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Machine tools

Figure: Kugler experimental platform
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The process

Figure: Machine in action
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Tool tips

Figure: Tool tips and pen
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Motion of continua

The Motion of continua may be modelled by

4 82

0
B—w(x,t) + M@W()@ t) = p(t),

ox*

with some boundary conditions.
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Main goal

Discretize the PDE, and transform it into

2

M9 u(t) + Sut) = p(r). )

by using ansatz functions.

e M £ mass distribution

e u(t) = displacement

e S £ stiffness distribution
e p(t) = force

@ Universitat Bremen S( E

7/23


http://www.math.uni-bremen.de
http://www.uni-bremen.de

Fachbereich 03
Modelling mechanical systems with finite el i matik

Deformation energy

With Hooke's law define the (potential) deformation energy

V(w(x, 1) ::/LB (;;W(x, t)>2dx,

with some bending stiffness B (the elastic modulus).
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Work of mass - and external forces

The kinetic energy consist of the
m work of mass forces:

32

Wmn(w(x,t)) := (x, t)dx

— | pesw
L/ ot?
with some mass p.

m work of external forces:
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Hamilton’'s principle

Between Iy, /1, the true evolution w(x, t) of a system is a stationary point
of

[
S(w(x,t)) := / V(w(x,t)) + Wn(w(x,t)) — We(w(x,t))dx .
o
Setting the derivative to zero yields that Vow

/ 2 1 ! 2
/(SW"(X)Ba—W(x,t)dx :/éw(x)p(xﬁ)dx - /6W(x)u—w(x7t)dx.

(3)
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Eq. (3) is called the principle of virtual displacements (POVD) and is
equivalent to the PDE (1).
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Eq. (3) is called the principle of virtual displacements (POVD) and is
equivalent to the PDE (1).
Virtual displacements dw are

m arbitrary,

m not happening in reality,

m differentially small,

m timeless, i.e. without inertia.

m geometrically possible,
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Objective: tool holder

Figure: Tool holder and workpiece
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From now on:

m Describing displacements
m Discretizing the POVD

m Introducing ansatz functions
|

Calculating stiffness and mass matrices
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Material properties and DOF

strain stiffness D

torsion stiffness B,

bending stiffnesses B, and B,

mass distribution p

rotating mass distributions pmx, ttmy and fm;

Wy, Wy, W, - displacement in x, y- and z-axis direction, resp.

Bx; By, B, - cross section torsion and slopes,
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How to describe displacements

The element displacement vector for the j-th element reads

T

ui (t) = [WXOa Wxi, 6X07 ﬂXﬁ Wy07 ﬁyOa Wy/7 ﬁy’a Wzg, _6207 Wy, _ﬁzl]i(t) .
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How to describe displacements

The element displacement vector for the j-th element reads

-
ui (t) = [WXOa Wxi, 6X07 ﬂXﬁ Wy07 ﬁyOa Wy/7 ﬁy’a Wzg, _6207 Wy, _ﬁzl]i(t) .
Where w.g; = 301 =0, w.ji_1 = wyg; and B.ji—1 = B0, 1 =2,...,n.
The system displacement vector reads
T
u (t) - [le wa, W37ﬁ17627537 Wy, Ws, W67ﬁ47557667 vy Wep,y o /66n](t) .
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Ansatz functions

For each element we have

/ 2
/5W"(X w(x,t)dx f/éw p(x,t)dx — /Odw(x)paaﬁw(xﬁ)dx
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Ansatz functions

For each element we have

I 2
/5W”(X e w(x,t)dx —/(5W p(x,t)dx — /ng(x)uaaﬂw(&t)dx.

Transform the integrals into matrices by use of the ansatz functions
h(6) =1-3+28, H(§)=—¢(1-¢)?
h(€) =3¢ —2¢3, fa(€) = 2(1 - &)1,
gi(§)=1-¢, 8(8) =¢

where £ = x/I.
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With
f(X) = [g17g2, f]_, ey f4](X) s

one elements displacement may now be described by the equations

wi(x,t) = fT(x)u,-(t) and dw;(x) = 6u,-Tf(x) .
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With
f(X) = [g17g2, f]_, ey f4](X) s

one elements displacement may now be described by the equations
wi(x,t) = fT(x)u,-(t) and dw;(x) = (5u,-Tf(x) .

With these notions we obtain
1 82 )
/ 5W,-”(x)8ﬁw,-(x7 t)dx = B/ (Sul £7(x)) (F'T (x)u;(t))dx
0 X 0

I
= 5u,—TB/0 (F" ()" T (x))dx ui(t) .
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The element stiffness matrix

It holds L

f”f"T _ . :

ﬁ// fl// . .fél//f;l,/

and due to the restriction to constant bending stiffness B we can write
12 -6 -12 —6l

A
! B | -6l 4?2 6l 2/2
1"ent T : U i ! i .
B/O (f f )dX, = TI 12 6/, 12 6/, =. SBy = SB, .

—6/; 2/,-2 6/; 4/,-2

@ Universitat Bremen S( E
10/23


http://www.math.uni-bremen.de
http://www.uni-bremen.de

Fachbereich 03
Modelling mechanical systems with finite el i matik

On an analogous way we obtain

D 1 -1 B, 1 -1
o-2[ 1) w241

and
the element stiffness matrix
Sp

St
S

§p>
I

y

Sg

'z
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Mp
PN MT
w; =
Mg,
Mg,
consisting of Mg, , :=
156  —22/; 54 13J; 36 -3/
pho | =22 4R 135 =31 | jimyme | 3 4R
420| 54 —13L 156 22/ 30, | —36 3
13 =317 22 4F? -3 P
/LI‘ 2 1 _ ,Umxli 2 1
MD 6 |: 1 2 :|a MT_ 6 |: 1 2 :| Y
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Re-order displacements

Two transforms of the elementwise matrices are made. Define matrix T
such that

U,‘(t) - T[WXOa Wyo, WanﬁxOvﬁyOvﬁan Wxi, Wyl, Wzlvﬁxhﬁy/vﬂzl]iT(t)

and thus . .
S=T'ST M=T"MT.
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The system matrices

We finally obtain system matrices by the transformation

S:=>"ATSA and M:=) ATMA;,

where A; is chosen such that

u,-(t) = A,-u(t) and du; = Ajdu.
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