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Abstract

Phase transformations (PT) are an important phenomenon in the material behaviour of steel. There is alarge number
of models mostly based on the Johnson-Mehl-Avrami-Kolmogorov kinetics for diffusive transformations, and based
on the Koigtinen-Marburger equation for martensitic transformation. Besides this, generalisations have been
developed in order to get more practicable tools for smulations, and to deal with the multi-phase case. It is the main
aim of the current paper to develop a quite general phenomenological mode of PT based on differential equations,
generalising the proposals presented before in a suitable manner. The usua well-known models of PT areincluded in
our general approach. The necessary parameters can be obtained from dilatometer experiments or from
transformation diagrams. We present examples for that, based on real data, and perform simulations.

In afurther paper [WolO7c], we evaluate the proposed phenomenological model, comparing it with severd other PT
models. These results show that the proposed model gives agood approximation to experiments.
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1 Introduction

Phase transformations (PT) in sted represent a wide field of investigation. The isothermal
diffusive PT is well described by the Johnson-Mehl-Avrami-Kolmogorov (JMAK) kinetics,
there are essential open questions in modelling of non-isothermal PT as well as of PT under
stress or pre-deformation of austenite, e.g. As a consequence of this there are many proposals for
modifications of PT models. For this matter we refer to [Boh03], [Den97], [Leb84, 85],
[LemO1], [Rét87, 97], [Ron00] for overview and for [Boh04], [Cab0l], [Dac03], [Den92],
[Fer85], [Gar98], [Hou86], [Hun99], [Leb84, 85], [Mio04], [Mit92, 02], [Ré98, 99a, 99b, 01],
[Sur04], [Sys03], [Wil86], [Wol03a, 03c, 07b, 07¢] for investigations and discussions of stress-
free PT. There are proposals in order to generalise the classical approach due to IMAK [Avr39,
40, 41], [Joh39] to take the multi-phase case into account, and, last but not least, to obtain
practicable tools for simulations (cf. [Leb84, 85], [R&98, 99b, 01], [For00]).

To investigate stress-free phase transformations one usually performs tests with dilatometers.
Stress-dependent phase transformations are investigated with specia devices under controlled
temperature and stress, measuring length and diameter of the specimen (cf. [Ahr00, 02, 03],
[Dal04] for experimenta device, and [Ahr00, 02, 03], [Da04], [Shi04], [Wol03a, 03b, 03c, 053,
06b, 06c, 06d, 06e, 07b] for experiments and data processing, e.g.). In real processes like heat
trestment we normally encounter a Stuation in which the evolution of phase fractions,
temperature and mechanical entities (and sometimes of the carbon content in austenite) is
mutually influenced. Thus, modelling and simulation of complex material behaviour like heat-
treatment processes of work-pieces generaly requires the implementation of PT models
describing the multi-phase case in more genera stuations. We refer to [Ald06], [Bes93],
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[Ber99], [Dav94], [Den97, 02], [Fuh99], [HOmM96, 02, 04, 06a, 06b], [INo85, 89], [Kim05],
[Pie00], [Ron00], [Scho6], [Sj684], [Suh05], [Vid94], [Wol04, 05b, 06a, 06g], [Yu77] for
modelling and/or simulation of complex material behaviour of steel. There are many textbooks
and monographs dealing with iron and stedl in the context of physics and engineering. Examples
are: [Ber06], [Bur65], [Chr75], [Hor92], [Koh94], [LemOl], [Pol88], [Ros56, 72], [Sei99],
[Van91]. For modelling of PT in mesoscopic and microscopic context we additionally refer to
[AntO4], [Avr39, 40, 41], [Dac04], [Fis03], [Joh39], [Lev9g], e.g.

Here our main goals are

e to develop a quite genera phenomenological model of PT in sted in the multi-phase
case, owing else asimple structure and being suitable for application in simulations,

e to show the relation of this general model to some well-known models like those ones
due to Leblond-Devaux (LD) [Leb84, 85] or Johnson-Mehl-Avrami-Kolmogorov
[Avr39, 40, 41], [Joh39],

e to give some remarks about interactions between phase evolution, temperature, and
mechanical movement,

e to give examples how to obtain the needed parameters from dilatometer data and from
transformations diagrams, respectively, and to perform simulations, using these
parameters,

e to present some results demonstrating the advantage of the proposed model, referring to
our detailed paper [Wol07c].

In section 2 we will deal with modelling of PT. Some remarks about interactions between phase
evolution, temperature, and mechanical movement will be given in section 3. In section 4, we
will speak in short about mathematical questions arising from PT. Finaly, in section 5, we will
deal with parameter identification. Using real data, we will smulate examples of the multi-phase
case.

2 Phase transformations in steel in the multi-phase case

2.1 General aspects

The subsequent considerations up to formula (2.12) are valid not only for phase transformations
(PT) in sted, but also for specia (chemica or other) reactions in coexisting mixtures. In the
context of macroscopic modelling we regard steel as a coexisting mixture of m (m > 2) phases
(congtituents), which may transform into one another under appropriate conditions. Furthermore,
we neglect any diffusion of these phases, assuming that they remain at their origina places of
formation.

Letbep; (i = 1, ..., m) the mass fraction of the i phase. We writein short p = (py, ..., pm). While
in the genera theory of mixtures mass fractions are used for modelling, volume fractions are
mostly preferred when dealing with stedl. Fortunately, due to small density differences of the
steel phases (for the same temperature) the differences between mass and volume fractions arein
the region of one-two percent in the case of stedl (cf. [Wol03a, 03c, 07a]). So we will often speak
only about “phase fractions’. The number of phases, m, depends on the sort of steel and on the
circumstances.

Independent of concrete models of PT we assume the subsequent general balance and non-
negativity relations

2.1) S pH=1,
i=1



(2.2 pi(x, t) >0 fori=1,..,m,

where X is the genera spatial point of the body (work piece) Q and t > 0O is the time. A genera

macroscopic model of PT based on ordinary differential equations (ODE) (with the parameter x)

usualy reads as (cf. [B6h03, 04], [Den97], [For00], [Fuh99], [HEmMI5, 96, 97], [Hun99], [1no89],

[Leb84, 85], [Mio04], [Mit92, 02], [Rét97, 98, 99a, 99b, 01, 04], [Ron00], [Sur04], [Sys03] e..)
B, o=t 2

(2'3) at (Xl t) - fI(X1 tl p1 ey at! S! é)!

completed by theinitial conditions

(2.4) Pi(X, 0) = poi(x) for al x,

where 0 - temperature, S - stress tensor, & - further possible parameters interpreted as internal
variables (all depending on x and t) (cf. section 3), po = (Po1, ..., Pom) — initial phase fractions

fulfilling (2.1) and (2.2). In the sequel, time derivatives will be denoted by dots (6 e.g.) aswell as
by the symbol in (2.3).

Remark 2.1. (i) It is well-known, that the transformation behaviour essentially depends on the
carbon content of the parent phases. Thus, in the case of inhomogeneous carbon content, the
right-hand side of (2.3) additionally depends on uc = (Uc1, Ue, ..., Uem), Where ug is the carbon
content in the i™ phase. This situation arises, when case hardening is modelled (cf. [Ber99],
[1no89], [Wol06g], e.g.). Formally, we can include u. into the variable €.

(i) For physical reason the dependence of Sin (2.3) takes place through its invariants, the von
Mises stress and the mean principa stress, e.g. For smplicity, except in section 3, we keep the
notation asin (2.3).

(i) Generally, there is an interaction of mechanical movement, temperature and phase evolution.
Thus, the stress tensor S implicitly depends on other entities, possibly on phase fractions via
integral terms. We return to thisin section 2.7. Hence, instead of the ODE in (2.3), some integro-
differential equations might be more appropriate. Since the subsequent discussion would be
analogous, we focus on ODE’sfor describing PT. Werefer to [Ahr00, 02, 03], [Da04], [Den97],
[1n085, 89], [Shi04], [Wol03b, 05a, 06d, 06f] for investigations of PT under stress.

(iv) Generdly, in (2.3), we allow an explicit dependence on x and t. Thus, it is possible to model
gpatial non-homogeneities (after chemical treatment, e.g., cf. [Fre06]). Moreover, one could use
specia PT models depending explicitly on time. For convenience, we suppress this in the
forthcoming discussion.

(v) As (macroscopic spatial) diffusion of the phases is neglected, the equations in (2.3) do not
contain spatial partial derivatives like in diffusion equations. Hence, the spatia variable x plays
only the role of a parameter. Therefore, in the subsequent models, it will be often suppressed in
notation.

A further consequence of (2.1) is the subsequent assumption for f = (fy, ..., fr)
m
(2.5) > fi=0 for all possible arguments.
i=1

Obvioudly, the considerations above are valid for chemical reactions or general phase changes
without diffusion of the congtituents.

We note, that the (macroscopic) model given by (2.3), (2.4) can be included into a genera model
of material behaviour of steel in the frame work of continuum mechanics. In this context the
phase fractions are regarded as internal variables and the equations in (2.3) become their
evolution equations. We refer to [Wol05b, 06a, 06h] for details and discussion. We note, that the

dependence on the time derivative 6 of the temperature 0 in (2.3) is not compatible with the

3



standard internal-variable setting and requires additional efforts. Here we want to focus on PT
themselves, and so we suppress this discussion.

Now, we want to specidise f in order to obtain applicable PT modes for multi-phase
smultaneous and consecutive reactions, respectively. Following [Leb84, 85], [Ré98, 99b, 01],
[For00], we assume, that the transformation of the i™ phase into the | phase (i # j) abbreviated as
i — ] has the transformation rate — g, i.e., for the transformationi — j (fori,j =1, ..., m, i #j)
the change of p; in favour to p; can be described by the transformation law in rate form

(2.6) Bi = —a&;.

In accordance with (2.6) the growth of p; at expense of p; is expressed as
(2.7) B = a;.

As aconsegquence of (2.6) and (2.7) we set

(2.8) a =0 i=1,...,m

and

(2.9) aj=0 hj=1,...,m.

If the transformation i — j does not take place, we have g; = 0. Generally, the a; depend on the
same variables asthef; in (2.3). In case of

(2.10) aj=aj(, P, 0,0,S€)

the PT i — j isnot influenced by the presence of the remaining phases. But generaly, there may
be an influence of further present phases. In this case, we have

(2.11) aj = aj(pi, P, P 6,6, S, E) k#i,j.

Here, we do not specify the rates g; in accordance with the IMAK kinetics or with other
approaches as in [Leb84, 85], [R&98, 99b, 01, 04], [For00]. Later on (cf. (2.22)), we propose a
more genera ansatz leading to differential equations with severa (possibly five) parameters.
Based on the above considerations, the system (2.3) can be speciaised in the following manner

m m
(2.12) pi:—z aj+zqi i=1,....,m,
j=1 j=1
fulfilling the condition (2.5) (taking (2.8) into account). These equations are still quite generd.
Similarly asin [Leb84, 85], [R&98, 99b, 01], [For0Q], we formulate two general assumptions for
phase transformations in steel:

(213) Foreachi,je{1,..,N},i=], thereexists aquantity p;j = (0, S, &, px, Po) (K =1, J), such
that the transformation p; — p; may only occur under the condition

pi>0 and pP—p>0.

If aparticular transformation can not occur under any conditions, we set p; = 0.
(2.14) For each phasej, there exist two temperatures 6;; and 6;s generally dependingon S, & (and
possibly on 6 and on py, k # i, j) such that the transformation i — j may only occur, if

0t < 0 < 6;s. This last condition can be taken into account by a switch-off function G;;,
which isone, if the condition isfulfilled, and which is zero otherwise.

We want to comment on these last two assumptions.

Remarks 2.2. (i) The quantity p; plays the role of a*“limit value” of thejth phase fraction which
can be obtained from phasei (cf. [For0Q]). That means, for the transformation i — j the maximal



possible fraction p; is pjj, and Py depends on the current values of 0, S, &, the remaining phases py,
and possibly on the initia values po (cf. section 2.6.2). Sometimes, there was introduced an

equilibrium value p; of the j" phase which can be obtained under given 6, S, & from al possible
phases (cf. [Leb84, 85], [Rét98, 01]).

(if) Of course, sometimes the limit values are equilibrium values, too. For instance, this is the
case for the PT austenite into ferrite and vice versa in an non-aloyed hypoeutectoid steel for
temperatures higher than 723 °C. The equilibrium values can be obtained from the Fe-Fe;C
diagram, using the lever rule (cf. [Ber06], [Hor92], [Koh94], [Pol88], [Ros56, 72], [Wev54],
[Van9l)).

(i) The assumption (2.14) does not exclude a smultaneous forming and dissolution of a phase
at the same time. Assuming additionally for apair i, j

(2.15) Ois< Oj or 0is< O,

the transformations i — j and j — i cannot be performed simultaneoudy. The condition (2.15)
describes the typical situation for steel.

Let be the Heaviside function H defined by

(2.16) H(s) =0 fors<Q, H(s=1 fors>0.

Taking the assumptions (2.13) and (2.14) into account, we propose the subsequent general model
for PT in stedl

(2.17) pi=— g aj H(p) H@; —p) Gj + g: gi H(p) H@i—p) Gii i=1,..,m.
i1

j=1
Clearly, if there are only two phases, i and j, and if the conditions (2.13) and (2.14) are fulfilled,
(2.17) reduces to (2.6) and (2.7). As the functions &; may be quite general, one has to propose an
ansatz. After this, the needed parameters must be determined by additional considerations, using
dilatometer data or transformation diagrams. We will deal with thisin the points 2.2 — 2.6.

Remarks 2.3. (i) The condition (2.5) isfulfilled for the right-hand sides of (2.17).

(if) The number of phases under consideration depends on the specific situation of modelling. On
one side, this number depends on the steel category (eutectoid, hypoeutectoid e.g.). On the other
side, sometimes it may be convenient to deal with additional artificial phases (see section 2.6).

(iif) The Heaviside function in (2.16) is not continuous in s = 0. Thus, for mathematical reason it
could be necessary to regularise it (cf. section 4). The same concerns to the switch-off functions
Gij.

(iv) Experiments show, that PT in steel are generaly not symmetric, i.e. in general, we have
(2.18) aj # -

(v) From the balance relations (2.1) it follows that the ODE in (2.3) (as well as in (2.12) and

(2.17)) are not independent from each other. Thus, for convenience one can drop one ODE, as
the one for austenite, e.g.

Example 2.4. A simple specialisation of (2.6) consistsin assuming
(219 &j = Wij P,
where the non-negative w; may depend on the same arguments as &;. The last equation means,

that the rate of decomposition of i into j is proportiona to the fraction of i available for
decomposition. In case of only two present phases 1 and 2 thisleads to (cf. (2.6))

(2.20) P1=- t2 P1.
Using (2.1), we obtain for the forming phase



(221) P2 = paz (1 - po).

Hence, in this case the entities p;2 and P21 are 1 and 0, respectively. Thus, the ansatz (2.19) does
not alow arbitrary “equilibrium” values. A dight generalisation of (2.19) leads to the approach
developed in [Leb84, 85] (see section 2.3).

2.2 A genera phenomenological multi-phase model for PT in steel

We are going to present proposas for the functions &; in (2.17) which determine the PT. As
mentioned in the introduction, the PT laws presented before do not fit very well with available
data in the case of varying temperature, under stress and after pre-deformation of austenite,
respectively. Therefore, we present a phenomenological model owing else a smple structure and
being capable for extensions (stress dependence, e.g.) aswell asfor possible smplifications, and,
moreover, for applications in smulations. The involving parameters have to be identified at best
by experimental data (see section 5.1). Slightly extending the suggestions in [HOmO6a], we
assume for the (both diffusive and martensitic) PT i — j the growth rate g; (of p;) (cf. (2.6))

(222) a:=(ej(0,S, &) +p) @S9 @—p)i®SDgy0, 58 M@G)  fori,j=1,...m.
The parameters g, rij, S;, gij, and hy; have to fulfil
(2.23) €20, r;=0, 55>0, g;=0, hj>0, h(0) =1 for al admissible arguments.

Remarks 2.5. (i) (Motivation of (2.22)) The ansatz in (2.22) is motivated by the subsequent
considerations. Generdly, a diffusive transformation begins and ends dowly. Thus, we may
assume that the production rate of p; is proportional to p; itself as well as to the difference to the
limit value. Thisleadsto

(2.24) aj := p; (Pj — P) G
and in generdisation to (2.22). The (small) parameter g; has been introduced for mathematical

reason (see section 4). For martensitic transformation one can set r;; = 0, because there is no delay
at the beginning. Thisleadsto the ansatz by Leblond and Devaux [Leb84, 85] (see section 2.3).

(if) The ansatz in (2.22) works well, if the phase j forms only from phase i (as a ferritic phase
from austenite). Contrary to this, the forming of austenite from several ferritic phases may lead to
some problems when defining the limit values. We will return to thisin section 2.6.2.

(ii1) Furthermore, it is possible, that the parametersin (2.22) depend on the remaining phases px,
k=1, ]. In this case, the parameter identification is more complicated. But even in this case, the
subsequent discussions remain valid with adequate modifications. Therefore, we focus on the
approachin (2.22).

In accordance with (2.8) we set

(2.25) @i=ri=si=gi=hi:=0 fori=1, ..., m.

For completely non-occurring transformations we set g = 0. In section 4 we discuss further
restrictions to the parameters g;, r; and s; coming both from physical and mathematical reasons.

Depending on the circumstances, one can dedl without the parameter h in (2.22) or not. In
section 5, we return to this, using real data. But, anyway, we assume

(226) hy(0)=1 for diffusive PT, h;j(0) =0 for the martensitic PT.
Hence, for isothermal diffusive PT (under constant stress) there are the four parameters g, rij, S;

and g; which have to be identified, using experimental data obtained from specia testing
machines like dilatometer. After this, the parameter h can be optimised for linear cooling.



Alternatively, transformation diagrams can be used for determining the needed parameters. We
will discuss these questions of parameter identification in section 5.

Finally, combining (2.17) and (2.22), we obtain a quite general mathematical model for multi-
phase transformations in stedl:

(2.27) P =—H(p) g (e + py)"l (max{p; —p;, O})¥ g hy G +

j=1

+ g (g +p)T (max{mi—pi, O3 gi i GiH(p) i=1,...,m.

=1
Aswewill show in the next sections, some well-known PT laws are included in the ansatz (2.22)
as specia cases.

2.3 The Leblond-Devaux proposal

In [Leb84, 85] the authors proposed a model for anisothermal phase transformations in steel in
the case of more than one phase for diffusive as well as for martensitic transformations. (In
[For00], a generalisation was presented.) The goa in [Leb84, 85] was to present a model being
“nearly” linear, taking (2.13) into account and generalising the smplest possible transformation
in case of two phases. Contrary to our more genera approach, Leblond and Devaux [Leb84, 85]

assumed that each phase i has its equilibrium value p;, and that the transformation i — j is only
possible, if

(2.28) P> and > p.
In this case they proposed for two existent phases:

(229) b= R

'Cij
where the non-negative parameter t;; has the dimension of time (“delay time”) and characterises
the speed of the transformation. In the smplest case, P and t;; are only regarded as temperature
dependent. Obvioudy, the phenomenological model defined by (2.22) includes the ansatz in
(2.29) for the parameter choicerj; := 0, 5j := 1 and g;j := r{jl, hij = 0. Clearly, pi(t) tends to p; for

t — oo for constant temperature. For convenience, we introduce the reciprocal value
1

(2.30) Wij == ‘Ei—j .
We define
(2.31) Qj Z:pij(ﬁj—pj), i =0 i,j:1,...,m.

Assuming independence likein (2.10), and regarding (2.28) as a side condition, the ansatz (2.31)
leads to the subsequent system for the multi-phase system

m m
(232) pi=—H(pi-p) 2 wjmax{p—p;, O Gj+max{pi—p, 0} 2 wiH({p—P) Gj
ji=1 j=1

i=1,...,m.
Additionally, if the p;; are independent of the phase fractions, the system (2.32) is“ nearly” linear.



Remarks 2.6 (i) Alternatively to (2.31), Leblond and Devaux [Leb84, 85] propose

(2.33) Qj ::Hij(ﬁjpi_ﬁi pj), i =0 i,j:1,...,m.
Using (2.1) and (2.31), in case of only two phases, the equation (2.29) can be rewritten as

(2.34) P1=—p12 (P2P1 - PLP2)-
Generalising this ansatz in [Leb84, 85], the subsequent system for the multi-phase case reads as

(2.35) pi=—H(p - ) gm: Hij @B P —pip) HE - p) +

j=1

+H@i-pi).§uji(ﬁﬁ—5jpi)H(Dj—ﬁ') I=1..,m

=1

Clearly, if pi > P and p; < ;, then the &; in (2.33) are non-negative. We note, that in the case of
simultaneous PT the model (2.34) does not recover a single transformation like (2.29).

(iv) Generally, the parameters p;; in (2.30) as well as the equilibrium values p; may depend on the
same variables as g; in (2.10). Furthermore, it is possible to consider the system (2.32) or (2.35)
in the more general case (2.11) (cf. remark 2.5).

2.4 A multi-phase model based on the Johnson-Mehl-Avrami-Kolmogorov kinetics

Now we want to show how to specialise the generd model in (2.17) to the IMAK kinetics for
diffusive PT (cf. the pioneering works [Avr39, 40, 41], [Joh39] as well as [Boh03], [Bur65],
[Chr75], [LemO1], [R&97] eg.). As in section 2.3 we begin with the case of a single
transformation, for instance with the transformation of austenite into ferrite for a hypoeutectoid
low aloyed sted at atemperature where both phases may exist in equilibrium.

At congtant temperature 6 the forming phase 2 of this transformation 1 — 2 grows according to
the IMAK formula

(236) P =P (1-exp(- (o 5)"0))

where 112 > 0 and ny, > 1 are temperature-dependent materia parameters characterising the PT

1— 2. Usudly, in the IMAK approach, the value pi12 stands for the equilibrium value (as in the

LD approach) and will be denoted by p,. To be in accordance with our more general approach,
we regard this value as “limit value’ (cf. (2.13) and remark 2.2 (i)). Clearly, (2.36) implies for
theinitia time

(2.37) p2(0) = 0.

Taking the time derivative (for constant 6) and excluding the exponential and the explicit time
dependence, we obtain from (2.36) the autonomous ODE for the PT 1 — 2

1
@38 5= Pr—Pd) o2 (IO P)) 0.

Therefore, assuming the IMAK kinetics for al possible PT i — j and for varying temperature,
we define



1
Nij 1, 1-— .. ..
(2.39 aj = (p —p(t) ?”‘ (—=In(1—p(t) pi,-l)) nij(6) fori,j=1,...,m,i=#]j.

a:=0 fori=1,...,m.
Thisand (2.17) imply

m . 1
(240) p=-H({p) Y max{ ﬁij—pj(t),o}%'J,L(—ln(l—ﬂ(t)ﬁlzl)l O Gy +

j=14j=0

m _ Nii L 1 _ L .
+ 3 HE)maq §i-p@.0} ' In@-p@®Ps) w0 fori=l..m
i=148j=0 .
We conclude this point with some remarks again.

Remarks 2.7 (i) The IMAK model (2.39) is not a specia case of the general ansatz (2.22). A
linearisation of the logarithm in (2.39) yields the following approximation for small values of p,

N [P 11—
(241) Pa(t) = P2 —P2t) - (P2t) P2 )™ nax(e)-

T12
Obvioudly, (2.41) is a special case of (2.22).

(i) The solution of the problem (2.36), (2.37) is not unique. Besides the obvious solution p, = 0,
there exist non-zero solutions. An example is p given by (2.35) in the case of constant
temperature. This is an un-pleasant mathematical disadvantage of the IMAK model. Therefore,
for calculations one usually takes a small value for p,(0), 10°, e.g., instead of zero. Another way
out consistsin using the more general ansatz in (2.22) with asmall positive parameter g;.

(i) Experiments show that for non-isothermal diffusive transformations the model (2.38) (as
well as (2.40)) does not approximate the reality sufficiently well (cf. [Boh04], [Fer85], [Hun99],
[Hou86], [R&97] e.q.). Therefore, there are severa proposals in order to extend the ODE (2.38),
or to use other approaches (cf. [Ber99], [Boh03, 04], [Cahb6], [Dac03], [Den92], [HOmMI7],
[1no85, 89], [Leb84, 85], [LemOl], [Mit92, 02], [Ré&97, 993, 04], [Sys03], [Ver87] eg.). This
physical disadvantage of the IMAK Kkinetics was the reason for introducing our general model
based on (2.17), (2.22). For constant transformation temperature the IMAK model (2.38)
describes the diffusive PT more correctly than the linear equation (2.29) proposed in [Leb84, 85].
We will return to this in section 5, when dealing with smulations. Contrary to this, under non-
isothermal conditionsthe LD model (2.29) (and therefore (2.32), (2.35)) has asimpler structure.

(iv) Clearly, the LD model (2.29) comes from the IMAK model (2.39) for njj = 1. Only in this
case the parameters tj; in (2.29) and (2.39) are the same.

2.5 The martensitic transformation

For the multi-phase models presented in 2.2, 2.3 and 2.4 each PT i — j has the same structure as
itsinversej — i. There are only differences in the values of material parameters. However, one
can include arbitrary PT laws into the general concept presented above. We demondtrate this
with the martengitic transformation.

It is well known, that the formation of martensite does not follow the IMAK kinetics. Due to
Koistinen and Marburger (cf [Koi59], [Lem01]) the martensite fraction forming from a given
austenite fraction p(tms) at the temperature 6 less than the martensite-start temperature 6 reads
as

@4 Punl® = pilted (L-exp(- 20,



where tqs IS the time when the martensite-start temperature 65 is reached, and 0, is a positive
materia parameter (depending on the sted sort and on stress (cf. [Ahr03], [Den97], [Shi04],
[Wol06f] eg.), and usualy being independent of temperature). In the sequel we indicate the
martensite by the number m and the austenite by 1. Of course, if the martensitic transformation
gtarts with pure austenite, we have pi(tmg) = 1. The formula (2.42) does not contain any
information about the martensite evolution. It is known by experiments that the formation of
martensite is very fast (with the speed of sound). This fact suggests the following approach:
Assuming a monotone decreasing temperature 6 = 0(t) (below 6.s), we regard the current
martengite fraction as the final fraction at 6(t), i.e.,

(243) Pm(t) := Pam(O(1)).
In this case equation (2.42) also describes the martensite evolution, i.e. we have

(2.44) Prt) = Pa(tne) (1 exp(— 210,

where the corresponding initial conditions are

(2.45) Pm(tms) = O, O(tms) = Oms.
Taking the time derivative and excluding the exponential, we obtain from (2.42)

248)  Pol) = (Palt) — o) .

Furthermore, experiments show that martensite can only form if the temperature decreases, and
if the current temperature is not higher than the minimum temperature during the cooling (cf.
[Ant04] e.g.). To be more precise, we have instead of (2.46) the extended version (cf. [B6h03],
[Wol074])

@A) pul) = (Pultnd ~Pr(D) 5= gl N {6(9)) H(Ors =),

The minimum function in (2.47) can be regarded as an internal variable, when dealing with the
bulk behaviour of steel (cf. [Wol05b, 06a, 06h], e.g.). Of course, (2.46) is numerically more
convenient than (2.47). In the case of (rapid) quenching one can assume that 0 falls
approximately monotonoudly. Thus, (2.46) seems to be applicable in specia situations (cf.
[Wol07a] for experiments and evauations). Strictly spoken, tys is the last time when the
martensite-start temperature was reached. Below the martensite-start temperature, practicaly no
other phases form. Hence, we can write

m-1

(248) Pa(tms) —Pm(t) = 1= 2. pi(t) — pm(t),

j=2
and we obtain the equation

(249 Pm(t) = (1 - Z Bi(D) — p() 5 dt( min {6(s)}) H(Bms—0(1)).

Thus, the “limit value” of martensute can be defined as (cf. (2.13) and remark 2.2 (i)) by
(2.50) Pim(t) :=1- E; pi(t).

Moreover, we can define theJ ;ate aum for the martensite formation

g -1d
(2.51) = (1= 2 PO ~Pn() g min (0D
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where the switch-off function H(6,,s — 6(t)) isincluded in Gy, (cf. (2.17)). As above (cf. (2.46),
(2.47)), in the case of (rapid) quenching, the time derivative in (2.51) can be approximately

replaced by 6(t).

Finally, we note that Leblond and Devaux [Leb84, 85] suggested applying the linear approach in
(2.29) to the martendgitic transformation, too. In this case, one has

@5)  am=Fm—Pol0) tim
with
m-1 —
@5  Pwld= (- X p®) L-ep(-5- )
j=2

in accordance with (2.42). The parameter can be fitted by dilatometer data (cf. [Wol07a]). We
refer to [BohO03], [Wil86], [Yu77] for modifications of the KM approach.

2.6 Special cases of PT

In genera, the multi-phase models presented above alow arbitrary transformations. But for steel
most of the formally possible phase transformations do not materialise. Moreover, in many
practical situations like quenching, one is faced with transformations in only one direction. Thus,
one often has to deal with smpler cases than described above.

2.6.1 Dissolution of austenite

During quenching processes austenite normally undergoes only a (complete or incomplete)
dissolution, while the ferritic phases can only grow. That means, that the temperature path and
other influences only alow austenite to decrease and the ferritic phases to increase. Let us
assume that we have m relevant phases. For instance, for an hypoeutectoid steel we have
austenite (labelled in al cases by the index 1), ferrite, pearlite, bainite and martensite (labelled by
m). For an hypereutectoid stee one has austenite, cementite, pearlite, bainite, martensite,
sometimes upper and lower bainite. As assumed, austenite can only dissolute, the remaining
phases can only form. In section 5, we consider concrete examples. Thus, specialising (2.17), we
have

(254 P1=—H(py) X ay H(py —p) Gy,
j=2
(2.55) Pk = aw H(p1) H(Pwk— px) Gk fork=2,...,m.

The limit values pi must be determined for the steel sort under consideration, using information
from the Fe-Fe;C diagram and/or from the transformation diagrams. In section 5.2 we will go
into details. Besides this, in [Rét01] e.g. this procedure is done for concrete steels. The limit

vaue pim for martensite may be chosen differently, depending on the model used. In the case of
the Leblond-Devaux approach (2.52), we have (cf. (2.53))
_ m-1 Oms—6O(t)
(2.56) Pn() = (1- 2 p(®)) (L—exp(=—"5—)).
j=2 mO
But for the Koistinen-Marburger approach (2.51) one has

5D Bul)=1- 300
2
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The switch-off functions G;; have to be determined by specia considerations, too (cf. [Wol06g]
for an example).

Remark 2.8. Clearly, due to (2.5), the equations (2.54), (2.55) are dependent. For practical use,
one normally only works with the equationsin (2.55).

The transformation rates ayx (k = 2, ..., m) in (2.54), (2.55) have to be determined by dilatometer
data or by transformation diagrams, using aternatively the general ansatz (2.22) or the specia
ones by IMAK (2.39), by LD (2.31), and by KM (2.46), respectively. In our situation, the initial
conditions are

(2.58) Pwo=1, Po=0 fork=2,...,m.

Thus, the phase fractions are determined for a given temperature path (see section 4). Generally,
we have a coupled problem with temperature, mechanics and, possibly carbon diffusion (see
section 3).

Remark 2.9. Another model describing the dissolution of austenite (into several phases) based
on JIMAK kinetics was developed in [Rét98, 99b].

2.6.2 Formation of austenite

This case exhibits some differences to the one considered in section 2.6.1. More than one phase
are now sources for the austenite. Besides this, the dissolution of the ferritic phases is a complex
physical phenomenon. Especially, when taking into account the changes which martensite
undergoes (tempering effects). The possible presence of retained austenite has an essentia
influence of the forthcoming PT. For this matter we refer to [Pet89], [Yan89], e.g. Here, we want
to focus more on the phenomenological side of modelling. As before, austenite is labelled by
“1”. For theinitia condition (2.4), we assume

m
(2.59) Po1 < 1, Y pi=1 pg=0 forj=1,...,m.
ji=1

If there is no retained austenite, we will have pg; = 0. Neglecting tempering effects (cf. [Wan04]
for modelling and discussion), we assume that each phasej = 2, ..., m completely transforms
into austenite. If there are only two phases 1 and j, the transformation j — 1 can be modelled (cf.
(2.22) and remark 2.5 (i)) as

(2.60) P1= (82 + p)1® (1 - py5:®) g hy(6).

The equation (2.60) has the same structure as (2.22) with p;; = 1. Clearly, we have pj = 1 — p;.
The generdisation to m— 1 ferritic phases consists in replacing 1 — p by p; in (2.60). This
corresponds to the fact that the austenite production due to the | phase ends, if p; becomes zero.
Thus, we havefor thePT j —» 1

(2.61) p1 = (g1 + py)1® 1) gy yy(6) forj=2...,m.
Summing up the equationsin (2.61), and introducing suitable switch-off functions, we obtain for
thewhole austenite
m .

(262) pr=3 (g1 +p)® 3% g; hy(6) Gy

j=2
aswell asfor theferritic phases
(2.63) By =— (g1 + p)11® 31 g1(6) hu(6) G forj=2,..,m.
Clearly, we assume that the temperature path does not alow a dissolution of austenite.

12



Remarks 2.10. (i) Due to (2.61), a later dissolution of a ferritic phase is influenced by the
dissolution of a former one. For instance, let us assume, that the process starts without retained
austenite. Then thefirst PT ] — 1 starts Slowly (because, generally, g1 is quite small). After thet,
the next PT starts with the already formed austenite, i.e. that PT has no “incubation” (cf. remark
(i), too). Of course, here is not the place to discuss the physical background. Nevertheless, the
system (2.62), (2.63) has its advantages. Its structure is simple, it does not depend on the initial
values py.
(it) When using IMAK kinetics, the initial value po; must be positive (cf. remark 2.7 (ii)).
(ilf) Themodel in (2.61), (2.62) starts with the formation of austenite from each ferritic phase (cf.
[Mio04], eg.). Another approach can be found in [Sur04]. There the authors start with the
JMAK kinetics applied to the decomposition of the feritic phases, i.e. they assume for
isothermal decomposition
t \n

(2.64) Pi(t) = Po exp(= (C )" @).

7j(6)
Taking the time derivative (for constant 0), one obtains the subsequent IMAK like differential
equations

. ny a,\1-2 :
(265) B==P  In(p po)) in case of py; >0,
which will be applied to non-isothermal transformation, too. At the beginning, i.e. for pg — p
small, one can linearise the logarithm, obtaining an approximation of (2.65)

. n_ .41.%L i
(2.66) B==P O (o —p )

The term pgj — pj Stands for the austenite (newly) formed from p;, whereas, in (2.61), p. stands for
the whole current austenite. That means, (2.66) takes incubation into account (cf. remark (i)).
Nevertheless, if 1 = 0, (2.66) and (2.61) have the same structure. But, for n; > 1, (2.66) depends
on theinitia values.

2.6.3 The general case of PT

Of course, the general case of PT can be dealt with by combining the approaches in the sections
2.6.1and 2.6.2. Thus, one gets (“1” stands for austenite again)

(267) pr=Y (g1+p)1® p31® gy hu(6) G —H(py) 3 ay HEy —p) Gy,

j=2 i=2

(268) = H(pY) HPw—p) Guc— (8o + p)1® 319 gy(0) ha(0) G2 forj=2,...,m.
Clearly, we have to add the initia conditions (2.4) fulfilling (2.1) and (2.2). The system (2.67),
(2.68) has the same property as described in remark 2.10 (i). The presence of “retained fractions’
a the beginning of a PT influences substantially the subsequent forming. A model which
excludes such effects requires interna variables in order to take an “incubation” for diffusive
transformations into account.

3 Some remarks on interaction of phase evolution, mechanical movement
and temperature

Up to this time we have investigated phase transformations assuming given paths of temperature
and of stress, and possibly of other quantities. Of course, in redity, we have an interaction of
mechanical movement, temperature, phase evolution, and possibly of other quantities. In this
context, there are two specific issues related with PT:

13



e Transformation-induced plasticity (TRIP). This macroscopic phenomenon leads to a
permanent deformation, if PT occur under non-vanishing deviatoric stress. We refer to
[Ahr03], [Ant04], [Bes93], [Cor02, 04], [Dal04, 06a, 06b], [Dav94], [Den97], [Fis96,
00], [In096], [Leb86a, 86b, 89a, 89b], [LemOl1], [Nag00, 01, 02], [S694], [Pet04],
[Tal03, 06], [Wol03b, 05a, 06b, 06¢, 06d, 06e, 07a] and the literature cited therein.

o Stress-dependent PT. An applied stress (as well as a possible pre-deformation of the
parent phase) essentiadly influences the kinetics of PT. For this matter we refer to [Ahr00,
02, 03], [Ant04], [Dal04], [Den97], [Shi04], [Wol03b, 05a, 06b, 06d, 06€].

Thus, the modelling and simulation of the bulk behaviour of stee must take these phenomena
into account. The following references are examples: [AldO6], [Bes93], [Ber99], [Dav94],
[Den97, 02], [Fuh99], [HOmM96, 02, 04, 06a, 06b], [INo85, 89], [Kim05], [Pie00], [Ron0Q],
[Sch06], [§684], [Suh05], [Vid94], [Wol04, 05b, 063, 06g], [Y u77]. Aswe want to focus on PT,
we only show how their laws may be modified in this more general situation, giving a very short
outline.

In case of small deformations, we have the well-known balance equations for linear momentum

and energy (tacitly assuming Fourier’ slaw of heat conduction)
2

3.1) po 7 —div S=1,
3.2) po % —div(h VO) =S: 1.

These equations (as well as the subsequent ones) have to be satisfied in the space-time domain
Qx]0, T[, where Q2 is the body under consideration, and T > O is a fixed time. The notations are
standard ones. po - bulk density in the reference configuration, that means for t= 0, u —
displacement vector, S— (symmetric) Cauchy stress tensor, f —volume density of external forces,
¢ — linearised Green strain tensor, 6 - absolute temperature, e — mass density of interna energy,
Lo — heat conductivity, r — volume density of heat supply. Besides this, we have the well-known
defining relation for &:

(3.3) e=¢g(U) = % (Vu+vu') (Vu' —the transposed of Vu).

In (3.2) we employ the following abbreviation for the scalar product of tensors:
3
(3.4) i = (] p)=tr@p) = X o B,
ij=1
with tr(o) —trace of o, i.e. the sum of diagonal elements.
In the framework of small deformations we decompose € additively in accordance with
(3.5) € = &te + gtrip + Scp,

where g is the thermoelastic strain (including isotropic strain due to phase transformations), euip
Is the (non-isotropic) strain due to transformation-induced plasticity (TRIP) (cf. further on), and
g IS the strain due to classical plasticity (CP) (i.e. usud plasticity in metal behaviour). Viscous
effects can be taken into account, too. As usua, we assume volume conservation for the TRIP-
and classical inelastic deformation, i.e.

(3.6) tr(ecp) = O, tr(euip) = O.

The stress tensor S and the thermoelastic part & of the strain tensor are connected by the law of
thermoel asticity taking density changes due to phase transformations into account

(3.7) S=2p et + K tr(ew) | —3Ko (0 - 00) | =K Z(;f(’g—o)-l) pl,
i=1 M
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where p (shear modulus), K (compression modulus) and K, can be defined via linear mixture
rules:

m m m

(38) n®,p) =2 1i(®) pi, K(®,p):= 2 Ki(6)pi, Ka(6, p) := X Ki(0) i(0) pi,
i=1 i=1 i=1

where the 1;, K; and o; are shear modulus, compression modulus and heat-dilatation coefficient

of the i"™ phase, respectively. Moreover, | is the unity tensor, pi(6o) is the density of the i phase

at initial temperature 0, i.e. for t = 0. Asusual, the deviator * of the tensor & is defined by

(39) 6" = fro- g tr(eig) | (in 3d case).

The (classical) inelastic part e, of the deformation tensor € is connected by a special material law
with the remaining quantities, for instance by a flow rule in plasticity (see [Leb86a, 86h],
[Vid94], [Wol05b, 06a, 06g], e.g., for details in this context). We drop this here. But, we will
give some explanation of transformation-induced plasticity (TRIP). If PT occur under non-
vanishing deviatoric stress, there will be a permanent non-isotropic deformation (TRIP) which
cannot be described by CP at the macroscopic level. Usually one assumes that TRIP has no yield
condition (cf. [Leb86a, 86b], [Fis96] for discussions, [Azz01], [Ino06] for possible adternative
approaches). Asin [Wol05b, 06a, 06b, 06g], we propose

@10 =3 ~Xu) X x(0,58) o) max{ p, 0},

i=1
where k; is the Greenwood-Johnson parameter (generally depending on temperature, stress, and

possibly other quantities), and ¢ is the saturation function of the i phase, respectively, fulfilling
fordli=1,...,m

(3.11) K >0, 60)=0, &(D=1 %‘;(p) >0 fordlo<p<1.

Xuip IS @ backstress associated with TRIP (cf. [Azz01], [Fis00], [Leb89b], [Nag00, 01, 02],
[Tan03], [Wol05b, 06a, 06b, 06g] for discussion). Clearly, from (3.5) — (3.7) we get

(3.12) S =2 pee* =2 p(e*(U) — enip— &cp)s tr(S) = 2 ptr(e(u)) = 2 p div(u).

We only want to demonstrate how the PT laws (2.3) may be specidised in case of modelling
interactions of PT and mechanics. Therefore, we assume that there is no classica inelastic
deformation e¢p,, and that there is no backstress Xyip. Otherwise, the explanations would be more
complicated (cf. [Wol06b, 06g]). Moreover, letting ; = «;(0), we obtain from (3.10), (3.11)

(313) i) = 3 1 (&% (1) —eup(0) 2. w(0) o) mat p(1), O,
i=1

suppressing the dependence on the spatial variable xeQ. Assuming the initial value &yip(0) = 0,
and using the abbreviation

@14 A0, P0) =3 3 (6) Z2(p(0) max{ (), O}

we obtain the subsequent relati onlf_olr v

B19) )= [ 009, D) (U eXp(- [ AB( ) ) .
Finaly, (3.12) and (3.153 lead to S

(3.16) S () =2 (e* (uD) — J A6(9), P(9)) &*(U(S)) exp(— J abB(x),p(v)) dr ) ds).
0 S
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We write (2.3) in the subsequent form (cf. remark 2.1 (ii))
(3.17) pi(t) = fi(p(t), B(1), 0'(t), o(S), tr(S), €)

where o(S) isthe von Mises equivalent stress

3 1
(3.18) o(S):=(35 :5)

Sometimes, when performing mathematical investigations and simulations, the stress tensor S
will be eliminated via (3.12) and (3.16). Hence, if TRIP and stress dependence of PT are taken
into account, from (3.17), one obtains implicit integro-differential equations of the subsequent
structure

(319) () = F(p(t), 6(Y), (), 2u div(u(t)),

t t

S a6(s), p(9)) £* (U(S)) exp(- S a6(x).p(7)) dr ) ds, &).

0 S
Clearly, the structure of (3.19) will be transmitted to the functions &; in the speciaisation (2.10),
and, finaly, to the coefficients of the model presented in (2.22).

As mentioned above, a (inelastic) pre-deformation of the parent phase generally influences the
subsequent PT (as well as the subsequent TRIP behaviour) (cf. [Ahr03], [Pet04], [Ta06]). This
phenomenon (“strain-dependent PT”) can be modeled by interna variables. We introduce the
(classical) plastic strain of the parent phase (austenite, e.g.) and its corresponding accumulated
strain by

t t 1
(3.20) 0 = [ i) pr) dt, o) = f (B i) - Eepl) )2 pa(r) e,
0 0

where the index 1 stands for the parent phase. Clearly, if only the parent phase is present during
pre-deformation, we have the e, and the usual accumulated plastic strain s,. Thus, in the case of
pre-deformation, the variable & in (2.3) (and (3.17) and (3.19)) reads as

(321) £ = (ecpSp)-

4 Some remarks concerning mathematical questions

Here is not the place for mathematical investigations in detail. And so we only want to give some
remarks concerning mathematical aspects of PT. In practice, one expects that for a given path of
temperature (and possibly of stress and other variables) there exists a unique solution of the
initial-value problem (2.3), (2.4) for al time fulfilling (2.1), (2.2). The same concernsto the more
genera initia-value problem (3.19), (2.4). The mathematical kernel of this question is, under
which assumptions about the right-hand side f (or &;) and about the initial value one can prove
the existence of agloba unique solution of the problem (2.3), (2.4) fulfilling (2.1), (2.2).

Let us consider the genera initial problem (2.17), (2.4). We remember it:

(41) p=—3 a HP)HE;-p) Gi+ 3 a Hp) HEi—p) Gy =1,..m,
j=1 j=1
(4.2) pi(0) = po i=1, ..., m.

An essentia problem is that the spatial variable x (stands for a body point) occurs as a parameter
in (4.1), (4.2). Thus, it is helpful to formulate this problem as an equivalent operator equationin a
suitable function space (cf. [HomM97], [HUROD7], [Ver87], [Vis87] e.g.). At first, one can prove the
existence of aunique local (in time) solution. After having proven that this solution fulfils (2.1),
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(2.2), one gets its boundedness, and can apply continuation arguments (cf. [HUR07] eg.). The
main mathematical assumptions consist in:

e Theinitid vaue py fulfils (2.2).

e The functions g; have suitable continuity, measurability and growth properties. Besides
this, they arelocally Lipschitz continuous with respect to p.

e TheHeaviside function H and the switch-off functions G;; must be substituted by suitable
continuous regularisations. For instance, instead of H one can use H,(s) := 0 for s< O,
H.(s) :=defor0<s<g, Hy(s) :=1fors>«.

e Thefunctions a; and (the regularisations of) G;; must be non-negative.

We refer to [HOmM97], [HURO7] for detailed explanations and mathematical results. Mathematical
results taking phase transformations and mechanical behaviour (in stedl) into account can be
found in [H6mMO4, 06b], [Boel7].

Finally, the subsequent additiona assumptions (besides (2.23)) for the parameters of the proposal
(2.22) follow from the theory of ODE (existence of global solutions):

4.3 5=>1 for all arguments.
In order to ensure aunique solution for all possibleinitial values pg;, it is convenient to assume
(4.9 8j=6j>0 for all arguments.

In case of g; = 0, there must be 0 < r;j < 1. Moreover, for the initial value pg = 0, in this case,
there is no unique solution (cf. remark 2.7 (ii)).

5 Parameter identification and numerical examples

In this section, we demonstrate how to obtain the needed parameters. This can be done, using
experimental data (see section 5.1) or transformation diagrams (see section 5.2). Clearly, the
information being in experimental data is more complete than this one extracted from
transformation diagrams.

5.1 Parameter identification using experimental data

At first, we deal with stress-free transformation of austenite into pearlite of the bearing stedl
100Cr6 (SAE 52100). Neglecting carbide precipitation, we regard this transformation as
complete in the temperature region between 550°C and 734°C. At first, one performs some
dilatometer experiments for isothermal transformation. From the measured length of the probes
one obtains the phase evolution of pearlite, and the parameters of the model chosen can be
determined by optimisation. Clearly, in case of the complete transformation austenite into
pearlite, the evolution of pearlite p is given by

(5.2) p(t) = (e(0) + p()"® (1 - p()X? g(0).

At first, 6 will be kept constant. Analogoudly, the models by IMAK and by LD read as
1

62 pO=1-p0) S Ind-p))t O

and

(5.3 p(t) = (1—p(D) 1(6),

respectively. The dilatometer data alows to determine the pearlite evolution independently of
any PT model assumed. Thus, the parameterse, r, sand g in (5.1), the parameters t and nin (5.2)
as well as the parameter 1 in (5.3) can be calculated by optimisation procedures. Using data
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provided by the Ingtitut fur Werkstofftechnik Bremen (IWT), we have obtained the following
parameter values for the pearlitic transformation (see table 1, cf. [Wol07c] for details).

01°C Parameter in (5.1) Parameter in (5.2) ...in(5.3)
[°C] e r S g n T 1)
550 0.34'10° 0.26 1,02 2.90 10° 1.25 49.70 2.094 10°
600 17.0410° 0.83 1,00 19.58 10° 2.22 16.91 6.231'10°
650 1.97-10° 0.76 1,00 29.59 10° 2.49 12.15 8.425 10°
700 | 1000.0010° 3.52 1,00 0.17-10° 1.85 218.18 0.4910 107?

Table 1: Fitted parameters of the models (5.1), (5.2) and (5.3) for isothermal pearlitic transformations.

Using these vaues obtained for discrete temperatures, one can construct piece-wise linear
parameter functions of the temperature 6. (These functions are regarded as constantly continued
up to the ends of the temperature interval [550, 734].) Therefore, one obtains the corresponding
models (5.1), (5.2) and (5.3) for non-isothermal transformations (in the given temperature range).

In case of necessity, the parameter h = h(6) in (2.22) can be added in dl three differential
equations (5.1), (5.2) and (5.3). Hence, we obtain

(5.4) p(t) = (e(0) + p(t)"® (1 —p(©)*® g(6) h(6),

o n(6) 1=
(55) () = (L-P(t) gy IN(L=P())" O h(O)
(56) B(t) = (1—p() 1(6) h(d).

For determining h (at first for constant cooling rates 6), one needs dilatometer data for linear

cooling. Using the aready determined parameter functionse, r, s, g (or t, n or p), the parameter h
can be obtained for some vaues of cooling rates via optimisation. The results are in table 2.

0 [°C/g 0 -017 | -050 | -0.80 | -1.00 | -1.60 | -2.00 | -267 | -401 | -8.00

h(é) for(5.1) | 1.00 0.24 0.50 0.68 0.40 1.00 0.37 0.87 0.75 1.00

h(é) for(5.2) | 1.00 0.65 1.69 4.33 2.00 3.29 1.73 3.17 2.50 3.95

h(©) for (5.3) | 100 | 071 | 202 | 469 | 252 | 415 | 190 | 301 2.48 3.45
Table 2: Parameter h for the moddls (5.4), (5.5) and (5.6).

Finally, from the discrete values of h, one can obtain a function by interpolation (note h(0) = 1).
Thus, one has PT models taking the current temperature and its current derivative into account.
We present some plots comparing the modelsin (5.1), (5.2) and (5.3) aswell as (5.4), (5.5) and
(5.6). In the subsequent figures, the curves are denoted by the abbreviations:

- data— phase fraction calculated by measured data (cf. [Wol07c] for details)
- ODE — phase fraction predicted by our proposal (5.1)
- JMAK-DE — phase fraction predicted by the IMAK modéd (5.2)
- LD-DE — phase fraction predicted by the LD model (5.3)
- ODE h - phasefraction predicted by our proposal (5.4)
- JMAK-DE h — phase fraction predicted by the IMAK mode (5.5)
LD-DE h — phase fraction predicted by the LD mode (5.6)

In accordance with [Wol07c] (cf. table 3), the modd (5.4) yields the second best least-square
approximation of the curve “data’. Figure 1 (right) shows that, nevertheless, there is a larger
point-wise abbreviation before the end of the transformation. Zooming near the beginning (see
figure 2), one sees that the modd (5.4) gives a better agreement at the beginning of PT.
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Figure 1: Evolution of pearlite for exponentia cooling — calculated by measured data
and predicted by the models (5.1) — (5.6)
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Figure 2: Zoom of the picturesin fig. 1 near the beginning of PT.

Figure 3 shows that the modified models (5.4) — (5.6), in particular (5.4), gives a better
approximation.

data 5794 data 5794
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e 100 150 0 0 100 150
time t [s] time t [s]

Figure 3: Evolution of pearlite for linear cooling — calculated by measured data
and predicted by the modds (5.1) — (5.6)
In order to get a qualitative criterion, one can compare the least-square deviations between the
curve obtained from the data and the curves predicted by the models ((5.1) — (5.6), eg.) In
[WolQ7c] have compared alot of models for PT. Here we only present the comparison of the six
models (5.1) —(5.6) intable 3.
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PT moddl 5.1 (5.2 (5.3 (5.9 (5.5 (5.6)
& deviation 6.5310% 9.4610?2 12.08102 553102 3.8210% 8.72107
ranking 3 5 6 2 1 4

Table 3: Average least-square deviation and ranking for the PT modds (5.1) — (5.6) for 25 dilatometer
experiments for isothermal transformations (4), linear (9) and exponentia (12) cooling path
for the pearlitic transformation of the steel 100Cr6 (SAE 52100).

The general results of the comparison are (cf. [WolQ7c] for details):

e Among dl tested models which do not contain the time derivaive 6, the
phenomenologica model (5.1) gives the best |east-square approximation of the phase
evolution.

e Among al tested modes, the mode (5.4) gives the second best least-square
approximation of the phase evolution. For moderate cooling rates, the modedl (5.4) gives
the best | east-square approximation of the phase evolution.

For comparison of different PT models we dso refer to [Rét97], [Boh04], [Dac03]. As pointed
out in section 3, PT generaly depend on stress. For determining the stress dependence of the
coefficients e, r, s, g in (5.1) as well as of n, T in (5.2) and p in (5.3), one needs further
experimental data from specia devises (Gleeble machine, e.g.) which can perform PT under
controlled temperature and stress, measuring length and diameter (cf. [Ahr00, 03], [Dal04, 06a,
b], [Nag00, 01, 02], [Wol03b, 05a, 06b] for details). For the same discrete transformation
temperature as when having determined the values e, r, s, g, one can perform experiments under
different stresses (tenson and compression, if possible under torsion, too). As a result, by
interpolation again one obtains the parameters as function on stress and stress direction (cf.
[Wol06€] for details). Findly, after performing this procedure for different temperatures, one
gets the parameters as functions of temperature and stress (and stress direction). After this, the
obtained PT model can be tested with data obtained from experiments with different

temperature-stress paths. If necessary, in this direction one can proceed, taking 6 (and possibly
pre-deformation of austenite) into account.

Knowing the transformation parameters, one can simulate the phase evolution in work pieces.
Here, we present some calculations for dilatometer probes, assuming spatiad homogeneity.
Contrary to usua dilatometer experiments with controlled temperature, we calculate it
simultaneoudy together with the phase fractions. For this, we need the transformation parameters
of bainitic and martensitic transformation of the steel 100Cr6 (SAE 52100). Analogoudly as for
the pearlitic transformation, we get the parameters for the bainitic transformation, using
dilatometer data for constant transformation temperature (see table 4).

01°C Parameter in (5.1) Parameter in (5.2) ...in(5.3)
[°Cl e r S g n T n
300 1110 0.666 1.18 1.2610° 2.02 268.69 | 0.003921
350 1.8210° 0.741 1.00 2.3310° 2.42 148.46 | 0.007028
400 552107 0.818 1.00 6.9310° 2.52 54.23 | 0.019238
450 9.810* 0.460 1.00 13.1410° 1.59 15.07 | 0.070788
500 155103 0.363 1.70 12.4310° 1.00 20.59 0.048557

Table 4: Fitted parameters of the models (5.1), (5.2) and (5.3) for isothermal bainitic transformations
of the steel 100Cr6 (SAE52100).
The pearlitic and bainitic transformations are alternatively calculated with the aid of the model
(5.2) (i.e. (2.22)) as well as with the IMAK and LD kinetics. The martensitic transformation is
calculated by the Leblond-Devaux approach in any case. We apply the multi-phase case as in
section 2.6.1 (cf. [Boe07] for details). The parameter p = 5,95 of the martensitic transformation
(cf. (2.29), (2.30), (2.52)) as well as the martensite start-temperature 6, = 260°C and the
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parameter 6y = 102°C (cf. (2.42), (2.53)) are taken from [Wol07b]. We consider three cooling
scenarios determined by the heat-exchange coefficient. At first, 8 = 20 W/(m?® K) yields a
complete transformation into pearlite (seefigures 4, 5 and 6).
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Figure 4: Evolution of phases and temperature for a dilatometer probe, using the heat-exchange
coefficient & = 20 W/(n? K). Pearliteis calculated by the phenomenological model (5.1)
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Figure 5: Evolution of phases and temperature for a dilatometer probe, using the heat-exchange
coefficient 8 = 20 W/(m?* K). Pearliteis caculated by the IMAK kinetics (5.2)
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Figure 6: Evolution of phases and temperature for a dilatometer probe, using the heat-exchange
coefficient 8 = 20 W/(m? K). Pearliteis calculated by the LD kinetics (5.3)

The heat-exchange coefficient § = 200 W/(m?* K) leads to a mixture of all phases (see figures 7,

8,9).
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Figure 7: Evolution of phases and temperature for a dilatometer probe, using the heat-exchange
coefficient 8 = 200 W/(m? K). Pearlite and bainite are calculated by the phenomenological model (5.1)
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Figure 8: Evolution of phases and temperature for adilatometer probe, using the heat-exchange
coefficient 8 = 200 W/(m? K). Pearlite and bainite are cal culated by the IMAK kinetics (5.2)

S 900 : :
==="austenite —temperature
====pearlite 800 |

L . = bainite
0 0.8 E

! “ martensite 700
(] L)
— Y —
= O 600
2 0.6} N <
L e @ 500

o 2
§ g 400
5 04 i g.
£ S & 300
202t S 200
Q. !

Y A 100/
0 . . 0 . n
0 20 40 60 80 100 0 20 40 60 80 100 120
time t [s] time t [s]

Figure 9: Evolution of phases and temperature for adilatometer probe, using the heat-exchange
coefficient § = 200 W/(m? K). Pearlite and bainite are cal culated by the LD kinetics (5.3)

The heat-exchange coefficient 5 = 600 W/(m? K) also leads to a mixture of al phases with a
larger part of martensite (seefigures 10, 11, 12).
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Figure 10: Evolution of phases and temperature for adilatometer probe, using the heat-exchange
coefficient 8 = 600 W/(m? K). Pearlite and bainite are calculated by the phenomenological model (5.1)
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Figure 11: Evolution of phases and temperature for a dilatometer probe, using the heat-exchange
coefficient & = 600 W/(m? K). Pearlite and bainite are cal culated by the IMAK kinetics (5.2)
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Figure 12: Evolution of phases and temperature for adilatometer probe, using the heat-exchange
coefficient & = 600 W/(m?* K). Pearlite and bainite are cal culated by the LD kinetics (5.3)

5.2  Parameter identification using transformation diagrams

If there are no experimental data, one can get some information about PT from IT and CCT
diagrams (cf. [Wev54], [Ros56], [Ros72], [Pol88], [Van9l], [Koh94], [Se99], [Ber06], for
details). Clearly, experimental data contains more information about PT. Therefore, it is difficult
to determine the parameters e, r, s, g of the phenomenologicad moded (5.1), using only
transformation diagrams. But the IMAK parameters n and t can be determined, using the 1%
and 99% curves in the IT diagrams. For an example of this parameter identification and of
simulations, we refer to [HUR07]. Here we want only sketch the general way.
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Figure 13: Schemeof an IT diagram for an unalloyed hypoeutectoid steel

Let us consider an unalloyed hypoeutectoid steel with its schematic isothermal transformation
diagram (IT diagram) in figure 13. The curves are interpreted by many authors as 1% and 99%
curves. That means the left curve indicates the time after which 1% of the corresponding phaseis
formed. For example, for constant transformation temperatures in the region between B and M
this curve indicates 1% of bainite. And the right curve (in the same region) indicates the time
after which 99% of bainiteisformed (it corresponds to 1% of remaining austenite). Thusin such
regions the IMAK coefficients n and t can be determined in an easy way. For a chosen
temperature 6, one can extract the corresponding times t; and t, to the 1% and 99% curves,
respectively (seefigure 13). The IMAK approach leads to two equations for determining n and t:

Ttg) YO, 0.99=1—exp(( Ttg) 1O,

Applying this procedure to some temperature values in the transformation region (of austenite
into bainite, e.g.), one obtains temperature-dependent values of n and t. After interpolation, one
gets functions of 6.

In regions with more than two phases, this procedure must be modified. In the region between
A and B, pre-eutectoid ferrite and pearlite can be formed. In the IT diagram, three curves are
plotted. Clearly, the |eft one indicates 1% of ferrite, the right 99% of ferrite and pearlite (=1% of
austenite). Sometimes, the middle curve is simultaneoudy regarded as the 99% curve of
maximally possible ferrite and as 1% curve of pearlite. The fraction of maximally possible ferrite

(5.7) 0.01=1-exp(-(

P12(0) at the corresponding transformation temperature 6, must be determined by the lever rule,
using an Fe-FesC diagram (cf. [Pol88], [Hor92], [Koh94], [Sei99], [Ber06], e.g.). Thus, one
obtains

f(0)—U
N
fs£(6) —fop(6)
with the given carbon content u. The values of the curves fs (“cementite ling”) and fop (“ferrite

lin€”) must be taken from the Fe-FesC diagram. After this, one has the following equations for
determining the IMAK parameters ny, 12, Ng, T3:

(5.8) Pi(6) =
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(59) 00l= 1—exp(—(l_§le) %), 0.99 Pra(0) = 1 —exp(— ( (e) )%,

(510) 001=1-ep—(T5 )", 098" (1-Pu(0) = 1-expl- (75 )N

We refer to [HURO7] for concrete examples and calculations. Unfortunately, the IT diagrams
usualy do not give information about the transformation of austenite into ferrite above the
eutectoid temperature Ag. The 99% curve is missing. Findly, the IT diagram gives the
martensite-start temperature M and the temperature 69y of 90% of martensite forming. Thus, the
Koistinen-Marburger parameter emo (cf. (2.42)) can be determined by

690)

This information is sufficient for applying the KM differential equation (2.46), but not for
applying the Leblond-Devaux approach (2.52). For this one needs experimental (dilatometer)
data (cf. [WolO7b], e.g.). This procedure of determining parameters can be repeated for steels
with different carbon content. After interpolating over the carbon content, one obtains the
transformation parameters as a function of temperature and carbon content. Thus, processes like
case hardening can be modelled. In [Wol06f] we have modelled this situation and performed
simulations for a hypoeutectoid steel with varying carbon content over the depth of the work
piece. This leads to partiad differential equations in one space dimension. Additiondly, in
[WolO6f] different quenching scenarios (by air and like during the Jominy test) have been
considered.

Finaly, we remark that continuous cooling temperature diagrams (CCT diagrams) can be
exploited for determining transformation parameters, using optimisation procedures (cf. [For00]

eg.).

(5.11) 090=1- exp(—

6 Summary and conclusions

1) We have developed a quite genera phenomenological modd of phase transformations (PT) in
steel in the multi-phase case (see sections 2.1 and 2.2). This proposa generalises approaches
presented in [Leb84, 85], [Rét98, 99b, 01], [For0Q]. Its advantages are:

e simple structure capable for extensions (stress dependence, e.g.)
e easy handling in smulations, in particular in 3d simulations.

e The dependence on the temperature rate can be taken into account or not without
changing the basic structure of the mode.

e Firg evaluationsyield good results (see section 5.1).
Theinvolving parameters have to be identified at best by experimental data (see section 5.1).

2) We have discussed the relation of our approach to other existing models, giving a survey (see
sections 2.3, 2.4, 2.5). Besdes this, the multi-phase case of dissolution and of forming of
austenite has been considered (see section 2.6).

3) Some remarks about interaction of PT with mechanical movement and temperature have been
given, in particular concerning transformation-induced plasticity (TRIP) and stress-dependent PT
(see section 3). Additionally, some questions arising from the mathematical side of dealing with
PT have been touched (see section 4).

4) We have dedt with parameter identification and smulations. Using experimental data, we
have determined the parameter set of the model presented in (2.22). Based on this data, we have
performed some calculations for PT of dilatometer probes made of the steel 100Cr6 (SAE
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52100). Besides this, we have given an outline for determining transformation parameters from
IT diagrams. Unfortunately, thisinformation is normally incompl ete.

Performing 3d smulations and comparing with experimental data, we will test our proposa in
more general Situations, in experiments with 3d work-pieces e.g.

Acknowledgement

This work has partially been supported by the Deutsche Forschungsgemeinschaft (DFG) via the Collaborative
Research Centre SFB 570 ,, Distortion Engineering” at the University of Bremen. The authors thank Dietmar
Homberg (TU Berlin, WIAS Berlin) for fruitful discussion when preparing this paper. Moreover, we thank |sabel
HuRler for assistance when preparing the section 5.2. Findly, we thank the Ingtitut fir Werkstofftechnik Bremen
(IWT) for providing material parameters and experimental data.

References

[Ahr0Q] Ahrens, U.; Besserdich, G.; Maier, H. J.: Spannungsabhéngiges bainitisches und martensitisches
Umwandlungsverhalten eines niedrig legierten Stahl. HTM 55 (2000), S. 329-338.

[Ahr02] Ahrens, U.; Besserdich, G.; Maier, H. J.: Sind aufwandige Experimente zur Beschreibung der
Phasenumwandlungen von Stahlen noch zeitgemél3? HTM 57 (2002), S. 99-105.

[Ahr03] Ahrens, U.: Beanspruchungsabhangiges Umwandlungsverhaten und Umwandlungsplastizitét niedrig
legierter Stéhle mit unterschiedlich hohen Kohlenstoffgehalten. Diss., Universitét Paderborn, Germany, 2003.

[Ald06] Alder, H., Homberg, D., Weiss, W.: Simulationshasierte Regelung der Laserhértung von Stahl, HTM 61
(2), 2006, 103-107.

[AntO4] Antretter, T., Fischer, F. D., Cailletaud, G.: A numerical model for transformation induced platicity
(TRIP), J. Phys. IV France 115 (2004) 233-241.

[Avr39] Avrami, M.: Kinetic of phase change I: general theory, J. Chem. Phys., 1939, 7, 103-112.

[Avr40] Avrami, M.: Kinetic of phase change I1: transformation-time relations for random distribution of nuclei, J.
Chem. Phys,, 1940, 8, 212-224.

[Avral] Avrami, M.: Kinetic of phase change I11: granulation, phase change and microstructure, J. Chem. Phys.,
1941, 9, 117-184.

[Azz01] Azzouz, F., Cailletaud, G., Fischer, F. D., Pineau, A., Tanaka, K.: Study of the martensitic transformation
on aCr-Ni-Mo-Al-Ti sted for different thermomechanical paths, J. Phys. IV France 11 (2001) 189-196.

[Bes93] Besserdich, G.: Untersuchungen zur Eigenspannungs- und V erzugsaushildung beim Abschrecken von
Zylindern aus den Stéhlen 42CrMo4 und Ck45 unter Berlicksichtigung der Umwandlungsplastizitét, Diss., ,
Universitét Karlsruhe, Germany, 1993.

[Ber06] Berns, H., Theisen, W.: Eisenwerkstoffe — Stahl und Gusseisen, Springer-Verlag Berlin, 2006.

[Ber99] Bergheau, J.-M., Boitout, F., Toynet, V., Denis, S., Simon, A.: Finite Element Simulation of Coupled
Carbon Diffusion, Metallurgical Transformation and Heat Transfer with Applicationsin the Automobile
Industry, ASM Paper No 18, (1999).

[Boe07] Boettcher, S.: Zur mathematischen Aufgabe der Thermoelastizitdt unter Berlicksichtigung von
Phasenumwandlungen und Umwandlungsplastizitét, Diplomarbeit im Studiengang Technomathematik,
Universitét Bremen, FB 3, Mérz 2007.

[B6h03] Béhm, M.; Dachkovski, S.; Hunkel, M.; Lilbben, T.; Wolff, M.: Ubersicht tiber einige makroskopische
Modelle fir Phasenumwandlungen im Stahl. Berichte aus der Technomathematik, Universitdt Bremen, FB 3,
Germany, Report 03-09, http://www.math.uni-bremen.de/zeten/, 2003.

[B6h04] Bohm, M.; Hunkel, M.; Schmidt, A.; Wolff, M.: Evaluation of various phase-transition models for 100Cr6
for application in commercial FEM programs, J. de Physique IV, 120 (2004) 581-589.

[Bur65] Burke, J.: The kinetics of phase transformationsin metals, Pergamon Press Oxford, 1965.

[Cab01] Cabdllero, F. G., Capdevila, C., Garciade Andres, C.: Kinetics and dilatometric behaviour of non-
isothermal ferrite — austenite transformation, Mat. Science and Techn., Val. 17, (2001).

[Cah56] Cahn, J. W.: Transformation kinetics during continuous cooling, Acta Metallurgica 4 (1956) 572-575,.
[Chr75] Christian, J. W.: The theory of transformationsin metals and aloys, Part 1, Pergamon Press, Oxford, 1975.

[Cor02] Coret, M.; Caloch, S.; Combescure, A.: Experimental study of the phase transformation plagticity of
16MNDG6 low carbon steel under multiaxial loading, Int. J. of Plagticity, 18 (2002) 1707-1727.

26



[Cor04] Coret, M.; Caloch, S.; Combescure, A.: Experimental study of the phase transformation plagticity of
16MND6 low carbon steel induced by proportional and nonproportional biaxial loading paths. European
Journal of Mechanics A/Solids, 23 (2004) 823-842.

[Dac03] Dachkovski, S., Bohm, M., Schmidt, A., Wolff, M.: Comparison of several kinetic equations for pearlite
transformation in 100Cr6 steel. Berichte aus der Technomathematik, FB3, Universitat Bremen, Report 03-07,
(2003).

[Dac04] Dachkovski, S.: Evolution of diffusional phase transformation with varying temperature, Proc. of 3rd
International Conference Computational modeling and simulation of materias, Acireale, Sicilia, Italy, (2004)
265-272.

[Dal04] Ddgic, M.; Léwisch, G.: Einfluss einer aufgepragten Spannung auf die isotherme, perlitische und
bainitische Umwandlung des Waélzlagerstahls 100Cr6. HTM, 59 (2004) 28-34.

[Dal06a] Dalgic, M. Lowisch, G.: Transformation plasticity at different phase transformation of abearing steel”,
M aterialwissenschaften und Werkstofftechnik 37 (2006) 122.

[Dal06b] Dalgic, M.; Léwisch, G., Zoch, H.-W.: Beschreibung der Umwandlungsplastizitét auf Grund innerer
Spannungen wahrend der Phasentransformation des Stahls 100Cr6. HTM, 61 (2006) 222-228.

[Dav94] Daves, W.: Mikro- und makromechanische Simulation des Deformationsverhaltens von Stéhlen unter
Beriicksichtigung von Umwandlungs- und Diffusionsvorgangen, Fortschr.-Ber. VDI Reihe 18, Nr. 141.
Dussdldorf, VDI-Verlag 1994.

[Den92] Denis, S.; Farias, D.; Simon, A.: Mathematical model coupling phase transformations and temperature in
steels. ISIJ International 32 (1992) 316-325.

[Den97] Denis, S.: Considering stress-phase transformation interaction in the calculation of heat treatment residuel
stresses, In: Mechanics of solids with phase changes, no. 368, p. 293-317, eds. Berveiller, M., Fischer, F. D.,
Springer-Verlag, 1997.

[Den02] Denis, S.; Archambault, P.; Gautier, E.; Simon, A.; Beck, G.: Prediction of residual stress and distortion of
ferrous and non-ferrous metals: current status and future developments. J. of Materials Eng. and Performance,
11 (2002) 92-102.

[Fas96] Fasano, A., Primicerio, M.: An analysis of phase transition models, Europ. I. Appl. Math. 7, (1996) 439-
451,.

[Fer85] Fernandes, F. M. B.; Denis, S.; Simon, A.: Mathematical model coupling phase transformation and
temperature evolution during quenching of steel. Materials Science and Technology 1 (1985).

[Fis96] Fischer, F. D.; Sun, Q. P.; Tanaka, K.: Transformation-induced plasticity (TRIP). Appl. Mech. Rev. 49
(1996) 317-364.

[Fis00] Fischer, F. D.; Reisner, G.; Werner, E.; Tanaka, K.; Cailletaud, G.; Antretter, T.: A new view on
transformation induced plasticity (TRIP). Int. J. of Plasticity 16 (2000) 723-748.

[Fis03] Fischer, F.D., Simha, N.K., Svoboda, J.: Kinetics of diffusiona phase transformation in multicomponent
elastic-olastic materials, Transactions of the ASME, 125 (2003) 266-276.

[Fre06] Frerichs, F., Libben, T., Hoffmann, Zoch, H.-W.: Numerical analysis of distortion due to inhomogeneous
dirstribution of martensite-start temperature within SAE 52100 bearing rings, in press Steel Research, 2006.

[For00] Fortunier, R., Leblond, J.B., Bergheau, JM.: A numerical model for multiple phase transformationsin
steels during thermal processes, J. Shanghai Jiaotong Un., E5, No 1 (2000) 213.

[Fuh99] Fuhrmann, J., Homberg, D.: Numerical simulation of the surface hardening of stedl, International Journal
of Numerical Methods for Heat & Fluid Flow, 9 (1999) 705-724.

[Gar98] Garciade Andres, C.; Caballero, F. G.; Capdevila, C.; Bhadeshia, H. K. D. H.: Modelling of kinetics and
dilatometric behavior of non-isothermal pearlite-to-austenite transformation in an eutectoid steel. Scripta
Materialia 39 (1998) 791-796.

[H6mM95] Homberg, D.: A mathematical model for the phase transitions in eutectoid carbon steel, IMA Journal of
Applied Mathematics, 54, (1995) 31 — 57, Oxford University Press.

[H6mM96] Homberg, D.: A numerical simulation of the Jominy end-quench test, Acta mater, 44 (1996) 4375-4385.
[H6M97] HOmberg, D.: Irreversible phase transitionsin steel, Math. Methods in Appl. Sciences, 20 (1997) 59-77.

[H6mMO2] Homberg, D.: Induction hardening of steel —modeling, analysis, and optimal design of inductors.
Habilitationsschrift Technische Universitét Berlin, 2002.

[H6mO4] Homberg, D.: A mathematical model for induction hardening including mechanical effects, Nonlinear
Anaysis: Real World Applications 5 (2004) 55-90.

27



[H6mO6a] Homberg, D., Weiss, W.: PID control of laser surface hardening of steel, |EEE Transactions on Control
Systems Technology, 14 (2006) 896-904.

[H6mO6b] Hoémberg, D., Khludnev, A.: A thermoelastic contact problem with a phase transition, IMA Journal of
Applied Mathematics 71 (2006) 479-495.

[Hor92] Horstmann, D.: Das Zustandsschaubild Eisen-Kohlenstoff und die Grundlagen der Warmebehandlung der
Eisen-Kohlenstoff-Legierungen, 5th edition, Verlag Stahleisen Dusseldorf, 1992.

[HGRO7] HuRler, 1.: Mathemati sche Untersuchungen eines gekoppelten Systems von ODE und PDE zur
Modellierung von Phasenumwandlungen im Stahl, Diplomarbeit im Studiengang Technomathematik,
Universitét Bremen, FB 3, April 2007.

[Hou86] Hougardy, H. P., Yamazaki, K.: Animproved calculation of the transformationsin steels, Steel Research
57,No 9, (1986).

[Hun99] Hunkel, M.; Libben, T.; Hoffmann, F.; Mayr, P.: Modéellierung der bainitischen und perlitischen
Umwandlung bei Stéhlen. HTM 54 (1999) 365-372.

[Ino85] Inoue, T.; Wang, Z.: Coupling between stress, temperature, and metallic structures during processes
involving phase transformations. Mat. Sci. Tech. 1 (1985) 845-850.

[Ino89] Inoue, T.; Wang, Z.; Miyao, K.: Quenching stress of carburized stedl gear whedl. In ICRS2, Beck, G.;
Denis, S.; Simon, A.(Eds.) Elsevier Appl. Sci., London, New Y ork, 606-611, 1989.

[Ino06] Inoue, T., Tanaka, T.: Unified constitutive equation for transformation plasticity and identification of the
TP coefficients, Konferenzbeitrag zur SOLMECH35, Krakau, Poland, 4-8 September 2006.

[Joh39] Johnson, W.A.., Mehl, R. F.: Reaction kineticsin process of nucleation and growth, Trans. AIME, 135
(1939) 416 — 458.

[Kim05] Kim, J., Im, S,, Kim, H.-G.: Numerical implemantation of athermo-elastic-plastic constitutive equation in
consideration of transformation plasticity in welding, Int. J. of Plasticity, 12 (2005) 1383-1408.

[Koh94] Kohtz, D.: Warmebehandlung metallischer Werkstoffe, VDI, Diisseldorf, 1994.

[Koi59] Kaistinen, D. P., Marburger, R. E.: A genera equation prescribing the extent of the austenite-martensite
transformation in pure iron-carbon and plain carbon steels, Actametall. 7 (1959) 59 — 60.

[Leb84] Leblond, J. B., Devaux, J.: A new kinetic model for anisothermal metallurgical transformationsin steels
including effect of austenite grain size, ActaMet. 32 (1984) 137 — 146.

[Leb85] Leblond, J. B., Mottet, G., Devaux, J., Devaux, J.C.: Mathematical models of anisothermal phase
transformations in steels, and predicted plastic behaviour, Materials Science and Technology, 1 (1985) 815
822.

[Leb86a] Leblond, J. B., Mottet, G., Devaux, J. C.: A theoretical and numerical approach to the plastic behavior of
steels during phase transformations— I, J. Mech. Phys. Solids, 34 (1986) 395.

[Leb86b] Leblond, J. B., Mottet, G., Devaux, J. C.: A theoretical and numerical approach to the plastic behavior of
steels during phase transformations— 11, J. Mech. Phys. Solids, 34 (1986) 411.

[Leb89a] Leblond, J. B.; Devaux, J.; Devaux, J. C.: Mathematical modelling of transformation plasticity in steels. I:
Case of idedl-plastic Phases. Int. J. of Plasticity 5 (1989) 551-572.

[Leb89b] Leblond, J. B.: Mathematical modelling of transformation plasticity in steels. 11: Coupling with strain
hardening phenomena. Int. J. of Plasticity 5 (1989) 573-591 .

[LemO1] Lemaitre, J.: Handbook of Materials Behavior Models, Academic Press, San Diego, USA, 2001.

[Levag] Levitas, V. I.: “Thermomechanical theory of martensitic phase transformation in inelastic materials’, Int. J.
of Solids and Structures, 35 (1998) 889.

[Mie02] Mielke, A., Thell, F., Levitas, V.: A variationa formulation of rate-independent phase transformations
using an extremum principle, Arch. Rational Mech. Ana., 162 (2002) 137-177.

[Mio04] Miokovic, T., Schwarzer, J., Schulze, V., Véhringer, O., Lohe, D.: Description of short time phase
transformations during the hesting of steels based on high-rate experimentd data, J. de Physique 1V, 120
(2004) 591-598.

[Mit92] Mittemeijer, E. J.: Review — Analysis of the kinetics of phase transformations, Journal of Materials science
27 (1992) 3977-3987.

[Mit02] Mittemeijer, E. J., Sommer, F.: Solid state phase transformation kinetics: amodular transformation model,
Z. Metallkunde 93 (2002) 352-361.

[Nag00] NagayamaK ., Kitgjima, Y ., Kigami, S., Tanaka, K, Fischer F.D., Cailletaud, G.: Transformation induced
plasticity in maraging steel: an experimental study, Key Engineering Materials, 177-180 (2000) 443.

28



[Nag01] Nagayama, K.; Terasaki, T.; Tanaka, K.; Fischer, F. D.; Antretter, T.; Cailletaud, G.; Azzouz, F..
Mechanical properties of a Cr-Ni-Mo-Al-Ti maraging stedl in the process of martensitic transformation. Mat.
Science and Eng. A 308 (2001) 25-37.

[Nag02] Nagayama, K., Terasaki, T., Goto, S., Tanaka, K., Antretter, T., Fischer, F.D., Cailletaud, G., Azzouz F.:
Back stress evolution and iso-volume fraction linesin a Cr-Ni-Mo-Al-Ti maraging stedl in the process of
martensitic transformation, Mater. Sci. Eng. A, A336 (2002) 30.

[Pet89] Peters, H.J., Tacker, G., Hougardy, H.P.: Einfluss von Restaustenit auf die Korngréfie des Austenits nach
der Reaustenitisierung fur schwere Schmiedestiicke, Steel research 60 (1989) 230-238.

[Pet04] Petit-Grostabussiat, S., Taleb, L., Jullien, J-F.; Experimental results on classical plagticity of stedl subjected
to structural transformations, Int. J. of Plasticity 20 (2004) 1371.

[Pie00] Pietzsch, R.: Simulation des Abkihlverzuges von Stahlprofilen, Techniche Mechanik, Bd. 20 (2000) 265
274.1

[Pol88] Pallack, Materials Science and Metallurgy, 4th ed., Prentice-Hall, 1988.

[Ré87] Réti, T., Gergely, M., Tardy, P.: Mathematical treatment of non-isotherma transformations, Mat. Sciences
and Techn., 3 (1987) 365-372.

[Rét97] Réti, T.; Horvéth, L.; Felde, I.: A comparative study of methods used for the prediction of nonisothermal
austenite decomposition. J. of Mat. Eng. and Performance 6 (1997) 433-442.

[Ré98] Réti, T.: Generdization of the Avrami model for the description of multi-phase transformations, Proc. of
the 11" Intern. Congress of Intern. Federation of Heat treatment and Surface Engineering, vol. lii, Florence,
Italy, 109-117, 1998.

[Rét99a] Réti, T., Felde, I.: A non-linear extension of the additivity rule, Computational Material Schience, 15
(1999) 466-482.

[REt99b] Réti, T., Fried, Z., L., Felde, 1. Multiphase modeling of austenite transformation processes during
quenching, Proceedings of the 3" Int. Congress on quenching and control of distortion, Prague, Czech
Republic, 24-26 March 1999, 157-173.

[Rét01] Réti, T., Fried, Z., L., Felde, 1.: Computer smulation of steel quenching process using a multi-phase
transformation model, Computational Materia Science, 22 (2001) 261-278.

[REt04] Réti, T.: On the physical and mathematical interpretation of the isokinetic hypothesis, J. de Physique IV
120 (2004) 85-91.

[Ron00] Ronda, J., Oliver, G. J.: Consistent thermo-mechano-metallurgical model of welded steel with unified
approach to derivation of phase evolution laws and transformation-induced plasticity. Comput. Methods Appl.
Mech. Eng. 189 (2000), 361-417.

[Ros56] Rose, A., Peter, W., Strassburg, W., Rademacher, L.: Atlas zur Wéarmebehandlung der Stahlell, Verlag
Stahleisen, Dusseldorf 1956.

[Ros72] Rose, A., Hougardy, H. P.: , Atlas zur Wéarmebehandlung von Stahlen®, Verlag Stahleisen, Diisseldorf
1972

[Sch06] Schmidt, A.; Suhr, B.; Maoshagen, T.; Woff, M.; Boehm, M.: Adaptive finite element smulations for
macroscopic and mesoscopic models, Materialwissenschaften und Werkstofftechnik, 37 (2006) 142—-146.

[Sei99] Seiddl, W.: Werkstofftechnik, Carl Hanser Verlag Miinchen Wien, 1999.

[Shi04] Shi, W.; Zhang, X.; Liu, Z.: Model of stress-induced phase transformation and prediction of internal
stresses of large steel workpieces during quenching. J. Phys. 1V France, 120 (2004) 473-479.

[§694] Sostrom, S.: Physical, mathematical and numerical modeling for calculation of residual stress,
fundamentals and applications. In Proc. 4™ Int. Conf. on Residual Stresses, Ed. Society of Experimental
Mechanics, S. 484-497, 1994.

[Suh05] Suhr, B.: Finite-Elemente-M ethoden fur die Simulation der Wéarmebehandlung von Stahl unter
Beriicksichtigung der Umwandlungsplastizitét, Diplomarbeit im Studiengang Technomathematik, Universitat
Bremen, FB 3, Juni 2005.

[Sur04] Surm, H., Kesder, O., Hunkel, M., Hoffmann, F., Mayr, P.: Modelling the Ferrite/Carbide to austenite
Transformation of Hypoeutectoid and Hypereutectoid Stedls, J. de Physique IV, 120 (2004) 111-119.

[Sys03] SYSWELD™, User's manual, 2003.

[Tal03] Taleb, L.; Sidoroff, F.: A micromechanica modeling of the Greenwood-Johnson mechanismin
transformation induced plasticity, Int. J. of Plasticity 19 (2003) 1821.

29



[Tal06] Taleb, L., Petit, S.: New investigations on transformation-induced plasticity and its interaction with
classical pladticity, Int. J. of Plasticity, 22, (2006) 110.

[Tan03] Tanaka, K., Teresaki, T., Goto, S., Antretter, T., Fischer, F.D., Cailletaud, G.: Effect of back stress
evolution due to martensitic transformation on iso-volume fraction linesin a Cr-Ni-Mo-Al-Ti maraging stedl”,
Materials Science and Engineering A341 (2003) 189-196.

[Van9l] Vander Voort G.F.: Atlas of time-temperature diagrams for irons and steels, ASM International, 1991.

[Ver87] Verdi, C., Vidintin, A.: A mathematical model of the austenite-pearlite transformation in plain steel based
on the Scheil’ s additivity rule, ActaMetall. 35 (1987) 2711-2717.

[Vid94] Videau, J.-Ch., Cailletaud, G., Pineau, A. :Modédlisation des effets mécaniques des transformations de
phases pour le calcul de structures’, J. de Physique |V, Colloque C3, supplément au J. de Physiquellll, 4
(1994) 227.

[VisB7] Visintin, A.: Mathematical models of solid-solid phase transitionsin steel, IMA J. Appl. Math. 39 (1987)
143- 157.

[Wan04] Wang, Y., Denis, S, Appolaire, B., Archambaullt, P. : Modelling of precipitation of carbides during
tempering of martensite, J. de Physique 1V, 120 (2004) 103-110.

[Wevb4] Wever, F., Rose, A.: Atlas zur Warmebehandlung der Stahle |, Verlag Stahleisen, Diisseldorf 1954.

[Wil86] Wildau, M.: Zum Einfluss der Werkstoffeigenschaften auf Spannungen, Eigenspannungen und
Mal3anderungen von Werkstiicken aus Stahl, Dissertation, RWTH Aachen, (1986).

[Wol03a] Walff, M., Dachkovski, S., Béhm, M.: Volumenanteile versus Massenanteile — der Dilatometerversuch
aus der Sicht der Kontinuumsmechanik, Berichte aus der Technomathematik, FB, Universitét Bremen, Report
303-01, 2003.

[Wol03b] Woalff, M.; Bohm, M.; Dachkovski, S.; Léwisch, G.: Zur makroskopischen Modellierung von
spannungsabhéangigem Umwandlungsverhalten und Umwandlungsplastizitét bel Stéhlen und ihrer experimen-
tellen Untersuchung in einfachen Versuchen. Berichte aus der Technomathematik, FB 3, Universitédt Bremen,
Report 03-06, 2003.

[Wol03c] Walff, M.; Suhr, B.: Zum Vergleich von Massen- und VVolumenanteilen bel der perlitischen
Umwandlung des Stahls 100Cr6. Berichte aus der Technomathematik, FB 3, Universitét Bremen, Report 03-
11, 2003.

[Wol04] Walff, M.; Béhm, M.; Schmidt, A.: Phase transitions and transformation-induced plasticity of steel inthe
framework of continuum mechanics. J. de Physique IV 120 (2004) 145-152.

[Wol05a] Walff, M.; Béhm, M.; Léwisch, G.; Schmidt, A.: Modelling and testing of transformation-induced
plasticity and stress-dependent phase transformationsin steel via simple experiments. Computational
Materials Sciences 32 (2005) 604-610..

[Wol05b] Walff, M.; Bbhm, M.; Schmidt, A.: A thermodynamically consistent model of the material behaviour of
stedl including phase transformations, classical and transformation-induced plasticity, in Trendsin
Applications of Mathematics to Mechanics (Shaker Verlag, Aachen), 591-601, eds: Y onggi Wang, Kolumban
Hutter, 2005.

[Wol06a] Walff, M.; Béhm, M.; Schmidt, A.: Modelling of steel phenomena and its interactions - an internal-
variable approach, Materialwissenschaften und Werkstofftechnik, 37 (2006) 147-151.

[Wol06b] Woalff, M., Bhm, M.: Transformation-induced plasticity in stedl - general modelling, analysis and
parameter identification, Berichte aus der Technomathematik, Report 06-02, University of Bremen, Germany,
http://ww.math.uni-bremen.de/zetem/, 2006.

[WolO6c] Walff, M., Bohm, M., Dagic, M., Léwisch, G., Lysenko, N., Rath, J.: Parameter identification for a
TRIP model with back stress, Computational Materials Sciences 37 (2006) 37-41.

[Wol06d] Woalff, M., Béhm, M., Dalgic, M., Léwisch, G., Rath, J.: TRIP and phase evolution for the pearlitic

transformation of the steel 100Cr6 under step-wise loads, Materiawissenschaften und Werkstofftechnik 37
(2006) 128-133.

[Wol06e] Walff, M., Béhm, M., Dalgic, M., , Hiller, 1.: Evaluation of models for TRIP and stress-dependent
transformation behaviour for the martensitic transformation of the steel 100Cr6, accepted for CM S, 2006.

[Wol06f] Walff, M., Acht, C., Bbhm, M., Meier, S.: Modeling of carbon diffusion and ferritic phase
transformations in an unalloyed hypoeutectoid steel, submitted to Archive of Mechanics, 2006.

[Wol06g] Woalff, M., B6hm, M., Helm, D.: Materia behavior of steel — modeling of complex phenomena and
investigations on thermodynamic consistency, submitted to Int. Jof Plagticity, 2006

30



[Wol07a] Walff, M., Béhm, M., Dagic, M., Léwisch, G., Rath, J.: Validation of a TRIP model with backstress for
the pearlitic transformation of the steel 100Cr6 under step-wise loads, Computational Materials Sciences 39
(2007) 49-54.

[Woal07b] Woalff, M., Frerichs, F., Lysenko, N.: Bewerten von Modellen der Martensitbildung bei nichtmonotoner
Abkihlung fur den Stahl 100Cr6, Berichte aus der Technomathematik, Report 07-01, University of Bremen,
Germany, http://www.math.uni-bremen.de/zeterm/, 2007.

[Wol07c] Walff, M., Boettcher, S., Bohm, M., Lind, |.: Vergleichende Bewertung von makroskopischen Modellen
fur die austenitisch-perlitische Phasenumwandlung beim Stahl 100Cr6, Berichte aus der Technomathematik,
Report 07-03, University of Bremen, Germany, http://www.math.uni-bremen.de/zetem/, 2007.

[Yan89] Yang, JR., Bhadeshia, H.H.D.H.: Reaustenitisation experiments on some high-strength stedl weld
deposites, Mat. Sci. and Eng. A, 118, (1989) 155-170.

[Yu77] Yu, H. J.: Berechnung von Abkihlungs-, Umwandlungs-, Schwei3- und V erformungseigenspannungen mit
Hilfe der Methode der Finiten Elemente, Dissertation, Universitdt Karlsruhe (TH), 1977.

Autoren:

Dr. Michael Wolff, Zentrum flir Technomathematik, FB3, Universitat Bremen,
Postfach 330440, D-28334 Bremen, mwolff @ math.uni-bremen.de,

Dipl.-Math. techn. Séren Boettcher, Zentrum fir Technomathematik, FB3, Universitéat
Bremen, Postfach 330440, D-28334 Bremen,

Dr. Michael B6hm, Zentrum fir Technomathematik, FB3, Universitdit Bremen,
Postfach 330440, D-28334 Bremen.

31



32



Berichte aus der Technomathematik ISSN 1435-7968

http://www.math.uni-bremen.de/zetem/berichte.html
- Vertrieb durch den Autor —

Reports Stand: 23. Februar 2003

98-01. Peter Benner, Heike FaBBbender:
An Implicitly Restarted Symplectic Lanczos Method for the Symplectic
Eilgenvalue Problem, Juli 1998.
98-02. Heike FaBbender:
Sliding Window Schemes for Discrete Least-Squares Approximation by
Trigonometric Polynomials, Juli 1998.
98-03. Peter Benner, Maribel Castillo, Enrique S. Quintana Orti:
Parallel Partial Stabilizing Algorithms for Large Linear Control Systems, Juli
1998.
98-04. Peter Benner:
Computational Methods for Linear-Quadratic Optimization, August 1998.
98-05. Peter Benner, Ralph Byers, Enrique S. Quintana Orti, Gregorio Quintana
Orti:
Solving Algebraic Riccati Equations on Parallel Computers Using Newton's
Method with Exact Line Search, August 1998.
98-06. Lars Griine, Fabian Wirth:
On the rate of convergence of infinite horizon discounted optimal value
functions, November 1998.
98-07. Peter Benner, Volker Mehrmann, Hongguo Xu:
A Note on the Numerical Solution of Complex Hamilfonian and Skew-
Hamiltonian Eigenvalue Problems, November 1998.
98-08. Eberhard Bansch, Burkhard Hohn:
Numerical simulation of a silicon floating zone with a free capillary surface,
Dezember 1998.
99-01. Heike FaBbender:
The Parameterized SR Algorithm for Symplectic (Butterfly) Matrices, Februar
1999.
99-02. Heike FaBbender:
Error Analysis of the symplectic Lanczos Method for the symplectic
Eilgenvalue Problem, Marz 1999.
99-03. Eberhard Bansch, Alfred Schmidt:
Simulation of dendritic crystal growth with thermal convection, Marz 1999.
99-04. Eberhard Bansch:
Finite element discretization of the Navier-Stokes equations with a free
capillary surface, Marz 1999.
99-05. Peter Benner:
Mathematik in der Berufspraxis, Juli 1999.
99-06. Andrew D.B. Paice, Fabian R. Wirth:
Robustness of nonlinear systems and their domains of attraction, August
1999.

33



99-07. Peter Benner, Enrique S. Quintana Orti, Gregorio Quintana Orti:
Balanced Truncation Model Reduction of Large-Scale Dense Systems on
Parallel Computers, September 1999.

99-08. Ronald Stéver:
Collocation methods for solving linear differential-algebraic boundary value
problems, September 1999.

99-09. Huseyin Akcay:
Modelling with Orthonormal Basis Functions, September 1999.

99-10. Heike FaBbender, D. Steven Mackey, Niloufer Mackey:

Hamilfon and Jacobi come full circle.: Jacobi algorithms for structured
Hamiltonian ejgenproblems, Oktober 1999.

99-11. Peter Benner, Vincente Hernandez, Antonio Pastor:

On the Kleinman Iteration for Nonstabilizable System, Oktober 1999.

99-12. Peter Benner, Heike FaBbender:

A Hybrid Method for the Numerical Solution of Discrete-Time Algebraic Riccati
Equations, November 1999.

99-13. Peter Benner, Enrique S. Quintana Orti, Gregorio Quintana Orti:
Numerical Solution of Schur Stable Linear Matrix Equations on
Multicomputers, November 1999.

99-14. Eberhard Bansch, Karol Mikula:

Adaptivity in 3D Image Processing, Dezember 1999.

00-01. Peter Benner, Volker Mehrmann, Hongguo Xu:

Perturbation Analysis for the Eigenvalue Problem of a Formal Product of
Matrices, Januar 2000.

00-02. Ziping Huang:

Finite Element Method for Mixed Problems with Penalty, Januar 2000.

00-03. Gianfrancesco Martinico:

Recursive mesh refinement in 3D, Februar 2000.

00-04. Eberhard Bansch, Christoph Egbers, Oliver Meincke, Nicoleta Scurtu:
Taylor-Couette System with Asymmetric Boundary Conditions, Februar 2000.

00-05. Peter Benner:

Symplectic Balancing of Hamiltonian Matrices, Februar 2000.

00-06. Fabio Camilli, Lars Grine, Fabian Wirth:

A regqularization of Zubov's equation for robust domains of attraction,, Méarz
2000.

00-07. Michael Wolff, Eberhard Bansch, Michael B6hm, Dominic Davis:
Modellierung der Abkiihlung von Stahlbrammen, Méarz 2000.

00-08. Stephan Dahlke, Peter Maal3, Gerd Teschke:

Interpolating Scaling Functions with Duals, April 2000.

00-09. Jochen Behrens, Fabian Wirth:

A globalization procedure for locally stabilizing controllers, Mai 2000.

00-10. Peter MaaB3, Gerd Teschke, Werner Willmann, Glinter Wollmann:
Detection and Classification of Material Attributes -- A Practical Application of
Wavelet Analysis, Mai 2000.

00-11. Stefan Boschert, Alfred Schmidt, Kunibert G. Siebert, Eberhard Bansch,
Klaus-Werner Benz, Gerhard Dziuk, Thomas Kaiser:

Simulation of Industrial Crystal Growth by the Vertical Bridgman Method, Mai
2000.

34



00-12. Volker Lehmann, Gerd Teschke:
Wavelet Based Methods for Improved Wind Profiler Signal Processing, Mai
2000.

00-13. Stephan Dahlke, Peter Maaf3:
A Note on Interpolating Scaling Functions, August 2000.

00-14. Ronny Ramlau, Rolf Clackdoyle, Frédéric Noo, Girish Bal:

Accurate Attenuation Correction in SPECT Imaging using Optimization of
Bilinear Functions and Assuming an Unknown Spatially-Varying Attenuation
Distribution, September 2000.

00-15. Peter Kunkel, Ronald Stéver:
Symmetric collocation methods for linear differential-algebraic boundary value
problems, September 2000.

00-16. Fabian Wirth:
The generalized spectral radius and extremal norms, Oktober 2000.

00-17. Frank Stenger, Ahmad Reza Naghsh-Nilchi, Jenny Niebsch, Ronny Ramlau:
A unified approach to the approximate solution of PDE, November 2000.

00-18. Peter Benner, Enrique S. Quintana-Orti, Gregorio Quintana-Orti:

Parallel algorithms for model reduction of discrete-time systems, Dezember
2000.

00-19. Ronny Ramlau:
A steepest descent algorithm for the global minimization of Tikhonov-Phillips
functional, Dezember 2000.

01-01. Torsten Kbhler, Peter Maal3, Peter Wust, Martin Seebass:
Efficient methods in hyperthermia treatment planning, Januar 2001.

01-02. Peter Benner, Ralph Byers, Rafael Mayo, Enrique S. Quintana-Orti, Vicente
Hernandez: Parallel Algorithms for LQ Optimal Control of Discrete-Time
Periodic Linear Systems, Februar 2001.

01-03. Peter Benner, Enrique S. Quintana-Orti, Gregorio Quintana-Orti:

Efficient Numerical Algorithms for Balanced Stochastic Truncation, Méarz 2001.

01-04. Peter Benner, Maribel Castillo, Enrique S. Quintana-Orti:

Partial Stabilization of Large-Scale Discrete-Time Linear Control Systems,
Mérz 2001.

01-05. Stephan Dahlke:

Besov Regularity for Edge Singularities in Polyhedral Domains, Mai 2001.

01-06. Fabian Wirth:

A linearization principle for robustness with respect to time-varying
perturbations, Mai 2001.

01-07. Stephan Dahlke, Wolfgang Dahmen, Karsten Urban:

Adaptive Wavelet Methods for Saddle Point Problems - Optimal Convergence
Rates, Juli 2001.

01-08. Ronny Ramlau:

Morozov's Discrepancy Principle for Tikhonov regularization of nonlinear
operators, Juli 2001.

01-09. Michael Wolff:

Einfihrung des Drucks fiir dlie instationdren Stokes-Gleichungen mittels der
Methode von Kaplan, Juli 2001.

01-10. Stephan Dahlke, Peter Maal3, Gerd Teschke:

Reconstruction of Reflectivity Desities by Wavelet Transforms, August 2001.

01-11. Stephan Dahlke:

35



Besov Regularity for the Neumann Problem, August 2001.

01-12. Bernard Haasdonk, Mario Ohlberger, Martin Rumpf, Alfred Schmidt, Kunibert

G. Siebert:
h-p-Multiresolution Visualization of Adaptive Finite Element Simulations,
Oktober 2001.

01-13. Stephan Dahlke, Gabriele Steidl, Gerd Teschke:

Coorbit Spaces and Banach Frames on Homogeneous Spaces with
Applications to Analyzing Functions on Spheres, August 2001.

02-01. Michael Wolff, Michael B6hm:
zur Modellierung der Thermoelasto-Plastizitdt mit Phasenumwandlungen bei
Stéahlen sowie der Umwandlungsplastizitét, Februar 2002.

02-02. Stephan Dahlke, Peter Maaf3:

An Outline of Adaptive Wavelet Galerkin Methods for Tikhonov Regularization
of Inverse Parabolic Problems, April 2002.

02-03. Alfred Schmidt:

A Multi-Mesh Finite Element Method for Phase Field Simulations, April 2002.

02-04. Sergey N. Dachkovski, Michael B6hm:

A Note on Finite Thermoplasticity with Phase Changes, July 2002.

02-05. Michael Wolff, Michael B6hm:

Phasenumwandlungen und Umwandlungsplastizitat bei Stahlen im Konzept
der Thermoelasto-Plastizitat, July 2002.

02-06. Gerd Teschke:

Construction of Generalized Uncertainty Principles and Wavelets in
Anisotropic Sobolev Spaces, August 2002.

02-07. Ronny Ramlau:

TIGRA - an iterative algorithm for regularizing nonlinear ill-posed problems,
August 2002.

02-08. Michael Lukaschewitsch, Peter Maal3, Michael Pidcock:

Tikhonov regularization for Electrical Impedance Tomography on unbounded
domains, October 2002.

02-09. Volker Dicken, Peter Maal3, Ingo Menz, Jenny Niebsch, Ronny Ramlau:
Inverse Unwuchtidentifikation an Flugtriebwerken mit Quetschéldampfern,
October 2002.

02-10. Torsten Kohler, Peter Maal3, Jan Kalden:

Time-series forecasting for total volume data an charge back data, November
2002

02-11. Angelika Bunse-Gerstner:

A Short Introduction to Iterative Methods for Large Linear Systems, November
2002.

02-12. Peter Kunkel, Volker Mehrmann, Ronald Stéver:
Symmetric Collocation for Unstructured Nonlinear Differential-Algebraic
Equations of Arbitrary Index, November 2002.

02-13. Michael Wolff:
Ringvorlesung:Distortion Engineering 2
Kontinuumsmechanische Modellierung des Materialverhaltens von Stahl unter
Bertcksichtigung von Phasenumwandlungen, Dezember 2002.

03-01. Michael Wolff, Michael Bohm, Serguei Dachkovski:

Volumenanteile versus Massenanteile — der Dilatometerversuch aus der Sicht
der Kontinuumsmechanik, Januar 2003.
03-02 Daniel Kessler, Ricardo H. Nochetto, Alfred Schmidt:

36



A posteriori error control for the Allen-Cahn Problem: circumventing Gronwall's
inequality, March 2003.

03-03 Michael B6hm, Jorg Kropp, Adrian Muntean:
On a Prediction Model for Concrete Carbonation based on Moving Interfaces -
Interface concentrated Reactions, April 2003.

03-04 Michael B6hm, Jorg Kropp, Adrian Muntean:
A Two-Reaction-Zones Moving-Interface Model for Predicting Ca(OH)_2-
Carbonation in Concrete, April 2003.

03-05 Vladimir L. Kharitonov, Diederich Hinrichsen:
Exponential estimates for time delay systems, May 2003.

03-06 Michael Wolff, Michael Bohm, Serguei Dachkovski, Gunther Lowisch:
Zur makroskopischen Modellierung von spannungsabhangigem
Umwandlungsverhalten und Umwandlungsplastizitét bei Stahlen und ihrer
experimentellen Untersuchung in einfachen Versuchen, Juli 2003.

03-07 Serguei Dachkovski, Michael Béhm, Alfred Schmidt, Michael Wolff:
Comparison of several kinetic equations for pearlite transformation in100Cr6
steel, July 2003.

03-08 Volker Dicken, Peter Maass, Ingo Menz, Jenny Niebsch, Ronny Ramlau:
Nonlinear Inverse Unbalance Reconstruction in Rotor dynamics, July 2003.

03-09 Michael Bohm, Serguei Dachkovski , Martin Hunkel, Thomas Libben,
Michael Wolff:
Ubersicht tiber einige makroskopische Modelle fiir Phasenumwandlungen im
Stahl, August 2003.

03-10 Michael Wolff, Friedhelm Frerichs, Bettina Suhr:
Vorstudie fur einen Bauteilversuch zur Umwandlungsplastizitat bei der
perlitischen Umwandlung des Stahls 100Cr6, August 2003.

03-11 Michael Wolff, Bettina Suhr:
Zum Vergleich von Massen- und Volumenanteilen bei der perlitischen
Umwandlung der Stahle 100Cr6 und C80, September 2003.

03-12 Rike Grotmaack, Adrian Muntean:
Stabilitaetsanalyse eines Moving-Boundary-Modells der beschleunigten
Karbonatisierung von Portlandzementen, September 2003

03-13 Alfred Schmidt, Michael Wolff, Michael B6hm:
Numerische Untersuchungen fur ein Modell des Materialverhaltens mit
Umwandlungsplastizitdt und Phasenumwandlungen beim Stahl 100Cr6
(Teil 1), September 2003

04-01 Liliana Cruz Martin, Gerd Teschke: A new method to reconstruct radar
reflectivities and Doppler information, Januar 2004.

04-02 Ingrid Daubechies, Gerd Teschke: Wavelet based image decomposition by
variational functionals, Januar 2004.

04-03 N. Guglielmi, F. Wirth, M. Zennaro: Complex polytope extremality results for
families of matrices, Marz 2004.

04-04 1. Daubechies, G. Teschke: Variational image restoration by means of
wavelets: simultaneous decomposition, deblurring and denoising, April 2004.

04-05 V.L. Kharitonov, E. Plischke: Lyapunov matrices for time-delay systems, April
2004.

04-06 Ronny Ramlau: On the use of fixed point iterations for the regularization of
nonlinear ill-posed problems, Juni 2004.

04-07 Christof Blskens, Matthias Knauer: Higher Order Real-Time Approximations
In Optimal Control of Multibody-Systems For Industrial Robots, August 2004.

37



04-08 Christof Buskens, Roland Griesse: Computational Parametric Sensitivity
Analysis of Perturbed PDE Optimal Control Problems with State and Contro/
Constraints, August 2004.

04-09 Christof Buskens: Higher Order Real-Time Approximations of Perturbed
Control Constrainted PDE Optimal Control Problems, August 2004.

04-10 Christof Buskens, Matthias Gerdts: Differentiability of Consistency Functions,
August 2004.

04-11 Robert Baier, Christof Blskens, llyes Aissa Chama, Matthias Gerdts:
Approximation of Reachable Sets by Direct Solution Methods of Optimal
Control Problems, August 2004.

04-12 J. Soares, G. Teschke, M. Zhariy: A Wavelet Regularization for Nonlinear
Diffusion Equations, September 2004.

05-01 Alfred Schmidt, Adrian Muntean, Michael B6hm: Numerical experiments with
Self-Adaptive Finite Element Simulations in 2D for the Carbonation of
Concrete, April 2005.

05-02 Sebastian A. Meier, Malte A. Peter, Adrian Muntean, Michael Béhm: Modelling
and simulation of concrete carbonation with internal layers, April 2005.

05-03 Malte A. Peter, Adrian Muntean, Sebastian A. Meier, Michael B6hm: Modelling
and simulation of concrete carbonation.: competition of several carbonation
reactions, April 2005.

05-04 Adrian Muntean, Sebastian A. Meier, Malte A. Peter, Michael B6hm, J6rg
Kropp: A note on limitations of the use of accelerated concrete-carbonation
tests for service-life predictions, April 2005.

05-05 Sergey Dashkovskiy, Bjérn S. Ruffer, Fabian R. Wirth: An /ISS Small-Gain
Theorem for General Networks, Juni 2005.

06-01 Christof Buskens, Peter Lasch: Suboptimal Improvement of the classical
Riccati Controller, Marz 2006.

06-02 Michael Wolff, Michael Béhm: Transformation-induced plasticity in steel -
general modelling, analysis and parameter identification, April 2006.

06-03 Adrian Muntean, Michael Béhm: A sharnp-interface moving-boundary system
modeling carbonation penetration in concrete, April 2006.

06-04 Michael Wolff, Michael Béhm, Sebastian Meier: Modellierung der
Wechselwirkung von Kohlenstoff-Diffusion und ferritischen
Phasenumwandlungen fir einen untereutektoiden unlegierten Stahl, Mai 2006.

06-05 Adrian Muntean: Error bounds on a semi-discrete finite element approximation
of the weak solution to a one phase moving-boundary system describing
concrete carbonation, Mai 2006.

06-06 Sergey Dashkovskiy, Bjorn S. Riffer, Fabian R. Wirth: Construction of ISS
Lyapunov functions for networks, Juli 2006.

06-07 Adrian Muntean, Michael Béhm: Length scales in the concrete carbonation
process and water barrier effect: a matched asympiotics approach, September
2006.

06-08 Werner Wosniok, Hakan Aycil, Jens-J. Lau, Ronald Stéver: Mathematische
Modelle zur Realisierung reprdsentativer Bauschutiprobennahmen und ihre
Uberpriifung in der Praxis, Dezember 2006.

07-01 Michael Wolff, Friedhelm Frerichs, Natalja Lysenko: Bewerten von Modellen
der Martensitbildung bei nichtmonotoner Abkihlung fir den Stahl 100Crs,
Februar 2007.

38



07-02 Michael Wolff, Séren Boettcher, Michael B6hm: Phase transformations in steel
in the multi-phase case — general modelling and parameter identification, Juli
2007.

39



