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Abstract

In this article we derive the inside-outside duality for two time-harmonic, elastic scattering
problems. First we consider a rigid scattering object inside an isotropic, homogeneous back-
ground medium and second, we consider a penetrable, inhomogeneous scattering object inside
this background medium. For the first scattering problem we make use of the particular behavior
or certain eigenvalues of the corresponding far field operator to characterize interior Dirichlet
eigenvalues of the negative Navier operator. Then we adapt this technique to determine interior
transmission eigenvalues that correspond to the second scattering problem.

1 Introduction

A typical problem in inverse, elastic scattering theory is to determine the shape of a rigid obstacle
from far field measurements. An obvious attempt to approach this problem is to extend the available
methods for acoustic scattering theory to the present case. Results of this approach are for example
extensions of the linear sampling method and the factorization method to elastic scattering problems
[2, 1, 13]. However these methods can fail at interior eigenvalues of the negative Navier-operator
—A*. The Navier-operator can be considered as the extension of the Laplacian for elastic scattering
models. Therefore it also shares important properties with the Laplacian. For example, if we
assume Dirichlet boundary conditions, the Navier operator has a set of infinitely many, discrete
eigenvalues which tend to infinity. As for the Laplacian, this property is an immediate consequence
of the coercivity of these operators, see e.g. [22]. Due to the sensitivity of the above-mentioned
reconstruction techniques at interior eigenvalues, there is a natural interest in determining these
eigenvalues from far field data without knowledge of the scattering object. In the first part of this
article we will show how the inside-outside duality for rigid obstacles can potentially be used to
determine these eigenvalues or at least guarantee certain frequency bands that contain no interior
eigenvalues. As in the case of acoustic scattering by impenetrable scattering objects [19], the inside-
outside duality yields a full characterization of Dirichlet eigenvalues of the negative Navier operator.

In the second part of this article, we consider scattering by penetrable, inhomogeneous scatter-
ing objects. This scattering problem corresponds to an interior transmission eigenvalue problem,
which has been examined in [7, 8 [6]. In these studies, the well-posedness of the interior transmis-
sion eigenvalue problem has been examined and the existence of at most a countable set of interior
transmission eigenvalues has been shown under strict conditions for the material parameters. These
results have been generalized in [5], where the existence of an infinite, discrete set of interior trans-
mission eigenvalues has been shown for general settings that include the setting we consider in this
article. The study of the interior transmission eigenvalue problem is interesting in relation to the
application of the linear sampling method [9, 14} 11] and the factorization method [I0]. As in the case
of rigid obstacles, these methods can fail at interior transmission eigenvalues. We will show that the
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inside-outside duality can be used to provide a sufficient condition for the determination of interior
transmission eigenvalues. As for other scattering scenarios that involve penetrable scattering objects
[16, 19} 20} 211, 24], a full characterization of interior transmission eigenvalues by the inside-outside
duality is to date only possible if we assume certain conditions for the material parameters.

We assume that the three-dimensional space R? is filled with an isotropic, homogeneous back-
ground medium that is described by the constant Lamé parameter ;4 and A and has normalized mass
density p = 1. The propagation of time-harmonic elastic waves in this space is described by the
Navier equation

A*u + wu =0, (1)

where w > 0 is the frequency and the Navier operator A* is given by
A = pA + (A4 p)Vdiv. (2)

Note that since the displacement field u is vector-valued, the Laplace operator A is applied component-
wise and Vu = (Vui, Vug, Vuz)? is the Jacobi matrix of u. To guarantee propagation of an elastic
wave in this medium, we require the Lamé constants to satisfy u > 0, A+ 2y > 0. The displacement
field w can be decomposed as u = up + us, where u,, describes its longitudinal (pressure) part and wus
describes its transversal (shear) part. Note that both of these parts solve the Helmholtz equations

(Aup + k:g)up =0, (Aus + k:SQ)us =0,

with positive wavenumbers

2 w? 2 w?

ki = , ki=—. 3
Now we consider the exterior time-harmonic Dirichlet scattering problem. For an impenetrable
scattering object D C R? with Lipschitz boundary, we seek a solution v € H} _(R3\ D, C?) to

loc

A*u+w?u=0 in R\ D, u=0 ondD. (4)

The total field u = u® + u’ is the sum of a scattered field u® and an incident plane wave u*. To
define the incident plane wave more precisely, we introduce longitudinal and transversal plane waves
as incoming waves with direction of propagation § € S? := {x € R?: |z| = 1} by

uf)(:c, 0) = qpeikpx'e, ul(z,0) = gses ™0 z € R3. (5)

Here ¢, and g5 are polarization vectors that are parallel, or orthogonal, to 6 respectively. Both plane
waves are entire solutions of the Navier equation and so is the linear combination

u'(z,0) = u;(w, 0) 4 u’(z,0). (6)

We require the scattered field u*® to fulfill the Kupradze radiation condition

Ou; ous
. P s\ _ . et TR s — —
Tlggo (Gr zk:pup> 0, rlggo ( 5 zk:sus> 0, 7=z, (7)
uniformly in all directions. Here the radiation condition is defined in terms of the longitudinal
wave up = —kj 2V divu® and the transversal wave uf = u® — uy,. Note that solutions that fulfill

Kupradze’s radiation condition are in this article called radiating solutions. We now introduce two
function spaces of longitudinal and transversal vector fields on S? by

pr(S2) = {gp: S? — C?: gp(0) x 0 =0,]gp| € L*(S*)},
LE(S?) :={gs: S* = C3: go(0) - 0 = 0, 95| € L*(S?)}.



Note that a function g(0) € L%(S?)? possesses a decomposition

9(0) = gs(0) + gp(0),  gs(0) =0 x g(0) x 0, gp(0) := (g(0) - 0)0, (8)

such that go € LZ(S*) and g, € LJ(S?). Radiating solutions to the Navier equation have the
asymptotic behavior

. eikzp|x| N eiks|a:\ e o 1 0
u’(r) = us (T —Ug (T) + —35 | T| — 00,
@)= @+ @40 (). )
uniformly in all directions & := z/|z|. Here ug® and ug® are the longitudinal and transversal far

fields and we will call the sum v = ug” + u® the far field of u. In order to introduce the far field

operator we will first generalize the incident field and introduce the Herglotz wave field ’Uign for a
function g € L?(S?)? by

fu;n(x) = /52 (eikpx'ggp(é?) + eiksx'ggs(Q)) ds(0), r € R3. (10)

We now define the far field operator as the far field of the solution v, to the exterior Dirichlet
scattering problem, where the incident wave field is the the Herglotz wave function v;n, ie. F :
L(S?)3 — L%(S?)? is given by
Fg:=uvy, (11)
where vg® = vg9, + vg5. This far field operator has some crucial properties which are necessary to
derive the inside-outside duality. We know from [I, Theorem 3.3, Theorem 3.4| that the far field
operator F'is compact and normal and that its eigenvalues A; lie on a circle in the complex plane
with center 27i/w and radius 27 /w. As we will show in Theorem [2| the eigenvalues (\;);jen converge
to zero from the left side. We represent the eigenvalues \; of the far field operator F' in polar
coordinates, i.e.
/\j = ‘/\j‘eiﬂjv 19]' € [O,W], (12>

where we set ¥J; = 0 if A\; = 0. By this representation, each eigenvalue A; corresponds to a phase
¥; and since the eigenvalues converge to zero from the left side, there is one distinct eigenvalue A,
with a smallest phase
Uy 1= Ijrélél 9. (13)

Note that the eigenvalues A; = A\j(w) and their phases ¥; = ¥;(w) depend on the frequency w. The
inside-outside duality now states that w3 is a Dirichlet eigenvalue of —A* if, and only if, ¥,(w) — 0
as w approaches wyp, see Theorem [5] and Theorem [0] for a precise statement.

The second scattering problem we are going to consider is scattering by penetrable, inhomoge-
neous bodies. For a real-valued mass density p € L(R3) such that p = 1 in the exterior of D, we
seek a solution u € HL (R3 C?) to the equation

loc
Au+w?pu=0  inR3 (14)

such that

[ulagp =0 and [T, ulyp =0,

where v denotes the ourward normal to 0D and [-]gp the jump of a vector-valued function over the
boundary dD. Finally T, is the stress tensor, given by

T, :=2uv -V + Avdiv+puv x curl.



The total field v = u® + v is the sum of a scattered field v* and the incident field «* that has been
defined in @ The scattered field u* is assumed to satisfy Kupradze’s radiation condition (7). Then
the scattered field u® has a representation in terms of its far field ©* as in @ Choosing the incident
field to be the Herglotz wave field vy, defined in for a function g € L2(S?)3, the far field operator
F is defined in . The far field operator retains the properties that we have already mentioned
for the exterior Dirichlet scattering problem, i.e. it is compact and normal and its eigenvalues lie on
a circle in the complex plane with center 27i/w and radius 27 /w, see [10]. The scattering problem is
related to an interior transmission eigenvalue problem for elastic scattering. To state this problem,
we define

H3(D,C?) :={u € H*(D,C*) :u=0, T,u=0 on dD}.
Then the squared frequency w? is called an interior transmission eigenvalue if there are non-trivial
functions u,w € L?(D,C?) such that w — v € H3(D,C?) and
A*u(z) + w’pu(z) =0 in D,
A*w(z) + w?w(z) in D,
u(z) —w(x) on 0D,
Tyu(z) — T,w(z) =0 on 0D.

=0
. (15)

It has been shown that there exists an infinite number of discrete interior transmission eigenvalues
with infinity as the only possible accumulation point, see [5]. We want to determine these interior
transmission eigenvalues by the inside-outside duality. To indicate our main result, note that for
positive mass densities p € L>°(D) the eigenvalues (););jen of the far field operator F' converge to
zero from the right, see Lemma [9] below. Then there is one distinct eigenvalue A* with a largest
phase
* .
U= rjnea&cﬁ]. (16)

Again, we denote the dependence of the phases on the frequency by ¥; = ¥;(w). The first part of our
main result now states the following: If w% is an interior transmission eigenvalue and the expression
a(wp) in does not vanish, then 9*(w) — 7 as w — wp. On the other hand, if ¥*(w) — = for
w — wy, then w% is an interior transmission eigenvalue, see Theorem |12{and Theorem [13|for a precise
statement.

Before we proceed with the discussion of the exterior Dirichlet scattering problem, we introduce
some technical details. For a elastic wave equations we will later seek solutions in the space of
vectorial Sobolev functions H!(D, C?). For our purpose we equip the space with the norm

HUH?{l(D,(C?)) = HUH%%D,C?’) + Hdiqu%?(D,C) + ”VUH%Q(D,C“?’)'

Using now Green’s first theorem and Gauss’ integral theorem for the operator A* from , we obtain
Betti’s first formula, i.e. for two functions u, ¢ € H'(D,C?) such that A*u € L?(D, C?), we get that

/A*u‘godx:—/ (uVu : Vo + (u+ N divudivy) dx—i—/ T u-pds. (17)
D D oD

Here, A : B denotes the Frobenius scalar product of the matrices A, B, definedby A: B =), ; Gij bij.
After this preliminary considerations, we will in the next section consider elastic scattering by an
impenetrable scattering object with Dirichlet boundary conditions.

2 The Exterior Dirichlet Problem

In this section we assume the presence of an impenetrable scattering object D C R? within the
homogeneous background medium, such that the exterior of D is connected and the boundary 0D



is Lipschitz. Then w? is a Dirichlet eigenvalue of —A* if there exists a solution v € H} (D, C3) such
that
A*v+w?v=0 inD and v=0 ondD.

This eigenvalue problem is understood in a weak sense, i.e. v € Hol(D, C3) needs to satisfy
/ (,qu VG + A+ p)dive dive —w?o ‘6) dz =0
D

for all ¢ € HY(D,C3). Closely related to this problem is the exterior Dirichlet boundary value
problem which is also understood in a weak sense, 1.e. in the formulation for the scattered field,
we seek a radiating solution v* € H! (R3\ D,C?) to

loc
/ (uVu® : Vo + (A + p) dive® dive — w?u? -p) dz =0 (18)
R3\D

for all test functions ¢ € H*(R?\ D, C3) with compact support in R®\ D such that u®* = —u’ on
the boundary 0D, where u(z, #) is the incident plane wave with direction # € S?, defined in @ In
this section we will proceed as follows: First we will state a factorization of the far field operator F
from and examine the properties of the arising operators in Lemma (1} Then we will use these
properties to show in Lemma [2[that the eigenvalues \; of the far field operator converge to zero only
from the left side. Using a particular characterization of the smallest phase, we will then calculate
the necessary auxiliary derivative in Lemma[4] in order to state the first part and the second part of
the inside-outside duality in Theorem [5] and Theorem [6]

We start by discussing a factorization of the far field operator and introduce the elastic single
layer potential

SLola) = [ @xla)e(u)ds(y), @ <R\ 0D, (19)
where @ is the fundamental solution to the Navier equation,
k2 etkslz—yl 1 elksle—yl  oikplz—yl
Oy (z,y) = —= — , ,y € R3, . (20
N () drw? |z — vy 4rw? T o — |z — gy oY v#y. (20)

and I denotes the identity matrix. This operator is linear and bounded from H~'/2(dD,C3)
into H'(Bgr,C?). Denoting by []|* the trace of a function taken from the outside (+) or the
inside (=), it holds that SLp|* = S¢ in H'Y/2(9D,C?), where the elastic single layer operator
S:H'2(0D,C3) — H'Y?*(OD,C?) is given by

(S)(x) = /a en(eeln)dsty), @< oD.

Furthermore for a function ¢ € H~1/2(9D,C?), the jump relation
T,SLy|~ — T,SLe|* = ¢ (21)

holds, see [I7] for the mapping properties and [I8, Ch.V, § 3, 4, 5] for the jump relations of the
operator.

We denote the duality pairing (H~1/2(dD,C?), H'/2(dD, C?)) by (-,-) and summarize the prop-
erties of S in the following lemma. For a proof, we refer to [IJ.



Lemma 1. Let w? be no Dirichlet eigenvalue of the Navier equation.

(a) For all o € H-1/2(dD,C3) it holds that Im (¢, S) < 0.

(b) It holds that (@, Sy) = 0 if and only if ¢ = 0.

(c) Denote by S; the single-layer operator for the frequency w =1i. Then S is compact, self-adjoint
and positive definite, i.e. for a constant ¢ > 0

(¢, Sip) = cllell m-1729p,c9) Yo € H-V2(9D, C3).

(d) The difference S — S; is compact from H='/2(dD,C3) into H/?(0D, C?).

As a second ingredient for a factorization we introduce the injective, bounded operator
A : HY2(OD,C?) — L*(S?)® by Af = v>®, where v™ is the far field of the radiating solution
€ HL _(R3\ D) to the problem

loc
A+ w?v=0 inR3\D, v=/f ondD.

Using for example a boundary integral equation approach, see [17, [I8], it can be shown that this
problem is uniquely solvable. Before we state the factorization, note finally that the solution operator
A has dense range in L?(S?)?. Now we can state a factorization of the far field operator. It holds
that

F = —47AS*A*". (22)

A proof for this factorization and the properties of these operators can be found in [I]. Using this
factorization and the properties of the operator S from LemmalI] one can easily adapt the arguments
from the proof of [19, Lemma 12| to show that the eigenvalues of the far field operator converge to
zero only from the left.

Theorem 2. Assume that w? is no Dirichlet eigenvalue of —A*. Then the eigenvalues (Aj)jen of
F' converge to zero from the left side, i.e. Re\; <0 for j € N large enough.

Recall the representation of the eigenvalues \; in polar coordinates in and the definition
of the smallest phase 9, in . Due to the compactness and normality of the far field operator
and the distinct structure of the eigenvalues, a particular characterization of the cotangent of the
smallest phase holds.

Lemma 3. If w? is no Dirichlet eigenvalue of —A*, then

Re (F'g,9)12(s2)3
cotdy = ma
ger2(2ys Im (Fy, 922y

The maximum is attained at any eigenvector g, to the eigenvalue Ay of F with smallest phase.

Proof. For the convenience of the reader, we include the proof idea. For a full proof, see see [19
Theorem 3|. Let g; € L?(S?)3 be the eigenfunctions of F' corresponding to the eigenvalues Aj and the
phases ;. Since the eigenfunctions form a complete orthonormal basis of L?(S?)3, we can represent
gELX(S*)3 as g = ZjeN(g’ gj)g;. Since Fg = ZjeN Aj(9,9;)g; this shows in particular that

(Fg,9) =Y _il(g,9)I, (23)
JEN
and therefore
e(Fg,q) ZRe (9,957 and Im (Fg,g) ZIm (9, 95)°
JeN JEN



Setting r; = |\;| we furthermore have that Re ()\;) = r;j cos(¥;) and Im (\;) = r;sin(d;). Now we
can calculate
Re(Fg,g) ZjeN Re ()\j)‘(gvgj)P ZjeN COS(/ﬁj)"'j\(Qvgj)\Q cos(y)

_ — ' < = = cot (),
M (Fg.g) ST OG0 Syen sl (g g~ sin(a) 0

where the inequality in the latter calculation is due to a monotonicity argument that relies on
the special structure of the eigenvalues \; in the complex plane, see [I9, Lemma 4]. Due to the
orthonormality of the eigenfunctions, the inequality becomes an equality be choosing g = g.. |

Using the factorization F' = —4w AS*A* and the denseness of the range of A* in H~1/2(9D, C?),
this characterization can also be expressed using the single-layer operator S. Since (Fg,g) 12(s2)3 =
—(S8*A*g, A*g) = —(p, S¢) for ¢ = A*g € H-Y/2(0D, C3), it follows that

R S
cot ¥y = max M. (24)
peH-1/2(9D,c3) Im (¢, S)
We will from now on indicate the dependency of relevant quantities on the frequency w by writing
S =5,, SL = SLy, A\j = \j(w),?¥ = J(w) and so on. In the next lemma we compute an auxiliary
derivative that is important for the proof of the first part of our final result in Theorem

Lemma 4. Assume that w% is a Dirichlet eigenvalue of —A* in D. Then S, has a non-trivial
kernel and for all elements @g in this kernel it holds that (o, Sw,o) = 0. Furthermore, the mapping
w — (o, Swpo) s differentiable in wy and

d
a(en) == (o Sogo)_ =2 [ oo, where vy = SLann, (25)

Proof. For arbitrary w € R, we have that v, € HL_(R3 C3) is a solution of A*v, + w?v, = 0 in
R3. If w = wy, the far field voe of v, vanishes as a consequence of the proof of Lemma 6.1 in [1]
and by Rellich’s Lemma, v,,, vanishes in the exterior of D such that v, € H3(D,C?) is a Dirichlet
eigenfunction of —A*, i.e. A*v,, +wdvy, =0in D and u = 0 on D. Furthermore by applying the

chain rule, we have that the derivative v, := (d/dw wv,)| HL (R3,C3) solves

w=wo €
Aty + wgvfuo + 2WoU, =0 in R3 (26)
in a weak sense. In particular Betti’s formula in shows that
/ (uV,, : Vo + (n+ A) divey, dive) de = / (wivly * @ + 2wot, - @) da (27)
D

D

for all ¢ € C§°(D,C3). Now we use the jump relation for the single layer potential from (1] to
compute

d d d d
T w - 5 Pw - -5 Vw | = TV Wl — Tu w +- 5 Vuw | -
dw(%’S ©0) <<P07 oo 800> (800, o ) ( Vy| V|7, o >

Since v, vanishes in the exterior of D, the exterior surface traction also vanishes, so that T, vy, |T =
0. Therefore we get

-
= (Tuvwg‘ ) UWO) )
w=wp

d _ d
E(SOO: SW@O)‘UJ:WO = <T1/Uw - Tuvw’+7 dwvw>



where v/, = (d/dw v,)| _ . . Since v, € H3(D,C3), we can use Betti’s formula (I7) and A*v,, =
wo w=wo 0 0 0
—Wav,, to obtain

(A vy - VL, + 1V, 2 VUL 4 (14 A) div o, divel, ) do

d
_ S’w
W (¢0, Swio)

w=wo

(—whvwg Uy + BV 1 VU, + (1 + A) divey, divel,)) do

wo wo

I
ST~

2 2 — 2
(—wivuy * Vg + WU, * Vwy + 2Vag ) da = 2/ |V, |~ de,
D

where we used ([27)) for ¢ = v, for the second to last equality. |

We can now state the first and second part of the inside-outside duality. The first part makes use
of the positivity of the derivative a(wp), which we calculated in the last lemma, to set up a Taylor
expansion for the characterization of the cotangent smallest phase.

Theorem 5 (Inside-Outside Duality - Part 1). Let w? be a Dirichlet eigenvalue of —A*. Then it
holds that lim,, s, U« (w) = 0.

Proof. For the conveniece of the reader, we include the proof from [I9, Lemma 7]. Since w3 is an
interior Dirichlet eigenvalue, there exists a function ¢y € H~Y2(9D,C?) such that (¢q, S(wo)eo) =
0. Assume that I = (wy — &, wp + €) is an interval that does not contain other Dirichlet eigenvalues.
Recall the characterization

cot ¥y (w) = max Re (, Sup) for k€ I\ {wo}.

peH-1/2(ap,c3) Im (¢, Su,p)

Now we define f(w) = (o, Swpo) for w € I and note that the last Lemma states that this function
is differentiable at wg. Taylor’s theorem states that

flw) = flwo) + a(w —wo) + r(w),

where f(wp) = 0 by construction and the remainder r(w) satisfies r(w) = o(Jw — wo|) as w — wp.
Further, note that Im (r(w)) < 0 due to Lemma[l] because the last lemma shows that the derivative
a = df/dw at wy is real-valued and Im f(w) < 0. Hence,

R 5 Sw - -
cot U, (w) = max ely SD)LQ(SQ) cpZ% a(w = wo) + Re (r(w)) (28)
peH-1/2(aD,c3) Im (¢, chp)Lz(gz) Im (r(w))

Note is particular, that the choise ¢ = g is possible since the maximum is taken over the whole
space H™1/ 2(0D,C3). Now we use that « is positive. Therefore w * wq implies that a(w —wp) < 0
tends slower to zero than 0 < Im (r(w)) = o(|w—wy|), that is, [a(w—wp)+Re (r(w))]/Im (r(w)) — 0.
Obviously, cot ¥, (w) — oo for ¥, (w) € (0,7) implies that J.(w) — 0. [

Theorem 6 (Inside-Outside Duality - Part 2). Assume that the interval I = (wo — €,wp) contains
no w such that w? is a Dirichlet eigenvalue of —A*. If limy, 7 Vs(w) — 0, then wi is a Dirichlet
eigenvalue of —A* in D.

Proof. Arguing by contradiction, we assume that lim,, ,,, ¥+(w) = 0 but w3 is no Dirichlet eigenvalue
of —A*. Using the characterization of the smallest phase from , this implies that

Re (¢, Swp)12(s2)
max — 0 as w " wy.
¢6H*1/2(8D) Im (go, SWQD)L2(52)
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Then it follows that there is a sequence w; , wp € I and a sequence ¢; € H*1/2(8 D,(C3) with
H(Pj||H*1/2(aD7cs) = 1 such that

0 > Im (¢, Sw;j) = 0 and Re (¢, Sw;05) <0 (29)

as j becomes large. Since the sequence (¢;);en is bounded, we find a subsequence, also denoted by
(¢7)jen, which weakly converges to a o € H~'/2(0D,C?). From [I] we know that

Im (), Su; 05) = =will05° 725285 (30)

where v; = SLy, ;. Since the mapping from ¢; to v7° is compact, it follows that v5° converges
strongly to a function v§°, which is the far field of the function vy = SL,¢0. The far field vanishes
due to equation . Since we assumed that w% is no Dirichlet eigenvalue of —A*, we conclude that
vg = 0 everywhere and therefore ¢y also vanishes so that ¢; — 0. Now we can apply Betti’s first
formula for a ball Bg := {z € R?: |x| < R} which contains the scatterer D, to compute that

(61, Sur0) = /8 T (Gl ~ Tyl ds

= / (uVvj : VI; 4+ (A + p) div ey divey — w2|vj|2) dz — / T,v; -v;dS.
Br OBR
Note that the last integral tends strongly to zero as v; converges strongly to zero on 9Bg by elliptic
regularity and compact embedding results, see also the proof of [I9, Theorem 8| for the acoustic
case. Note also that since v; converges weakly to vg = 0 in H L(Bg, C3), it strongly converges to
zero in L?(Bg,C3). Now we can use and use the real part of the last equation to obtain

0 > Re (pj, Sw;pj) = / (1Vvj : Vo; 4+ (1 + A) div o div oy — w?-vj -v;) dz—Re / T,vj-v;dS
BR |{£‘ZR

or equivalently

/B (uVvj : VT + (A + p) dive; divey) de < w?/
R

|Uj|2d:v—Re/ T,v;-7;dS =0
Br |z|=R

as j — o00. Therefore v; converges strongly to zero in H'(Bpr,C3?) by our definition of the H'-
norm and also the trace vjlgp = Sw;¢; tends strongly to zero in H'Y2(0D,C?). Since w? is no
Dirichlet eigenvalue of —A*, the single layer boundary operator S is an isomorphism and therefore
we conclude that ¢; — 0 as j — co. But this is a contradiction to our assumption that |¢;|| =1
for all 5 € N. |

3 Scattering by Penetrable Inhomogeneous Media

As in the previous section, we assume that the scattering object is embedded in an isotropic and
homogeneous elastic background medium that is described by the Lamé constants A, 4 and has
normalized constant mass density equal to one. Embedded in the medium is a penetrable, inho-
mogeneous scattering object D C R? with Lipschitz boundary. The scattering object has the same
Lamé parameter as the background medium and its mass density is given by a bounded function
p € L>®(D) such that contrast ¢ = p — 1 is positive and bounded away from zero, i.e. there ex-
ists a positive constant gg such that g(x) > qo almost everywhere in D. We consider a variational

formulation of equation and seek a radiating solution u € HL _(R?, C3) to
/ (VU : Vo + (u+A) divudiv@—wzpu-E) dex =0 (31)
R3

9



for all ¢ € Hﬁ)C(R?’, C?) with compact support, where we extended ¢ = p — 1 by zero outside of D.
Recall from the introduction that the total field u = u* + u® can be decomposed into the incoming
plane wave u’ from @ and a scattered field u® that fulfills the radiation condition and can
therefore be represented in terms of its far field as in @ Recall in this context also the definition
of the far field operator in . Let us consider the equation for the scattered field and slightly
generalize the scattering problem by allowing any source terms f € L?(D,C3). We seek a radiating
solution v € H (R3,C?) to the problem

/ (,uVU:V@—i—(u—l-/\)divvdivﬁ—w?pv-@) dx:—wQ/ qf -pdx (32)
R3 D

L (R3,C3) with compact support. Choosing f = —u’ then yields the
original scattering problem. Existence and uniqueness of a solution to this problem can for example
be shown by an integral equation approach, see, e.g. [23| 25]. Recall the definition of interior
transmission eigenvalues in . This eigenvalue problem is understood in a variational sense, i.e.
w? is an interior transmission eigenvalue if there is a pair (u,w) € L?(D,C?) x L?(D, C3), such that
u—w € H3(D,C3) and

for all test functions ¢ € H}

/ u- (A% —w?pyp) dz =0, / w- (A% —w?p) dz =0 Vo € C°(D,C3)  (33)
D D
/ u- (A% — w2p<p) dx = / w- (A% — w2<p) dx © € C™°(D,C?). (34)
D D

We know from [7] that there is only a discrete set of interior transmission eigenvalues. As with
acoustic scattering, interior transmission eigenvalues are related to the properties of the far field
operator F. Whenever w? is no interior transmission eigenvalue, then the far field operator F' is
injective or conversely, when F is not injective, then w? must be an interior transmission eigenvalue.
From now on we proceed as follows: First we derive a factorization for the far field operator and
examine the properties of the arising operators in Lemma Then we will use these properties
to show that the eigenvalues A\; of F' converge to zero from one specific side in Lemma @ Using
a characterization of the cotangent of the largest phase similar to the last section, we will then
calculate a crucial auxiliary derivative in Lemma [T1] Finally we will use this auxiliary derivative to
prove the inside-outside duality in Theorem [12| and Theorem

We will now show that the eigenvalues converge to zero from one specific side. To this end
we first derive a factorization of the far field operator and examine the properties of the arising
operators of this factorization. The definition of the Herglotz wave field in implies the existence
of a Herglotz wave operator H : L%(S?)3 — L?(D,C3), which is given by

Hg =, where vy(z) = / [gp(H)eikPx'e + gS(H)eika'e} ds(0), x €D,

S2
where g, and g5 have been defined in . The adjoint of the Herglotz operator H* : L?(D,C3) —
L?(S?)3 is then given by

H*p(0) = /D (gop(x)e*ikgx'e dz + g (x)e~haeb da;) , 0 €S

where pg(z) = 0 x p(z) x 0 and ¢p(z) = (p(z) - 0)0 for § € S*. Let us define a volume potential
V : L*(D,C?) — H (R3,C?) by

Vh(z) = /D B (z, y)h(y) dy,

10



where @y is the fundamental solution of the Navier equation from such that V' h solves
(A* +w?)Vh = —h, in R?,

see [22]. We also know from the proof of [13, Lemma 3.1] that H*h is the far field w™ of the function
w = Vh. As the final ingredient for our factorization, we introduce the operator T : L?(D,C3) —
L?(D,C3) by

Tf=uw’q(f—v)
where v is the radiating solution of . Then we can prove the following factorization.
Theorem 7. It holds that ' = H*TH.

Proof. We follow the standard procedure and introduce an auxiliary operator G : L?*(D,C3) —
L?(S?)3 that maps a function f onto the far field v> of the solution of v to (32). Then by the
superposition principle, we have that ' = GH. As we noted above, H*h is the far field of the
function w = Vh. Now we write (32)) equivalently as

/R3 ACE V¢+(M+A)divvdiv¢—w2v-¢) dz = —/Dw2q(f—v) -pdx. (35)

From the discussion above, it then follows that G = H*T'. Since F' = GH, this implies the factor-
ization of the far field operator. |

Before we proceed we want to give a characterization of the closure of the range of the Herglotz
wave operator. If we denote by R(H) this closure in L?(D,C?), then it holds that

X :=R(H) = {w € L*(D,C3): /Dw (A*p+ W) dz =0 ¢c CgO(D,(C?’)} (36)

as a consequence of, e.g., [3 Theorem 4.2]. Now we summarizes important properties of the middle
operator T' in the following lemma.

Lemma 8. (a) For all f € L*(D,C?) and w > 0 it holds that Tm (T f, f)2(p,cs) > 0.

(b) If Im (Tw, w) 12(p,c3) = 0 for a non-trivial w € X and w > 0, then w? is an interior transmission
eigenvalue with corresponding transmission eigenpair (w —v,w), where v € HL (R3,C?) is the weak
radiating solution to .

(c) Ifw? > 0 is an interior transmission eigenvalue with corresponding transmission eigenpair (u,w),
then w € X and (Tw,w)r2(p,cs) = 0.

(d) The operator T can be written as T = w?q(Id+C) for a compact operator C' : L?*(D,C3?) —
L?(D,C?).

Proof. (a) In order to simplify notation below, we introduce a sesquilinear form ¥ by
Vo 5(u, p) = / (uVu: Ve + (A + p)dive dive — wpu - ?) do (37)
Q
for an open set 2 C R? and functions 5 € L>®(Q), u, ¢ € H'(2,C3). Now we start with an auxiliary
calculation. We choose a cut-off function ¢ € C°°(R?) with compact support such that ¢ = 1 in
a ball Bg := {x € R : |z| < R}, where the radius of the ball in chosen large enough so that D

is contained in Bgr. Then we set the test function ¢ = ¢v in , where v is the solution to this
problem. Then we get that

UBp1(v,0) + \II]R3\BR,1(U7U) = _Wz/ q(f —v)-v da,
D

11



where ¥ was defined in . Note that v is a smooth solution of the Navier equation outside the
ball Bg, i.e. A*v + w?v = 0. We apply Betti’s formula to obtain that

U3\ pp,1(v,0) = / T,v-v ds
|z|=R

and therefore we have in total that

‘IJBR,l (U, U) + /

Tv-v ds:—w2/q(f—v)-v dz. (38)
|z|=R D

After this preliminary considerations, we come to our main assert. Choose an arbitrary f €
L?(D,C3). We have by definition, that

(Tf, f)L2(D,<C3) = W2(Q(f —v), f)LZ(D,CB)'

Define now g € L?(D,C?) by g := f — v, and v € H\_(R? C?) solves (32). Then we get that

(T, Pr2pcsy = (W29, 9+ 0)r2(p.csy = w49, 9)12(p o3y + w? /Dqg P dz.

Resubstituting ¢ and then using equation shows that

(Tf, f)r2p,cs) = (qwzgyg)m(p,(c?’) + Wpg,1(v,v) + / r Tyv-v ds (39)

which implies that

Im (T'f, f)r2(p,c3) = Im o RT,,U-E ds

since ¢ and p, A are all real-valued. Now we can apply [25, Lemma 1] and get that

Im (Tf, f)r2(p,c3) = 21w[|0™|| L2 (p,c3)- (40)
(b) Assume there exists a non-trivial w € R(H) such that Im (T'w,w)2(pc3) = 0 and let v be
the solution of for f = w. Then we conclude from the (a)-part of this proof that the far field
v™> vanishes and by Rellich’s Lemma v vanishes outside of D, which implies that v € H3(D,C3).
Setting u = w + v, we calculate for ¢ € C§°(D, C3) that

/Du-[A*¢+w2(1+q)gzﬂ dx:/

D

v [A%¢ + w1+ q)¢] +/ w- [A%¢ +w?(1+ q)¢)]

D
:/ (,qu:V¢+(u+)\)divvdiv¢—w2v-¢) dm—wz/qw~q§ dr =0,
D D

where we used that w € X solves the Navier equation A*w + w?w = 0. From this calculation, we
conclude that (u,w) fulfills and substituting v = w + v shows that also holds, such that
(u,w) is an transmission eigenvalue pair and w? is the corresponding interior transmission eigenvalue.
(c) Let w? > 0 be a transmission eigenvalue with eigenpair (u,w) € L?(D,C?) x L?(D,C3). We
will show that (Tw,w)r2(pcsy = 0. Since w € X = R(H), there exists a sequence g; € L?(S?)
such that the corresponding Herglotz wave functions w; converge to w in L?(D,C3). Since w?
transmission eigenvalue, implies that v =u —w € Hg(D, C?) satisfies

is a

/[A*v+w2v]-¢ dx:wQ/q(w—v)'qS dz
D

D

12



for all ¢ € L?(D,C?). Choosing ¢ = w yields

/D[A*v + va] cw dz = w? /Dq(w —v)-w dz = (Tw,w)2(p,cs)-

As w € R(H) there is a sequence (w;);jen of Herglotz wave functions such that w; — w as j — oc.
This implies that [|w — wjl[z2(pcsy — 0 as j — oo. Since w; solves the Navier equation and
v € HZ(D,C?), we get

/ [A*v+w?] @ dz = lim | [A* +w?]-w; do =0

D J=ooJD

by Betti’s first identity. In consequence, (Tw,w)r2(p,cs) = 0.

(d) This is clear due to the compactness of the embedding of H'(D,C3) — L?(D,C3). [

The properties of the operator 1" and the specific structure of the eigenvalues A; of F' imply that
the eigenvalues converge to zero from the right side, see [16, Lemma 4| for a proof.

Theorem 9. Assume that w? is no interior transmission eigenvalue. Then the eigenvalues Aj of F
converge to zero from the right, i.e. ReX; > 0 for j € N large enough.

Recall the representation of the eigenvalues (\;);en in polar coordinates in and the definition
of the largest phase ¥* := max;cn; in . Since the far field operator retains normality and
compactness and due to the distinct properties of its eigenvalues, we can easily adapt the proof of
Lemma 3| to show that if w? is no interior transmission eigenvalue, then

. . Re(Fg,9)r2s2)3
cotv® = min ,
geL?(s?)3 Im (Fg, g)L2(82)3

(41)

see also [19, Theorem 13|. As in the previous section, we use the factorization of F' = H*T'H and
rewrite the characterization of the largest phase in to obtain

Re (THf,Hf)r2(p,cs) Re (T'p, »)r2(p,c3)
max = max ,
fer2(p,c3) Im (THf, Hf)r2(pesy  €X Im (T, 0)2(p cs)

cot9* =

where X = R(H) was defined in . From now on the dependency of all quantities on the frequency
w becomes important. We indicate it by writing T' = T,,, X = X, A\j = A\j(w), V.. =V, etc. At
this point we have done all the necessary preliminary work for the proof of the second part of the
inside-outside duality. However, the proof of the first part of the inside-outside duality in Theorem
shows that the maximum in the latter expression is required to be taken over the whole space
L?(D,C?) instead of just over the frequency-dependent subspace X,,. To deal with this problem we
introduce a projection operator. Therefore assume that there is a projection P, : L?(D,C3) — X,,
that is differentiable with respect to w. We can use this projection to rewrite the characterization
for the largest phase as

. Re (TWPWZU, wa)LQ(D,(C3)
cot 9" (w) = max .
weL?(D,c?) Im (T, Pyw, Pyw) 12(p c3)

To show that there exists a projection P, : L?*(D,C?) — X, we give an explicit representation
of P,. First we denote by W the completion of C§°(D,C3) with respect to the norm |¢|lw =
1A*p + w2cp||Lz(D7<c3). Note that this completion is well-defined, since if ||A*¢ + W2<P||L2(D,<c3) =0

13



for ¢ € C§°, the compact support of ¢ in D and representation formulas for solutions of the Navier-
equation as in [12] imply that ¢ = 0. Now we define P,, by

Pow = w — (A% + w?b)
where w € W solves the W-coercive variational problem

/(A*w+w2w)-(A*<p+w2cp)dx:/ w- (A% 4 w?p)dr VYo e W.
D D

If w € X, then the right side of the last equation vanishes and the coercivity of the sesquilinear
form on W implies that @ = 0, showing that P,w = w. On the other hand for an arbitrary
w € L%(D, C?) we have that P,w € X, due to the definition of 1, which shows that P, is projection
onto X,,. The differentiability of this function is a consequence of the differentiability of the map
w — 1 = W(w). Assume now that w? is an interior transmission eigenvalue such that there exists
a non-trivial function wg € Xy, such that (T,,wo,wo)r2(p,c3) = 0. To prove the first part of the
inside-outside duality as in the proof of [16, Lemma 5.1] we need to calculate the derivative

d
Ot(LL)Q) = di(Twawo, PwMO)LQ(D,(ﬁ) . (42)
w w=wo

We start by calculating an auxiliary derivative, which neglects the projection operator.
Lemma 10. Let w(z) > 0 be an interior transmission eigenvalue with eigenpair (ug, wo) € L?(D,C3)x
Xuo- Then vy = ug — wo € H3(D, C3) is the radiating solution to

A*vg + w%vo = —w?quy (43)
and the mapping w — (Ty,wo, wo)2(p,c3) s differentiable at wo such that

d 2
— (T, wo, wp) = — [ (uVvo: Vg + (A + p) divog diveg) dz
dw wewy W0 JD

Proof. Note that holds due to the properties of the eigenpair (ug,wp), see also the proof of
Lemma [8| for details. For arbitrary w > 0 we define v,, € H! (R3,C?) as the radiating solution to

loc

/ (Ve : Vo + (u+ A) diva, dive — w?pu,, - p) do = w2/ quo - @ dx (44)
R3 D

for all ¢ € C§°(R3). Note that if w = wy then v,, = vg € HZ(D,C3) is the radiating solution to
by Betti’s formula.The map w + v, is Fréchet-differentiable and v, := [dv/dw vu]|,_,, €

Hl

loc

/3 (qudeV¢+ (1 + A)div vfdo divyp — w%pv&o ‘5) de = —/ 2woquyp - pdz +/ 2wopy, - P dz
R D D

2
= — [ (uVvy, : Vo + (A + p) divu,, divy) dz
wo Jp

(R3,C3) solves

for all p € HL _(R®) with compact support. Moreover, for w = wy the solution vy, € HZ(D)
has compact support and hence holds in this case even for all ¢ € HI%JC(R?’, C?). Using that
(Twowo,wo)LQ(D@g) =0, we have

d
3 (Twwo, wo) r2(p c3)

:/ qw%véjo - Wo dm—/ 2woq(wo — vy, )Wo dx
w=wp D D

= /R \ (LY, Vg + (1 + A) divel, divig, — wipul,  Ta) da
2

= — [ (uVvy, : Vg, + (A + p) div oy, divey,) dz
wo Jp

which shows the assertion. [ |
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Lemma 11. Let w? be an interior transmission eigenvalue with eigenpair (ug, wo) € L?(D,C3)x X, .
Then the map w — (T, P, wo, wao)Lz(D@s) 1s differentiable in wo such that

2
=— [ (uVvo: Vg + (A + p) divog diveg) de
wo Jp

d
Ot(wo) = a(TwPMwo, waO)LQ(D,(C3)

w=wo

(45)
+4woRe / 7 - wp dz,
D

where vy € Hg(D, C3) is again the radiating solution to .

Proof. Let v, € HIIOC(R?),(C?’) be defined as in the proof of the last lemma, such that vy = v,,. By
definition of the projection P, and the space X, we have that w,, := P,wy € X, solves the Navier
equation, i.e.

/ w, - [A*e —wio] dz =0 Vo e CF(D,C3).
D

Using the differentiability of the projection operator P, the derivative P/, of P,, with respect to w
is given by d/dw(P,wg) = w!, , where w/, € L?(D, C?) solves

/ w, - [A*p — wip] dr = 2w/ ¢ - w, dzr (46)
D D
for all p € C§°(D,C?). Applying the chain rule, we get

d
@(Twpwwo, PoﬂUO) = (TL{;PUJU}Oa wa0) + (TWP(L'LUQ, wa(]) + (TwaWOa sz;w[))

= (T‘Z,wao, wao) + (Tw*wao, PL{)wo) + (TwPW’LUo, be)wo)

Furthermore the symmetry of the sesquilinear form in for the choice ¢ = v,, implies that T is
self-adjoint on the kernel of wy — (TUJO,U)())LQ(D,(CB) such that Ty, we = T7; wo, for details see the
proof of Theorem [16, Lemma] for acoustic scattering. Using the result of the last lemma, we obtain

dw

(T, P,wy, wao)Lz(D@s)} = / (Vv = Vg, + (A + p) div vy, divo,,) dz
w=wg D
+2Re (Twowo, PU/JO’UJO)L2(D’(C3).

Now we can use that v, € H3(D,C?) and partial integration to get

2Re (T, wo, P, wo) 12(p,cs) = 2Re [/D wquy cwl, do — /D

wiquy, w’dex]
= 2Re [/ [A% vy, +w8(1 + q) Vi, ] ~Fmdx — wg/ QU uT’UO daz}
D D
= 2Re / [A* v, + Wit 'wZJO dz = 2Re / 2W0Tgg + Wo di,
D D

where we used . This shows our claim. [ |

After this preliminary considerations, we can now state the first and second part of the inside-
outside duality. The proof of the first part of the inside-outside duality again makes use of the
derivative a to set up a Taylor expansion of the characterization of the cotangent of the largest
phase ¥* as in the proof of Theorem |5l For a proof which includes a projection P,,, we refer to the
proof of [16, Lemma 5.1].
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Theorem 12 (Inside-Outside Duality - Part 1). Let w3 be an interior transmission eigenvalue and
a(wo) be the expression in . Then the following statement holds:

lim ¥*(w) =7 if a(wo) >0 and lim ¥ (w) =7 if a(wp) < 0.
w wo w\wo

Theorem 13 (Inside-outside duality - Part 2). Assume thatwy > 0 and that I = (wp—e,wo+¢€)\{wo}
does not contain interior transmission eigenvalues. If 9*(w) — 7 for I 3 w — wy, then w% s an
interior transmission eigenvalue.

Proof. Assume that ¥*(w) — 7 for I 3 w — wy. We have that

Re (T,w,w
cot(¥*) = min (L. (0.t — —00 for I o w — wy.
weX, Im (Tww,w)Lz(Q@)

Thus, there is a sequence {w;}jen C I such that wj — wo and w; € X,,; with |lw;||12(p c3) = 1 such
that 0 < Im (7o, wj, wj)r2(p,c3y — 0 as j — oo and Re (T, wj, wj)r2(p,csy < 0 for j large enough.
Let v; € HL_(R3,C?) be the corresponding radiating solution to

/ (1Y : Vo + (u+ A) dive; dive — wjzpvj - p) da = w?/ qu; - pdx (47)

R3 D

for test functions ¢ in H{ (R3 C?) with compact support. Since the sequence w; is bounded in
L*(D,C3) there exists a weakly convergent subsequence w; — wq in L?(D,C3) as j — oco. In
particular wy € X, and v; — vy weakly in H'(Bg, C?) for all radii R > 0, where vy € H{. (R3, C?)
is the corresponding weak radiating solution to with wj, w; replaced by wg,wp. In the proof of
Lemma [8| we have already shown that

Im (T, 0)) 120,09 = 725 105 [Pz 7 €N
The left hand side converges to zero and the right hand side to wo/(472) [[v5°|| r2(s2)3- We conclude
that v5® = 0 and vy vanishes in the exterior of D by Rellich’s Lemma.

Assume now that wg > 0 is not an interior transmission eigenvalue. Then it follows from Lemma
(b) that wo and vy vanish everywhere, such that w; and v; converge weakly to zero as j — co. We
define g; = w; — v; and recalling the arguments of the proof of Lemma , we get that

(Twywj, wy) p2(p,c) = —w3 (495, 95) r2(p,c2) + YBriiw,; (U5, v5) + /|z|=R Tyv-vds
Now we can use and use the real part of the last equation to obtain
0 > Re (T, wj, w;) = ¥pg 1.0, (v),v5) + Re /| ‘ RTl,Uj -7;dS
z|=
or equivalently
/ (uVvj : VU7 + (A + p) dive; divey) dz < wjz/ lvj|* dz + Re / T,vj-v;dS,  j€EN.
Br Br lz|=R

As [lvjllr2(Br,csy — 0 and vl g1/29p,,c5) — 0 as j — oo due to the compact embedding of
H'(Bg,C?) in L?*(Bgr,C?) and the smoothness of v; in a neighborhood of dBg, the right-hand side
of the latter inequality converges to zero as j tends to infinity. Therefore, v; converges strongly to
zero in H'(Bpg, C?) due to the definition of the H'-norm. Then it follows that w; — 0 in L?(D, C?).
But this is a contradiction to our assumption that ||w;|| =1 for all j € N. [
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Remark 14. Up to this point, the theory could be generalized by allowing constant Lamé parameters
that are different in the interior and the exterior of the scattering object by using vector-valued
product spaces. We neglect this extension however as the derivation would be very technical while not
contributing to the gemeral understanding of the underlying arguments. Furthermore the existence
proof of interior transmission eigenvalues with non-trivial derivative from the next section would not
be possible anymore.

4 Conditions for the Material Parameter

In this section we want to show that there exist interior transmission eigenvalues w(Q] for which the
derivative a(wp) in is positive. While the results in this section are certainly not conclusive
and only hold under severe restrictions for the density p, they mainly serve to show that there exist
interior transmission eigenvalues at all for which the derivative v does not vanish. In this section
we proceed as follows: Following [14, Section 2|, we first we prove an existence results for interior
transmission eigenvalues if the contrast ¢ = p — 1 € L*°(D) is large enough. Then we show under
which conditions the derivative a(wp) does not vanish and finally we bring these two results together
to show the existence of interior transmission eigenvalues with non-trivial derivative a.

We will start by showing an existence result for interior transmission eigenvalues, given that
the contrast ¢ is large enough. To this end we equip the space Hg (D,C3) with the inner product
(¢, @D)HOQ(D@:),) = (1/q A*¢, A*w)Lz(QCS). To see that this is indeed an inner product, we need to
show definiteness. Assume that for any function ¢ € H2(D,C3) that

(9 @) mz(p,c3) = (1/a A", A%P) 12 p ¢y = 0.
Since 1/q > 0 in D, we conclude that A*¢ = 0 almost everywhere in D. In particular it follows that
(A*¢, d)r2(p,c3) = 0, which by Betti’s formula implies that
IV61172(p,coxey + 1div &l 2(p sy = 0.

Since ¢ has zero boundary conditions, this in turn implies that ¢ = 0 and therefore shows the
definiteness of the scalar product.

The interior transmission eigenvalue problem ((15) can equivalently be written as a fourth-order
equation for v =u —w € Hg(D, C?), which yields

1
(A* + w?) = (A* + k*p)v = 0,
q
which in its weak formulation reads

ay(v, ) = /D (11 [A*v 4+ w?pv] - [A*Y +wP]dz =0 Vi € Hi(D,C?). (48)

Arguing as in [14, Section 2], we have that w? is an interior transmission eigenvalue if and only if
there exists a non-trivial function v € HZ(D,C3) such that a,(v,?) = 0 for all ¢» € HZ(D,C3).
To give an existence result, we define u; as the smallest eigenvalue of the bi-Navier operator, i.e.
(A*)29 = py% in D for an eigenfunction & € HZ(D,C3). Furthermore let v = (i, A) be a constant
such that

HlIVulp coes) + O+ v ul3ape) 2 Vul3apen Vo€ HED,CY),

It is clear that such a constant v exists, since applying the Poincaré-inequality component-wise, we
have that there is a constant o such that o|lul|z2(p,cs) < [[Vullp2(p,csx3). Then we can show that
an interior transmission eigenvalue exists if the contrast ¢ is large enough. Recall for this purpose
that g(z) > qo for a constant gy > 0 for almost all x € D.
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Theorem 15. If ¢ € L>°(D,C3) is large enough such that

1 222
<( +q0/2)%y

49
14 qo ( )

then there exists at least one transmission eigenvalue wg in the intervall (0, (1+ q/2)y/(1 + q)).

Proof. We will follow [14] to show existence of interior transmission eigenvalues. First we rewrite
the bilinear form a,, as

1
a (v, ) = / —[A +w?] - [A™Y + W) de + W / v [A%Y 4w’ da (50)
D4 D
for all ¢ € H3(D,C3). We can rewrite a,, as

aw = ag + w?by + whbo,

where by and by are bilinear forms that are given by

b1 (v, ) :/L);[UA*¢+¢A*U] dx—i—/ vA* ) de,

D

bz(v,w):/Dq—;lm/Jd% vt € HY(D,CY).

and ag is the inner product on Hg that we introduced above. We use Riesz’ representation theorem
and find bounded operators By, By from Hg (D, C3) into itself such that

bj(v, 1[)) = (Bj’U, ¢)H§(D,(C3) Yo, € HS(D, 63),]' =12
Therefore we can write the equation a,,(v,1) = 0 for all ¢ € H3(D, C?) equivalently as
v+ w?Biv +wiByw = 0.

From the symmetry of b; we conclude that Bi, By are self-adjoint. Furthermore these operators
are also compact, since they represent differential operators of order less than four, see [15] for the
corresponding acoustic case. Finally the operator By is positive. Now we define

A, = Ids+w?B; + w'Bs

and notice that this operator is self adjoint due to the self-adjointness of the operators that constitute
the operator. Furthermore its spectrum is real and discrete and due to the compactness of B; and
Bs, we can know that the only possible accumulation point is 1. Furthermore the eigenvalues depend
continuously on the frequency w. Notice that the spectrum of the operator Ay = Id only consists of
{1}. If we now find a function ¥ € HZ(D, C?) and a corresponding value @, such that a; (9, %) < 0, we
know from the min-max principle that the smallest eigenvalue of A, is negative. Since the smallest
eigenvalue depends continuously on the frequency w, it follows that there is a value w between 0 and
& such that the kernel of A, is non-trivial and therefore k? is a transmission eigenvalue. We will
now construct such a function v. First we use to estimate

1
au(v,0) € — [ [A% + @] o +o? / v-A%vdz + ol

q0 Jp D
1 . . 1+ wt

= — | [(A*0)? + w2+ go)v - A*v] dz + %Hvllim 3
q0 JD 0 ’
1 . . 1 + (A}4

-/ [(A*0)2 = w*(2 + qo) (| Vv + (A + p)| dive[?)] da + (qqo)llv\liz(p,ca),
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where we used Betti’s formula. Let now © be an eigenfunction of the bi-Navier operator (A*)?,
corresponding to an eigenvalue p1, i.e. (A*)20 = 10 in D. Therefore we obtain

st w(1+ qo)
n qo

ay,(0,0)

w?(2 + qo)
: qo0 [

o122, VO3 consy + A+ ) div ol 3 p ooy |-

We can continue to estimate

N 1 5
ay,(0,0) < o [Ml +w(1+qo) —w?(2+ QO)'Y} HU||2L2(D,<C3)'

Following [14], we have

(1+CI0/2)>2 (14 q0/2)%?
VITdo ' 1+q

Choosing w? = (14qo/2)v/(1+qo), the first bracket vanishes such that if go is big enough such that

(14 qo/2)%~?
1+ qo

p1+ w1+ qo) — w2+ q)y = <w2\/ 14+qo—

p1 <

we can conclude that ay(9,9) < 0 and therefore there exists an interior transmission eigenvalue w3
in the interval (0, (1 4+ q0/2)v/(1 + qo))- [ |

For the remainder of this section we assume a constant contrast ¢ = qg in D. Recall that for the
eigenpair (ug,wo) € L?(D,C3) x X,,,, corresponding to the interior transmission eigenvalue w%, the
derivative a(wyq) is given by

2
alwy) = o /D (uVvy : Vg + (A + p) divog div wg) dz + 4wy /Dvo - wg de,

where vy is the radiating solution to (43). Then &(wo) := % a(wo) is given by
a(wo) = / (Vg : Vg + (A + p) divvg divog) dz + 2w8/ 7o - wo dx
D D

= MHVUOH%‘Z(D,@XB) + (A + wlldiv vollZap o) + 2‘*}8/ 0o - wo d.
D

The following condition for the positivity of the derivative « holds.

Lemma 16. Let w% be an interior transmission eigenvalue and assume that

2 1
’y<—|—1>—2q+ wd > 0. (51)
q q
Then a(wgy) > 0.

Proof. We start by rewriting the integral

2
2w%/vo~wodx—wg/ qUg - wo dx
D q D
2
= q/ (,quo Vg + (A + p) divvodiV%—wgpvo -UT)) dz
D

2 .
= (V02 sy + O i w0l = o looliap,cs))
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Using this expression, we obtain that

- 2 2 . 2
a(wo) = <q + 1) plIVool[F2p,coxey + (q + 1) A+ @)l divvol|72p ey — 5W§H”OH%%D,@B)

Using p = g + 1, we get that

" 2
&) > [7 < + 1) -2+ 1>w3] leollzo,co

which yields the condition

2 1
7<+1> 920
q
for the positivity of &(w) and a(wp). [

The condition in (51)) shows that in our consideration transmission eigenvalues wi must not be
too large for the derivative a(wp) to be positive. In the next corollary, we show that the derivative
is positive for the interior transmission eigenvalue from Theorem

Corollary 17. Let the contrast q fulfill the condition . Then there exists at least one intertor
transmission eigenvalue wi < (1 + q/2)v/(1 + q) and for all interior transmission eigenvalues w?

that fulfill this bound, its holds that a(wg) > 0.

Proof. From Lemma [16| we know that a(wg) > 0 if the condition
2 2
+1) —Z(g+ 1w >0
v (241) - 20 v
is fulfilled. Since w3 € (0, (1 + ¢/2)7/(1 + q)), it suffices to show that

2
- 5(1 +4q/2)y > 0.

2 2 2
gl ( + 1> ——(@+ 1)1 +4q/2)v/(1+q) =~ ( + 1)

q q q

Dividing by v and multiplying by ¢ yields as a sufficient condition that
24+q—2(1+¢/2) >0,

which is obviously true. This shows that for the transmission eigenvalue w(Q) the derivative is indeed
positive. m
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