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Overview

1 Inverse scattering from an inhomogeneous medium
2 Factorizations and factorization methods

3 Difference factorizations and monotonicity
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Inverse Problems for Waves

What is it all about?

m Send waves to an object with unknown properties
m Measure scattered waves

m Task: Deduce information about the object
(that's the inverse problem)

\ !> Receivers
°
Scatterer )
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Acoustic tomography

—:// Py Each emitter sends out waves
0% @ Each receiver records signals
L L
[ L
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Incident waves

Time dependence exp(—iwt), k = w/cy = 2w /wavelength
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Time-harmonic wave scattering

\‘
\

Incident field u! Scatterer D
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Time-harmonic wave scattering
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@ Zentrum fiir
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Wave scattering problems
...are posed on exterior domains and link incident waves
with outgoing scattered waves.
m Contrast ¢ > —1, supp(q) = D has no holes
m Incident field u’(z, 0) = exp(ik = - 0), 6 € S, wave number k
m Total field u(z,0) = u'(z,0) + u®(z, ) satisfies
Autk*(1 4 q)u =0 in R? 2.
Z
\/("

= u(-,0) — u'(-,0) radiates:

m Scattered field u®(-,0)
d-1)/2 §|1;|(x) —iku®(x)| — 0 as |z| — 00

¢
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m Behavior of scattered field as r — oo:
ikr

u®(rz,0) =

(U,OO(.%, 0) + 0(r<1—d>/2))

o
m Far field pattern: u®(z,0) for &, 6 € S
m Far field operator F': L?(S) — L%(S),

Fg= /u”(-,a)g(e) ds

S

m Contrast g real-valued = F € KC(L?(S)) is normal
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Inverse scattering problem

m Direct scattering problem: Given ¢ and 6, compute u*(-,0)!
(linear, well-posed)

m Inverse scattering problem: Given u™(z,6) for all &, § € S,
extract information on ¢! (non-linear, ill-posed)

m Finite data in practice: N x M-matrix (us(xn,ym))ﬁ;jr\f:l

m Typical application: Full waveform inversion for seismic
exploration of the earth

m More involved models: linear
elasticity or electromagnetics
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Uniqueness issues ...

An obvious question is:
m Is g uniquely determined from far-field measurements?
m Answer: Yes ...

m 3D: Nachman, Novikov, Ramm (all '88), ¢ € L™

Via unique continuation (Jerison & Kenig '85): ¢ € L?,
p>3/2

2D: Bukhgeim '08, g € WP 2 < p < o0,

Blasten '11: g € W&P ¢ >0

Global assumption: ¢ € L>(R?) with compact support

m Numerical methods to extract information of far-field data?
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Some inversion techniques

Given u™(z,0) for z, 6 € S, extract information on ¢!

m High/low frequency approximations (e.g. Born approximation)
m Aus(-,0) + k2(1 + q)u(-,0) = —k%qu’(-, 0)
m Inverse problem becomes a linear, ill-posed problem.
Newton-like schemes (Hohage '01)
Contrast Source Inversion (Kleinman & van den Berg '92)

Linear Sampling Method (Colton & Kirsch '96)
Approximate Inverse (Abdullah & Louis '99)

m Inverse scattering problem = many inverse source problems
m Precompute reconstruction kernels by SVD of forward operator
m Determine ¢ from nonlinear, algebraic equations
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Overview

2 Factorizations and factorization methods

Inverse scattering Factorization method Difference Factorization Armin Lechleiter 12 /28
lil.”’ Universitat Bremen


http://www.zetem.uni-bremen.de/invers
http://www.uni-bremen.de

Zentrum fiir
Technomathematik Variations on the factorization method for penetrable media

Superposition principle

Forward scattering problem linear & 4 depends linearly on u*

Superposition of incident plane waves (Herglotz wave):

wi(x) = /S e 704(6) ds(6)

Scattered field equals

() = /S u* (2, 0)9(0) dS(6)

Far field equals

we(@) = [ w(@.0)9(0)85(6) = Fy
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Factorization of F

m Superposition principle

m Herglotz operator H : g+ vy|, | |
wlo) = [ Fog0)ase) | L

m Solution operator T': f +— q(f + U|D)‘\

where v € H} (R3) is radiating solution to
loc g

Av+k*(1+qv=—k*qf inR? (Kirsch '98)

Note: Scattered field solves Au® + k(1 + ¢)u® = —k?qu’
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Factorization method

m ...are based on “self-adjoint” factorizations: F'= H*TH
Note: > (Z,2) = e k¥ is far field of ®(x,2) =

eiklz—z|

T Am|z—2z]

W

m Two further ingredients:
(1) Far field @°°(-, z) belongs to range of H* iff z € D
(2) If £T is coercive 4+ compact and injective
= range of H* = range of (F*F)!/4
Thus: (-, z) € Rg(F*F)Y*iff 2 € D

Picard’s criterion:

-1

Pooy(. A2
LeD o Z|< (@)Jﬁﬂ’ -0
jEN H

(Kirsch & Grinberg '08)
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Factorization method

z € D iff ®°(-,2) belongs to range of (F*F)/4
Condition (2) for T: +T is coercive + compact

Sufficient requirement: Either ¢ >0 or ¢ < 0in D
(no sign change!)

Unclear how to extract information on values of ¢
What about background media?
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Take-home message

m “Monotonicity” between contrasts ¢ » supported in D C R4
and spectrum of associated far field operators 7 5. Roughly:

Qlop = @2|yp < eig'vals of F| — F; tend to zero from right

Consequences:
. . i 15
m Uniqueness of inverse problem for analytic ¢ .

m Monotonicity = computable bounds for ¢|,, :
Similar to EIT, Tamburrino & Rubinacci '02,
Harrach & Ullrich '15 05 .

Behind the scene: . .

-0.6 -04 -02 0 0.2

m Factorization of F' via DtN operators
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When tend eig’vals of F' to zero from one side?

Theorem: If F = H*T'H and +ReT is coercive + compact, then
real parts of eig'vals /; of F' tend to zero from the right/left.

m Assume: Re (+T%,¢) > c|[0)]|Z — C||w[|2 for X <Y,
Denote linear hull of eig'funcs of F' for eig'vals with negative
real part by L~. For ¢ € L™,

0 >Re (P, 1) = Re (H*TH1p, v) = Re (TH, Hi)
> e Hyll} - CllHV s
¢
= Thus, [ Hllx < [C/c"?|H|R
m If dim L~ = oo and H is injective: .\\
open mapping theorem = contradiction
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3 Difference factorizations and monotonicity
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Scattering operator and far field difference

m Assumption: Contrasts ;2 € L°°(R?) are real-valued
m Scattering operator Sy 2 = I + 2i|y4|?F o is unitary on L%(S)

= S;(Fl —FQ) | ‘252(8 52) 2I|’7 ‘ (8281 )
m As (§3851)*S581 =1 = S5(F) — Fy) is normal s
m S(F1 = Fo) =372 N 95) 12(5) 95 |
m 1Ist result by above factorization: If g; — g2 20 os .
in all of R = Eig'vals Aj of S3(Fy — F5) tend , P
to zero from right/left: Re \; = 0 for large j o8 e ez 00
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Factorization via Dirichlet-to-Neumann operators (1)

m Assumption: Contrast ¢ € L>®(R% R) with supp(¢) = D

m Herglotz operator L : g+ vgy|,, for vy(x) = /eikx'eg(G) dS
S

m Exterior/interior DtN maps N°!t, NL”
between H'/2(OD) and H~'/2(dD)
oD
m Nt : ¢ v/Ov where v € HL_(R?\ D) is radiating weak
solution to Av + k?v = 0 in R?\ D with boundary values 1)
(] Niq” : ¢ — Ov/Ov where v € H'(D) is weak solution to
Av + k?(1 4+ ¢)v = 0 in D with boundary values 1)
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Factorization via Dirichlet-to-Neumann operators (1)

m Assumption: Contrast ¢ € L= (R4, R) with supp( )=D

m Herglotz operator L : g+ vgy|,, for vy(z ekzdy

m Exterior/interior DtN maps N°!t, N'” Nout
between H'/2(OD) and H~'/2(dD)

m N )= Qu/dv where v € H| ( (R4\ D) is radlatlng weak
solution to Av + k?v =0 in R?\ D with boundary values ¥

(] Niq” : ¢ — Ov/Ov where v € H'(D) is weak solution to
Av + k%(1 + q)v =0 in D with boundary values v

Inverse scattering Factorization method Difference Factorization Armin Lechleiter 21 /28

Ull.” Universitat Bremen


http://www.zetem.uni-bremen.de/invers
http://www.uni-bremen.de

@ Zentrum fiir
,,,,,,, Technomathematik Variations on the factorization method for penetrable media

Factorization via Dirichlet-to-Neumann operators (1)

m Assumption: Contrast ¢ € L= (R4, R) with supp( )=D

m Herglotz operator L : g+ vgy|,, for vy(z ekzdy

m Exterior/interior DtN maps N°!t, N'” Nout
between H'/2(OD) and H~'/2(dD)

m N )= Qu/dv where v € H| ( (R4\ D) is radlatlng weak
solution to Av + k?v =0 in R?\ D with boundary values ¥

(] Niq” : ¢ — Ov/Ov where v € H'(D) is weak solution to
Av + k%(1 + q)v =0 in D with boundary values v

Inverse scattering Factorization method Difference Factorization Armin Lechleiter 21 /28

Ull.” Universitat Bremen


http://www.zetem.uni-bremen.de/invers
http://www.uni-bremen.de

@ Zentrum fiir - . . .
,,,,,,, Technomathematik Variations on the factorization method for penetrable media

Factorization via Dirichlet-to-Neumann operators (l1)

m Consider incident Herglotz wave u(z) = [ e *¢(6) dS(0)

Fg=u>
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Factorization via Dirichlet-to-Neumann operators (l1)

Consider incident Herglotz wave u'(z) = [ e**?¢(0) dS(0)
®(z,y) radiating fundamental solution for Helmholtz equation

Green's representation theorem in R\ D:

. 00(,y) o g O
w = [~ v G )] asio

Fg=u
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Factorization via Dirichlet-to-Neumann operators (l1)

Consider incident Herglotz wave u'(z) = [ e**?¢(0) dS(0)
®(z,y) radiating fundamental solution for Helmholtz equation

Green's representation theorem in R\ D:

w = [ ot lulan)) - 250 esto)
oD

Fg=u
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Factorization via Dirichlet-to-Neumann operators (l1)

m Consider incident Herglotz wave u(z) = [ e *¢(6) dS(0)
m O(x,y) radiating fundamental solution for Helmholtz equation
m Green's representation theorem in R?\ D:

u? =/ [‘I’mmh" [w*]ap] ()= (-, y) N°** [w*|ap] () | dS(y)
oD

Fg=u
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Factorization via Dirichlet-to-Neumann operators (l1)

Consider incident Herglotz wave u'(z) = [ e**?¢(0) dS(0)
®(z,y) radiating fundamental solution for Helmholtz equation

Green's representation theorem in R\ D:

w= [ et {N‘o“[uﬂw}(y)—N°“t[u8|aD}<y> as(y)
oD

Far field: u™ = L* (NI — N°U%) [u®[sp] in L*(S)

Fg —u® = L* (Nion—NOUt) [US‘(?D]
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Factorization via Dirichlet-to-Neumann operators (l1)

Consider incident Herglotz wave u'(z) = [ e**?¢(0) dS(0)
®(z,y) radiating fundamental solution for Helmholtz equation

Green's representation theorem in R\ D:

w= [ et {N‘o“[uﬂw}(y)—N°“t[u8|aD}<y> as(y)
oD

Far field: u™ = L* (NI — N°U%) [u®[sp] in L*(S)
Finally: u®|gp = (NI" — N°“")~1 (NI — Ni") Lg, such that

F = L*(Nir — Nout) (N — Nout) ™ (Nin — NI L = L*M L
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Difference factorization and PDOs

m Assumption: Contrasts ¢ 2 € L>*(R? R), supp(q12) = D
® | > are smooth in D and D is smooth domain

m Factorization '] o = L* M 2 L implies

Sy () — F) = L*(My — My — 2ik|yq|*Mo* LL*[My — Ms]) L
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Difference factorization and PDOs

m Assumption: Contrasts ¢ 2 € L>*(R? R), supp(q12) = D
® | > are smooth in D and D is smooth domain

m Factorization '] o = L* M 2 L implies
Sy () — F) = L*(My — My — 2ik|yq|*Mo* LL*[My — Ms]) L

m As M5 = (NIt — Nout) (Nin — Nout) H(Nin — NI, the
principal symbol of M; 2 on 0D x T*(9D) equals

(2,6 = (1€ = (=€) (1€"] = (=1€]) ™" (Ka(@)/(21¢"))

m Principal symbol of My — Ms: k2(q1(z) — q2(x))/(2]€*])
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Concluding ... 1

0.5

m Principal symbol of M — Mo: .
B (01 (@) — () 217 L
m If g1 2 g2 0n0D
= My — My =sign((¢1 — ¢2)|op) C + K
= eig'vals of S;(F — F») = L*[sign((¢1 — ¢2)|op) C + KL
tend to zero from right/left

m If ¢ — ¢o takes both positive and negative values on 9D

= Joo-many eigenvalues of S5 (F; — F») with positive and
negative real part
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Consequences

m If D is known, then F' uniquely determines ¢|op

m If D is known and ¢ is analytic, then F' uniquely
determines ¢ in D

m Factorization method works for all contrasts ¢ such that ¢|gp
is sign-definite, independent of sign changes inside D

Not OK

OK

m Algorithmically: Exploit monotonicity for determining ¢|sp
when D is known
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Monotonicity algorithm when D is known

m Unknown contrast ¢, known far field operator F;,

m Test contrast gaux With Fluy

m If eig'vals of SI, (F' — F,ux) tend to zero from right (or left)
= qlop > Gauxlop (or glop > Gauxlop)

Easiest case: Test against constant ¢« = clp

Numerical criterion: #{); : € < |)\;| < 0.1, Re); = 0}
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Variations on the factorization method for penetrable media

Monotonicity algorithm when D is known

Unknown contrast ¢, known far field operator F,

Test contrast gaux wWith FLuyx

If eig'vals of
= Q|8D > Qaux‘aD (Or QI(?D > Qaux|6D)

S*

aux

(F' =

FL.x) tend to zero from right (or left)

Easiest case: Test against constant ¢« = clp

Numerical criterion:

Exact contrast q_

s
e
04

o2
Lo
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Monotonicity algorithm when D is known

m Unknown contrast ¢, known far field operator F;,

m Test contrast gaux With Fluy

m If eig'vals of SI, (F' — F,ux) tend to zero from right (or left)
= qlop > qauxlop (o qlap > Gauxlop)

m Easiest case: Test against constant ¢,ux = clp

m Numerical criterion: #{); : £ < |)\;| < 0.1, Re); = 0}

#lefright eigenvalues for q #lefrright eigenvalues for q., # lefuright eigenvalues for q
12| g | + R R e Y YR Y Y2 12
e ¢
Njececse o & S444444 . lececsee ob S44EI44
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o ; | . o
6 Lo
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4 at
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00400040 46440000 004060000000 000000004
0 05 7 1 0 05 7 7 0 05 7 1

Inverse scattering Factorization method Difference Factorization Armin Lechleiter 26 /28
lilm Universitat Bremen


http://www.zetem.uni-bremen.de/invers
http://www.uni-bremen.de

Zentrum fiir - . . .
Technomathematik Variations on the factorization method for penetrable media

Monotonicity algorithm when D is known

m Unknown contrast ¢, known far field operator F;,
m Test contrast gaux With Fluy
m If eig'vals of S (F' — F,ux) tend to zero from right (or left)
= Q|8D > Qaux‘aD (Or q‘aD > Qaux|8D)
m Easiest case: Test against constant ¢,ux = clp
m Numerical criterion: #{); : £ < |)\;| < 0.1, Re); = 0}
# left/right eigenvalues for g, # left/right eigenvalues for q, #leftright eigenvalues for g
s S S S 6 e o
3 . .o . P e
4 e * *ee *
2
2 *
1 L '. IS
5 02704 06 08 602" 04 06 08 0 02 04 06 08
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Monotonicity algorithm using linear test contrasts

m Unknown contrast ¢q. Known far field operator F,, domain D
m Linear test contrast q,ux with FLux
m Parameterize via 16 pts on boundary, 11 slopes in normal

direction, 15 offsets ~~ 2640 far fields ...
m Numerical criterion: #{); : ¢ < |)\;| < 0.1, Re); = 0}

Exact contrast q _ Exact contrast g, Exact contrast q
1 4 1

05 05 075 05 065
03
07
s 06
0 4 0 o 0
2 oo 055
o R 055
05 05 05 1 M5
o2 s
1 05 0 05 1

o4
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Monotonicity algorithm using linear test contrasts

m Unknown contrast ¢q. Known far field operator F;,, domain D
m Linear test contrast q,ux with FLux
m Parameterize via 16 pts on boundary, 11 slopes in normal

direction, 15 offsets ~~ 2640 far fields ...
m Numerical criterion: #{); : ¢ < |)\;| < 0.1, Re); = 0}

q(:-) q‘(:) q:+)
0.4 0.5
. n
0.8
Io.sg I 08 l
o7 0.45
0.38 0
0.6
0.37 0.4
0.5
0.5 [N d
0.36
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Monotonicity algorithm using linear test contrasts

m Unknown contrast ¢q. Known far field operator F;,, domain D
m Linear test contrast q,ux with FLux
m Parameterize via 16 pts on boundary, 11 slopes in normal

direction, 15 offsets ~~ 2640 far fields ...
m Numerical criterion: #{); : ¢ < |)\;| < 0.1, Re); = 0}
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Summary & Extensions

m “Monotonicity” between contrasts ¢; » supported in D C R4
and spectrum of associated far field operators F o:

Qilop = @2lyp < eig'vals of S5(F1 — F») — 0 from right

m Factorization of F' via DtN operators

m Computable bounds for ¢|sp

m Avoid PDO-calculus by factorization as in Briihl '99

m References: Lakshtanov & L 2016 o o
Lakshtanov & Vainberg 2015; et
Cakoni & Harris 2015 ’ .

-
Thanks for your attention! ) .

[ 05 1 15
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