into the above framework by setting m = n, l; = ¢; = 1 for
Jj€m; (A4, B;,C)) = (aj,1,1), j € m; and || Aj|lay,8, = |Ajkl, J,k € m. Note that
for this special case G;(s) = (s —a;)7!, j € m.

COROLLARY 4.4. Suppose R = [rji] € R"™" is a nonnegative matric with asso-
ciated index set T = Ig defined by (36) and normed perturbation space (Az,|| - ||)
defined by (35) and (36). Let ay,...,an € C, 09 = {a1,...,an}, and set Ax =
diag(as,...,an) + A for arbitrary A€ C"*". Then the following hold:
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FIG. 2. The sets S; defined in (40).

(a) U o(Ap) = oo U {seC\ og;
AeCnxm |A|I<R
Q(Rdlag(|5 - 0,1|71, s |8 T an|71)) > 1 }
(b) If Cg4 is an open subset of C, oy C Cg4, then

(37)
-1
rag,(diagar, . .., an), In, In; Cy) :< sup o (Rdiag(|]s —ai|™",...,[s — an|1))> :
s€0Cy
(c) In particular, if Cg = C_ :={s€C; Rs < 0} and a1, ...,a, <0, then
(38)
. . _ _ -1
raz, (diag(ar, .. an), In, Ip;C2) = (o(Rdiag(lar| ™. . faa| 7))

Proof. (a) follows directly from Corollary 4.3(a) since ||A|| < 1 if and only if
A € Bg(6) for all 6 > 1. Equation (37) is a special case of (34) since G;(s) =
(s—aj)~t. To verify (38) note that by assumption, a1, ..., a, € R and so the functions
w > |iw—ag| ! attain their maxima on R at w = 0. Hence, the monotonicity property
(02) of the spectral radius yields

su%g(Rdiag(Ls — al\_l,...,|s —an|_1)) = Q(R diag(|a1|_1,...,|an|_1)).
s€E
Thus, (38) is a consequence of (37). |
Ezample 4.5. Suppose A = diag(1,i,—2, —2i) and
0 6 2 2 0 6 00 0 6 00
112 0 2 2 110 0 2 2 110 0 2 2
B9 Ri=71y 9 0 8| =702 2 0 8" B=7]0 0 0 s
11 2 0 11 2 0 1 1 0 0

Figure 2 shows the sets
(40) S; = U c(A+A),  j=1,2,3.
AECH¥1, |A|<R;

Note that R; (resp., Rs) is obtained from R3 by replacing all (resp., some) off-diagonal
zeros of R3 with 1/2. Since Ry > Ry > Rs3, the sets S; decrease as j varies from 1 to
3. The pictures have been obtained via Corollary 4.4(a).
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5. Mixed operator norms. We consider the same basic framework as that in
the previous two sections. Let || - [|[cm be an absolute norm on C™ which is invariant
with respect to a permutation of the coordinates (for instance, a p-norm, 1 < p < 00),
and let () be the induced operator norm on C™*™. For j,k€m let || - [, be a
norm on C% and let || - ||3, be a norm on C'*. Given any index set Z C m X m, we
define a norm on the perturbation space Az 4; (24) by the formula

[FAN Y | P A VAN T | PO
41) (Al =N : : , A=[Aj] € Az g
HAmlnal,Bm ||Amm|

s Bm

In this section we derive a formula for the p-value of block-diagonal matrices M
with respect to the perturbation space Az ,; provided with the norm (41). As a
preparation we consider the general case of an arbitrary block matrix M € C*!

of the form (12) and determine an upper bound for ,uHAHI (M)2 in terms of the

associated nonnegative m x m matrix M; ; see (28).
PROPOSITION 5.1. Let Mj, € C4*!  j kem, M = [M;i], and T C mxm. Then
with respect to the norm (41),

-1 N ~

(42) fag.,, (M) < pa, (M),
where M is defined by (28) and
(43) A7 = {[(2]] S mem;éij‘ =0 fOT’ (Z,]) gZI}

Proof. To prove (42) it suffices by Lemma 2.7 to show that for each A € Az,
with ||A]| = 1 there exists A € Az such that N(A) = 1 and o(AM) < o(AM).
Given any A € Az, with [|[A] =1, let A € R™*™ be the matrix in the parentheses
on the right-hand side of (41). Then A € Az and N(A) = ||A]| = 1 by (41). Let
u=(u)jem € BT, CY, u#0,and X € C be such that AMu = Au and |A| = o(AM).
We set @ = (||[u/]l,)jem- If AMu = (AMu)?)jcp € ®7,CH is partitioned as u,
then, for every j € m,

m m
ZZIsz |,
k=1 i=1

<33 A

k=11i=1

I(AMu) |5, =

Oéhﬁj HMikHﬁlwai

= (AMu).
It follows that we have the componentwise inequality

Asti > ([(AMus,) ., = i

JEM
and so o(AM) > |A| = o(AM) by (e3). This concludes the proof. O

We will now prove that equality holds in (42) if M = [M,y;] is block-diagonal,
ie., Mj, =0 for j,k € m, j # k. In the proof we will make use of some elementary
notions from graph theory [16], [2] which are summarized in the following remark.

2Since in this section we will consider p-values with respect to more than one norm, we use the

notation uL‘Z where there may be a risk of confusion.

N
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Remark 5.2. A finite sequence v = (j1,...,J¢) of integers is said to be a path
from j; to j, in the directed graph I'(m,Z) if (j;, ji+1) €Z for all i€ — 1. Two nodes
j, k of I'(m,Z) are said to be strongly connected if there exists a path from j to k and
a path from k to j in I'(m,Z). A subset J C m is said to be strongly connected if
any two distinct nodes in J are strongly connected in I'(m, 7). The maximal strongly
connected subsets of m are called the strongly connected components of the directed
graph I'(m,Z). They form a partition of m. A finite sequence v = (j1,...,J¢) of
mutually distinct integers is said to be a cycle of length |y| := ¢ > 1 of the directed
graph T'(m,7Z) if (j;,ji+1) €Z for all i€ £ —1 and (j¢,51) €Z. We will write j € v if
j = j; for some i € £. By Z(Z) we denote the set of all cycles in I'(m,Z). A cycle
v € Z(Z) is said to be nontrivial if |y| > 2. If for a given jo € m there does not
exist a nontrivial cycle v € Z(Z) such that jo €, then {jo} is a strongly connected
component of I'(m, Z).

For any A = [aji] € C™*™ we set T4 := {(j, k) € m X m; a;x # 0}. Let v =
(J1,---,4e) €Z(m x m). Then the cycle product of A over ~ is defined as

£
I[, A= HajijiJrl’ where joi1 1= j1.
i=1

Note that if v = (j) is a cycle of length 1, then J[ A = aj;.

If A=[a;i], B = [bjx] €C™*™ we denote by Ao B the Hadamard product of A
and B, Ao B = [a;,bjr) € C™*™. For nonnegative matrices the Hadamard product
satisfies the following inequality which is a corollary of Theorem 5.7.21 in [16].

LEMMA 5.3. Let A,BER™™. If Z(Za) =0, then o(B o A) = 0. Otherwise we
have

1

o(Bo A) < o(B) ’yEHZI%%(A) (H'y A) L

Given (my,...,mg) € N £ > 1, and matrices C; € C"™*™i+1, j € £, where my;1 =
my, the associated block cyclic matrix is defined by

0o ¢, 0 - 0

0 Cy . . )
Z(Ch,...,C) = | - - o | € Ci=m) X (5= ma)

0o - ... 0 Ci_y

c, 0 - .. 0

The next result which follows from the Frobenius theorem (see [10, Chapter XIII,
section 2]) determines the spectral radius of nonnegative cyclic matrices with scalar
blocks.

LEMMA 5.4. Let ¢1,...,c¢ > 0, £ € N. Then the spectrum of the cyclic matriz
Z(c1y ..., ¢q) is given by

k—

(44) o(Z(c1,... c0)) = {e¥™" T ok € £},

where 0 = o(Z(c1,...,ce)) = (creo- - Cg)l/z.

The following theorem is the main result of this section.
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THEOREM 5.5. Suppose M; € C4*li for jem, M = ®L 1 Mj, and T C m xm
are given and let Ty := {(j, k) € Z; M; # 0 and My, # 0}. If (Azq, | - ) is the
perturbation structure defined by (24), (41) and Az defined by (43) is provided with
the norm N, then

1

i o0 =it = {2 Ther IMls.e) ™ 7200 20
- 0

0 if Z2(Zo) =0,

)

wher@ M = dia'g(HMlnﬁlyal 7ttt ||MmH67n;a7n)'
Proof. Let ¢ denote the right-hand-side of (45). We first show that

-1 N ~ ~ o~

(46) i, (M) < i, () = max o (A1) <e.
A
N(A)=1

The first inequality in (46) follows directly from Proposition 5.1. To prove the second

inequality in (46) let E = [e;;] € R™*™, where e;, = 1 if (j,k) € Z and ej; = 0
otherwise. Set

A= EM = Ediag(|Millg, ar - - - | Ml gn.cmn) = L€kl Mil| gy 0, | ERTX™.

Then Ty C 7, Z(Za) = Z(Zo), and we have [[L A =[], [|M;l|g;,a, for every cycle
~v€ Z(Z). Thus

L .
) o | (LA™ 2@ £ 0
0 otherwise.

Let A = [Ajp] € Az with N(A) = 1. Then AM = [Aji ejr | Millgy.0n] = Ao (EM) =
Ao A, and so by Lemma 5.3 and (47)

o(ANT) = o(A o A) < o(A) e < N(A)e = c.

This proves (46). If ¢ = 0, then equality holds in (46) and hence (45). By Lemma 2.7
it remains to construct, for each cycle v € Z(Zy), a matrix AY € Az ,; such that
[[AY|| =1 and

1

) o (A (&10)) > (T, 1M ,.,) ™

The construction of A7 is as follows. Suppose that v = (j1,...,J¢). For j € m let
u; € C% and y; € C¥ be such that [lu;|g, = ly; |2, = 1 and y) Mju; = || M;l|g;.a,-
Let A7 :=[A},], where

wiyi i (k) = (is Jigr), €€ =1,
Al = u.y], if (j, k) = (je, 1), j k€ m.
0eCliXa  otherwise.

For instance, if m=4, then

0 0 wys O 0 0 wy; O
0 0 O 0 usy; 0 0 0
AL34) ABA21) (U2l
0 0 0 wsyll’ 0 0 0 wusys
U4y1T 0 0 0 0 U4y; 0 0
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We claim that A” has the required properties. Obviously, AY € Az ;. To see that
[|[A7|| = 1, note that A" contains ¢ > 1 nonzero blocks and in each block row and each
block column of A7 there is at most one nonzero block. All nonzero blocks have norm
1. Since the norm || - [|cm is absolute and invariant with respect to a permutation of
the coordinates, it follows that

IAY] = NCTIA llag,8:0) = 1.

Let us show (48). Observe that the principal block submatrix of AYM corresponding
to the block rows and columns with numbers ji, ..., j, is permutation similar to the
block cyclic matrix

T T T T T T
Z(ujl yszjmuﬁngMja’ EERE) ujzyleh) = Z(uj1yj27ujzyj3a cee 7ujeyj1) (®§:1Mji) .

1

By Lemma 5.4 the product ¢ := ([[;c, [ M;llg;,a,) 7T is the spectral radius of the
matrix

Z = Z(IMj 5,y -+ 1M llg, )

Let £ = [&,,. .. ,@AT ERﬂ be an eigenvector of Z corresponding to g; see (01). Then
the following relations hold:

1

B . . .
(49) 1Mjill5s, 05, Eivs = (Hjev ”MJ’”Bj,m) I i€l Jor =i
Now set w := [wy ,...,w,}]", where

jit1 Wy lf j = .'7 Zef, ] =7 I} .
w; = £J1+1 [Jl J .7'1 £y Je+1 J1 jem,
0€C%  otherwise,

T T

and let @ := [wj, ,w;,, ... ,w;';]—r. Then using (49), we have

Z(uhyj—gvujzy]—‘;a sy ujzy;z) (@f:IMJ w

_ T -
O ujlthn O e 0 £j2uj1
0 0 ujzijs, M, : gjsujz
0 0 o,y M; 5?_“5{*
lwiy, My, 0 L . 0 | LSt
[ ”sz ”ﬁjQ,OéjQ gjs Uy i i gjz Uy i
”MjS “ﬁjg,ajg €j4 Uy §j3 Ujy
: 5l :
= . = Hljery HM]'Hﬁjv%'
”sz ||Bjeao‘j1{ £j1 Ujp_y €j€ Ujp_y
L ||Mj1 ”ﬁjlaajl §j2 Ujp | L Ejl Ujp |

A1

RIS
= (Hje'y ||Mj||51>6¥j> T
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L

This implies that A (&7, M;) w = ([T, IM;lls,,a,) ™" w. Thus (48) holds, and the

. JjEY
proof is complete. ]
As a corollary we obtain the following characterization of spectral value sets and
stability radii for the perturbation space (Az 4, | - ||)-

COROLLARY 5.6. Suppose (Aj, Bj,C;) € Ly, 1;,4; forj€m, 6>0,TCmxm
and A = Az g, is provided with the norm (41). Let A = &7, A;, B = @] By,
C=@aj.,Cj, and

Gj(s) == Cj(sl,, — A;)'Bj, j€m, To:={(j,k) €T; B; #0,Cy #0}.

Then the following hold:
(a) If Z(Zp) # O, the spectral value set of A with respect to perturbations of the
form (14) is given by

(50)

YE€Z(Zo)

o(43) = o U s € pa)_max T, 166, 0, > 71},
AeAI,q,la”A”<6

If Z(Zy) = 0, then all the eigenvalues of A are fized under perturbations of
the form (14); i.e.,

U o(4a) =0o(4).

AEAT 4,1
(b) If jo€m, and there does not exist any cycle v€ Z(Zy) such that jo €, then
O'(Ajo) - O’(AAA)7 A€ AI,q,l~

(c) Let Cy4 be an open subset of C and suppose Ay, ..., Ay, are Cy-stable. Then
the stability radius ra ., (A, B,C;Cy) is given by

raz.,. (A, B,C;Cy)
1

-1
(51) SUPscac, MaXyez(zy) (Hj@ HGj(S)Hﬁj,aj) " } if Z(Zp) #
00 if Z2(1o) =

@7
0.

Proof. (a) Since G(s) = ®}L;G;(s) is the transfer function of (4, B,C), (a) is a
direct consequence of Theorems 2.5 and 5.5.

(b) Suppose A € Az 4. Since Ax = [Aj+B;A;,Ck) and BjAj,C, = 0if (j, k) &
Z,B; =0, or C, =0, we have Zgac € Zp and Za, CZaUZy C {(k,k); k € m}UT,.
Now assume that there does not exist any cycle v € Z(Zp) such that jo € y. Then
(Jo,Jo) & Zo; hence Bj,Ajy;,Cj, = 0, and {jo} is a strongly connected component
of the directed graph I'(m,Z4,). This implies that Aa is permutation similar to a
matrix A of block upper triangular form:

Ay o e Ay,
~ A22 A2’I"

ATT
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F1G. 3. The boundaries of the Brualdi sets B(—2,—1,1,—1,4;6), § = 1,2, 3,5, 20, 30.

where the diagonal blocks correspond to the connected components of the graph
['(m,Za,); see [2, section 2.3]. Hence Aj, = Aj, + BjyAjyjoCjo = Ak for some k €
and this shows that o(A4,,) C o0(Aa).

(c) If Z(Zo) = 0, then the last statement of (a) implies ra, (A, B,C;Cy) = occ.
Now suppose Z(Zy) # 0. By the continuity of the spectrum, ra, (A, B,C;Cy) is
the largest value of é such that o(Aa) NIC, =0 for all A € Az 4; of norm ||A]| < 6.
By (a) this condition is equivalent to

L Tlie, 1G5() 5.0, < 5, s eac,,

or, equivalently,

1

k1 —-1
su max . Gi(s)l|g. ) <6
seaggveZ(Io)(IIJew|| JQUEE a

This concludes the proof of (51). d

We will now specialize the previous result to the case where the blocks are reduced
to scalars, i.e., [; = ¢; = 1 for i € m. In this case a more concrete version of the formula
(50) is obtained in which the spectral value sets are expressed as a finite union of sets
of the following form:

(52)
B(z1,...,20;6) == {SE(C; [Licels — 2l Sé}, leEN, z,...,z4€C, §>0.

These sets are called Brualdi sets in honor of Brualdi who introduced them in [4]. They
will be further discussed in what follows. Note that B (z1,...,2¢0) = {z1,...,2¢} and
B(z;6) = D(z;6) is the closed disk of radius § about z. For an illustration, see Figure 3.

COROLLARY 5.7. Suppose aj,bj,c; € C, j € n, A = diag(ai,...,a,), B =
diag(by,...,b,), C =diag(ci,...,cn), T Cnxn, and || -||cr is an arbitrary norm on
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C™ with induced operator norm N(-) on C"*™. Let

Az = {[Aj]€eC™™™; Ajp, € C and Aj, =0 if (j, k) € T},
Al ... AL
(53) |a]=N(ah =N | | ] AsAn
VAN O Vi W
Ap := A+ BAC,
To :={(j,k) € Z; bjc # 0}.

Then the following statements hold.
(a) For all 6 >0,

(54)
¢
U U(AA):{G/177GJTL} U U B(ajl77ajg76€HZ:1 |bjlc]1 )
INES) (J1s--1j0) EZ(To)

(b) Let jo € n and suppose there does not exist any cycle v € Z(Zy) such that
jo€y. Then aj, €o(An) for all Ac Ag.
(c) If C, is an open subset of C, a1,...,an € Cg4, then

raz (A7 B7 O; (Cg)

1

(55) _ seigég Veﬂzl,i(l%o)(l_[_jeﬁs —a;l/|bje;|) T if Z(Zo) # 0,

Proof. (a) If Z(Zy) = 0, then Corollary 5.6 (a) implies

o(Ax) ={a1,...,an}.
Ae Az, A<

Now suppose that Z(Zy) # 0 and let § > 0. Since

G(s) = diag(g1(s), ..., gn(s)), g;(s) =¢;(s —a;)~'b;, j €mn,

is the transfer function of the system (A, B, C), we have by (10) and Theorem 5.5 the
following equivalences for s€ C\ {aq,...,an}:

s € U a(Ap)
A€ Az, ||AlLS
M- . — — —
A ,uAI(dlag(cl(s - al) 1b17 ce 7071(5 - an) lbn)) > 0 !
1

_ 1 1
o s, (Ties lesto =) 7yl) 7 20
1

_ [T _
©37€2(T): (Te, losls = a)7ty]) 7 2 67
©37€2(Z) : [e, s — as < 67T

JEY jEfy'bij|

Hence (54) holds.
(b) is a special case of Corollary 5.6(b).

(c) Since |g;j(s)|™* = |s — aj|/|bjc;| if bjc; # 0, formula (55) is a special case of
(51). O
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Remark 5.8. (i) Corollaries 5.6 and 5.7 show that the spectral value sets and
stability radii of block-diagonal and diagonal matrices with respect to the normed
perturbation structure (Az g, - ||) (see (41)) are independent of the norm N.

(ii) For the special case that C, = C_ and aq, .. .,a, < 0 it follows from (55) that

1
. T~T
ras(AB.0;C) = min (T, lojl/Ibjes])

1
- i (e )

By Corollary 5.7 Brualdi sets play a fundamental role in determining the spectral
value sets of diagonal matrices with respect to perturbations A € Az. We conclude
this section with some remarks concerning these sets. Each Brualdi set (52) can be
represented as the intersection of a family of sets which are unions of ¢ closed disks
of centers z;, i € £. More precisely, we have the following proposition.

PROPOSITION 5.9. Let z1,...,20€C and 6 > 0. Then

(56) B(z1,...,20;6) = ﬂ UD(zj;é%rj)
r1me>0, \ jeg
[jeerj=t
Proof. Let D denote the set on the right-hand side of (56). Suppose that s & D.
Then there are r1,...,7¢ > 0 such that [];.,r; = 1 and |s — 2| > (ﬁrj for all
j € L. Multiplying the latter inequalities we obtain that [[;.,|s — z;| > ¢. Thus s ¢
B(z1,...,2¢;06). Hence B(z1,...,20;6) C D. Now suppose that s & B(z1,...,20);
then 61 := J[;c,[s — 2| > 6. If we define r; > 0 by |s — 25 = 61%73,]' € {, then
sgujee’l)(zj;é%rj) and [[;c,m; =1. So s ¢ D. 0
From the relation (56) one can derive an upper bound for the connected compo-
nents of Brualdi sets.
PRrROPOSITION 5.10. Let z1,...,2€C and § > 0. Then the following hold:
(a) Fach connected component of B(z1,...,2¢;06) contains at least one of the
points z;, j€L.
(b) Let € > 0 and suppose that for a given j € £

. 1 _a
. — I3 —1
(57) Lo, |zj — 2] > 6 (e+e ) .
Then the connected component K; of B(z1, ..., z¢;6) with z; € K; is contained

in D(z;; €57).

Proof. (a) Set f(s) := [[;c,(s — 2j). Let K be a connected component of
B(z1,...,20;6). Then K is compact. Hence there exists s € K such that |f(sg)| =
mingeg | f(s)]. Let U be an open neighborhood of sg such that U N B(zy,...,2¢06) =
U N K. By the definition of B(z1,...,2¢;6) we have |f(s)] > 6 for all s U \ K.
Thus |f(so)| = minsey |f(s)| and this implies f(sg) = 0 since f is holomorphic and
nonconstant. Thus so = z; for some j&£.

(b) For i€/ set

€ if 1 = j,
Ty = __1 .
€ -1  otherwise.
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Fi1G. 4. The Brualdi set B(—3,1,1 41,1 —1;6), § = 5.

Then [[;.,r: = 1 and Proposition 5.9 yields that B(z1,...,2;6) € U,c, D(z5;677;).
The condition (57) implies that D(zj;é%rj) N D(z;6%ry,) = O for all k # j. Thus
Kj QD(zj;é%rj). 0

Roughly speaking, the above proposition states that if the distance of z; € C
from the numbers z;, € C, k # j, is large, then the connected component K; of
B(z1,...,200) is a small set. This is illustrated in Figure 4.

6. Off-diagonal perturbation structures. We consider the same basic frame-
work as that in section 5 but now the index set is off-diagonal:

(58) Tog :={(j,k)em x m; j # k}.

The corresponding perturbation class Az, 4. is the set of all m x m block matrices
A = [Ajg] such that Aj, € Clixar and Aj; = 0 for all j,k€m. In this section we
derive formulae for the corresponding p-function, spectral value sets, and stability
radii.

Recall the following inequality for the geometric mean.

LEMMA 6.1. Let ¢; > ¢cg > -+ > ¢¢ > 0. Then, for all ke, (]]
(L= )t

For 7 = Z,g the following proposition is a special case of Theorem 5.5.

PROPOSITION 6.2. Let M; €Cu%*bi, jem, M = @;nzl M;. Then with respect to
the norm (41),

£

j=1 Cj)% <

Ponyo M) = | s JIM 15,0, 1Ml

Proof. Each pair (j,k) €m x m, j # k, is a cycle in the graph associated with
Tog. Thus

1

M; g, 0, M < (e, 105 13,.0,) "
(9 max 1Ml 1Moo, < max (e, 1Mo, o

Each cycle v € Z(Zog) has length |y| > 2. Let v = (j1,...,j¢), and let j;, j. €7 be such
that 4 7& r and ||Mji||ﬁji7aji > ||M"r||ﬁjr,»7aj-,v > ”M'uHﬁjwa;‘V for all Z/GE\ {i,?"}. By

Lemma 6.1 we have that (][], ||Mj||ﬂj,aj)Wll < VM, 805, 1M, |lg;, o, Thus,
equality holds in (59). Now, the proposition follows from Theorem 5.5. 1]
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An analogous result holds if the underlying norm on Az_, ,; is the operator norm
induced by p-norms on Ch+*lm and CH+ -+ The corresponding u-function will

be denoted by u(p )

LEMMA 6.3. Let mj,n; €N, j =1,2, and suppose || - |o and || - ||p are absolute
norms on C™T™2 gnd CM 72 respectively. If X € C™Xn2 Y ¢ C™2 %™ qgnd Z €

Cm2X"2  then
v 2l B 2]
<t . t> 1.
H LY Z b Y Z b

o (). To prove the result we need the following lemma.

Proof. The function
0 X
¢ £0) = /|
Y ¢z B

is convex on R, and since || - || and || - ||3 are absolute, we have that

e Al

for all ( €R. From this it follows that f is a nondecreasing function on [0, 00). Thus
for all ¢ > 1,

v 2], o ()= 2],

In the following theorem || - ||, denotes the operator norm induced by p-norms on
the corresponding vector spaces.
THEOREM 6.4. Suppose p € [1,00], M; € CH*li for j€m and M = @;":1 M

Then
(p) m _
b (@7 M) = 1M (M) -

Proof. Without loss of generality we may assume that || M|, > || Mz, > || M|,

for j > 3. Let A€ Az, ;. Then A = [Y )Zf] for some X € Ch*@ |y e CL'xm,

ZeCL*Q where Q' = 37" ,q;, L' = Ej o l;. Suppose first that My = 0. Then

= 1)
B,

j=2 a;,
all eigenvalues of AM = [onwl 8} are zero for all A € Az, 4. Consequently,
Ng’l - (M) =0=/||Mi]lpl|M2]|p. Suppose now that M # 0 and let
M
Foim ding(tly, Ig)),  Guimding(th, 1), ey 1le g
||M2Hp

Then ||t =2M;]|, = || Ma]|, and therefore
HF;IMG;IHP = ” diag (t_2M1, Mo, M3, . .., Mm) ||p = HM2||p'

By Lemma 6.3 ||GLAF||, < t|Al, for all A € Az, 4:. Suppose that |A], = 1.
Then we have

o(AM) < |G AMG |, = (G AF)(FT MG,
< NG AF |, [|1F MG |, = [|GeAF |l | M|,

< Allp t 1Mzl = /I Mul[pl|M2]lp -
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Therefore ug’)z ql(M) < /IM1][p[[ M2, . To see that equality holds, let u; € Cl,
off 4>

y; €C%, j = 1,2, be such that [Ju;, = [[y;]I) =1 and y] Mju; = | Mj]l,, j = 1,2.

Define

VIIMallpua

. 0 U1y bl
Ag = diag <|:u2y1|_ 02 , 0) e AIoff’q,l ) uw = |, /||M1||p U2 S (Cl1+ +1 )
0

Then ||Aoll, = 1, and an easy calculation yields AgMu = /|| M|l || M2]|, v. Thus

M(Ap)zoff,q,z(M) > o(AoM) > /|| M|, | M|, , and this concludes the proof. 0

We have not been able to extend Theorem 6.4 to arbitrary index sets Z C m X m
and so we formulate a conjecture in this respect as an open question.
Open question: Does the identity

1
Hae o (@ M5) = max (TLie, 1045]) ™
hold for arbitrary index sets Z C m X m?

As corollaries of Proposition 6.2 and Theorem 6.4 we obtain the following formulae
for spectral value sets and stability radii. The first corollary deals with the general
block-diagonal case, and the second deals with the (scalar) diagonal case.

COROLLARY 6.5. Suppose (Aj, Bj,Cj) € Ly, 1,4, j € m, A= @7 ,A;, B =
OBy, C =@7,Cj, 6 >0, and Az, 4.1 is provided with the norm (41) or with the
operator norm induced by some p-norm, 1 < p < co.

Let Gj(s) = Cj(sl,, — Aj)7'B;, j € m, and define ||Gi(s)|| = |Gi(s)l|g,a, oF
1Gi(s)|l = |Gi(s)lp, © € m, respectively. Then the following hold:

(a) The spectral value set of A with respect to perturbations of the form

(60) A~ Ay = A+ BAC, A€Az, ., Al <6,

s given by

U o)

AeAg .
(61) N
—ot)u{s e play e \/IGENIGHE) > 57}

(b) Let C, be an open subset of C and suppose Ay, ..., A, are C,-stable. Then
the stability radius is given by

(62)

s€dC, 1<j<k<m

-1
rAzoff,q,z(ABaC;(Cg):lsup max IIGj(S)IIGk(S)H]

> _min \/re(A; By, Cj: Cy) re(Ap, Bi. Ci ).

Proof. Making use of Theorem 2.5 and Proposition 6.2 (resp., Theorem 6.4), the
corollary can be proved in a way similar to that of Corollary 5.6(a),(c). |
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COROLLARY 6.6. Suppose a;,bj,c; € C, j € n, A = diag(ai,...,a,), B =

diag(by,...,b,), C = diag(ci,...,c,), and N(-) is an arbitrary operator norm on
Cm>m. Let
Az = {[Aj]€CV T Ay =0 = Ay, = 0}
be provided with the norm || - || =| - ||lp, 1 <p < o0, or
[A1r] ... A
(63) A := N(|A|) =N , A€Ar,,
VAN N VA N

Aa = A+ BAC.
If A = diag(ay,...,ay,), B = diag(b,...,b,), C = diag(ci,...,cn), then the following

statements hold:
(a) For all 6§ >0,

U O'(AA):{SG(C;l min  |s — a;||s — ag]

<j<k<n
(64) Ae Az ., ||A]<6

< 52|bjcjbkck|}.

(b) If Cg4 is an open subset of C and aq,...,a, € Cg4, then

o (s maglls —ar )2
(65) TAIoff (A,B,C,(Cg) - Sé%ég 1§?11]Icl§n ( Ib]‘Cj| |bk:ck| .

Proof. Making use of Theorem 2.5 and Proposition 6.2 (resp., Theorem 6.4) the
corollary can be proved in a way similar to that of Corollary 5.7. a

IfCy=C_ and a1, ...,a, <0, then |w — a;| > |a;| for all w € R, j € n, so that
(65) implies

r (ABC(C )_ min M i
Ao =) = k< |bjcibrck] .

7. Application: Inclusion theorems. An arbitrary matrix A = [a;;] € C"*"
can be represented as a perturbation of the diagonal matrix D4 = diag(a11,...,ann)
by an off-diagonal perturbation matrix A 4:

AZDA+AA, where Ay =A—-Dy € Az

off

= {[Ajr] €C™™; Ay =+ = Ay, =0}
Hence, setting
(66) IT:=ZaNZog ={(j,k) Enxn; j#kand aj, # 0},
we have by Remark 2.6(ii) that
(67) a(A) C U o(Da+A) =0a,(Da, In, In; [[Aal]).

AcAz, |AlIL]AAl
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Fi1G. 5. The ovals of Cassini C(1,—1;p), p=0.25,0.8,1,1.4,2, 4.

Applying the previous results about spectral value sets of diagonal matrices, one

obtains different estimates for the location of the spectrum of A (depending on whether

one chooses the perturbation norm to be (36) or (63)). In this section we recall the

classical eigenvalue inclusion theorems of Gershgorin, Brauer, and Brualdi and show

how they can be obtained as corollaries of the results in the previous sections.
Gershgorin’s theorem states that for all A = [a,;] € C™*"

(68) o(A) € Ga = | D(aj;; R;(A)), where Rj(A):= Y lajl.

S ken,k#j

Gershgorin’s theorem was improved by Brauer [3]. He used inclusion regions for the
eigenvalues of the following type:

C(z1,225p) :={s€C; [s —z1|[s — 22| < p }, z1,22€C, p > 0.

The sets C(z1, z2; p) and their boundaries are called the ovals of Cassini. For an il-
lustration, see Figure 5. Brauer’s theorem states that

(69) o(A) CCy = U C(ajj,are; Rj(A)RK(A)), A= [aj]eC™".

1<j<k<n

A further refinement has been obtained by Brualdi [4] who gave more precise infor-
mation about the location of the eigenvalues by taking into account the zero structure
of A. For this he introduced sets of the form (52) which now carry his name. With
every matrix A = [a;,] € C™"*" we associate the following union of Brualdi sets:

¢
(70) Ba:= U B (a’jljl7 <o Qg Hi:l Ry, (A)) )
(J1,--,Je)€Z(T)
where R; are as in (68) and 7 := T4 N Zoa; see (66). Brualdi’s theorem states that

(71) o(A) C Ba

provided that each index j € n is contained in some cycle v € Z(Z). From Corollary 5.7
we obtain the following slight extension of this result.
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COROLLARY 7.1. Let AcC"*"™ and set

oo(A) :=={aj;;j€n and VyeZ(T): j &~}
={ajj;j€n and (jevE€Z(Ta) = v= ()}

Then oo(A) C o(A) and d(A)\oo(A) C Ba. In particular, if oo(A) = 0, then
O’(A) g BA.

Proof. If A€ C™*" is a diagonal matrix, then there is nothing to prove. Assume
that A is nondiagonal and has off-diagonal row sums R;j(A), j € n. Set A = [A;;] €
C™*" where

A e Rj(A)taj, if j # k and R;(A) #0,
! 0 otherwise.

Then A = A := diag(ai1, ..., apn) +diag(Ri(A), ..., R,(A)) A, and |Al|l; = 1. Note

that ||A]l; = |||A]]]1 is @ norm of the form (63). Furthermore, we have that A€ Az,

where 7 = 74 N Zyg. Thus

s | o(4a)

A€ Az, ||Al: <1
where Aa := diag(aiq,...,an,) + diag(R1(4),..., R,(A)) A.

Hence, applying Corollary 5.7 with the norm N'(-) = ||-||1, 6 = 1, b; = R;(4), and
¢; =1, i € n, we obtain the result: o¢(A4) C o(A) follows from (b) and o(A)\oo(A) C
B4 follows from (a). 0

An equivalent extension of Brualdi’s result can be found in [29, Theorem 2.5]
(note that the definition of B, in [29] is different from ours).

We conclude this paper with a brief discussion of the relationship between the
above results of Gershgorin, Brauer, and Brualdi. First note that B(z1; p) = D(z1;p)
and B(z1, z2; p) = C(21, 22; p). The following proposition yields a useful tool for estab-
lishing inclusion relations between these sets.

ProposSITION 7.2. Let z1,...,2¢€C and p1,...,p¢ > 0. Then
B(Zlvazbnjegpj) - UB(Zla"'7/Z\ka"'7Z€;Hjeg,j7ﬁkpj) )
kel

’LUh@T@B(2’1,-~,3k,-~-,Ze;HjeLj#kpj) = {sG(C; [ice jun |5 — 2l < 1ljerjun P }

Proof. Suppose that s & Upc, B (2155 2k, - - -5 203 Hjeﬁ,j;ék p;). Then we have,
for all k€L, [[cp jr 15 — 2jl > Il;cp, jur pj- By multiplying these £ inequalities we

obtain ([[;c,ls — ] )t > (ILjecpi )¢~ Thus s & B(z1, . . ., 2 [ieeri)- ad
By induction we obtain from Proposition 7.2 the following corollary.

COROLLARY 7.3. Let z1,...,20€C and p1,...,p¢ > 0. Then

B (zl,-..,ze;l_[ﬂpj) < U chaminm) <UD

1<j<k<e JjeL
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F1G. 6. Comparison of the regions G4, Ca, and Ba.

Corollary 7.3 implies that for all AcC™"*", n > 2,
(72) BaCCaCGa.

Thus the theorems of Brauer and Gershgorin are consequences of Corollary 7.1. The
first inclusion in (72) has been shown by Varga [28], the second by Brauer [3].
Note that each of the three sets, B4,Ca,Ga4, is closed (as a finite union of closed
sets).

Ezxample 7.4. Consider the following matrix and the corresponding incidence
graph:

O NE—.

O—90

The matrix A can be represented as a sum of the diagonal matrix Ay = diag(1,z,
—2,—2) and the off-diagonal perturbation Rs € Z.g defined in Example 4.5. Fig-
ure 6 illustrates the eigenvalue inclusion regions for A due to Gershgorin, Brauer, and
Brualdi.

The crosses mark the diagonal elements of A. Comparing the right-hand figures
in Figures 2 and 6, we see that the inclusion provided by Corollary 4.4(a) is somewhat
tighter than the estimate provided by Brualdi’s theorem; see (71).

The above example should not convey the impression that Brualdi sets are always
considerably smaller then the corresponding Brauer sets. In fact, one can easily see
that they are equal if all off-diagonal entries of A are nonzero, i.e., Ty D Z,g. For
more details on this, see [29, section 2.3].

Although the theorems of Gershgorin, Brauer, and Brualdi follow directly from
our main results, we emphasize that the problems underlying the inclusion theorems
and those underlying our results are quite different. The inclusion theorems consider
the matrix A = D 4+A 4 as given and establish upper bounds for o(A) viewing A as the
result of a (known) off-diagonal perturbation of D 4. On the contrary, Corollaries 5.7
and 4.4 provide precise formulae for the union of the spectra of all the matrices
Aa = Dg + A where A is an arbitrary complex matrix of norm < ¢ with the zero
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structure determined by Z (resp., an arbitrary complex matrix satisfying |A| < R).
In these corollaries the diagonal matrix D 4, the index set Z, and the uncertainty level
6 > 0 (resp., the diagonal matrix D 4 and the nonnegative matrix R) are the only data.
It follows from Corollary 6.6 that

(73)

c(A)C U o(Da+ BA)= {5 €C; min |s— ajjl|s — ark| < Rj(A)Rk(A)} =Cqy,
N 1<j<k<m
Al <1

where B = diag(R1(A4),...,R.(A)); see (69). Under the assumptions of Brualdi’s
theorem we have

(74)
o(A)C U o(Da+BA)= | B(ajl,...,ajl;HfZIRi(A)):BA7
N (J1,mrde) EZ(T)

where 7 := Z4 N Zog; see the proof of Corollary 7.1, (54), and (70). Hence the
upper bounds in the inclusion theorems of Brauer and Brualdi, respectively, are tight
estimates which cannot be improved if we presuppose as the only a priori knowledge
the diagonal of A and the off-diagonal row sums R;(A) (resp., the diagonal of A, the
zero pattern of A, and the off-diagonal row sums R;(A)). To make this more precise
we note that

{Da+BA; A€ Az, and |Af; <1}

is the set of all matrices AeC™™ with the same diagonal as A and with off-diagonal

row sums R;(A) < R;(A). By (73) the Brauer set C4 is exactly the union of the
spectra of all these matrices. Similarly,

{D4s+ BA; A € Az and ||A]l; <1}

is the set of all matrices A € C"*" with the same diagonal as A, with row sums

R;(A) < R;(A), and with Z5 C Z4. Under the assumptions of Brualdi’s theorem it
follows from (74) that the Brualdi set B4 is exactly the union of the spectra of all
these matrices. A more detailed discussion on the sharpness of the Brualdi inclusion
theorem can be found in [29, section 2.4].

Remark 7.5. In the same way as in the proof of Corollary 5.7 one could derive
from Corollaries 5.6 and 6.5 inclusion theorems for the eigenvalues of a block matrix.
Such results are obtained in [29] by a different approach from ours.
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