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Optical flow estimation
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Optical flow estimation
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Optical flow estimation

The colar plot of the velacity fild. The absolute value of the flow.

The reference color map,
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Horn & Schunck method

2
min £(b) :/(ut+b-vu)2dxdy+a2/ywj|2dxdy.
Q =g
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Horn & Schunck method

2
min £(b) :/(ut+b-vu)2dxdy+a2/ywj|2dxdy.
Q =19

Euler-Lagrange-Equations:
Ab? — é(u§b1 + uxuy by + uyu) =0

Ab% — é(uf,bg + uxuy by + uyur) =0
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Horn & Schunck method

2
min £(b) :/(ut+b-vu)2dxdy+a2/ywj|2dxdy.
Q =19

Euler-Lagrange-Equations:
Ab? — é(u§b1 + uxuy by + uyu) =0

Ab% — é(uf,bg + uxuy by + uyur) =0

How can we compute optical flow by optimal control?
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Modeling

Given ug, ur and compute “best "optical flow b by following
minimizations problem

. 1 A
min J(b) = 5 1S(uo, ) — ur | + 5 |12
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Modeling

Given ug, ur and compute “best "optical flow b by following
minimizations problem

. 1 A
min J(b) = 5 1S(uo, ) — ur | + 5 |12

governed by PDEs
Oru(t,x) + b(t,x) - Vxu(t,x) =0 in]0, T] x Q
u(0,x) = up(x) in Q
divb(t,-)=0 inQ,te0,T]

where S=Er oG, S:(up,b)— u(T).
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Characteristic method
Let b e L2([0, T]; W,"*°()), then the ODE

o
E(t,x) = b(t,d(t,x))

®(0,x) = xeq.

has the unique solution

t

O(t,x) =x+ / b(s, P(s, x))ds.
0
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Characteristic method
Let b e L2([0, T]; W,"*°()), then the ODE

o
E(t,x) = b(t,d(t,x))

®(0,x) = xeq.

has the unique solution

t

O(t,x) =x+ / b(s, P(s, x))ds.
0

Because of the trivial boundary condition of b, the charateristic line
lives in € for every t € [0, T].
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Properties of the flow

m ®(-, x) is continuous w.r.t t.
m O(t,-) : Q — Qis bijective for every t € [0, T].
m &(t,-) is Lipschitz continuous in § for every t € [0, T].

m If bis Clin Q, then ®(t,-) is also C! in Q.
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The charateristic method

Consider the transport equation

Oru(t,x) + b(t,x) - Vxu(t,x) =0 in]0,T] x Q
(1)
u(0,x) = up(x) in Q
Let up € C1(Q) and b € L2([0, T]; W, >°(R)). Then
u(t,x) = ug o d1(¢,-)(x)

is the unique solution of (1).
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The charateristic method

Consider the transport equation
Oru(t,x) + b(t,x) - Vxu(t,x) =0 in]0,T] x Q
(1)
u(0,x) = up(x) in Q
Let up € C1(Q) and b € L2([0, T]; W, >°(R)). Then
u(t,x) = ug o d1(¢,-)(x)
is the unique solution of (1).

The regularity of up and b is inappropriate for the modeling.
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The weak solution of transport equations

Suppose up € SBV(Q) N L(Q) and b € L2([0, T]; H3 ™™ (Q)),

Hy™(Q) == {f € H3(Q);divf =0} .

Motivation Modeling Solution theory of transport equations Wellposedness of minimization problem First-b@dfe23 ptir


http://www.uni-bremen.de

. e Fachbereich 03
U niversitat Bremen
U Universita eme Mathematik/Informatik

The weak solution of transport equations

Suppose up € SBV(Q) N L(Q) and b € L2([0, T]; H3 ™™ (Q)),
Hy™(Q) == {f € H3(Q);divf =0} .

Define the weak solution of the transport equation:

T

/ / (D + b- Vi) dxdt — / o (x)0(0, x) .

0 Q

for every p € C°([0, T[xQ).
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The weak solution of transport equations

Theorem (Weak solution)

If b e L2([0, T); Hy™(Q)) and up € SBV() N L>°(R), then there
exits a unique stable weak solution of (1)

b(t,x) = up o ®7(t,)(x)

belonging to L>°([0, T]; SBV(£2)) N L>°([0, T] x Q).
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Sketch of proof

Existence: Define u. = (ug * 1) o @~ and prove that (u.) is
uniformly bounded in L*°([0, T]; BV(£2)), which is
continuously embedded into L2([0, T]; L2(2)) and
b, — @ in L2([0, T]: L2()).
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Sketch of proof

Existence: Define u. = (ug * 1) o @~ and prove that (u.) is
uniformly bounded in L*°([0, T]; BV(£2)), which is
continuously embedded into L2([0, T]; L2(2)) and

. — bin L2([0, T]; L2(Q)).

Uniqueness: Suppose I # i, then I — I is a weak solution with

initial value ug = 0. Recall the weak solution ug o ®~1
will be 0 a.e..

Ue
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Sketch of proof

Existence: Define u. = (ug * 1) o @~ and prove that (u.) is
uniformly bounded in L*°([0, T]; BV(£2)), which is
continuously embedded into L2([0, T]; L?(R)) and
ue, — Bbin L2([0, T]; L2(Q)).

Uniqueness: Suppose I # i, then I — I is a weak solution with
initial value ug = 0. Recall the weak solution ug o ®~1
will be 0 a.e..

Stableness: (u.) is uniformly bounded in L*°([0, T] x Q). From it
we can derive that u,, — & in LP([0, T] x Q).
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Existence of a minimizer

Set up the cost functional

.
1 A
J8) = 5 I5(u0. )~ ur ey + 5 [ IVAB(e.) ey o
0
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Existence of a minimizer

Set up the cost functional

.
1 A
J8) = 5 I5(u0. )~ ur ey + 5 [ IVAB(e.) ey o
0

Theorem (Existence of a minimizer)

Suppose Q C R? open, bounded and up € SBV(Q) N L>(R), then
the minimization problem

inf J(b)
bel2([0, TI;HI Y (Q))

has a solution.
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Lagrange multiplier

-
L(u, b,p) = J(u, b) +//(ut+b-Vu)pdxdt.
0 Q

Q
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Lagrange multiplier

-
L(u, b,p) = J(u, b) +//(ut+b-Vu)pdxdt.
0 Q

Q

Well-definedness of @

Suppose p,u € L=([0, T]; SBV(2)) N L>*([0, T] x Q) and
b e L2([0, T]; H3*¥()), then the following integral

-
0/Q/(pb) - Dudt < 0.
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Lagrange multiplier

-
L(u, b,p) = J(u, b) +//(ut+b-Vu)pdxdt.
0 Q

Q

Well-definedness of @

Suppose p,u € L=([0, T]; SBV(2)) N L>*([0, T] x Q) and
b e L2([0, T]; H3*¥()), then the following integral

-
0/Q/(pb) - Dudt < 0.

The definition of u, is still open.
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First-order optimality condition system

ur+b-Vu=0 u(0) = up

pt+b-Vp=0 p(T)=—(uT —ur)

divb =0 b =10 on 00

AA3b + Vg = pVu b=0,Vab=0,
Ab =0 on 0Q
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First-order optimality condition system

ur+b-Vu=0 u(0) = up

pt+b-Vp=0 p(T)=—(uT —ur)

divb =0 b =10 on 00

AA3b + Vg = pVu b=0,Vab=0,
Ab =0 on 0Q

\

In numerical aspect we discretise the laplace operator of first order.
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Numerical scheme for transport equations

Compute v and p using

m Nonlinear total variation diminishing method with flux limiter
“superbee ”

m charateristic method, numerical solution of ODE using
Runge-Kutta 4th order
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Test for transport equations

The color plot of the velocity fleld.  The absolute value of the flow.

-l

The reference color map.

Motivation Modeling Solution theory of transport equations Wellposedness of minimization problem First-b7de23 ptir


http://www.uni-bremen.de

. e Fachbereich 03
@ Universitat Bremen Mathematik/Informatik

Test for transport equations

The color plot of the velocity fleld.  The absolute value of the flow.

-l

The reference color map.
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Discrete variational formulation of stokes equation

Find (bn, gn) € Vi x W such that
a(bp,v) —c(v,q) = —(pVu,v) VYve V,C H&(Q)7

C(bh, W) = 0, YweW,C L%(Q),

a(bp,v) == )\/Vbh :Vvdx (v, qp) fqhdlvvdx

c(bp, w) _/Wdivbhdx (pVu,v) fqu vdx
Q
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P2-P1 Triangulation

Regarding existence and uniqueness of solutions, we have to specify
adequate finite element subspaces V}, and W), such that the discrete
inf-sup condition

C(V7 qh)

36 > 0: sup |2ﬁ,th€Wh

vev, VI llan|

is fulfilled. E.g. The P2-P1 approximation, so-called Taylor and Hood

elements.

Motivation Modeling Solution theory of transport equations Wellposedness of minimization problem First-20de23 ptir


http://www.uni-bremen.de

. e Fachbereich 03
@ Universitat Bremen Mathematik/Informatik

Test for optical flow
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Test for optical flow
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Test for optical flow

The coler plat of the velocity field. The absolute value of the flow.

1

The reference color map.
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Thank you for your attention!
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