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Abstract

The analysis and homogenization of a heat conduction problem with moving boundary for
a highly heterogeneous, periodic two-phase medium is considered. In this context, the normal
velocity governing the motion of the interface separating the two competing phases is assumed
to be prescribed. Parametrizing the boundary motion via a height function, the so-called Direct
Mapping Method is employed to construct a coordinate transform characterizing the changes
with respect to the initial setup of the geometry. Using this transform, well-posedness of the
problem is established. After characterizing the limit behavior (with respect to the heterogeneity
parameter € — 0) of the functions related to the transformation, the corresponding homogenized
problem is deduced.
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1 Introduction

We consider the analysis and the homogenization of a moving boundary problem that describes
phase transitions occurring in highly heterogeneous two-phase media. Here, the two phases in que-
stion are separated via a sharp interface whose exact evolution is not known at the outset.

To me more specific, let Q C R3 be a bounded domain and let le), Qg) C ) be e-periodic
subdomains representing the initial set-up of the two-phases occupying 2. Here, the small parameter
¢ represents the ratio of the characteristic lengths of the microscale size of the inhomogeneities of
the medium) and the macroscale (overall size of the domain). The interface between the competing
phases will be denoted by I'.. Due to phase transitions, this geometrical setup might change with
time leading to domains 0" (t) (@ = 1,2) and interface I'.(¢) at time ¢ which, in general, are not
necessarily periodic anymore. With np_ and Vr_, we denote normal vector pointing outwards Q?)
and the normal velocity of I'.(¢) in normal direction, respectively.
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Now, let 6’?) = 6’?) (t,z) denote the temperature in the respective domains. In this work, we
consider a two-phase heat problem accounting for latent heat and phase transitions given by

9,09 — kDAY = O in QU (1), (1.1a)
[6:] =0 on I'.(1), (1.1b)

—[kVO.] -n. = LVr, onT.(¢), (1.1¢)
Vr, = ev. on I'.(t) (1.1d)

complemented with appropriate boundary and initial conditions. The aim of this paper is twofold:
(7) show that this two-phase problem admits a unique local-in-time solution where the interval of
existence is independent of the parameter ¢ and (i7) investigate the limit behavior ¢ — 0 thereby
establishing an homogenized limit problem approximating (in some sense) the above system.

For the existence part, we rely on a particularly useful approach, which was originally introdu-
ced in [12], which is sometimes called Direct Mapping Method or Hanzawa transformation, and
where a specific coordinate transformation is constructed. Please note that using this method it is
not possible to consider any type of topological changes. Regarding the limit process in the con-
text of mathematical homogenization, we employ the notion of (strong) two-scale convergence as
introduced in [1, 15].

Combining the analysis of moving boundary problems with the mathematical homogenization
leads to significant mathematical and technical challenges. First, the motion of the interface has
to satisfy certain estimates uniformly with respect to the scale parameter . This means that the
influence of ¢ has to be accounted for very carefully. Second, we have to show strong two-scale
convergence of some functions related to the transformation as the usual two-scale convergence is
not sufficient to pass to the limit (due to the coordinate transform).

Similar moving boundary problems to the system given by equations (1.1a) to (1.1d) without
the heterogeneity parameter ¢ were considered in, e.g., [2, 3, 18]. The heterogeneous case might
arise in situations where the spatial scale at which we can observe such transformations is several
orders of magnitude below the size of the materials itself are; typical examples would be phase
transformations in porous media or in steel. Such heterogeneous problems were considered in, e.g.,
[7, 8, 13].

For the more general setting of a fully coupled version of System 1.1 where the normal velocity
is not prescribed but rather given as a function of the temperature and the geometry of the interface,
typical choices would be v, = 0. — 0.,;; (the law of kinetic undercooling) or v. = —Hp, + 0. — 0.3t
(Gibbs-Thomson undercooling). Here, 0.,;; denotes the critical temperature of the phase transition
in question and Hr_(t) the mean curvature function of the interface I'.(¢). One possible way to
tackle such fully coupled problems is in the context of maximal parabolic regularity, see, e.g., [19,

]. This, however, runs into additional troubles in the heterogeneous case due to the extensive
e-independent estimates that would need to be established; e.g., 6.(t) would have to be uniformly
bounded in W2 (T'.(1)).
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This work can therefore be seen as an important intermediate step in the analysis of the fully cou-
pled case. In the existing literature regarding the homogenization of evolving microstructures, the
changes in the geometry are usually assumed to be a priori known (the case of prescribed coordinate
transform), see [0, 10, 17, 22]; a scenario which is easier to tackle.

This work is organized as follows: In Section 2, we introduce the e-periodic geometry, the mo-
ving boundary problem with prescribed normal velocity as well as the level set equation associated
with the normal velocity. The main results regarding the moving boundary problem, Theorems 3.1
to 3.4, are then given in Section 3. Finally, Sections 4 and 5 are dedicated to the detailed proofs of
Theorem 3.1 and Theorem 3.2, respectively.

2 Setting and problem statement

2.1 Geometrical setup

Let S = (0,7), T > 0, represent the time interval of interest and let Q C R?® be a bounded
Lipschitz domain whose outer normal vector we denote with v = v(x). In addition, let ¢ = (£,,)nen
be a monotonically decreasing sequence of positive numbers converging to zero.

Now, take open and disjoint sets Y(l), Y® ¢ (0, 1)3 —: Y such that Y is connected, Y® ¢
Y,and Y = Y UY®. Moreover, let ' := Y@ be a C3-hypersurface. By nr = np(7), v € I,
we denote the normal vector of I" pointing outwards of Y.

In order to circumvent problems due to complex structures at the boundary, we remove the

boundary layer of thickness € via

Q. =Qn (U £(Y—|—k)>, where Z. = {k € Z* : ¢(Y + k) C Q}.

keZ.

Then, we introduce the €Y -periodic domains o (¢ = 1,2) and the interface I'. representing the
two phases and the phase boundary, respectively, via

0P =Q.n ( ety + k:)) ;o =0\ 0® r.=002.
keZ3
Note that, by design, 8(221) = 00 and dist (092, T',) > e.

With ¢ — T.(t) and t — Q(¢) for t € S, we denote the evolution of the interface and the
domains, respectively. We set

QW = J{t} x0P1),  Z.:=J{t} xT.(0).

tesS tesS

Finally, we assume the overall domain €2 to be time-independent; that is 2 = Q" (t) U (t)UT'o(t)
for all t € S. An illustration of the general geometrical setup is given via Figure 1.
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(a) The unit cell Y’ (b) The periodic reference geometry (c) The actual geometry at time ¢

Figure 1: Illustration of the geometrical setup. Here, the motion function s.(t, -) characterizes the
changes in geometry.

As a C3-hypersurface, I' admits a tubular neighborhood Ur of width a > 0. Moreover, the
function
A: T x (—a,a) = Up, A(v,s):=v+snr(y)

is a C%-diffeomorphism satisfying A(I'x (—a, a)) C Y; we refer to [ 19, Section 3.1, p.65]. Similarly,
we introduce the e-scaled C%-diffeomorphism
A.:T. X (—ea,ea) = Ur,, A(v,r)=v+rnpr. (7).

the family of interfaces

'Y= {A.(v,1) : yeTI.} for € [-ca,cal, 2.1)
and the family of tubes around I'.

Un(r):= |J T  (re(01).
le(—era,era)

We set Ur. = Ur_(1). For v € T, let Lr_(v) = —Vr.nr.(7) denote the Weingarten map, where
we have ([19, Section 2.1])
1
L < — 2.2
sup Le.(0)] < o5~ (2.2)

For | € [—¢ca,ea) and y € ", the normal vector of the interface I'"” in 7 is given as nr.(Pr.(7)),

where Pr_: Up, — I'. denotes the projection operator. The inverse of A is given via

ATV Up, = T. x [—ea,ea], AZ'(z) = (Pr.(z),dp.(z))".

£
Here, dr_: Ur — R is the signed distance function for I',, i.e.,

dr. () dist(z, T'.), z € Ur, \99)
xIr) = .
e —dist(z,T.), z€ U, nQP
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2.2 Problem statement

For k, [ € N, we introduce the Sobolev space
WED2(§ % Q) = {ue L®(S x Q) : dju, Diu e L®(Sx Q) (1<i<k 1<j<I)}

and note that W *):0(§ x Q) = Wk>(S x Q).
Now, take 1 = 9" (t,x) (i = 1,2) to represent the temperature in the respective domains Qg).
In the following, we consider the moving boundary problem given by:

—— Moving boundary problem with prescribed normal velocity
2,0 — kWA = fO i QW) (2.3a)
0,0% — 2kPIAID = @ in QP (2.3b)
6 =92  onZ, (2.3¢)
— (kWVON — 2BV - n. = LVr. onZ., (2.3d)
Vi, = ev. on =, (2.3e)
—kOve .y =0 on S x 99, (2.3)
o (0) =9 in QW (2.39)
02(0) =v®  inQ®. (2.3h)

Here, the positive constants () denote the heat conductivity coefficients and L denotes the con-
stant of latent heat. The actual mathematical problem connected to this system is as follows: Given
volume heat source densities fg(i) : QY - R, a function v.: = — R governing the movement of
the interface, and initial values 199 : Qg) — R, find the corresponding evolution of the domains,
ie., find O (t) and I'.(¢) for all t € S, and the temperature functions 0 QY — (0, 00) such that
all equations of the above system are satisfied.

Now, let v. € W1:2:°(S x Q) be the outward normal velocity of the moving interface I'.(t).
Let us assume that the corresponding motion of I'. can be described via a regular C'*-motion. Then,

there exists a level set function . : S x {2 — R such that

[.(t)={x€Q : p(t,x) =0},
Ve (t,x)] >0 onZ,,
@:(t,z) <0 on .

The normal velocity cv. and the level set function . are connected via ([ 16, Section 4.1])
Oype = €|Vpe|ve on=..

Based on these geometric considerations, we formulate the motion problem as a level set problem:
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—— Motion problem via level set equation
Find . € C'(S x Q) such that
Oype = ¢|Vpe|ve on =, (2.4a)
IVpe(t,z)] >0 onZ,, (2.4b)
a e e|le
e~ £Vt ¢ yponae(s ), (2.4¢)
Pe
[.={2€Q : ¢ (0,z) =0}, (2.44d)
QW ={zeQ : ¢.(0,z) <0}. (2.4¢)

The family of sets (I'.());cs defined via
[.(t)={x€Q : p.(t,x) =0}

is called the solution of the motion problem. The condition (2.4c) is a shorthand for: the function
W%W: (S x Q) \ Z. — R can be extended to a function in W (®1:>°(S x Q). Note that this
condition is merely technical in that it is not needed for the level set function ¢. to correspond to
the motion of the interface; it is, however, needed in Lemma 4.4.

We also point out that uniqueness of a solution of the motion problem only asserts uniqueness
of the the family of hypersurfaces (I'.(¢));cs but not uniqueness of the level set function .. Indeed,

for every a > 0, agp. corresponds to the same motion problem.

3 Main results

In this section, we present the main results. As some of the proofs are fairly long and technical,
they are postponed to subsequent chapters: Section 4 and Section 5 are devoted to the proofs of
Theorem 3.1 and Theorem 3.2, respectively.

We start by formulating the requirements for the data (normal velocity, source densities, and
initial values) that are needed to ensure the well-posedness of the microscopic problems as well as
to facilitate the passage ¢ — 0.

(A1) Letv, € W32°(S x Q) with supp(v.) C Ur. and

I, = Sup ([[ve [lwroo(sxa) + €l D2ve]loo + €3[| Dive| o) < 0.
£>

(A2) Fori=1,2let {1 € L2(Q) and v’ € L*(Q") such that
@ on
up (11910, + 199 ) < o0

(A3) There is a function v € L*(S x Q; W,*(Y))? satisfying

[v]° = v, [Dv]® = Dyv, € [D*.]" = D2v inL*(S x QxY)>.



Homogenization of a moving boundary problem with prescribed normal velocity 7

Here, [v]": S x Q x Y — R is the periodic unfolding of v.: S x Q — R defined via
[v]® (t,x,y) = v (t,ey + ¢ [£]) where [2] denotes the unique k € Z? for which z — k € [0,1)%;
for details, we refer to [4]. Furthermore, the number sign subscript # indicates spaces of periodic
functions:

ocC

W;J(Y) ={u e W2A(R?) : wy € WH(Y), u(y) = ule; +y) foraa.y €Y (j = 1,2,3)}.

If [v.]° — vin L?(S x Q x Y), we say that v, strongly two-scale converges to v (v. i g v); if

[v.]° — v, we say that v two-scale converges to v (v. 2 v). The correspondence of this notion to
the usual definition of two-scale convergence (see [!]) can be found, e.g., in [5].

The regularity and the estimates postulated via Assumption (A1) ensure well-posedness of the
motion problem given by equations (2.4a) to (2.4e) and the validity of corresponding a priori esti-
mates. With Assumption (A2), these results can be used to tackle the heat problem given by equati-
ons (2.3a) to (2.3h)). Finally, Assumption (A3) is necessary for the homogenization process.

The following two results, namely, Theorem 3.1 and Theorem 3.2, are the cornerstones of this
work; their proofs are given in Section 4 and Section 5, respectively.

Theorem 3.1. Under Assumption (Al), there is T, = T'(l,) € S, which is independent of ¢ > 0,
and a function h.: [0,7,] x I'. — (—¢a, £a) such that

Le(t) = {7+ he(t,y)nr.(v) - v €T} (€0, T)).

The time 7, is increasing for decreasing values of [, and we have (0,7,) = S for sufficiently small
I, > 0. Also, there is a corresponding, regular C''-motion s : [0, T}] x Q — Q satisfying s.(0) = id,
s.(t, Q%) = QP (4) (i = 1,2), and

|Dselloc <2, | (D5£>71 oo < 2.

Proof. This follows via Theorem 4.7 and Lemma 4.8. The statements and proof of these results are
given in Section 4. O

In the following, we set S, = (0,7}).

Theorem 3.2. Under Assumptions (A1) and (A2), there is s € L>°(S, x Q x Y') with d;s, Dys €

2—str.

L>(S, x Q x Y) such that Ds, — Djs.
Proof. The proof of this theorem is given in Section 5, see Lemma 5.8. ]

Using the results given in Theorems 3.1 and 3.2, it is then possible to investigate the associated
heat conduction problem:

Theorem 3.3. Under Assumptions (A1) and (A2), there is a unique solution of the mathematical
problem corresponding to the system given via equations (2.3a) to (2.3h). In addition, we find that

up (110522 + VO 5 0, + NV i) < 00
g
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Proof. Using the transformation function s. (given via Theorem 3.1) to arrive at a fixed-domain
formulation of the problem, we are almost exactly in the situation described in [10] (without the
mechanical part). ]

We set Qy = U pes,xal(t2)} X Y @)(t, x). With 1z, we denote the indicator function of a
set I,

Theorem 3.4. Let Assumptions (A1)—(A3) hold. There are functions § € L?(S,; WH2(2)) and
0@ ¢ L?(Qy), where 0 (t,x,-) € WH2(Y?) (¢, 2)) for almost all (¢,x) € S, x €2, such that

Lo 0 — YW (t,2)[0, 120D — / » )9@) dy in L*(S x Q).
Y2 (t,x

Moreover, they solve the following homogenized distributed microstructure problem: The ma-
croscopic temperature 6 is governed by an effective heat conduction problem given via

0,0 — div(k"V0) = f" + fI in S, x Q, (3.1a)
—k"VO-v =0 on S, x 0, (3.1b)
0(0) = " in Q, (3.1¢)

which is coupled, via the Dirichlet boundary condition (3.1e), to a micro heat problem with time
dependent microstructures for #?) in the form of

0,0® — k@A = D inY3(t,2),teS,, reQ, (3.1d)
6 =9 onl'(t,x),t€S,, v €Q, (3.1¢)
020)=9? inQxY®, (3.1f)

Finally, the motion of the interface I'(, ) in normal direction is governed by

Vr=w onl'(t,x),t€S,, v €. (3.1g)

Here, the effective coefficients are given as

= / fMdy,  fr= / Lv+ k@V,02 . ndo,
YD (t,x) I'(t,z)

ﬁh:/ 9V dy, (k") =k min / V,7+e;)-e;dy,
Y(U(t@) y ( )Z] TEWLZ(Y(U(t’x)) Y(U(t,x)( Yy ]) Z/

and £, 9@ (i = 1,2), and v are the two-scale limits of their corresponding e-counterparts.

Proof. Due to the strong convergence result of Lemma 5.8, this homogenization results follows via
a standard two-scale limit procedure and is a special case of the homogenization of the thermoelas-
ticity problem performed in [10]. [
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4 Interface motion (proof of Theorem 3.1)

This section is devoted to the proof of Theorem 3.1. As a short guideline, this proof follows the
following strategy:

(1) We investigate a nonlinear, parametrized ODE-system — given by equations (4.1a) to (4.1d) —
tracking the interface motion. This is done via Lemmas 4.2 and 4.3.

(79) We then show that the motion problem given via conditions (2.4a)-(2.4e) has a unique solu-
tion; see Lemma 4.4.

(731) In Theorem 4.7, the local-in-time existence of the height function A. is then deduced via the
implicit function theorem.

(iv) Finally, we construct a family of C'-diffeomorphisms s.(¢,-): @ — Q and investigate its
properties; see Lemma 4.8.

The first two steps can be found in Section 4.1, and steps (7i7) and (iv) are the topic of Section 4.2.
In the following, we take C' > 0 to denote any generic constant that is independent of both /,, and
¢ (but may depend on the interface I' = 9Y(? as well as the overall domain ). In addition, we
take C'(l,) (sometimes with a subscript, e.g., C,,(l,)) to denote the value at [, of any monotonically
increasing, continuous, and e-independent function C': [0, c0) — (0, c0).

Note that this section is structurally similar to [2, Section 3], where the main substantial diffe-
rences are due to the parameter ¢ and its role in the context of homogenization.

4.1 Interface motion problem

We consider the following nonlinear ODE system:

—— ODE system describing the interface motion
Find 9., z.: S x Up, — R3 such that
Oyye(t, 1) = —5%@6(@%(@@) in S x Up,, (4.1a)
Oz (t, ) = e|z.(t,2)|Vu(t,y-(t,2)) inS x Ur,, (4.1b)
y-(0,2) = in Ur_, (4.1¢)
2:(0,2) = —np_(Pr.x) in Up_. (4.1d)

We extend every solution y. to all of {2 by setting y.(¢,z) = z. Due to supp v. C Ur_, y. is then
continuous across OUr_.

Remark 4.1. In Lemma 4.4, we show that the function y. characterizes the interface motion in the
sense that I'.(¢) = y.(¢, ;). The function z. describes the direction of the motion. This is illsutrated
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in Figure 2. Note that, if Vo, = 0, the solution satisfies y.(t,y) = v + dr_(y:(t,y))nr. () for all
vyel.

Figure 2: Part of the surface I'. and its position at time ¢, I'.(¢). The function y. characterizes
the motion by tracking the paths of the material points. As an example, we see the path of 7. for
v = y.(0,7) over the interval (0,¢). In addition, we see the change in the normal vector from
nr,(7) = 2:(0,7) to z.(¢,). The goal is to find the corresponding height function A, that satisfies

hE(PFE (ys(tv 7))) = dr, (ys(t’ 7))

We introduce functions

fo: Sx (RPx R\ {0}) = R* xR®,  f.(t,(y,2)) = (%vg(t,y), || va(t,y)> :

ge: Qo REXR?, g.(z) = (z,—nr, (P (z))".
Setting w, = (y., 2.)?, equations (4.1a) to (4.1d) then become

Owwe(t,x) = ef. (t,w.(t,x)) in S x Ur_, (4.2a)
we(0, ) = g-(x) in Up.. (4.2b)

Lemma 4.2. Let Assumption (Al) hold. The ODE system given via equations (4.1a) to (4.1d)
admits a unique solution (., z.) € W1:2:°(S x Up_)8. Additionally, there exists a monotonically
increasing, continuous function C,,: [0,00) — (0, 00), which is independent of the parameter &,
such that

| Deye — oo + 1|0 Daye oo + 5HD§:ysHoo < 1,Cu(ly),
llDezelloo + 52HDistoo < Cy(ly).

Proof. (i) Existence and Uniqueness. Due to the embedding W*>(Ur_ ) = C*11(Up,) (k > 1)
(we refer to [ 1, Theorem 7]) we have v., 9;v. € C(S x Ur.) (j = 1,2, 3) which, in turn, implies
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f- € CH1(S x (R? x K)) for every compact set K C R?\ {0}. Therefore, for every x € , Picard-
Lindeloef’s existence theorem ([23, Proposition 1.8]) guarantees the existence of a time ¢.(z) € S
and a unique solution w.(-,z) = (y.(-, ), z:(-,z))T € C(]0,t.(x)])°. Note that |2.(0,z)] = 1
independently of = € Ur,. Taking a look at equation (4.1b), we see that

t . .
—etl, < / W) 4oy (j=1,2,3).
0

|2 |
The norm of every solution z. is therefore bounded from below and above via

et < |z (t, z)| < et 4.3)

As a consequence, a blow up due to |z.| — 0 is not possible in finite time and we can extend to
w.(-, ) € CV1(S)S for z € Ur..

(ii) Regularity and Estimates. For any x1, o € Ur_, we find that

wa(taxl) - w6<t7aj2) = ga(l‘l) - ga(fL‘Q) +/0 fa(Ta we(Tv wl)) - fa(T7 wa(Taxl)) dr.

From g. € C?(Ur.), the Lipschitz continuity of f. as well as D f., and Gronwall’s inequality, we
can infer w,(t,-) € W12:(8 x Ur_)S.

In the following, let ¢ > 0 be sufficiently small such that 1/v2 < [|z||cc < V2 (cf. inequa-
lity (4.3)). Differentiating the ODE with respect to x € Ur_, we get

O Dw.(t,x) =D, (f- (t,w:(t,x))) . (4.4)
We define A.: S x (R x R*\ {0}) — R%*6 via

% ® VU5<t, Zl) UEB(Z)
A(t,(y,2)) == Dy fe (t, (y,2)) = <|L|D2v£(t,y) Vo.(t,y) ® i) ’

||

where B: R?\ {0} — R3*3 is given via

. 1 z% + z?, —2129 —Z1%3
B(z)=D (z > —) == | —an At —nzm | 4.5)
B) TRER\ D ofitE S
123 2923 21 + Z5
Equation (4.4) can be rewritten into
O Dw,(t,x) = eA(t, w(t, z)) Dw.(t, x). (4.6)

With the estimate || B(z)|| < v?/|2| (Frobenius-Norm), the estimate for z. given by inequality (4.3),
and Assumption (A1), we get (for sufficiently small ¢)

e|AL(t, (ye, z2)| < 1,(3e + V/2) < 21, (4.7)
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For the initial values of the Jacobian matrices, we have (for the derivative of nr_(Pr_(x)), we refer
to [19, Chapter 2, Section 3.1])

Dy.(0,z) = I,
Dz(0,2) = D (nr.(Pr.(x))) = —Lr.(Pr.(z)) (I = dr. () Lr. (Pr.(x))) " .

As |Dz.(0,z)| < ¢/s for some C' > 0, we can deduce estimate via Gronwall’s inequality that
e|Dw.(t,z)| < Cexp(2Tl,) =: Ci(l,). (4.8)
For y., we have
Dy.(t,z) =13 +¢ /t (Agn)(t, w. (7, 2))Dy. (7, x) + AU (t, w. (7, ) Dz (T, z)) dr. (4.9
0
Inserting the estimate given in inequality (4.8) into equation (4.9), we see that
|Dy.(t,z)| <1+ 3TC(1,)l,. (4.10)
Looking at equation (4.9) and using the estimate for A, (cf.inequality (4.7)), we get (for small €)
|0: Dy (t, z)| < 3C1(l)lo. (4.11)

Similarly, differentiating Dw. with respect to z; (j = 1,2,3) and estimating the different terms
accordingly, we also get

e%10;Dw.(t, )| < Ca(ly). (4.12)
With this estimate, we can further bound |0,, Dy, (¢, z)| via
|02, Dy:(t, x)| < 1,C5(ly). (4.13)

The details regarding these calculations are given in [9, Lemma 6.6]. Now, combining inequali-
ties (4.8) and (4.10) to (4.13), the function C,, can be directly constructed via C;(l,) (j = 1,2, 3).
[

Note that [,Cy,(l,) — 0 for [, — 0. In the following lemma, we show that y.(t, -) is a homeo-
morphism (a minimal requirement for it to correspond to a meaningful transformation) for ¢t € S
small enough. Moreover, for small [, this holds for all ¢ € S.

Lemma 4.3. There is a monotonically decreasing and continuous function 0: (0, 00) — (0, 00) (we
set t, = min{d(l,), T'}) such that:

(¢) The function y.(7,): Ur, — y. (7, Ur.) is a Lipschitz homeomorphism for all 7 € [0, t,].
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(17) Fort € [0,t,], let
ys_,tl ya(t’ UFS) - UFE

be the unique function that satisfies y_ 1 (y-(t,z)) = x for all z € Ur,. The function

vt U () xue(t.Un) = Ur. g2t (8 w) =y (w)

t€[0,ty]
is Lipschitz continuous with respect to t € [0, ¢,].

Proof. (i). We recall the characterization of Dy, established in the proof of the preceding lemma,
i.e., equation (4.9):

t
Dy.(t,z) =13 + 5/ (Agn)(t, we(7, 7)) Dy. (7, 2) + A (t,w.(7,2)) D2.(, 7)) dr.
0
From here, we conclude that

| Dye(t,-) — Is]|os < 3t1,Cy(1,) forallt € S.

This shows (employing the Neumann series) that y.(t,-): Ur. — y(t,Ur.) is a Lipschitz homeo-
morphism for all ¢ € [0,t,] where ¢, = min{(4l,C;(l,))~', T}. Here, the function ¢ is given via
(41,C4 (1))t

(i1). Ttholds y. (¢, y ' (t, x)) = x for all (t,2) € U4, ({t} X 9e(t, Ur.)). Implicit differentia-
tion leads to

O (y=(t,y= ' (8, 2))) = Oy (t,y- (1, %)) + Dye(t,y- (1, 2)) Oy () = 0
and, therefore,

O (t,2) = — (Dy-(t,y (8, 2))) " e (t, y (t, )

— (Dt ) ,jjﬁ: - g g;,%(t, by (Le)). G4

As the right hand side is bounded by virtue of the estimates provided in Lemma 4.2, this implies

Lipschitz continuity of y-* with respect to ¢ € [0, t,]. O

With the following lemma, we show that any solution of the motion problem given by equati-
ons (2.4a) to (2.4e) can be characterized via y. and that, indeed, there is a unique solution to the
motion problem.

Lemma4.4. (i) Let {I'.(¢)}:cjo,,) be a solution of the free boundary problem given by equati-
ons (2.4a) to (2.4e). Then, for all ¢ € [0,¢,], ['c(¢) = y.(¢,T:).

(77) There is a unique solution to the motion problem posed in the time interval [0, t,].
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Proof. (i). This is shown in [2, Lemma 3.2] using the method of characteristics.

(7). This proof follows closely along the lines of [2, Theorem 3.1] adapting the ideas to our
setting. We introduce a Lipschitz continuous function . : [0,¢,] xQ — [—ea, £a] via (as a reminder:
¥ — {A:(7,1) : v €T.}, see equation (2.1))

—ca, z€ QY \ y-(t, Ur,)
Pe(t,x) =< =1,  x€y(t,TY) for some ! € (—ca, za) -
ea, yeQ? \ y(t, Ur,)

In the same way as in [2, Theorem 3.1], it can be shown that
VE.(ta) = = (t,ys (t.x) forall e € y.(t,Ur,), ¢ € [0,

and, therefore,

et > |V (t, )| > e forall x € y.(t,Ur,), t € [0,1,] (4.15)
as well as
0,:3(ty) = elV@.(t.y)lv=(t,y) in ) ({t} x gt Ur.)). (4.16)
te[0,ty]

Due to the Lipschitz continuity of the involved derivatives, we get

p. e W2 ) ({t} x ye(t,Ur.))
te[0,ty)
Now, let g: R — [0, 1] be a C*-function such that g(0) = 0, ¢'(0) = 1, ¢'(r) = 0if r & (—/2,9/2),
and |¢"| < 3/a. We introduce ¢, = eg o (¢713.) € W22:([0,t,] x Q). Then, . = 0 if and only
if ¢. = 0 which implies
.={2e€Q : ¢ (0,2) =0}.
and
{r eQ : p(t,z) =0} =y (t,T.) forallt € |0,t,].

It then can easily be checked that ¢, satisfies the conditions of the motion problem given by equati-
ons (2.4a) to (2.4e). Il

Lemma 4.5. There is a continuous function C,: [0, 00) — (0, 00) such that

e 10 Pelloo + 10:VPeloo < 1Cio(l),
IVZelloo + el D*Pelloc < Coplle)-
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Proof. In this proof, we rely on the estimates provided in Lemma 4.2. Let ¢ € [0,¢,] and z €
y=(t, Ur.). The second spatial derivative is given as

D?*gc(t,x) = (Dye(t,y=" (t, )" Dzc(t, y- ' (t, x))
and can therefore be estimated via
9~ 4
‘D 905<t7x)| < ng(lv)

where C), is the function given by Lemma 4.2. Furthermore, as . satisfies inequality (4.15) and
equation (4.16), we can estimate

05 (t, 7)| < | VE.(t,2)|[v-(t, 2)| < ec™™'L,.

Taking the derivative with respect to = € y.(t, Ur,) in equation (4.16), we get

Voe(t,x)

OV (t, x) = . (t, -(t, DG, (t, 1) —— L
VEt) = el VE(t) Vo (t2) + eDB (o) G

|U€ (t> T ) ‘
and find the upper bound

0,V @-(t, )| <1, (0" +4C,,(1,)) -

4.2 Motion function

For ¢ > 0 and v € I, we introduce the function F; . : [0,t,] X (—ea,ea) — R via F_ (t,r) =
©:(t,Ac(7y,7)). Then, F. ,(0,0) = ¢-(0,A:(7,0)) =0 forally € I'..

Lemma 4.6. Foralle > 0andy € I',, itholds 0, F; ,(0,0) = —1. Furthermore, there aret, € [0, t,]
and 0 < R, < a such that O, F. . (t,7) < —1/sforallt € [0,%,] and r € [~eR,,cR,].

Proof. We calculate
Ol (t,7) = g'(e7'Ge(t, Ay, 7)) VPe(t, Ac(y, 7)) - r.(7) 4.17)

and see that
82F5,7(O,0) =—-1<0.

Forany t € [0,t,] and r € (—¢a, ca), we have

r t
82F57’Y(t7 r)=—-1+ / azzFaﬁ(Ov s)ds + / ataQFa,’y(Ta r)dr.
0 0
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Starting off with the first integrand, 03 F. ., we get
BF,(t,r) = e g" (€7 Pu(t, A7, 7)) (V@ (t, Ac(v,7)) - (7))
+ D2§55(t7 AE(V? r))nre (,7) ' nrs (/7)

Using the estimates collected in Lemma 4.5, we can conclude that

3
e|O3F.,(t,7)| < Eew“t + Cy(ly).

For the second integrand, 0,0, F ., we calculate

OOy F. o (t,r) = e g" (e Pe(t, Ac(, 1)) De@e (t, Ac(y, 7))V @e(t, Ac(y, 7)) - nr. ()
+9' (7' et Ac(y, 7)) 0V 2 (t, Ay, 7)) - mr, ()

and estimate
3
002 (7)) < S1,Co(1) (Clk) + 1)

and finally arrive at

82F677(t7 T) <14 g (2626()%15 + C@(lv>> —+ tlv <SC@(ZU) (Cq;(lv) + 1)) .

O

Theorem 4.7 (Height function). There is a time 7T}, € (0, 7,| monotonically decreasing with respect
to [, and such that T, = T" for [,, sufficiently small such that:

(7) There is a height function h.: I'. x [0, T;,] = (—¢a, ca) satisfying

Pe(t) = {Ac(y,he(t,7)) = y €L} forallt € [0,T,]
(73) Tt holds the estimate

N | —

5
5||hs||L°°((0,Tv)><FS) + 2|V, hell Lo (0,1)x1.) <
Moreover, ||0h. || < 3el,Cy(Ly).

Proof. (i). Note that F; ,(0,0) = 0 and 0, F ,(0,0) = —1. By the Implicit Function Theorem, we
infer that, for every € > 0 and for every v € I',, there is a time 7. , > 0 and a differentiable function
her: [0,7.,] = (—¢a,ca) such that F. (¢, h.,(t)) = 0 forall t € [0,7.,]. Let 7., € S always be
the maximal possible point in time for this to be true. It holds that

sup{|he ()] : v €T} =sup{|dr.(y-(t))| : vy €'} <etl, forallte [0,7.,],
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Here, the equality holds due to

L. (t) = {A(y, he,v(t)) cy el ={y(t,y) - yel}

And, for the inequality, we observe that y.(0,7) € I'. and that y. satisfies equation (4.1a). Now,
take 7, = min{t,, [; ' R, }. We claim that

inf{r., :e>0,yel.} >,
Let us assume this is not the case, i.e., there are ¢ > 0 and v € I'; such that 7. , < 7,. Since

(2) Fe,"y('rsm hf,’Y(T&’Y)) =0,
1

(41) aQFsﬁ(Tem ha,w(Te,v)) < 3

we can apply the Implicit Function Theorem again which contradicts the assumption that 7. ., is

maximal. Here, (i) holds true by virtue of Lemma 4.6. As a consequence, we are able to define
he: [0,7) X I — (—ea,ea) via he(t,y) == he,(t).

(ii). Owing to the regularity of A. and ., we have h. € W2°°((0,T) x T.). For all ¢t € [0, 7,]
and v € I'., we have F. (¢, h.(t,)) = 0 implying vanishing derivatives with respect to time and
space. Implicit differentiation with respect to time yields

_ atFeﬁ(t7 hs<t7 7))
OaFeq (t, he(t, 7))

Considering that ||¢'||.o < 1, we are therefore led to

aths (t7 7) =

(4.18)

|8tha(t,’7)| <3 |atg5€(t, AE(% ha(ta'y))” < 35[11090([11)-
Let us first observe that Vr_h.(,7) = 0 if and only if

nr, (t, As(77 hs(t7 7)) = nr, (7)

The normal vector at y € I'.(¢) is given as

V. (ta 7) V. (t7 7)
nr. (t,7) = = —= .
r(£:7) Vo (t, )] [Vee(t,7)]

For the surface gradient of h., we can find the representation (we point to [ 19, Section 2.5])

1
nFa (t7 ﬁt) : nre (7)

Ve () = (s — ho(t4) L. (7)) (n (7) - o, m)) S @)

where we have set 7, = y.(¢, 7). Due to

t ~ —_ ~ —_— o~ JE— ~ —

_ OV (t,7)IVPe(t,7,)| — Voe(t,7,) 0|V oe (1,7,
t, =nr.(y)+ o pa—
70 =)+ AL

- >

~~
=, (Tth)

dr,
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we estimate

t
() = e (7)< [ 1073 dr < 211,854 (),
0

and (for ¢ small enough, but independent of € and decreasing with increasing [,)
0<1—2te*",C(l,) < nr.(v) - nr.(t,7,) < 1.

Combining these estimates to bound the difference

nr.(7y) —

nFE (t77t) : nFE (7) — 1

— nr. (ta 7 )7
nFs (t7 P)/t) ’ nrs (Fy) !

we are led to

1
nre (t7 71‘/) ’ nre (’y

nr.(7y) —

)nrs (t7 7t>

< 2t,e¥C (1) <1-+j£:(2taﬁ3%h¢c;(ag)k>.

k=0

In summary, estimating equation (4.19) leads us to

|V1"5h€(t,’y)| S (1 + %) (2t6360lvtlvc¢(lv) (1 + Z (Qtlveggolvtcsp(lv))k)) '
k=0

[]
Let x € D(R>0) be a cut-off function that satisfies
. 1 ) 2
0<x<1, X(r)zllfr<§, X(r)zOlfr>§.
In addition, let x'(r) < 0if 1/3 <r < 2/3 as well as ||\/||~ < 4.
We introduce the function s.: [0,7,] x Q — Q via
2+ he(t, P, (@)nr, (P, (o)y (452 e U
se(t,x) = : T sa . (4.20)
z, x ¢ Ur.

Lemma 4.8. The function s.: [0,7,] x © — Q is a regular C*-motion with T'.(t) = s.(t,T.) for
all t € [0,T,].

Proof. With the estimates provided in Theorem 4.7, we can conclude that s.(t,-): Q@ — Qs a
regular C'*-deformation with T'.(¢) = s.(¢,T.) for all ¢ € [0, T;]. For details, we refer to [9, Lemma
2.9]. The regularity with respect to time follows via h. € CH1([0,T,] x Q). O
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S Limit behavior (proof of Theorem 3.2)

In this section, the limit behavior of the functions related to the Hanzawa transformation s. as given
by Lemma 4.8, in particular F. = Ds. and J. = det F., are investigated. To be able to pass to the
limit ¢ — 0, strong two-scale convergence of these quantities has to be established. We start by
introducing the folding and unfolding operators, similar (in spirit) considerations can be found, e.g.,
in [14], and by formulating a few technical lemmas.

In an effort to keep the notations for the estimations shorter, we introduce functions

Ge: Sy x Up, = R? q.(t,z) == 2.(t,y- ' (t, 7)), (5.1a)
Ne - Sy x I'e — £, 776@7’7) = As(77h5<t77))- (5.1b)

5.1 Preliminaries and auxiliary lemmas

i i i
1 1 1

L2 3

Y

Figure 3: Simple example demonstrating the construction of [z] and {x}.

For z € R?, [z] is defined to be the unique k € Z® such that {z} := 2 — [z] € [0,1)® and, for
functions f: Q — Rand f,: I'. — R, we denote the periodic unfolding via [f]* : Q x Y — R and
[fo]° : © x T’ — R defined by

@y =f(ev+[Z]) B @n=h(=r+]Z])

We get the integral identities (see [4])
fa)de= [ [ (m)day)
Q Qxy

fyds =2 [ AF (o) dGy)

Ie



20 M. Eden

and, forid: 0 — Q and n, m € N, it holds
[id]™ — [id]"™| < V2 (en + €m) - (5.2)
In addition, for functions ¢g: 2 x Y — Rand g,: 2 x I' = R, we set
9l.: Q@ =R, gl.(x) =9 (:r {g}) :

T

[gb]a: . — R? [gb]g (l’) = (1’, {g}) .
We find that, f € WH2(Q; W;Q(Y)),

1 = 1A 2y = O (5.3)

as (5y +e€ [f} , [y + [f]]) converges uniformly to (z,y).
The following identities are a consequence of the periodicity of the initial configuration. For
x€Ur,yeY,yeTl,andr € (—ea,ca), it holds

[ne)” (z,7) = n(y), (5.4a)
(A (2,7,7) = €A (% g) +e E] : (5.4b)
[Lr.) (z,7) = e ' Lr(v), (5.4¢)
[P (@,y) = ePe(y) +< [ 2] (5.4d)
[DP) (2,y) = (= dr(y) Le(Pr(y))) (T = n(Pr(y) @ n(Pr(y))) - (5.40)

With these relations in mind, we are able to connect the limit behavior of the auxiliary function 7).
and the height function h..

Lemma 5.1. Let n, m € N. It holds
}61’:1 [nan]an - g;Ll [nfm]am | S |€T_Ll [hen]an - 51’_YL1 [ham]am ‘
as well as
En Em 1 — En — En En Em
Proof. Since A is contractive and equations (5.4a) and (5.4b) hold, we conclude
]E" - 6’;11 [n€m]
= }A (7’ 67’:1 [h&‘n]sn) - A(’Y’ 61:11 [h@m]Em){ < {87:1 [hfn]gn - 61:11 [h@m]Em ‘

Eat

The spatial derivative of 7). is given as
ngna =1Id + Vpgha & Ng — hsLFE'
Using equations (5.4a) to (5.4c), we estimate
€ Em En Em 1 — En — En
‘ [Drsnan] "= [‘Dranem} | S | [vran hsn] - [vrsm ham:| ‘ + %‘é\nl [hen] - 6m1 [han] ’
Il
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In the next few lemmas, we establish some technical results which are needed to show the strong
two-scale convergence of F. and J..

Lemma5.2. (i) Letu. € W'*(Q)andu € L*(; W,*(Y)) such that [u.]" — uand e [Vu.]" —
V,u strongly in L?(Q x Y). Then, [u.]® — u strongly in L?(2 x T).

(ii) Forall u € W?(Q), it holds that

ellulaqeay < ACu (Iulfa@) + €I Vuliag) )

Proof. (i). This is due to the trace embedding operator W12(Y') — L*(T').
(ii). Let Cy, be the trace constant of the embedding W'2(Q2) < L?(T.). For u € W2(2) and
t € [0,7,], we have

6/ [uMPdy=¢ | |u(y:(t,))]*| det(Dr,ye(t,7))| dy
I (t) I
< 20, (/ |uoy5(3:)|2d:v—|—€2/ |V(uoy£)(x)|2dx)
Q 0
< 20y, </ ]uoyg(x)\de—i-Qez/ |Vuoy.(z)]? dac) :
0 0

The time parametrized coordinate transformation z +— y='(¢,x) (note that y='(¢,Q2) = ) then
leads to

ey < ACo (IulZaq) + I Vulliag))
[

Parts of the analysis rely on the ability to estimate certain differences of some composites of
functions involving v.. In the following lemma, we collect some general results.

Lemma 5.3. Let (f.) C Wh*(Q) and n,m € N (n > m).

1. Let ||V /., |l be bounded independently of the parameter ¢ and [f.]° be a Cauchy sequence.
Then, there are C, C,,, > 0 such that

En Em En em ||2
HfSn([yﬁn] ) - f€'m([y5'm] )||L2(Q><Y) S Cm + CH [yan] - [yam] HL?(QXY)'
and such that lim,,,_,., C,,, = 0.
2. Let f € WhHe(Q; W;OO(Y)) such that [f.]* — f. For g. = y. or g. = y_!, we can estimate
| fen([92,)7) = Fon (920 )22 (00w
En Em ||2 - en - em ||2
S C(m + C (H [gan] - [gam] HLQ(QXY) + H{_:nl [gsn] - gml [gEm] HLQ(QXY)>

where C', C},, > 0 and lim,,, ,,, C,,, = 0.
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3. Let f € Whee(Q W;OO(Y)) such that [f.]° — fand ¢ [V f.]° — V, f. Then, we estimate

| fe([0)7) = forn (0] ) 720251y
En em |2 _ En _ em |2
< Om +C (H [hsn] - [ham] HL2(Q><F) + Hgnl [hen] - 6m1 [ham] HLQ(QXF)>
where C', C,,, > 0 and lim,,, ,,, C,,, = 0.

Proof. Proofs of these technical estimates are given in [9, Lemma 6.20]. ]

5.2 Limit behavior

Based on the estimates established via Lemma 4.2, it is clear that y. converges strongly to the
identity operator and that both Dy, and z. have two-scale converging subsequences. This in itself,
however, is not enough to guarantee strong convergence of their unfolded counterparts, which in
consequence may also impede strong convergence of [F.]° and [J.|° — a property that is needed to
make sure that passing to the limit ¢ — 0 is justified.

In the following lemma, we investigate the limit behavior of the dilated functions ! [y, — Id]°
and [z.]°.

Lemma 5.4. There exist functions y, z € L*(S x €; Hj(Y'))? such that
1 € € 3 &€
B e —Id]" =y —1d, [z]" = 2, [Dy] — Dyy, €[Dz]| — Dyz.

Proof. Let § > 0 be given and let n, m € N, such that n > m and such that e="»T> < 2.! Taking a
look at the ODE sytem given by equations (4.1a) to (4.1d) and its corresponding system that emerges
by differentiation with respect to the spatial variable, we find that (in S x Q x X, (i = n,m))

70 e~ 17 = v (). (5.50
O [2=]™ = 5i| 227 | Ve, ([y=]7), (5.5b)

0, [Dy. ] = e, ALY ([wo,]) [Dye ] + ALY ([we]) [Dz,) (5.5¢)

£i0 [DZ&]& = €?Agl) ([wf-:iri) [Dyef + 51‘2145:32) ([wsi]&) [Dzsi]ai : (5.5d)

Now, subtracting these equations for © = n and ¢ = m from one another, multiplying with the
corresponding differences, and integrating over ) x Y, we are led to

d e — Em
—||5;1 e, — 1d]™ — &, [ye,, —1d] HiQ(QxY)

dt
<o [ | () -

[ZEn

e e, 1 = [y, — 1 |d(2y), (S60)

'This is a mere technicality to allow for a more compact notation of the estimates. Here, we do not care about the
details of the specific estimates, we only want to ensure convergence.
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d
ar ” [2e.,

= loenl™ [ager)

< 2/Q v é7”| [Z€n]€n ‘vvsn([yenrn> - 5m‘ [ng]am |Vv€m([y€m]5m)‘

To proceed in showing that these sequences are Cauchy sequences, several independent estimates

[ ) = [0, | d(2,y). (5:60)

are needed to manage the right hand sides of inequalities (5.6a) and (5.6b). In the following, we
heavily rely on the estimates established by Lemma 4.2. With the reverse triangle inequality, we get

“ I:Zan:lsn | - | I:Za'm:lsm H S ‘ I:Zan:lsn - I:Zarn:lsm ? (573.)
Since e T» < 2. we also see that
[Ze ]En [ze }Em e c
e | <10 |[z5n] "= [Zem] m| . (5.7b)
‘ [[ze, )" 1 [ 2en] ™ |

Moreover, for f. = v.,eVv., we can apply Lemma 5.3 to get

e ([Weul™) = e (™) 2 ey

< G O (1™ = el [y + 100 = 0] [y )+ 570)

where lim C;,, = 0. As y. is a cauchy sequence (it converges strongly to the identity operator), it
can also be estimated via a function C,,, converging to 0. The matrix valued function B, which is
defined via equation (4.5), is Lipschitz continuous with Lipschitz constant 2, i.e.,

|B([2:,]7) = B[ze,,]™)] < 2l [26,]7 — [z, )™ |- (5.7d)

Adding inequalities (5.6a) and (5.6b), using the estimates given by inequalities (5.7a) to (5.7c¢) as
well as Assumption (A3), and applying Gronwall’s inequality, we infer

En

et e =17 = 5 e = 1A [[ 2y + | )™ = [2]™ [y

< Co+ O (e = [em, 712+ o (902, — 0 [V, I ) 58)

for all n,m € N such that n, m > N for sufficiently large N € N (which is independent of ¢ and

t). This implies

1
“ly. =1 -y —1d, [z]° =2 in L*(SxQxY)>
€

Similarly, we also get (for more details, we refer to [9, Lemma 6.21])

[Dy.)" = Dyy, e[Dz)" — D,z in L*(S x Q x Y)>
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Remark 5.5. As a consequence of Lemma 5.2, this implies

1
z [ye —1d]° =y —Id, [2])° — 2z in L*(S xQ xT)3

Lemma 5.6. The following convergences hold:
1

B [y;l — Id]E —y ' —1d, [¢|"—z2@"), ¢ '¢.—p, eVg — V,q in LP(SxQxY).

Proof. We recall that y_! can be characterized by equation (4.14). This leads us to
dy 1 1dlE" —1 7,1 _1q]°™ 2
Ellgn [ysn - :| - 6m |:y5m - ] HLZ(QXY)

< /Q § ‘Dyan<[y;f]s")‘lmvan(yen( )

% e 0 ([51°7)
ent [yo = 1] =gt [yo ! = 1) [ d(a, ).

n

Taking into considerations the a-priori estimates available for the involved functions and the strong
convergence results formulated in Lemma 5.4, as well as the estimates given in Lemma 5.3, it fol-
lows that e~ [y-! — Id]" is a Cauchy sequence. Similarly, [¢.]° = [2.(y-1)]" is a Cauchy sequence
due to Lemma 5.3 (2). Since 0,. is governed by equation (4.16) and since V. = ¢., we infer

d, 1~ i~ 12
a“gnl@gn - 6m1<105m HLQ(QXY) S / | |qa'n| Uen - |qam‘ Uem‘ d(.’]}, y)
QxYy
which shows that e '@, also converges strongly. Finally, as

- 1y -l _
eVq. = eD?¢. = e(Dye(y: 1)) D2y ),
we also get the strong convergence of € [V¢.]". O]

Since the quantity ||/.|| s + || V. he || is bounded indepedently of the parameter £, we can find
a constant (', > 0 such that

1
%HheHLQ(SXFE) + Vel Vr.he || z2(sxr.ys < Ch.

As a result, we conclude the existence of a function h € L?*(S x Q; H'(T')) such that, up to a

subsequence,
1.

“he 3 h, Vp.he 2 Vrh

€
Furthermore, it is clear that h € L>®(S x Q x T') and that [h.]° € L®(S x Q x TI) is bounded
independently of . As a consequence, there is a function h € L>(S x Q x I') such that [h.]° — h
in L?(S x  x Y'). In the following, we are concerned with the limit behavior of h..
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Lemma 5.7. Thereis h € L*(SxQ; Hy(T')) such that e~* [h.]* — h and such that [V h.]" — V,h
in L2(S x Q x T).

Proof. Letd > 0 and n,m € N, n > m. Using the representation of the height function A, in terms
of I, , as given by equation (4.18), we have

Ot h(t,7)
OrFory (b e (1,7))

Now, integrating over ) x T' and testing with the difference ¢,,' [h., | — &} [he, |7 leads to

aths(t7 7) =

(te[0,T,), v €T.). (5.9)

— |lent [hen )™ — €5t [han]gmH;(QxF)

S 2/ 6_1 at [F€n77(h5n>]6n —1 at [F5m77<h5m>]€m
QxI

Using that ;. is governed by equation (4.16) and ¢. = V. , we get

n En gm Em
[aQFEnv'Y(h‘En)] [aQFEmv'Y(hEm)]
‘8771 [h’en}sn - 871 [hEH]am ‘ d(‘r7fy)

m

710 [Fey (he)]” = lae([ne] )] ve ([ne]7)- (5.10)
Applying Lemma 5.3(3) to ¢. and v., respectively, and using the strong convergence of [v.]°, [Vv.]",
[¢-]°, and € [V ¢.]°, we are led to
—1 En —1 Em 2
Hgn at [FEnKY(hEn)] —&m at [FEmKY(hEm)] ||L2(QXF)

< O(m) + C (|| e, ™ = 1her ™) agry + 15 1) = 50 e [fagry) G-1D

where lim,,,_,., C(m) = 0. As a next step, we estimate the difference with respect to 0, F . In view
of equation (4.17), we have

[02F2 iy (he)]” = g/ (e Ge([n]))ge([ne]) - m (5.12)

and, due to the strong convergence of ¢! [5.]%, [¢:]° = [V@.]%, and £ [V¢.]°, we can infer (again
applying Lemma 5.3(3))

e 2F i (he ) = 0 0P (e ) [y

sqﬁCQWM%—MJWﬁmm+M#Mf“ﬁﬁmfw;mﬁ (5.13)

where lim,, .., C;, — 0. Combining the estimates given by inequalities (5.11) and (5.13) and
applying Gronewall’s inequality, it is then easy to see that ! [h.] is, in fact, Cauchy.
Using the representation of h. given in equation (4.19), we have

1

[V he]® = (I3 — e " [h]" Lr) (n T () n

o))
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Consequently, since nr_(n.) - n. > 1/2and |e 'h.| < 9/10in [0, T;] x T, we are led to

H [VFEH han}gn - [VFEm h‘?m]sm”LQ(S’xFS)

3 - - ne, ([1e,]™) ne,, (0:,]™")
S_gnlhn{f—gmlhm& +6 En n _ m m
20’ H [ : ] [ : ] ||L2(SXF€) ngn([nen]an) 'n nam([n57n]am> n L2(S><Fs)
_ V&) _ ge(ne) 1
Now, due to nr_(n.) = Ne o] = Taory» We further estimate
nEn([ngn]€n> _ nEm([ngm]em)
nfn([n‘fn]sn) "n nfm([nam]em) "n LQ(SXFE)
qan([nffn]an) qam([nfm]gm)
S 6 En - Em
|QEn([775n] )’ |q<‘:m([lr]5m] )| LQ(SXFE)

<36 |g-, ([1,]") — QETVL([nam]Em)”L?(SxFS) :

As both [¢.]° and € [V¢.]® converge, we can apply Lemma 5.3(3) and conclude

Ve, he,] ™ = [Vro, hen ] ||L2(S><F€)
3 c _ e
S Cm + % Hgnl [han] - E:T)’Ll [h57n] HLZ(le"e)

+C (H[han]g — [l N ogsxray + |en! [he,)® — ) [ham]EHm(erg)) ’

where, again, lim,,, ,., C,,, = 0.

We introduce 1. = s. — Id which implies (see equation (4.20)) D). = Ds..

Lemma 5.8. Thereis ¢ € L*(Sx€; Hy(Y')) such thate ™" [¢).]" — 4 and such that [Vi).]° — V¢
in (S xQxY).

Proof. Let n,m € N such that m > n and set u.(t,z) = h.(t, Pr.(x)) as well as u(t,z,y) =
h(t,z, Pr(y)). We calculate

e e = e e ) = (20 e ) = 2t e, ) (7 ) m(Pr).
As a consequence,

[ e b = el dey
QxUr

< / e e — pl* + et e, )™ — 1] d(z, ).
QXUF

Now, for fixed x € 2, [11.]° and y are constant in the y variable in the direction of the normal vector.
As a consequence,

/ et (1) — | () = 2a/ et [he, )™ — b d(z, y).
QxUr QxT
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The unfolded deformation gradient is given via (we refer to [20, Section 2])

(Vi) = ([Vﬂa]E)Tn(PF)X (a_ldl“)
&7 el (Lo(Pr) (L= drLe(Pr)™ (L= n(Pr) @ n(Po)x (a~dr)
+ ¥ (aYdr) n(Pr) @ n(Pp)>.

which leads us to
|9 = Ve, P dGay)
QXUF
—_ En — Em 2 En Em
<C [ et e = e e (9,7 = (T, o)
QXUF
where C' > 0 is independent of . Since

Vie(t,x) = (DPr.(2))" Vi he(t, Pr.(2))

and
/ Vo he (P ) (2,) — Vyh(t, 2, Pe(y))? d(z.y)
QXUF
— Qa/ |[Vp5h6n]€" — Vyh|2 d(z,y),
QxI

we can conclude [V1).]" — V1. O

Remark 5.9. Looking at the Definition of s. given via equation (4.20), it is then clear that both Ds,
and det Ds. are also strongly two-scale convergent. Due to the uniform boundedness in L, it is
also clear that the limit functions are essentially bounded.

References

[1] G. Allaire. Homogenization and two-scale convergence. SIAM J. Math. Anal., 23(6):1482—
1518, November 1992.

[2] X. Chen. Generation and propagation of interfaces in reaction-diffusion systems. Trans. Amer.
Math. Soc., 334(2):877-913, 1992.

[3] X. Chen and F. Reitich. Local existence and uniqueness of solutions of the Stefan problem
with surface tension and kinetic undercooling. J. Math. Anal. Appl., 164(2):350-362, 1992.

[4] D. Cioranescu, A. Damlamian, and G. Griso. Periodic unfolding and homogenization. C. R.
Math. Acad. Sci. Paris, 335(1):99-104, 2002.



28 M. Eden

[5] D. Ciordnescu, A. Damlamian, and G. Griso. The periodic unfolding method in homogeniza-
tion. SIAM J. Math. Anal., 40(4):1585-1620, 2008.

[6] S. Dobberschiitz. Homogenization of a diffusion-reaction system with surface exchange and
evolving hypersurface. Mathematical Methods in the Applied Sciences, 38(3):559-579, 2014.

[7] C.Eck. Homogenization of a phase field model for binary mixtures. Multiscale Model. Simul.,
3(1):1-27, 2004/05.

[8] C. Eck, P. Knabner, and S. Korotov. A two-scale method for the computation of solid-liquid
phase transitions with dendritic microstructure. J. Comput. Phys., 178(1):58-80, 2002.

[9] M. Eden. Homogenization of Thermoelasticity Systems Describing Phase Transformatiions.
PhD thesis, University of BRemen, 2018.

[10] M. Eden and A. Muntean. Homogenization of a fully coupled thermoelasticity problem for
a highly heterogeneous medium with a priori known phase transformations. Math. Methods
Appl. Sci., 40(11):3955-3972, 2017.

[11] P.Hajtasz, P. Koskela, and H. Tuominen. Sobolev embeddings, extensions and measure density
condition. J. Funct. Anal., 254(5):1217-1234, 2008.

[12] E. Hanzawa. Classical solutions of the Stefan problem. Téhoku Math. J. (2), 33(3):297-335,
1981.

[13] M. Hopker. Extension Operators for Sobolev Spaces on Periodic Domain, Their Applications,
and Homgenization of a Phase Field Model for Phase Transitions in Porous Media. PhD
thesis, University of Bremen, 2016.

[14] A. Marciniak-Czochra and M. Ptashnyk. Derivation of a macroscopic receptor-based model
using homogenization techniques. SIAM J. Math. Anal., 40(1):215-237, 2008.

[15] G. Nguetseng. A general convergence result for a functional related to the theory of homoge-
nization. SIAM J. Math. Anal., 20(3):608-623, May 1989.

[16] S. Osher and R. Fedkiw. Level Set Methods and Dynamic Implicit Surfaces (Applied Mathe-
matical Sciences). Springer, 2002.

[17] M.A. Peter. Coupled reaction-diffusion processes inducing an evolution of the microstructure:
analysis and homogenization. Nonlinear Anal., 70(2):806-821, 2009.

[18] J. Priiss, Y. Shao, and G. Simonett. On the regularity of the interface of a thermodynamically
consistent two-phase Stefan problem with surface tension. Interfaces Free Bound., 17(4):555—
600, 2015.



Homogenization of a moving boundary problem with prescribed normal velocity 29

[19] J. Priiss and G. Simonett. Moving Interfaces and Quasilinear Parabolic Evolution Equations,
volume 105 of Monographs in Mathematics. Birkhduser/Springer, [Cham], 2016.

[20] J. Priiss, G. Simonett, and R. Zacher. On the qualitative behaviour of incompressible two-phase
flows with phase transitions: the case of equal densities. Interfaces Free Bound., 15(4):405—
428, 2013.

[21] J. Priiss, G. Simonett, and R. Zacher. Qualitative behavior of solutions for thermodynamically
consistent Stefan problems with surface tension. Arch. Ration. Mech. Anal., 207(2):611-667,
2013.

[22] T. L. van Noorden and A. Muntean. Homogenisation of a locally periodic medium with areas
of low and high diffusivity. European J. Appl. Math., 22(5):493-516, 2011.

[23] E. Zeidler. Nonlinear Functional Analysis and its Applications: I: Fixed-Point Theorems.
Springer, 12 1986.



	Introduction
	Setting and problem statement
	Geometrical setup
	Problem statement

	Main results
	Interface motion (proof of Theorem 6.1)
	Interface motion problem
	Motion function

	Limit behavior (proof of Theorem 6.2)
	Preliminaries and auxiliary lemmas
	Limit behavior


