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Modeling Fundamentals

- processors and unbounded queues
- one product flow

- conservation of mass

- Instationary flows

- deterministic
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Production Line for Toothbrush
Manufacturing
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 Idea of Supply Chain Modeling

See Armbruster, Degond and Ringhofer: A model for the
dynamics of large queuing networks and supply chains
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 Idea of Supply Chain Modeling
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Network Model

ldea:
- Each processor is described by one arc

- Use above equations to describe the dynamics of the
processor

- Add equations for queues in front of the processor.
Advantage:

- Standard treatment of equations

- Straightforward definitions for complex networks
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Network Model

See Gottlich, Herty, Klar: Network models for supply chains

Processor

'

Queue

We assume that the dynamics of the processor are described by

Op® + O f(p®) =0  with  f¢(p®) = v®p°.

The flow in a queue is subject to
0tq¢(t) = inflow(t) — out flow(t).

Flow conservation through nodes!
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Coupling Conditions |

In a network, inflow to and outflow of a particular queue depends on the kind
of vertex.

The inflow to queue 3 is given by
the output of processors 1 and 2:

inflow(t) = fL(pl(b1, 1)) + f2(p? (b2, 1))

3
>
The outflow of queue 3 depends on the inflow
2 to queue 3 and the actual content of queue 3.
( . . r7 7 4\ 3 37:N\
outflow(t) _ f3([)3(a,3 t)) _ J minytmjlow(t), U=y q-(T) =

|~ q>(t) >0
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‘ Coupling Conditions I

The inflow to queue 2 and 3 is given by the output of
processor 1 and an adjustable o € [0, 1] :

|
Q
Q"‘b

The outflow of queues 2 and 3 depend

on the inflow to queues 2 and 3 and the

actual contents of queues 2 and 3.
e=2,3

out flow®(t) = f¢(p¢(a’,t)) = {”lin{inflowe(t),ue} ¢°(t) =0

v q°(t) >0
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Network Coupling

1 (Y

S

55"; Set of all outgoing arcs for a fixed node v (here 2 and 3)

Oé,lej (t): Time-dependent distribution rates satisfying

ag(t) € [0, 1] and Z -I-O‘v(t) =1

oz%(t) will be obtained as solutions of the optimization problem

12.01.2007 S. Gattlich

11



Network Model

Queues
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Approximations

See Armbruster, de Beer, Freitag, Jagalski, Ringhofer : Autnonous Control
of Production Networks using a Pheromone Approach

The quantity out flow(t) is discontinous in ¢°(%).

I min{inflow(t), ¢}t ¢%(t) =0
out flow(t) = {,ue (1) > 0

Hence, we use the following relaxation

(&
out flow(t) = min{u®,4 gt-)}

ef+

(+\)
\Y"J)

als { ~
Ye\4

Q

Ye is a smooth function and € << 1 is the relaxation parameter.

Note: Necessary assumption for applying adjoint calculus !
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‘ Network Models with multiple policies

See Armbruster, Degond, Ringhofer: Kinetic and fluid Models for supply
chains supporting policy attributes

Idea: Fluxes with a higher priotity (e.g. time to due-date) have to be
produced first. For example, two-phase flow (K=2) and Y7 < Y5:

O(prYx) + OxqrYy = O,

followinag definition of g :
v NANTTTHTT LIV A | li/c .

>
—+
D
c+
D
(D

<
<

1. If u < pyvy, then g1 = pw and g = 0.

' TF . .. . o ae | PPN +lhAnrn —_— o~ A
<. 1T p1v1 < p < p1vl T p2U2, LNEN q1 = p1v)
and g = u — p1v4

aiia Y2 [ F1Y1

3. If pyv1 + povo < u, then g = prvg, for k£ =
1

N
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‘ Network Models with multiple policies

See Degond, Gottlich, Herty, Klar: A network model for supply chains with
multiple policies

Idea: Use above equations to describe one processor and define again
coupling conditions

New: Introduce a pointer-function Y% (¢)

( Y7 it m$(t) # 0 or if qi_l(x,ﬁ_l,t) > \
Y5 it m§{(t) =0, n5(t) #0 or if
V() = ai @)+ a5 (@ ) 2 pf > (@Y
+ o0 if 7§{(t) =7n5() =0 and if
\ ai t@g L) a5 e ) < /
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‘ Example: one processor with 4 = 2 and v=1
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Optimization Issues

Optimal routing of goods through the network

We need to specify an objective function:
- Minimize of parts in queues
- Maximize the output

- Combinations of both etc.
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“Continuous Optimization Problem

maximize flux and
minimize queues

flux through processor

coupling at vertex

gueue outflow

initial conditions

T b°

min 3 //]:(pe(ac,t),qe(t)> da di

Ck%(t) ec A 0 af

subject to

Byp°(x,t) + Bz fe(p°(x,t)) = O
() = a§(t) Tocg L (V7 1)) — (0 (a, 1))
Fe(p(ac, ) = min{pue, €Wy

¢°(0) =0, p(z,0) =0
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Remarks

Optimal control problem with PDE as constraints!

How to solve ?

/N

Mixed Integer Programming Adjoint Calculus

12.01.2007 S. Gattlich
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Mixed Integer Program (MIP)

See Fugenschuh, Gottlich, Herty, Klar, Martin: A Discrete Optimization
Approach to Large Scale Networks based on PDEs

A mixed-integer program is the minimization/maximization
of a linear function subject to linear constraints.

Problem: Non-linear description of queue-outflow

out flow(t) := min{ue, "0} ~ pe(g*(1))

ldea: Introduce binary variables (decision variables) é,
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Simplified Model

= Step 1: Two point Upwind discretization on each arc e >
a® be
fi == f(p°(a% 1)), 9f = f(p°(b%, 1)), af :=q"(¢) Ve,t
At
di+1 =9¢F + v (ff —9f), Vet

Le

= Step 2: Reformulate regularization condition
Introduce binary variables ¢f € {0,1} for all e,
peGE <y < opf

(& o (&
oM << L
€ €

M >>1
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Simplified Model

Step 3: Reformualtion of coupling conditions

he : total inflow to arc e

>, hf= > gf Vu,t
6653_ eCoy

afyq = af + At (h§ —ff), Ve,
0L fE < 0L g7 < 0L af

Step 4: Trapezoidal rule for discretization of cost functional (linear)

> (F (0, af) + P95/ )

e,t

Result: Mixed Integer Programming Model (MIP)
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Discrete Optimization Problem

maximize flux and
minimize queues

flux through processor

coupling at vertex

gueue outflow

initial conditions

12.01.2007
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Model Extensions

Praxis-relevant constraints can be easily added to the MIP model:

- Bounded queues: qf < g°

. ' ' . e

Optimal input:  max Z ff
e=1.t
- Maintenance shut-down:

15/—rr\ 1 \ /1 \JT ___ N AT 1
Py €U, Ly, VI, VI = U,..., [N — 1

) Y G- — TN T (1 e\

Ny, ;, < MaxXju- e Ll (L — ody)

l/_l_l; e (. J i i \ Y PV
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‘ Exam ple Solved by ILOG CPLEX 10.0
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‘ Example | unbounded bounded

- 20
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‘ Example Il

Inflow profile optimization with bounded queues

(&
max » ff
e=1.,t
user-defined inflow optimal inflow
15 ; . ' 15
1 1
g E
o5} | = o5l
0 0
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time time
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Adjoint Calculus: General Setup

See Gottlich, Herty, Kirchner, Klar: Optimal Control for Continuous Supply
Network Models

min J(y,u
yeY,ucl (y, w)
subject to cly,u) =0, weU,y yEYy

J:Y xUw— R is the objective function.

c:Y xUw— Z is the state operator.

U,qg C U is the set of admissible controls.

Y,q CY is the set of admissible states.

J and c are continuousiy Fréchet differentiabie.
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Adjoints: Main ldea

We introduce the Lagrangian function

I(y,u,p) = J(y,u)+ (p,c(y,u))

The Lagrangian and the reduced functional are related:
J(u) = J(y(w),uw) = l(y(u),u,p)
Formally this leads to

Vul(uw) = ViuJ(y(u),u) = Vi l(y(u),u,p)
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Adjoints: Main ldea

A necessary first order optimality condition is

The derivative on the right hand side can be computed.

One obtains the so-called adjoint equation

l{f)l
\

o (n — T (2121 21)
“y\d \®) /

\ n:\ m —
wy,w)jVry — JY\g\w/j, w
Furthermore, the gradient is determined as

Vud(y(u),u) = Ju(y(u),u) + cu(y(u),u)p

12.01.2007 S. Gattlich
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Adjoints: Main ldea

Lagrangian function

T b° T
,, o ror r
L(p% AV, @ N, P®) = > / /vepedwdt—l— / q®dt —
eE.Ab a€ (
T ke

N / //\eﬁ+n € 4+ A0, p%dxdt —

) Oz [
GEA e

T
> [ P (0" = ho(5F A) + 44(q))
eeAQ

with Lagrange multipliers A¢ and P¢
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Adjoints: Main ldea

Optimality Sytem

Byp® + v°8,p® = 0, p°(x,0) = 0, v°p°(a,t) = °(¢%),
drq® = he(p%, AY) — %(¢%), ¢°(0) = 0,

—ON® — Vv OLNE = v, N°(2,T) = 0,

VENC(b, 1) = S PRy 2
zcst s.t. eco;

—0P¢ =1~ (P°— A\%a,1)) (v°)'(¢%), P(T) =0,

0
»  P© SV, éhe(p AY) = 0.

apghe(p LAY,
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Optimization Algorithm

We can use a (projected) steepest descent method:

1. Choose ug € U,y

2. Compute for ugp the solution of state and adjoint eq.

3. Compute VuJ(y(u),u). Ifitis zero, then STOP.

4. Update ug := P(ug — oVuJ) for a suitable choice of ¢ > 0

5. Goto 2.

12.01.2007 S. Gattlich
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Numerical Results

Compare results of the adjoint approach to the MIP:
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Optimal outflow profile
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Optimal control

a?219(¢) from MIP

«?10(t) from adjoint calculus
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Outlook and Current Work

= Realistic Problems
o Real-World Objective Funtions
o Contraints

= Multi-commodity model

= Stochastic aspects
2 Random Breakdows of processors

12.01.2007 S. Gattlich
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Thanks you for your attention ...

... Questions? Q Q
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