An XFEM toolbox for FEniCS

Zentrum fur
Technomathematik

@ Universitat Bremen

Mischa Jahn, Andreas Luttmann, Timo Klock
The Center for Industrial Mathematics (ZeTeM), University of Bremen

SFB 7417

Introduction to miXFEM (multiple interfaces XFEM)

Idea: Automated code generation for problems with arbitrary discontinuities
by using an extended FEniCS form compiler and a C++ library.

Design principle: Modular structure consisting of (independent) toolboxes.

e Implementation of a level set toolbox (including reinitialization and mass
correction techniques) which can be used for describing a discontinuity.

e Implementation of a flexible XFEM framework, partly based on the PUM
library [3], to solve stationary and instationary problems with strong and
weak discontinuities.
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Fig. 1: Implementation design: Extended FFC and toolboxes for XFEM and level set.

Mathematical background

Level set toolbox [1]

e A discontinuity I'(¢) is described by the zero Fo)
level set of a (continuous and scalar) func- (¢ =0)
tion ¢: Q2 X [to,tf] = R | separating (2 into
Q(t) = QT () UQ(t) UT'(t), cf. Fig. 2.

e Maintaining algorithms like reinitialization
and mass correction techniques are included.

Q*(t)
(¢ >0)

Fig. 2: Q7 (t) and Q (¢)

eXtended finite elements [2] separated by T'(Z).

A standard function space V'™ with basis functions v;, ¢ € N, is (only)
enriched strongly, weak discontinuities are handled by enforcing continuity
with Nitsche’s approach.

e The discrete approximation of I'(¢), which is considered for enriching a
function space V'™ is given by I'),(t) = {x € Q| Iinpn(x, t) = 0}.

e Enriched DOFs are N := {i € N'| measy_1(I',Nsupp(v;)) > 0, v; € VFEMY

so that a function ug "M e VAFEM reads
XFEM ~
Uy, — E W;V; + E u; Hvj,
ieEN JGN

where u; are the coefficients and H denotes the Heaviside function.
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Fig. 3: Enriched DOFs A
for P; elements

Fig. 4: Standard basis functions v; and enriched
basis functions Hwv; for P; elements

e For intersected elements, a local mesh consisting of sub-elements is cre-
ated and the quadrature rule is modified to consider each sub-element’s
contribution.
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Fig. 5: Creating sub-elements of a cell Fig. 6: Creating sub-elements of a cell

Stefan problem (model problem)

On Q C R?, define u(-,ty) and ©(-,t) and consider the problem
Ou —V - (kVu)=f in QT )UQ (1), t € (to, 1),
Bup+V -Vo=0 in Qx [to,t],
with u(-,¢) = ur on I'(¢) and [kVu-7] =LV -7 on I'(¢)
and suitable (Dirichlet/Neumann) boundary conditions.

[...]

# Bilinear form and linear form for the heat equation with disc. coeff. k:

a0 = u * v * dx + deltat * k * dot(nabla grad(v), nabla grad(u)) * dx
al = - deltat('+"') * k('+') * dot(grad(u('+')), n(phi('+'))) * v('+"') * dc(0) \
deltat('+') * k('+') * dot(grad(v('+"')), n(phi('+"'))) * u('+") * dc(0) \

+ deltat('+') * lambda('+') * u('+') * v('+") * dc(0)

a2 = deltat('+') * k('-') * dot(grad(u('-')), n(phi('+'))) * v('-"') * dc(0) \
+ deltat('+"') * k('-') * dot(grad(v('-"')), n(phi('+'))) * u('-") * dc(0) \
+ deltat('+') * lambda('+"') * u('-') * v('-") * dc(0)

[...]

LO = v * u old * dx + deltat * f * v * dx

L1 = - deltat('+') * k('+') * dot(grad(v('+')), n(phi('+'))) * u Gamma('+') * dc(0) \
+ deltat('+') * lambda('+') * u Gamma('+') * v('+") * dc(0)

L2 = deltat('+') * k('-"') * dot(grad(v('-")), n(phi('+"'))) * u Gamma('-"') * dc(0) \
+ deltat('+') * lambda('+') * u Gamma('-') * v('-") * dc(0)

[...]

a =ab + al + a2

L = L0 + L1 + L2

Fig. 7: Parts of the corresponding UFL file using Nitsche’s approach

Exemplary convergence plots for fixed At resp. h using P; elements

e Scenario 1, the interface is a-priori known and prescribed, see Fig. 8.

e Scenario 2, the interface is unknown and part of the solution, see Fig. 9.
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o |[|lu — unl|£,0) || Lo 0,7y € O(R*O);
—A— |w(T) = un(D)|| £y € O(h*?);

w —unll Ly @)l Lo 0,1y € O(ALBT)
Nw —wunllL,)llLs0,1) € O(ALY9?)
[w(T) — un(T)| 1,2y € O(ALBT)

Fig. 8: Convergence plots scenario 1, interface is a-priori known
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Fig. 9: Convergence plots scenario 2, interface is part of the solution

Outlook: Keyhole-based laser welding (real world application)

On © C R? consider a welding process described by the heat equation with
an a-priori given discontinuity (keyhole) as an internal boundary.

temp (K)
I2800

2000
I1 000
300

i DI
S NS D

i T e oL
AN S NEIY B NS N NN

i 2N
| N DN ShE NSRS
e b,

£
i
1]

RSN R S ED
o i) \i\er\“N-

SRR SR R RIS RSN

ERSTET R I S IS

in 2D. for time-dependent problems in 2D. | ? ig(;gp "’
e The Ls-projection is used to interpolate an arbitrary function f onto g 2000 , 2w
e @ -
/ (PMEM A odx = / fudz, Vv e VEM, 3 o
Q Q
Acknowledgement

The authors gratefully acknowledge the financial support by the DFG (German Research Foundation) for the subproject A3 within the Collaborative Research Center SFB 747

“Mikrokaltumformen - Prozesse, Charakterisierung, Optimierung”.

References

1 M. Jahn and T. Klock. A level set toolbox including reinitialization and mass correction algorithms for FEniCS. Technical Report 16-01, ZeTeM, Bremen, 2016.
2 M. Jahn and A. Luttmann. Solving the Stefan problem with prescribed interface using an XFEM toolbox for FEniCS. Technical Report 16-03, ZeTeM, Bremen, 2016.
3 M. Nikbakht. Automated Solution of Partial Differential Equations with Discontinuities using the Partition of Unity Method. PhD thesis, 2012.




