Hausdorff Dimension 2 for Julia Sets

of Quadratic Polynomials

Stefan-M. Heinemann^{∗†} Bernd O. Stratmann^‡

Universität Göttingen, Institut für Mathematische Stochastik D-37083 Göttingen, Germany

University of St Andrews, Mathematical Institute

St Andrews, KY16 9SS, Scotland

Abstract

We consider certain families of quadratic polynomials which admit parameterisations in a neighbourhood of the boundary of the Mandelbrot set. We show how to find parameters such that the associated Julia sets are of Hausdorff dimension 2.

0 Introduction

During the last decade much attention has been paid to the fractal aspects of degeneration processes naturally arising in Complex Dynamics. In this paper we study certain families of parabolic quadratic polynomials over C. We show that their associated Julia sets are of Hausdorff dimension arbitrarily close to 2. Our construction clarifies related work by Shishikura concerning the boundary of the Mandelbrot set (see [Shi98]).

More precisely, for small values of t, we consider a family {f_t} of maps of the form z → exp(−2πit) · z + z^2. For all these maps the origin is a parabolic fixed point. We show that in a suitable neighbourhood of this common parabolic fixed point the tree structure of the individual backward iteration admits a decomposition arbitrarily close to a semi-group action generated by three linear independent maps. The maps are called the stabiliser map, translation map and return map.

The structure of the paper is as follows. In section 1 we give the construction of our basic fractal model. We show that this model gives rise to a family of iterated function systems whose associated limit sets have Hausdorff dimension

∗Research supported by SPP ‘Ergodentheorie, Analysis und effiziente Simulation dynamischer Systeme’ Georg-August-Universität Göttingen

†e-mail: sheinema@math.uni-goettingen.de ‡e-mail: bos@st-and.ac.uk

arbitrarily close to 2. Subsequently, in section 2, we give a realisation of this fractal model in terms of quadratic maps over C. The construction is split into three stages as follows.

In the first stage we consider the map f_0, describing how to derive the stabiliser, translation and return maps in this context, and giving the crucial estimates for their derivatives. In particular, we obtain a formula for the Hausdorff dimension of the limit set induced by the semi-group generated by the translation map together with the inverse branches of f_0.

In the second stage we generalise this formula to the case of the map f_{1/p}, where p denotes the number of repelling parabolic petals. We show that the Hausdorff dimension of the corresponding limit set is bounded from below by 2 − 2/(p + 1).

In the third stage we deduce that, for a sensitive choice of parameter values t, the inverse branches of f_t provide locally good approximations to the stabiliser, translation and return maps described in the preceding stages. This then leads to the following main theorem.

Theorem: Let f_t : C → C be given by z → exp(−2πit) · z + z^2, and let dim_H (J(f_{tn} )) denote the Hausdorff dimension of the associated Julia set J(f_{tn} ). Then there exists a sequence {t_n} such that

lim sup n→∞ dim_H (J(f_{tn} )) = 2.

Finally, we use the main theorem to find regions in the parameter space where the Hausdorff dimension of the associated Julia sets is bounded from below by 2 − ε. We show that this fact can be used to construct parameter values which give rise to Julia sets of Hausdorff dimension equal to 2. Acknowledgement: The authors would like to thank the Institut für Mathematische Stochastik for hospitality during the period of this research.

1 The abstract model

In this section we introduce our abstract model, that is a certain family of iterated function systems generated by three linear maps. We shall see that the associated limit sets have Hausdorff dimension arbitrarily close to 2.

In order to describe the abstract model, we define the open rectangle Q_N := {z ∈ C : 0 < Re(z) < N, 0 < Im(z) < 2πN}, for N ∈ N. Consider the translations S given by w → w + 1, and T given by w → w + 2πi. Also, for some fixed positive constant c < 1, let the map R_N be given by w → c · w/N. Clearly, the image of Q_N under R_N is contained in Q_1. The iterated function system (cf. figure 1) { S^h ∘ T^j ∘ R_N }_{N−1} h,j=0 acts on Q_N and gives rise to a fractal limit set, which is also called the attractor of the iterated function system on Q_N . More precisely, there exists a unique, non-empty, compact set Σ_N satisfying Σ_N = ⋃_{N−1} h,j=0 S h ∘ T^j ∘ R_N (Σ_N ). It is

Figure 1: Sketch of the model

well known (see e.g. [Fal85]) that for the Hausdorff dimension dim_H(Σ_N ) of this limit set we have that dim_H(Σ_N ) =

2 log N log N − log c

. (1) Hence, we obtain in particular that lim N→∞ dim_H(Σ_N ) = 2.

We remark that for compact sets Hausdorff dimension is invariant under conformal isomorphisms. In particular, this implies that dim_H(Ψ(Σ_N )) = dim_H(Σ_N ), where Ψ denotes a biholomorphic map which is defined in some neighbourhood of Σ_N . We further remark that if R_N is conformal but not necessarily linear such that the closure of R_N (Q_N ) is contained in Q_1 and such that for z ∈ Q_N it holds that |R^′_N (z)| ≥ c/N, (2) then it still follows that dim_H(Σ_N ) ≥

2 log N log N − log c .

2 Realisation of the model

In this section we consider a particular family of quadratic maps in C. We shall show that the associated Julia sets contain attractors of the type described by our abstract model given in the preceding section.

Throughout, we consider quadratic polynomials f_t : C → C, for parameter values t ∈ [0, 1), which are given by f_t : z → exp(−2πit) · z + z^2. It is well known that for t rational f_t has the parabolic fixed point 0 with multiplier exp(−2πit) (for a general overview, we refer to [Bea91]).

2.1 First stage: Stabiliser, Translation and Return

We shall first describe how to construct maps equivalent to S, T and R_N in the context of the iteration of the parabolic quadratic map f_0.

Stabiliser map: Recall that for t = 0 we have f^′_0(0) = 1. This implies that for the parabolic fixed point 0 there exists exactly one repelling petal Π. Let s_0 denote the inverse branch of f_0 which fixes the origin and which maps Π to itself. The map s_0 is called the stabiliser map. It is well known ([Mil91], Corollary 7.11) that there exists a biholomorphic conjugation map Ψ such that the following diagram commutes.

Q^S � Ψ � Q Ψ � Π^{s0} � Π

(3)

Here, Q denotes a domain in C containing some right half-plane. Note that the conjugation Ψ is well-defined up to translation by some w_0 ∈ C which simultaneously replaces Ψ(w) by Ψ(w − w_0), and Q by Q + w_0. Also, recall that Ψ admits an extention to the whole of C.

Translation map: The critical point γ_t of f_t is equal to − exp(−2πit)/2. It is well known that the forward f_0-orbit of γ_0 is a subset of the interval [−1/2, 0) which is disjoint from Π. Also, if we let Crit_n := { γ_{1/n}, f_{1/n}(γ_{1/n}), . . . , f^k_{1/n}(γ_{1/n}), . . . } , then the distance from Crit_n to [−1/2, 0) tends to 0 for n tending to infinity. This implies that we find a sequence of simply connected domains Ω_k such that ⋃ k≥1 Ω_k = Π. Furthermore, Ω_k ⊂ Ω_{k+1} and, on each Ω_k, the maps s^n_{1/n}, n ≥ k, are well-defined. Here s_{1/n} denotes the inverse branch of f_{1/n} which is close to s_0, its analytic continuation, respectively. In particular, since for arbitrary t ∈ [0, 1) we have that f^{−1}_t (B_2(0)) ⊆ B_2(0), it follows that, for each Ω_k, {s^n_{1/n}}_{n≥k} represents a normal family of univalent holomorphic mappings. Note that any limit map t_0 (which is defined on all of Π) is either constant or univalent on Π. Furthermore, t_0 and s_0 commute (given that s_0 ∘ t_0 and t_0 ∘ s_0 are well-defined). In particular, this implies that t_0 has to be univalent, since otherwise it would map Π onto 0, which is clearly not the case.

Hence from now on, we consider t_0 to be univalent. We fix a right halfplane H_0 ⊆ Q, and note that on the simply connected set Ψ(H_0) the limit t_0 is well-defined. If the image of Ψ(H_0) under t_0 is not already contained in Π then it suffices to apply finitely many times s_0, its analytic continuation respectively. We get that s^m_0 (t_0(Ψ(H_0))) ⊆ Π, for some m ∈ N. This implies that t_0(Ψ(H)) ⊆ Π, where H denotes the half-plane which is obtained by shifting H_0 to the right by m. Hence, we have the following commuting diagram, which defines a univalent holomorphic map T̂ .

H^{T̂} � Ψ � Q Ψ � Π^{t0} � Π.

(4)

Since s_0 and t_0 commute, we have that S and T̂ commute. This implies that the map Λ : w → T̂ (w) − w is S-invariant on H, and hence is of the form Λ : w → ∞∑ k=−∞ α_k · exp(2πik · w) with complex coefficients α_k. Note that Λ can be extended to the whole w-plane. We claim that Λ is constant. In order to see this, we assume the opposite. Then the point ∞ is an essential singularity of Λ, and hence also of T̂ = w + Λ. But this contradicts the fact that T̂ is univalent on H. Thus, T̂ is of the form T̂ : w → w + c, for some complex constant c. In order to determine the explicit value of c, we proceed as follows. Since T̂ is the conjugate of t_0 under Ψ, we first calculate Ψ more precisely. For convenience, we adopt the notation from [Mil91, Th. 7.2/Lemma 7.8], and we assume that the reader is familiar with this part of Milnor’s lecture notes. Recall that there the construction of Ψ is performed in four steps. First, the map f, which has the origin as a parabolic fixed point, gets conjugated to a map g_0 which has ∞ as the parabolic fixed point, where g_0(w) = w + 1 + o(1). Secondly, a conjugation map F_0 is constructed such that g_1 := F_0 ∘ g_0 ∘ F^{−1}_0 has the form w → w + 1 + o(1/|w|). The third step is similar to the second. It leads to a map g_2 := F_1 ∘ F_0 ∘ g_0 ∘ F^{−1}_0 ∘ F^{−1}_1 of the form w → w + 1 + o(1/|w|^2). Finally in the fourth step, the map Ψ is obtained by an averaging process.

Coming back to our construction, we know that if we perform these four steps of Milnor’s for f = t_0 = lim_{n→∞} s^n_{1/n}, then the ultimate conjugate has to be of the form w → w + c. We shall see that in order to determine the value of c, it is sufficient to go through the first two steps, of which we give the details in the sequel.

In Milnor’s original construction the map f is equal to s_0, i.e. we have that

f(z) = (−1 + √ 1 + 4z)/2.

Hence, g_0 is given by g_0(w) = 1/f(1/w) = w + 1 − 1/w + o(1/|w|). The conjugation map F_0 is the integral of 1 g_0(w) − w

= 1 + 1/w − 1/w^2 + o(1/|w|^2), and hence, is given by (this explicit expression for F_0 will be crucial later on, in particular the logarithmic term) F_0(w) = w + log(w) + 1/w + o(1/|w|).

The inverse of F_0 is of the form F^{−1}_0 (w) = w − log(w) − 1/w + o(1/|w|).

We have that F_0(g_0(w)) = F_0(w) + 1 + o(1/|w|), which implies that F_0(g_0(F^{−1}_0 (w))) = w + 1 + o(1/|w|).

We proceed by applying the same two conjugations to the perturbed maps s_{1/n}. This gives that g_{0,1/n}(w) = w/λ_n − 1/λ^2_n + 1/(λ^3_nw) + o(1/|w|), where λ_n := exp(−2πi/n). Conjugation of g_{0,1/n} with F_0 yields (note the logarithmic term!)

F_0(g_{0,1/n}(F^{−1}_0 (w))) = w/λ_n + (λ_n − 1)/λ_n · log(w) +(2λ^2_n − λ_n − 1)(λ_n − 1)/(λ^3_nw) + o(1/|w|).

Now, for the n-th iterate we obtain that

(F_0(g_{0,1/n}(F^{−1}_0 )))^{∘n}(w) = w + (λ_n − 1) n−1∑ k=0 λ^k_n log(w/λ^k_n) + o(1/|w|) = w − log(λ_n) · nλ^{n−1}_n + o(1/|w|) = w + 2πi/λ_n + o(1/|w|). Since λ_n → 1, we have that in the latter expression the constant term tends to 2πi. The remaining two steps of Milnor’s construction do not influence linear and constant terms. Their only purpose is to eliminate the error term o(1/|w|). Thus, we obtain that T̂ is equal to our map T : w → w + 2πi.

Return map: Let us project the Euclidean coordinates from Q to Π, such that the positive reals correspond to a ‘geodesic’ in Π. Then, Ψ-images of translates of Q_1 are called basic rectangles. Also, let Π_∗ denote the image of some right half-plane in H. Now, there exists k ∈ N and an inverse branch r of f^k_0 on Π_∗, such that r maps the closure of Π_∗ into the interior of Π_∗. Note that r is clearly not an iterate of the stabiliser s_0. Specifically, we can assume that the closure of r(Π_∗) is contained in P_∗ := Π_∗ ∩ {z : Im(z) < 0}. By composing r with a suitable iterate s^ℓ_0 of s_0 if necessary, we obtain that

r_0 := r ∘ s^ℓ_0 (5)

maps Π_∗ into some basic rectangle in P_∗. Moreover, replacing Ψ by Ψ(w − w_0) for some suitable w_0 ∈ C, we may assume that this particular basic rectangle in Π_∗ corresponds to Q_1 in Q. The map r_0 so obtained is called the return map.

We summarise by remarking that the pull backs of the above three maps give rise to the following maps on Q_∞, where we have set P := Ψ(Q_∞).

• S : w → w + 1, induced by the conjugate of s_0|_P ;

• T : w → w + 2πi, induced by the conjugate of t_0|_P ;

• R : Q_∞ → Q_1, induced by the conjugate of r_0|_P .

We remark that the map R is of course well-defined on {w : Re(w) > 0}. Now, since R = Ψ^{−1} ∘ r_0 ∘ Ψ and since S^′ ≡ 1, an application of [ADU93], Theorem 8.4, gives that there exists a positive constant c^∗_p, depending on the number p of repelling petals of the parabolic fixed point (in our situation p = 1), such that |R^′(N)| ≥ min_{z∈r0(Π∗)} | | ( Ψ^{−1} )_′ (z) | | · min_{z∈Π∗} |r^′_0(z)| · |Ψ^′(N)| ≥ min

z∈r_0(Π_∗) | | | ( Ψ^{−1} )_′ (z) | | | · min_{z∈Π∗} |r^′_0(z)| · | | | ( s^N_0 ∘ Ψ )_′ (0) | | | ≥ c^∗_p · N^{− p+1p} . Define K_N to be the intersection of Q_∞ with the ball of radius N/2 centred at N. Furthermore, let R_N denote the restriction of R to K_N and c_p := 4 c^∗_p/27. Then Koebe’s distortion theorem applied to the ball of radius N centred at N implies, for all w ∈ K_N , that | |R^′_N (w) | | ≥ c_p · N^{− p+1}p . (6)

Consider the set of maps I_N := {S^h ∘ T^j ∘ R_N : S^h ∘ T^j ∘ R_N (K_N ) ⊂ K_N }. A simple Euclidean argument gives πN^2/9 as a lower bound for the cardinality of I_N . As in the first stage, this implies that if we view I_N as an iterated function system on K_N and denote the associated limit set by Σ_{p,N} , then

dim_H(Σ_{p,N} ) ≥

2 log N − log π + log 9 (p + 1)/p · log N − log c_p

. (7)

Hence, in particular we have the formula lim N→∞ dim_H(Σ_{p,N} ) ≥ 2 − 2/(p + 1). (8)

Figure 2: The realisation

2.2 Second stage: Increasing the number of petals

It is clear from (8) that, if it were possible to increase the number of petals p, then the Hausdorff dimension of the corresponding limit set would tend to 2. This observation serves as a motivation for the following approach.

We proceed similarly as in the first stage, replacing the map f_0 by f^p_{1/p}, for p ∈ N. We see that f^p_{1/p} has the origin as a parabolic fixed point with multiplier 1. Let us fix a repelling petal Π with the corresponding stabiliser s_0 given by an inverse branch of f^p_{1/p}. Clearly, there exists a conjugation analogous to (3), which yields Q and Ψ with the same properties as in paragraph 2.1. For simplicity, we have used the same notation. Now, the role of s_{1/n} in stage one is played by s_{θ(p,n)}, where θ(n, p) := (1 − n)/(p(n − 1) + 1). Of course, we now have to iterate p · (p(n − 1) + 1) times in order to construct the translation map we are aiming for. In fact, the same arguments as in the construction of the original translation map in paragraph 2.1 show that the sequence ( s^{p·(p(n−1)+1)} θ(p,n) ) converges to a map t_0 on Π which is conjugate to T on Q. Moreover, as in paragraph 2.1, we obtain the return map r_0 and its conjugate R. Fully analogous to the construction in paragraph 2.1, this leads to iterated function systems on half-disks K_N . Clearly, the maps R_N defined in this context satisfy (6). For the resulting limit sets Σ_{p,N} we deduce formula

(7). From (8) we derive the key observation, namely that by choosing first p and then N sufficiently large, the Hausdorff dimension of Σ_{p,N} gets arbitrarily close to 2.

Remark: Note that Ψ(Σ_{p,N} ) is not a subset of the Julia set of f_{1/p}. This follows, since t_0 is not contained in the set of inverse branches of f^k_{1/p} and also not equal to an iterate of f_{1/p}.

2.3 Third stage: Approximations

In this section we consider perturbations of f_{1/p} such that the associated inverse branches represent local approximations (for our estimates it is sufficient that s_0, t_0 and r_0 are well-defined on Ψ(K_N )) of the inverse branches s_0, r_0 and t_0 of the unperturbed map. Replacing R, S and T by these approximations, we obtain new iterated function systems giving rise to limit sets contained in the Julia sets of the perturbed maps. Hence, depending on the quality of the approximation, the Hausdorff dimension of these Julia sets is arbitrarily close to 2.

In the following paragraphs we give the details for the approximations of r_0, t_0 and s_0. Throughout, we assume that p and N are fixed. Hence, s_0, Ψ, P , t_0 and r_0 are derived from the dynamics of f^p_{1/p}, as described in paragraph 2.2.

2.3.1 Approximation of the return map r_0

For each ε_1 > 0, there exists a number n_1 such that for all n ≥ n_1 there is an inverse branch ~r of s^{p·k}_{θ(p,n)} on P which has the property that the map ~r_0 := ~r ∘ s^{p·ℓ}_{θ(p,n)} is close to r_0, and maps P to Ψ(Q_1) such that ~r_0(P ) ⊂ Ψ(Q_1). Here, k and ℓ are chosen according to the definition of the return map r_0 in (5). Moreover, if ~R denotes the conjugate under Ψ of ~r_0, then we have that min w∈K_N | |~R^′(w)/R^′(w) | | ≥ 1 − ε1. (9) 2.3.2 Approximation of the translation map t_0

For each ε_2 > 0, there exists a number n_2 such that for all n ≥ n_2 we have that the map

~t_0 := s^{p·(p(n−1)+1)} θ(p,n) is close to t_0, and the j-th iterate ( ~t_0 )_j maps ~r_0(P ) to Ψ(Q_1 + j · 2πi), for j = 1, . . . , [N/2] − 1. Moreover, for j in this range, and for ~T denoting the conjugate of ~t_0 under Ψ, we have that min w∈ ~R(K_N ) | | | ( ~T^j )_′ (w) | | | ≥ 1 − ε^2. (10)

2.3.3 Approximation of the stabiliser map s_0

For each ε_3 > 0, there exists a number n_3 such that for all n ≥ n_3 we have that the map ~s_0 := s^p_{θ(p,n)} is close to s_0, and the h-th iterate ( ~s_0)^h maps ( ~t_0 )_j ∘ ~r_0(P ) to Ψ(Q_1 +h+j ·2πi), for h = [N/2], . . . , N + [N/2] − 1 and j = 0, . . . , [N/2] − 1. Moreover, for j and h in this range, and ~S denoting the conjugate of ~s_0 under Ψ, we have that min w∈~T^j ∘ ~R(K_N ) | | | ( ~S^h )_′ (w) | | | ≥ 1 − ε^3. (11)

Summarising the three preceding paragraphs, we see that if we choose n greater than max{n_1, n_2, n_3}, then πN^2/9 is a lower bound for the cardinality of the set ~I_N := { ~S^h ∘ ~T^j ∘ ~R_N : ~S^h ∘ ~T^j ∘ ~R_N (K_N ) ⊂ K_N }. Hence, if we view ~I_N as an iterated function system on K_N and denote the associated limit set by ~ Σ_{p,N} , then we derive for its Hausdorff dimension

dim_H ( ~ Σ_{p,N} ) ≥ 2 log N − log π + log 9 (p + 1)/p · log N − log c + ε_1 + ε_2 + ε_3

. (12)

3 Recipe for Hausdorff dimension close to 2 and equal to 2

In order to obtain Julia sets with Hausdorff dimension exceeding 2−ε, for some positive ε, first fix p and then N sufficiently large such that the right hand side of the inequality (7) is greater than 2 − ε/2. The next step is to find positive numbers ε_1, ε_2 and ε_3 such that the right hand side of (12) gives a value larger than 2 − ε. Now, for any n > max{n_1, n_2, n_3}, the Julia set of f_{θ(p,n)} contains a subset of Hausdorff dimension at least 2 − ε. This follows, since Ψ(~Σ_{p,N} ) is contained in J(f_{θ(p,n)}) (note that Ψ(K_N ) does not contain critical points of f_{θ(p,n)} nor does it intersect singular domains of the Fatou set of f_{θ(p,n)}).

Remark 1: The map f_{θ(p,n)} can be replaced by a further perturbation f_{θ(p,n)+Δ}, for Δ ∈ C. Our construction shows that, if only the conditions in connection with (9), (10) and (11) are fulfilled, and if Ψ(K_N ) does not intersect singular domains of the Fatou set of f_{θ(p,n)+Δ}, then the Hausdorff dimension of the corresponding Julia set is bounded from below by 2 − ε.

Remark 2: The preceding remark may now be used to find parameter values t_∞ such that the corresponding Julia sets have Hausdorff dimension equal to 2. In order to see this, fix a sequence (ε_n) of positive numbers tending to 0. Choose a rational number t_0 with denominator p_0 large enough such that the above ‘Recipe’ is applicable for p = p_0 and ε = ε_1. By virtue of Remark 1, we find an open set V_1 ⊆ C close to t_0 such that all parameters from this set give rise to Julia sets of Hausdorff dimension at least 2 − ε_1, provided that the corresponding Fatou sets do not contain singular domains. In particular, V_1 contains a rational number t_1 with denominator p_1 which is big enough to apply the recipe again, this time for p = p_1 and ε = ε_2. We obtain a set V_2 of parameters which lead to Julia sets of Hausdorff dimension at least 2 − ε_2. We proceed by induction (see figure 3), where, without loss of generality, we can assume that diam(V_n) tends to 0 and V_{n+1} ⊂ V_n. In this way we obtain a limit value t_∞. If we now choose the denominators p_n such that p_{n+1} ≥ p^{2n}_n , then 0 ∈ J(f_{t∞} ) is a Cremer point (cf. [Bea91, ex. 6.7]). In this case the Fatou set of f_{t∞} does not contain any singular domains, and since t_∞ ∈ ⋂_∞ n=1 V_n, it follows that dim_H (J(f_{t∞} )) ≥ 2 − ε_n, for all n. Hence, we have that

dim_H (J(f_{t∞} )) = 2.

Figure 3: Approaching Hausdorff dimension 2

References

[ADU93] J. Aaronson, M. Denker, and M. Urbański. Ergodic theory of Markov fibred systems and parabolic rational maps. Transactions American Mathematical Society, 337:495–548, 1993.

[Bea91] A. F. Beardon. Iteration of Rational Functions. Number 132 in Graduate Texts in Mathematics. Springer, 1991.

[Fal85] K. J. Falconer. The Geometry of Fractal Sets. Cambridge Tracts in Mathematics. Cambridge University Press, 1985.

[Mil91] J. Milnor. Dynamics in one complex variable: Introductory lectures.

Preprint SUNY Stony Brook Institute for Mathematical Sciences, 5, 1991.

[Shi98] M. Shishikura. The Hausdorff dimension of the boundary of the Mandelbrot set and Julia sets. Annals of Mathematics, 147:225–267, 1998.