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Abstract

We derive an inside-outside duality for near field scattering data generated by time-
harmonic scattering of acoustic point sources from a sound-soft scatterer. This duality in
particular rigorously characterizes interior Dirichlet eigenvalues of the scattering object by
near field operators for an interval of wave numbers. As a crucial new concept to prove this
duality we exploit the numerical ranges of certain modifications of these near field operators.
We also show that our theoretical results can be numerically used to approximate interior
Dirichlet eigenvalues from multi-frequency near field measurements.

1 Introduction

Recently, there has been some effort to identify interior eigenvalues of unknown scattering
objects from far field data by a technique known as inside-outside duality, see [8] [17) [13].
For scattering from impenetrable scattering objects with, e.g., Dirichlet or Robin Neumann
conditions, this technique yields a rigorous characterization of these eigenvalues, that can also
be exploited numerically, see [20, 2I]. In this article, we extend this approach to scattering
problems where near field data measured on some closed measurement surface surounding
the obstacle is available; such a model is relevant for any practical application involving field
measurements taken merely few wavelengths away from the scatterer.

Important ingredients in the derivation of the inside-outside duality in a far field setting
are compactness and normality of the far field operator, the special structure generated by
its eigenvalues, in particular their arrangement in the complex plain, as well as a suitable
factorization of the far field operator. Arguably, a natural approach for a near field setting
would hence be to consider the eigenvalues of the near field operator. While this operator
retains some important properties like compactness and denseness of its range, it fails to be
normal, and, in contrast to the far field operator, its eigenvalues do not lie on a circle in the
complex plane — indeed, they do not show any particular structure at all. This issue is somewhat
related to the problem of deriving a proper factorization for the near field operator, suitable
to construct a factorization method, see [I} [I5], [16] for details. Since such a factorization is as
much an ingredient for the inside-outside duality as the structure of the eigenvalues of the near
field operator, we need to deal with both problems.
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To this end, we use an ansatz from [12], where the near field operator defined on a spherical
(or circular) measurement surface is modified by a unitary operator such that the modification
possesses a factorization similar to the well-known factorization of the far field operator, see [14].
In this article we show that these similarities can be used to base the inside-outside duality for
near field data on the inside-outside duality for far field data. A new concept we exploit in this
context is the numerical range of an operator, which helps to overcome several difficulties linked
to the spectral theory of non-selfadjoint operators. Our main result in Corollary [19|then shows
that interior Dirichlet eigenvalues can be characterized by the behavior of any element with
the smallest phase in the numerical range of the modified near field operator: If this smallest
phase tends to zero as the wave number tends to kg > 0, then k(z) is a Dirichlet eigenvalue of
the scattering object.

The ansatz in [12] relies on the fact that in spherical coordinates the Helmholtz equation can
be solved explicitly using spherical harmonics and spherical Hankel functions. Consequently,
one can easily transfer outgoing into incoming waves by complex conjugation of the Hankel
function; the corresponding operator is unitary and provides the tool to tackle the above-
mentioned problems linked to the factorization of the near field operator. Naturally, this
spherical setting is crucial for this operator to be simply computable in the basis of spherical
harmonics due to diagonalization, and shows why in most of this paper we work with near field
data measured on a sphere. Nonetheless, in Section [3] we show how to tackle near field data for
general measurement geometries.

Before introducing the setting, let us finally mention that the analytical and numerical
results in this paper transfer straightforwardly to near field obstacle scattering from Neumann
or Robin-type obstacles and as well to transmission problems, see |20} [17] for the corresponding
analysis for far field data. Indeed, we prove the duality statement for near field data relying on
the corresponding duality for far field data, exploiting a trick that is completely independent
of the scattering problem.

In the remainder of this introduction we define first the underlying Dirichlet scattering
problem and second what we understand by near- and far field data. To this end, we suppose
that D C R3 is the obstacle with Lipschitz boundary and k& > 0 the wave number under
consideration. Given boundary data f € H'/2(dD), we seek a solution u € H (R3\ D) to the
exterior boundary value problem

Au+k*u=0 imnR*\D, w=—f ondD, (1)

that additionally satisfies Sommerfeld’s radiation condition
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Since the field u is radiating, it is well-known [4, 23] that there exists a unique solution to this

scattering problem for any f € HY/ 2(0D) and that the asymptotic behavior of this solution

can be expressed in terms of its far field u> : S; — Sq, defined by the first-order expansion

eik|z\ N L X
u(z) = 47r\x|u (@) +O(z| ), T € S;.

When choosing the boundary data f in as the restriction of an incident field u’ to 9D,
the resulting field u is the corresponding scattered field. We consider in the following either



incident plane waves u’(z, ) = exp(ik @ - x) with direction # € S; or radiating point-sources

elk|x_y|

ul(z,y) = x#yeR3, for source points y & D. (2)

dr|z —y|’
If the incident field u’ is a plane wave with direction 6, we indicate the dependence of the far

field pattern u® on the incident direction by writing u®°(z, 0) for &,0 € S; and define the far
field operator F : L2(S1) — L%(S1) by

Fg(3) = /S u®(&,0)g(0)dS(0), i €Sy (3)

It is well-known that the far field operator is compact and normal and that its eigenvalues \;
lie on a circle of radius 872 /k with center 87%i/k in the complex plane C and converge to zero
from the left, i.e., Re(\;) < 0 for j large enough. This allows to write the eigenvalue A; in
polar coordinates,

Aj = rjei for all j € N, (4)

with radius r; > 0 and phase ¥; € (0, 7] and to re-sort these eigenvalues in increasing order
according to their phases. (If A\; = 0 we artificially set ¥; = 7 to ensure monotonicity.) The
special structure of the eigenvalues implies that there is one distinct eigenvalue with a smallest
phase 9., see [20]. Moreover, the inside-outside duality for the Dirichlet scattering problem,
see |20, [§] states that the phase of this eigenvalue converges to zero if and only if the squared
wave number k% approaches a Dirichlet eigenvalue k3 of —A from below. The proof is based
on the well-known factorization F' = —GS*G%, of F involving the data-to-pattern operator
Goo : HY2(OD) — L3(S;) mapping boundary data f to the far field u® of the radiating solution
to (1), its adjoint G%, and the single-layer operator S = Spp : H /(D) — HY?(9D);
crucial ingredients for the inside-outside duality are that the two outer operators G, and G7%
are adjoint to each other, that G%  has dense range, and that S* is coercive. Let us recall
here that the single-layer operator is defined as restriction of the single-layer potential; for an
arbitrary Lipschitz domain 2 C R3, the latter operator is defined as

eiklm_m

SLoo /(o) = [T f@)aSw). e eR\o0

and maps H~1/2(9Q) continuously into H'(Bp) for arbitrary balls By = {z € R® : |z| < R}
of radius R > 0, see [23].

If the boundary data f in is the restriction of a point source at y € R3\ D, see , we
denote the solution to by u(-,y) € HL.(R*\ D). If I' C R¥\ D denotes the boundary of
an arbitrary Lipschitz domain Qr D with connected complement, we define the near field
operator Np : L?(T") — L%(T) corresponding to incident point sources on I' and near field wave

measurements on the same surface I' by

Neg(o) = [ ulep)aly) dS@w). aeT

As u(-,y) solves (1)) for boundary data f defined by f(z) = exp(ik |z —yl|)/(4n|z—y|) for x € T,
the linear combination v = [ u(-,y)g(y) dS(y) solves (1)) with f = SLr g|yp. Thus, Nrg equals
the trace of the scattered field corresponding to the incident field SLr g.



Moreover, u(-,y) € HL _(R?\ D) satisfies the homogeneous Helmholtz equation in R3 \ D,
such that well-known interior elliptic regularity results imply that u(-,y) € C*°(R®\ D). The
near field reciprocity relation u(x,y) = u(y,z) for x # y € R3\ D, that can be shown using
Green’s second identity, additionally implies that the kernel (x,y) — u(x,y) of Ny belongs to
C>(T x T'). Thus, the near field operator is a compact linear operator on L?(T); in contrast
to the far field operator it generally fails to be normal (non-normality is further indicated by
our numerical experiments). For this reason, it is not immediately clear whether this operator
possesses eigenvalues at all. Analytically computing the eigenvalues of Ny when D is the unit
ball shows that the eigenvalues, if they exist, do not need to show any distinct structure at all,
which makes it impossible to sort them in any reasonable way other than according to their
magnitude. Furthermore, as far as we know, there is no obvious factorization of Np possessing
the necessary properties for the inside-outside duality; arguably, the most obvious factorization
of N into a triple of three products linking incident with scattered fields is

Nr = (SLap|r)S™"(SLrlyp )-

However, as the outer operators of this factorization are not adjoint, it cannot be exploited
to prove an inside-outside duality. To circumvent this problem, we generalize a trick from
[12], where, roughly speaking, a unitary operator is composed with Np such that the resulting
product possesses a proper factorization. The underlying idea, roughly speaking, is to exploit
that a spherical setting always allows to diagonalize a scattering problem in the basis of spherical
harmonics. In [12], this trick has been exploited to rigorously construct a factorization method
for the near field scattering problem; in the present paper, we exploit it to prove an inside-
outside duality principle for a near field setting.

This rest of the paper is structured in the following way. In Section [2 we modify the
near field operator, defined on a sphere, by multiplication with a unitary operator such that
the resulting product possesses a factorization involving adjoint outer operators. Section
shows how to exploit this result for other measurement geometries. In Section [d we derive a
relation between the far field operator and the modified near field operator, which we will use
in Section 5| to derive an inside-outside duality for near field data using the eigenvalues and the
numerical range of the modified near field operator. In Section [6] we finally suggest a numerical
algorithm to detect the interior eigenvalues from near field data and present several numerical
experiments.

2 The Modified Near Field Operator

In this section, we modify the near field operator Ny : L?(T') — L?(T") by, roughly speaking,
composing it with a unitary operator 7', such that the resulting product possesses a factorization
with adjoint outer operators and a coercive middle operator. To this end, we assume first, for
simplicity, that I' = Sg = {x € R3: |z| = R} is a sphere of radius R > 0 and that the Dirichlet
obstacle D is strictly included in the ball Bg. In the end of this section we generalize all results
to arbitrary Lipschitz-smooth measurement surfaces.

Recall that the near field operator Ni := Ng,, corresponding to the sphere Sg as measure-
ment surface is defined via the radiating solutions u(-,y) € HL_(R*\ D) to for incident
point sources on Sg,

N = Np: P(Sn) = IS, (Vag)e) = | u(en)al)dS). w€Se ()
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While in the this section the wave number k is fixed, the dependence of functions and spaces
both on k& > 0 and on the chosen radius R will become important later on; our notation
indicates both quantities whenever necessary.

As a technical preparation, we recall that the spherical harmonics {Y,* : n € Ny, —n <
m < n} form a complete orthogonal basis of the space L?(Sg) of square-integrable functions
on the sphere Sy for arbitrary R > 0, that is, every function g € L?(Sg) expands as

1 — x
g Y, (&), where g,ﬁ”:/ g(z)Y;"(2)dS and 2 = —. 6
>y 72 |, 9T oo

n=0m=-—n
Using this expansion we define Pr : L2(Sg) — % by
Pr(9) =g, g={g]: neNy,|m|<n}el’ (7)

(For simplicity, we do not explicitly introduce the corresponding index set of the sequence space
2.) Tts inverse P! : 2 — L%*(Sg) is then given by Pr'(g) = > my . Writing I,2 and
It2(sy) for the identity operators on ¢ and L?(Sg), respectively, it is easy to compute that

nm-g

PrPr' =1Ip, PRp'Pr=Ips,, Ph= 7>Rl, and (P;')* = R*Pg.

R2
We use Pgr to transform both the far field operator F' and the near field operator N into
operators acting on the sequence space ¢ by defining

F = ’PlFPfl and Ng = PRNRP]gl- (8)

Thus, both F and Np are compact operators on ¢2 representing F' and Np in the orthogonal
basis of spherical harmonics. Since any solution w to the scattering problem with boundary

datum f can be expressed in terms of the spherical Hankel functions hn1 on any sphere S, such
that D € B,,

z)ls, = Z Z b (£)A (kp)Y ™ (&) with coefficients b (f) € C, 9)

n=0m=—n

(1)

the asymptotic expansion of the Hankel function hy,
responding far field pattern is given by

DI SRVl

n=0m=-—n

for large arguments shows that the cor-

>

The lifting Nr of Ng into ¢? now allows to modify the latter operator such that it possesses a
factorization where the outer operators are adjoint to each other: Following the trick from [12],
we define the unitary operator Tg : 2 — ¢% by

hD (kR
Tig = { =2 gy e g, fmf <, (10)
O(kR)

and the compact and linear operator Gg : HY/2(0D) — (? by
Gr(f) = {V (RO (kR) : n € No, [m| < n}, (1)
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where the coefficients b7'(f) are defined in (9). The operator Tp is well-defined since the
spherical Hankel function cannot vanish for positive arguments and Gg is compact, injective
and has dense range in ¢? (see [12, Lemma 3.5]). Note that P5'Grf is the evaluation of the
solution to (1) on Sg. Moreover, [12, Equation (3.7)] shows that the modified near field operator
TrNg can be factorized as

TeNg = —R*(TrG)S*(TrGr)*,  ie.,  TrPrNrPgr' = —R*(TrGr)S*(TrGr)*. (12)

Lifting Tr back into the space L?*(Sg) yields T = PIEITRPR, a unitary operator on L?(Sg)
and the factorization in directly shows that TNy : L%(Sg) — L?(Sg) factorizes into

TrNgr = —GrS*G%, where Gg = P}ElTRgR- (13)

This factorization hence features adjoint outer operators due to the replacement of P}glgR I
evaluating the solution to (1)) on Sg, by Gr = PngRg R, which conjugates the spherical Hankel
functions in before evaluation. The above-mentioned properties of Gr clearly imply that
Gr: H'Y?(OD) — L?(Sg) is compact, injective and has dense range in L?(Sg).

Remark 1. IfT' = {2?/a?+23/b>+23/c* = 1} is an ellipsoid with semi-principal azes of length
a, b, ¢ > 0, then separability of the Helmholtz equation in ellipsoidal coordinates [2] allows to
transfer the above modification of near field operators on spheres S, to near field operators on
ellipsoids, at the expense of drastically increased technicalities.

We will later on use the factorization to examine the structure of TR Np more closely.
Before, we show that the latter operator has infinitely many eigenvalues, following a technique
from [3].

Lemma 2. The operator TrRNg has an infinite number of eigenvalues tending to zero.

Proof. We restrict Tp Nr to an operator mapping the orthogonal complement ker(N R)l C
L?(Sg) of its kernel ker(Npg) into the closure of its range Rg(TrNg) C L%(Sg) by defining
A: ker(Ng)*t — Rg(TrNg) C L?(Sg) by Ag = TrRNRg. As Tg is unitary, A is hence injective
and has dense range. Moreover, the factorization implies that Tr Ng is compact since Ggr
is compact, such that A is compact, too. We next show that ker(Npg) is finite-dimensional, to
conclude that the range of A is infinite-dimensional, too, due to injectivity of A:

If Nrg = 0 for some g # 0, then the radiating solution u to for f = SLs, g, vanishes
on Sg, and hence entirely in R3 \ D, due to the radiation condition and Rellich’s lemma.
Thus, the single-layer potential SLg, g vanishes on 0D, such that v = SLs, g/, € H} (D)
defines an Dirichlet eigenfunction of the (negative) Laplacian for the eigenvalue k2. As the
corresponding eigenspace is finite-dimensional due to Fredholm theory, there can at most exist
a finite number of linearly independent g generating such eigenfunctions; consequently, ker(Ng)
is finite-dimensional.

We next define the subspace of principle functions of A by

P(A) = span {g € ker(N)* : (uId—A)"g = 0 for some n € N and y € C} c L?(Sg).

Assume for a moment that A is a trace class operator and that ImA > 0, i.e., that the
non-selfadjoint part of A is non-negative. Due to [24, Theorem 3.5.1], these two properties
imply that Rg(A) = P(A). We showed above that Rg(A) has infinite dimension and conclude




that there exist infinitely many linearly independent principle functions. As for each principle
function there exists an associated eigenvalue and an eigenfunction due to Riesz theory, see [18],
the infinitely many linearly independent principle functions guarantee the existence of infinitely
many eigenfunctions of A. By definition of A, any eigenpair (u, g) satisfies ug = Ag = Tr Nrg
and hence also Tr N possesses infinitely many eigenvalues. Since TrNp is compact, these
eigenvalues tend to zero.

It remains to show that A is a trace class operator and that Im (A) > 0. The second
property follows immediately from the factorization , since for any g € L%(Sg) it holds that

Im (Ag, 9)r2(sp) = Im (TRNRG, 9)12(sp) = —Im (S*GRY9, GRYI)r2(9D) = 0,

where we exploited that the non-selfadjoint part Im S of the single layer operator S is non-
negative, see [16, Lemma 1.14]. Since Tg is unitary, it is further sufficient to show that Ng
is a trace class operator to prove this property for TR Ng. For Ng, this is essentially due to
the smoothness of its kernel (x,y) — u®(z,y) € C*°(Sg X Sg), since this smoothness implies
that Np is a bounded linear operator from L?(Sg) into any Sobolev space H*(Sg) for arbitrary
s € R. Choosing s > 2 implies that the embedding of H*(Sg) in L?(Sg) is a trace class
operator, see [9], and finally proves that Np itself is a trace class operator on L?(Sg). O

The following corollary shows that any eigenvalue of Tr Ny is contained in the upper half
of the complex plane.

Corollary 3. If k? is no Dirichlet eigenvalue of —/ in D, then all eigenvalues of TRNg are
contained in the upper half {z € C : Im(z) > 0} of the complex plane; if k* is a Dirichlet
eigenvalue, they are contained in {z € C: Im (z) > 0} U {0}.

Proof. If u is an eigenvalue to a normalized eigenfunction g, then we compute as in the proof
of Lemma [2] that

Im (1) = Im (TrNRY, 9)12(s) = —Im (SGRY, GRI)L2(0D) = 0

due to the factorization of TrRNR and the properties of the single-layer operator S, see [10],
Lemma 1.14]: Im (S, f)r2(9s) < 0 for any f € H~'/2(dD) and the latter expression can only
vanish if either f = 0 or else if k? is a Dirichlet eigenvalue of D and f is the normal derivative
of a Dirichlet eigenfunction. O

3 Transfer to Non-Spherical Measurement Geometries

As a spherical measurement geometry is certainly a serious restriction for the theory introduced
so far, we consider in this section the question how to treat near field operators defined on
other measurement surfaces. Precisely, we consider the near field operator Nt defined on the
boundary I' C R? \ D of some connected C?! domain Qr C R3 such that the complement of
QIr is connected and such that D € {2r. We further fix a radius p such that the ball B, strictly
contains the Lipschitz domain Qr (and hence also the obstacle D). As usual, the near field
operator defined on the sphere B, 3 r is denoted by N, (defined as in ({5), replacing R by p).

As mentioned in the introduction, the crucial property of the operator T' from ([10)), trans-
ferring outgoing to incoming solutions to the Helmholtz equation and vice versa, is linked to
the diagonalization of the Helmholtz equation in spherical coordinates. This motivates to con-
nect Nr, defined on a non-spherical surface I', to a near field operator defined on S,. We do

7



so by constructing auxiliary operators Q* such that N » = QTNprQ™: The operator Q1 maps
the boundary datum of the radiating solution to (1)) on I' to the trace of that solution on S,
whereas Q~ maps f € L(S,) to ¢ € L*(I") such that SLs, f = SLr ¢ holds in H'(Qr). Thus,
transforming Nt into QT NpQ~ = N, allows to transfer all results shown above to N,, as none
of the arguments in these proofs explicitly or implicitly required the scatterer to be spherical.
Moreover, also all later results on the determination of interior Dirichlet eigenvalues of D via
near field data can hence be applied to Nr, up to transforming Nr to N,,.

Both operators QT are explicitly constructed in the proof of the subsequent lemma, which
crucially relies on the fact that Qp C B(0, p). After setting up these operators, we will discuss
how to discretize them numerically.

Lemma 4. Assume that Qp is a C*1 domain.

(a) There exists a compact operator Q= : L*(S,) — L*(T') mapping f € L*(S,) to ¢ € L*(T)
that SLp oQ~ f = SLs, f holds in H'(Qr).

(b) The exterior boundary value problem with boundary datum g € L*(T),

AU+k2U:O m Rg\my U|F:ga (14)

possesses a unique radiating solution v € L2 (R3\ Qr) and the operator QT : L*(T') — L3(S,),
defined by QT g = v\gp, is compact.

(c) The operators QT and Q™ are transposed to each other, i.e., fSp fQtgdS = fr Q fgdS
holds for all f € L*(S,) and g € L*(T").

If k2 is no interior Dirichlet eigenvalue of Qr, and if the boundary datum g in (b) belongs to
H'Y2(I'), then Lemma 4| is classical. Since the wave number is allowed to vary in Section [5{ on
the inside-outside duality, we avoid the assumption of k2 being no interior Dirichlet eigenvalue.
This, however, increases the technical difficulties in the proof.

Proof. We rely on boundary integral equations and recall that the single-layer operator Sr,

defined via the single-layer potential SLy by Sp = SLr(-)|sq, is continuous from H~1/2+5(T)

into H'/2+5(T") for —2 < s < 2, as Qr is C>! smooth, see [23, Theorem 7.2|. Further, (-,-)p is

the duality product between H**(I'), —3 < s < 3, that extends the inner product of L?(T).
(a) For f € L*(S,), we seek a solution to the interior boundary value problem

Au+k*u=0 in Qp, ulp = g == SLg, f‘r’ (15)

in the form u = SLr 1 in R?\ Qr for some ¢ € L?(T") required to satisfy Spyp = g in H*(T).
Considering Sp as an operator from H~Y2(I') into HY?(I'), we know from [20] that non-
zero elements vy in the kernel A := ker(St) equal the normal derivative of some Dirichlet
eigenfunction vy € Hj(Qr) of —A in Qr; even more, SLr is a bijection between A and the
corresponding eigenspace, as every eigenfunction can be represented as SLr g for a unique
element in 1g € A. Computing the adjoint of St with respect to (-, -)p shows that the kernel
of S+ H™V/2(I') — HY*(T') equals A, too.

Considering Sp as an operator from H*~/2(T') into H**'/2(I') for —1 < s < 1, Theorem
7.17 in [23] states that Sr is a Fredholm operator of index zero and that the kernel A of these
operators is independent of s. Consequently, the corresponding adjoints S} : H —s=U2(T)
H~s*Y2(I") are Fredholm of index zero with kernels all equal to A, too.



The Fredholm alternative hence states that Sr¢) = ¢ in H(T) is solvable if and only if
(1o, g)r = 0 for all 0 # 1y € ker Sf: = A. As 1)y equals the normal derivative of some Dirichlet
eigenfunction uy € H}(r), Green’s second identity implies that

(o, g)r = <%, SLg, f>F - <Q SLs, f, u0>F =0 forall f€L(S,). (16)

v %
We conclude that there exists an equivalence class of solutions {1 + g : ¥g € A} C L*(T) to
Srip = g in HY(T'). For arbitrary ¢g € A, the traces of the potentials SLp(1)+1) and SLg, f on
I" equal each other. Consequently, the difference SLr(¢)+ 1) — SLg, f either vanishes in Q2 or
equals some eigenfunction u; € H&(Qp) of —A with eigenvalue k2. Since u; = SL ¢ for some
1 € A, we hence choose 1y = 11 such that SLry = SLgp f in Qp. This choice determines a
linear and bounded solution operator Sg : g + ¢ + g from the range of Sp: L*(I') — H'(T)
into L*(T'), such that f — Q~f = Sy o (SLs, f|.) satisfies SLp Q™ f = SLs, f in H'(Qr).
Moreover, Q™ is compact, because SLg, is bounded from L*(S,) into H32(Qr).
(b) If v denotes the exterior unit normal to Qr, we define the double layer potential by

elklx_y‘

DLr ¢(z) = /F aya(y) Lﬂx_m] ¢(y)dS(y), = eR’\T,

which yields a bounded operator from H'/2(T') into H._(R3\ T). The traces DLp qb\l% on
I’ from the inside (-) and outside (+) equal +¢/2 + Kr¢, where the double-layer operator
Kr: HPY/2(I') — H*t1/2(T) is bounded for —2 < s < 2, as Qr is C>!, see [23, Theorem 7.2].
As Qr is C%!, DLp extends to a bounded operator from H~/2(T) into L?(Bg) for all R > 0
and defines distributional solutions to the homogeneous Helmholtz equation in R?\T'; the same
statement holds for SLp : H~3/2(T') — L?*(Bg), see [5]. These distributional solutions are
smooth away from I' and radiating at infinity, because the kernel of both potentials is smooth
when evaluated in domains with positive Hausdorff distance to I'. The traces of these potential
operators on I' from the inside and outside are again equal to Sr and +¢/2 + Kr¢; note that
Sp: H-3/2(T') — L*(I") and Kt : H '/?(T') — H~Y/%(T") are bounded.

We seek a radiating solution to the exterior Dirichlet problem with boundary data
g € L*(T") in the form v = DLy g — SLr 4 for some 1 € H~3/2(I"), such that 1) needs to satisfy
2Sp1) = —g+2Krgin H~Y2(I"). We recall from part (a) that Sp is a Fredholm operator of index
zero from H~3/2(T") into H~/?(T) and that the kernel of adjoint S : HY/2(I') — H3/2(T) is a
finite-dimensional space A given by the normal derivatives of eigenfunctions ug of the (negative)
Dirichlet Laplacian in Qr with eigenvalue k2. As all eigenfunctions can be represented as
ug = SL g for a unique 99 € A, we hence check by Green’s second identity that

Oug . — OJup o 0 —
< —g+2Krg, ay>1‘ = 2< DLr Q‘Fa 8V>F = 2<8V DLr 97U0>F =0,

to conclude from Fredholm’s alternative that there exists a solution ¢ € H=3/2(T') to 2Sp1) =
—f + 2Krf. Choosing this solution to be linearly independent to non-zero elements in the
kernel A of St allows to define a solution operator T : g — 1, bounded from H_l/Q(F) into
H—3/2(T"), such that g — v(g) := DLy g—SLr oT'g is a linear solution operator to , bounded
from H~Y/2(T") into L2 _(R3\ Qr). As the kernel functions of SLp and DLr are smooth away
from their singularity at the origin, the restriction of v(g) to S, yields a bounded operator



[ = vls, from H ~1/2(T) into L?(S,), which becomes compact when changing its pre-image
space to L%(T).

(c) For simplicity, we merely prove this fact if k? is not a Dirichlet eigenvalue of —A in
Qr, relying on the representations Q= = 51?1 o SLg, and Qt = SLr 05’1?1. One computes
that fSp g SLr fdS = [SLs, g f dS holds for all g € L*(S,) and f € L*(I'), and, analogously,
that [ f1 SrfodS = [pSrfif2dS for fio € L3*(T'). As the single-layer operator is hence
self-transposed, we deduce that its inverse Si Lis self-transposed, too. Hence,

J

holds for g € C1(S,) and f € C1(T") (such that all integrals are well-defined). Density of C*(S,)
and C1(T") in L*(S,) and L%(T'), respectively, then implies the claim. O

gQ+de=/ gSLpoSrlde:/SLSpgsrlde:/SrloSLgpgde:/Q_gde.
Sp r r r

P

The following corollary provides the indicated factorization of N,.
Corollary 5. For any k > 0, the near field operator N, can be factorized as N, = QT NpQ~.

Proof. Due to Lemma [[a), the solutions u,(-,y) and up(:,y) to that define the kernel of
N, and Nr, respectively, have the same trace on D. Hence, both solutions equal each other.
The construction of @ then shows that wu,(-, y)ls, equals Q (ur(-,y)|p). O

Let us now discuss how to numerically cope with QT in case one aims to compute N, ,» from
Np. Due to Lemma (c), it is obviously sufficient to discretize either QT or Q, as both are
transposed operators; however, both require to discretize a solution operator for a boundary
integral equation and the evaluation of a single layer potential, making this data post-processing
rather costly. Since the application of the operator T}, to N, anyway requires to compute the
expansion @ of the scattered field on S,, it seems, alternatively, attractive to compute Q*
directly in the basis of spherical harmonics to avoid the discretization of an operator inverse.
Such a direct computation is in principle possible: If we suppose that 0 € Qr, then restrictions
of separation-of-variables solutions to the Helmholtz equation

V= {op = olp s o () = h{ (k[2)Y;"(2), n € No, [m| < n} € L*(T)

form a complete set of linearly independent functions in L?(T), see [22]. For the boundary
datum ¢ € L?(T'), the solution to the exterior boundary value problem (14)) equals v (z) =
hY (k|z|)Y™(2), such that Q*+ (™) = vp'ls,- Since spanV is dense in L?(T), knowing Q* on
V determines Q* uniquely and, by transposition, Q~, too. However, to exploit this, roughly
speaking, diagonalization of Q" by this set of functions, one needs represent scattered fields on
I" via the set of functions in V; despite the corresponding infinite or truncated linear system
is well-known to be always uniquely solvable, see [22], the condition number of the truncated
system increases rapidly in the truncation index, making systems of merely moderate size
already rather ill-conditioned. This phenomenon is directly linked to instabilities of the so-
called null-field method caused by, roughly speaking, the fact that the expansion @ does in
general not hold in all of R?\ Qr, and becomes increasingly important as I' deviates from a
sphere. Thus, this alternative option for the computation of QF, attractive at first glance, is
in practice somewhat challenging to use, but in principle allows to bypass the discretization of
the solution operators involved in Q*.

10



4 Connecting Near- to Far Field Operators by Factorization

For the remainder of this paper we will merely work with near field operators defined on spheres,
because the case where the measurement surface I' is non-spherical can be reduced to a sphere
by Corollary Consequently, we fix a radius R and henceforth neglect the subscript R for
better readability, such that, e.g., Ng and TR Ny become N and T'N, respectively.

Since our goal is to prove an inside-outside duality for near field data relying on a corre-
sponding duality for far field data, we derive a connection between the far field operator F' and
the modified near field operator T'N. For this purpose we introduce a mapping Z, which is
later on used to relate far fields to near fields. For g = {¢g™ : n € Ny, |m| < n} € £2, let

Zg = { - ki”“hg)(kR)gZL : n €Ny, |m| < n}

This map is unbounded on £2 since n ]h;l)(kR)\ is an unbounded sequence, such that we
restrict Z to its domain
dom(2) = {g € *: ||Zg|lp < 0}

Then Z : £2 > dom(Z) — £? is a well-defined unbounded linear operator.
Remark 6. The domain dom(Z) contains precisely those sequences g = (gy') such that
SRS Y AR @), el > R
n€Np m=—-n
is a radiating solution to the Helmholtz equation with trace in L*(Sg), see [4, Theorem 2.17].
Lemma 7. The domain dom(Z) is dense in 2, that is, dom(Z) = (2.

Proof. To show that the space dom(Z) is dense in £?, we choose an arbitrary g € £2 and define

gn for n < M, |m| <mn,
agm =
0 else.

Clearly, gys € dom(Z2) for all M € N. Furthermore, for every € > 0 there exists M = M(c) € N
such that ||g — gar|lp2 < e. This concludes the proof. O

The last lemma implies that the operator Z : ¢2 O dom(Z) — (2 is densely defined in
¢2. We next prove further properties of Z and its adjoint Z* : £2 O dom(Z*) — (2, before
we exploit these operators in Theorem [10] to establish a connection between the lifted far- and

near field operators F and TN, defined in .

Lemma 8. The operator Z : 2 D dom(Z) — (2 and its adjoint Z* : (> D dom(Z*) — (2
are one-to-one and onto and dom(Z) = dom(Z*). Their inverse operators Z=1 : (2 — (% and
(Z5)71 1 £2 — (2 are bounded and even compact on €% with ranges Rg(Z71) = Rg((Z*) b=
dom(Z).

Proof. The domain of Z* consists of those f = (f™) € £? for which there is a f* € £2 such that

(Zg,f)@ = (ga .f*)ZQ for all gc dom(Z),

11



or, equivalently, such that

k> ST D kR)gITT = (9. £ for all g € dom(Z2),

neNg m=—n

which implies that f* = {k (—i)"+1h£Ll)(k:R)f,T : n € Ny, |/m| <n}. In particular, f* exists in
¢% if and only if f € dom(Z) and the adjoint adjoint Z* : dom(Z*) — 2, defined by Z* f = f*,
has the same domain as Z. To show that Z is onto, let f € ¢2 be arbitrary and set

1
g = {—f;zni n € Np, |m‘ <n}-
kint {1 (kR)

Clearly g € /2 and Zg = f. For injectivity, we simply note that Z is a diagonal operator with
non-trivial entries. The inverse operator Z~! : £2 — dom(Z) C £? is given by

1
kint h\D (kR)
This operator is bounded, since for any g € £2 it holds that

— 1 - -2 . m - m
127902 = 5 >0 0 DGR g <Y S ol = cllgll,

neNm=—n neNm=-—n

because \h%l)(kR)\_Q — 0 for n — co. As Z7! is a diagonal operator with entries converg-
ing to zero, compactness of Z~! follows from Cantor’s diagonal argument. Bijectivity and
compactness of (Z*)~1 follow analogously. O

Lemma 9. Assume that A : H'/?(0D) — (2 is a bounded linear operator such that Rg(A) C
dom(Z) and such that ZA : H'/?(0D) — (2 is also a bounded operator. Then there holds that
dom ((ZA)*) D dom(A*Z*) and (ZA)*g = A*Z*g for all g € dom(Z*).

Proof. Since dom(A*Z*) = dom(Z*) = dom(Z) and dom ((Z.A)*) = ¢2, it follows that
dom(A*Z*) € dom ((ZA)*). If g € dom(Z*), then for all f € H'/?(dD) we have that

((ZA)*Q, f)LQ(GD) = (.97 ZAf)EQ = (Z*Q,Af)g2 = (-A*Z*g7 f)L2(8D)7
which proves the assertion. ]
Now we link the lifted far- and near field operators F and N with each other.

Theorem 10. For all g € dom(Z*) it holds that TN'g = R? ZFZ*g and for all g € ¢? it holds
that Fg = R~2 Z71TN(271)*g.

Proof. In a first step, we lift the operators from the factorization F' = —GS*GY, to the
sequence space. To this end, we define an operator Goo : H'/2 (OD) — (2 by
1 m
goo(f) = Lint1 bn (f) T ne N07 ‘m| <n ) (17>

12



where b(f) are the coefficients from the expansion (9). Then G f = Py 1Goo(f) holds for all
f € HY2(dD) and G%, = G, (P;')* = G P;. Thus, the far field operator can be written as

F = —GoS*Gl = —P'GuuS*GL Py

and, in particular,

F = —G57G,. (18)
Next recall the factorization from ,
TN =—R* (TG)S*(TG)", (19)
where
76(7) = { -0 D ER) s e o ol <. (20)

Comparing this to yields ZG. = TG and by Lemma |§| we get (TG)*g = GX Z*g for all
g € dom(Z*). Inserting this equation into (19)), we obtain

TNg =R 2G..5*G: 2*g = R* ZF 2*g.

Finally setting Goo = 277G and substituting G* into yields the second factorization of
the theorem. O

To establish a connection between TN and F, we first lift the operator Z into L?(Sg),
Z: L*(S1) Ddom(Z) = {P;'g: g € dom(2)} — L*(Sg),  Z=Pg'ZP:.
The adjoint Z* of Z is characterized as follows,
Z*: L*(Sg) D dom(Z*) = {Pg'g: g € dom(2*)} — L*(S1),  Z* =Py 'ZPx.

Since P; and 73151 are isomorphisms, we obtain the following corollaries from Lemmas and
and Theorem

Corollary 11. [t holds that dom(Z) = L*(S;) and dom(Z*) = L*(Sg).

Corollary 12. The operators Z : L*(S;) D dom(Z) — L?(Sg) and its adjoint Z* : L*(Sg) D
dom(Z*) — L?(S1) are one-to-one and onto with bounded and compact inverse Z~1 : L?(Sg) —
L2(Sy) and (Z*)~': L%(S1) — L?(Sg), respectively. The ranges of their inverses are
Rg(Z~1) = dom(Z) and Rg((Z*)™!) = dom(Z*).

Theorem 13. For all g € dom(Z*) it holds that TNg = R?> ZF Z*g, whereas for all g € L*(S1)
it holds that Fg = R™2 Z7'TN(Z~1)*g.

Proof. One easily computes that
TNg=PR'TNPrg=Pr'TNg=R? P, 2ZF12*g = R? P;'ZF12*g = R* ZFZ"g,

and a similar calculation yields the representation of F'g. O
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5 Inside-Outside Duality for Near Field Data

In this section, we state and prove the main result of this paper on the characterization of
interior Dirichlet eigenvalues of the scatterer D via the smallest phase in the numerical range
of TN, thus proving an inside-outside duality for near field data. Let us recall from Corollary 3]
that we have already shown that all eigenvalues (g, )nen of TN lie in the upper half of the com-
plex plain. Recall further from that we have represented the eigenvalues \; = r; exp(iv;) of
the far field operator F' in polar coordinates and that these eigenvalues are sorted in descend-
ing order according to their magnitude, i.e., |A;| > |Aj41] for j € N. We further introduce the
phases 0, € (0, 7] of the eigenvalues p, of TN via polar coordinates, too, writing

Pn = |Nn‘ei(5n

where again we set d,, = 7 if u, = 0. We also sort these eigenvalues by magnitude is descending
order, i.e. |up| > |pn+1| for all n € N. Although we have no further information about the
structure of these eigenvalues, we can prove that all phases (0, )nen are larger than or equal to
the smallest phase ¥, = minjen ;.

Lemma 14. Let k% be no Dirichlet eigenvalues of —A. Let ¥, be the smallest phase among
all the phases of the eigenvalues of the far field operator F and let (6, )nen be the phases of the
eigenvalues (pin)nen of TN. Then it holds that 6, > ¥, > 0 for all n € N.

Proof. Let p, be any eigenvalue of TN with eigenfunction f,, and phase d,,. Then we use the
characterization of ¥, from [20, Theorem 3] and the factorization of TN from Theorem |13| to
get

Re (F9,9)12s1) _ e Re (TN(Z7Y)*9,(Z7)*g) 12sp)
13(8,) Tm (F'g, 9)12(s1) 6L2(81) Im (TN(Z1)*g,(Z71)*9)r2sp)
Re(I'Nf, frzisg) _ Re(I'N fu, fn)r2sg) _ cot(6,)
L) Im (TN f, flrzsgy — Im (TN fa, f)r2sy) "
where we used the denseness of the image of (Z71)* in L?(Sg). Note that all expressions in

the last chain of equations are well-defined since Im (Fg, g) and Im (T'f, f) do not vanish. The
assertion now follows from the strictly monotonic decrease of the cotangent. O

cot(Vy) = m

From now on the dependency of all quantities on the wave number & > 0 becomes important,
which we will indicate by writing, e.g., ¥, = U.(k), d, = d,(k) and g. = g«(k) for numbers
and vectors, respectively, and by TN = TNy, and F' = F}, for operators. Let us first recall the
inside-outside duality for the far field operator ' = Fy,.

Theorem 15 (Theorem 8 in [20]). Assume that ko > 0 and that I = (ko — €, ko) contains no
wave number k such that k? is a Dirichlet eigenvalue of —A in D. For k € I, the smallest
phase V. (k) € (0,7) of the eigenvalues of the far field operator satisfies V.(k) — 0 as k tends
to kg from below if and only if k:g 1s a Dirichlet eigenvalue of —A in D.

We use the last result to formulate a first partial result for near field data.

Corollary 16. Assume that ko > 0 and that I = (ko — &, ko) contains no wave number k such
that k% is a Dirichlet eigenvalue of —A in D and consider, for k € I, the phase §,(k) € (0,7)
of an arbitrary eigenvalue (k) of Ty Ny. If 6,(k) — 0 as k tends to ko from below, then k3 is
a Dirichlet eigenvalue of —A in D.
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Proof. As 6,(k) — 0 it follows that J,(k) — 0 for k& — ko by Lemma which proves the
claim due to Theorem 15 O

The latter corollary merely states a sufficient condition for k:g being a Dirichlet eigenvalue of
—A in D. To prove a necessary condition, and thus to arrive at a complete duality statement,
we rely on the numerical range of an operator as further technical tool. If H is a Hilbert space,
then the numerical range W(B) of a bounded linear operator B : ‘H — H is a subset of the
complex plane given by

W(B) ={(Bg,g)n: g €H,llgln=1}.
In Lemma [17] we gather some important, well-known results about the numerical range of the
operator B, which can be found in [I0} [7, 19, 11]. Let us recall before that the boundary of
W (B) has infinite curvature at one of its points 8 € 0W (B) if there is no closed disc contained
in W(B) that contains 5. (As an illustrative example, any corner of a polygon hence has infinite
curvature.)

Lemma 17. (a) The numerical range of B is convex.

(b) If B € W(B) is a boundary point at which OW (B) has infinite curvature, then [ is an
etgenvalue of B.

(c) The spectrum of B is contained in the closure of the numerical range of B.

(d) If B is compact and normal, then the numerical range is the convex hull of its eigenvalues.

Due to the factorization of T}, N in , it is clear that its numerical range W (T} Ny) is
contained in the upper half of the complex plane. The factorizations shown in Theorem [13| will
even allow to characterize the smallest phase of all elements of W (T}, Ny) in Theorem [1§ below.
To this end, we will compare the numerical ranges of T Ny and F}, given by

W(TeNi) = {(TeNef. f)r2sp) + [ € L*(Sk), 1fllr2sp) =1} (21)
W(F) = {(Frg,9) 128,y : 9 € L*(S1), llgllras,) = 1} - (22)

subsequent theorem, recall that A\, (k) is the eigenvalue of F}, possessing the smallest phase 9. (k)
among the phases of all eigenvalues of Fj, (the phase of the origin equals 7, by definition).

Theorem 18. If0 ¢ W (T, Ny) then the union of the phases of all elements of W (T Ny) is the
interval [0.(k), ). If 0 € W(TNy) then the union of the phases of all elements of W (T}, Ny,)
is the interval [0, (k), ).

Proof. Assume first that 0 ¢ W (T Ng). Let us introduce the set
Wzg = {(TkNef, [y« f € dom(Zg), | fllpzsy) =1} € C

and note that Wz, is dense in W (T;Ny) due to the denseness of dom(Z;) in L?(Sg) and the
continuity of both T}, N}, and the inner product of L?(S;). Now we use the factorization of Ty, Ny
from Theorem

Wzk = {(TkNef, r2p) + 1 € dom(Z5), || fllLzsq) =1}
= {R* (B2 f. Zif)r2syy + f € dom(Z5), || fllp2(sp) = 1}

_ {R2 (Fkgvg)Lz(Sﬂ

> L9 =Zpf, f €dom(Z}), || fllrosp =1
17172,

B {Rg (Fk9,9)12(s1)
a |

RENE 1 g € L*(S1), llgllr2s,) = 1} : (23)
k L2(SRr)
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where we exploited that Z} is one-to-one and onto from dom(Z}) into L?(Sg) to obtain the
last equality.

Note that since 0 ¢ W (T} Ny), it follows that 0 ¢ Wy and therefore no eigenvalue of F
vanishes, due to equation (23). By Lemma [17(d), the numerical range W (Fy) is the convex
hull of the eigenvalues (A, (k))nen of F. Since the eigenvalues of F, have phases in the interval
[94(k), ) and tend to the origin from the left, we conclude that for any phase in [J.(k), )
there is an element of W (F}) possessing that phase. Now we compare and and note
that to each element v = (Tx Ni.f, f)r2(s) in Wz there corresponds an element (Fkg, g)r2(s,)
in W (Fy) that possesses the same phase, and vice versa. In particular, the union [J.(k),7) of
the phases of all elements in W (F};) equals the union of the phases of all the elements in Wy .

Denote now by g.(k) € L%(S;1) an eigenfunction for the eigenvalue (k) of Fy with the
smallest phase ¥, (k). Since ¥,(k), which is also the phase of, e.g., the element

_ (Frge(k), 9«(k)) £2(s1)
1(Z5) g (B) |72

is a distinct lower bound of the phases of the elements of Wy, it follows from the density of
Wy i in W(T),Ny,) that 9. (k) is also a lower bound of the phases of the elements of W (T}, Ny,).
Since 0 ¢ W (T} Ny) the union of all phases of this set is indeed [J.(k), 7).

If 0 € W(T;Nyg), the phase 7 is included in the set of phases, so that by the same arguments,
the set of phases is [0, (k), 7]. O

v (k) e Wz,

Finally, we formulate an inside-outside duality between the interior eigenvalues of the Lapla-
cian and the smallest phase of the numerical range of the near field operator.

Corollary 19 (Inside-Outside Duality). Assume that ko > 0 and that I = (ko —e, ko) contains
no k such that k? is a Dirichlet eigenvalue of —A in D and denote by [5.(k),7) the union of
phases of elements from W (TyNy). Then it holds that k3 is a Dirichlet eigenvalues of —A if
and only if 0.(k) converges to zero as k approaches kg from below.

Proof. We have shown in Theorem [18| that the union of phases of elements from W (T} Ny) is
the half-open interval [9,(k), ), such that d.(k) equals the smallest phase of the eigenvalues
(A (k))nen of Fj. The assertion now follows directly from the inside-outside duality for far
field data, see [20), Theorem §|. O

6 Numerical Examples for Spherical Measurement Geometries

In this section we provide numerical examples to verify the theoretical results from the previous
section. In particular, we show that it is possible to numerically compute the Dirichlet eigen-
values of the negative Laplacian in a domain D from the modified near field operators Ty N in
a spherical setting given, for a a sufficiently dense grid of wave numbers k. For simplicity, we
assume that sources and measurements are done on the sphere Sp and drop the index R from
now on; the index k& will be dropped whenever this causes no confusion.

From the point of view of applications, we require measured data consisting of an M7 x M;
matrix containing measurements (u(yi,yj))%lzl of scattered fields u(-,y;) that are radiating
solutions of the exterior Dirichlet scattering problem

Au(-,y;) + k2u(',yj) =0 inR? \ D, u(-,y;) = —ui(',yj) on 0D,
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see . In our experiments, we simulate this data set by computing numerical approximations
Uappr (-, ¥j) to the solution u(-,y;) of this problem for the M; source points y; € Sg, relying the
boundary element software package BEM++, see [25]. (We use a single-layer potential ansatz
that is discretized by a Galerkin discretization.)

To indicate how the data matrix (u(y;, yj))f.\él:1 can be understood as an approximation to
the near field operator N = Np, we assume that each of the points {y; : i =1,..., M1} C Sg
belongs to a patch I'j of a regular surface mesh I' = {I'; : j = 1,..., M} of Sk consisting
of M; patches. Then we denote by Py, the interpolation projection on the space of bounded
functions on Sk that are constant on each patch I';, by Puy, [g](j), the value of Py, [g] on T';,
and by 1r; : Sg — C the indicator function of I';. For this setting, one can show that

My M,
Nang =Y _1r, Y oo (Ui y;) Par [91(0) (24)
=1 7j=1

is a converging finite-dimensional approximation to the near field operator. (An approximation
to Fyy, to F' is defined analogously, see [20), Section 4].)

To further discretize the modification TN to an element g € L?(Sg) we develop Ny g
into its coefficients ((Nas,g)n') for the orthogonal basis of spherical harmonics by numerical
integration on Si and truncate the series expression defining 7', see [12, Equation (3.12)], at
My € N, such that

B Mo n hg)(ij) - o
(TMQNMl)g(x) = gm;n M(NMlg)n Yn ($)7 T € Sg. (25)

yields an approximation of T'N. This approximation is then discretized by evaluating it for
all indicator functions 1r,, j = 1,..., My, at the source points {yiy i =1,...,M;} to obtain
an M7 x Mj matrix. For our experiments later on we have chosen M; = 120 and My = 12,
which corresponds to values where the estimates for interior Dirichlet eigenvalues presented
below are insensitive to further increasing these parameters. (Choosing My = 12 corresponds
to M3 = 144 series terms in )

If the scattering object D is the unit ball B;(0), then the operators N and T'N are diagonal-
izable in the basis of the spherical harmonics and their eigenvalues can be explicitly calculated.
In Figure (a) we computed these eigenvalues for measurements on So, i.e., for R = 2, and
compared them to the numerically computed eigenvalues of the approximated near field oper-
ator Nig9. We note that the numerically computed eigenvalues to N are sufficiently accurate
in the visible norm; however, they do not share any visibly apparent structure. In Figure b)
we computed the analytic eigenvalues of T'N; for the same setting and compared them to the
numerically computed eigenvalues of the approximated modified near field operator T72N1og.
Although the discretization of T1o visibly increases the inaccuracy of the approximated eigen-
values, one can see that they accumulate at zero from the left, corresponding to the eigenvalues
of the far field operator, and that they lie approximately on a contour in the upper half of the
complex plane. Expanding on that point, we note that the eigenvalues u,, of TIN and A, of F
are given by

. 2. .
i = kRO (kR ang = WHTE IR
" (1) k (1)
WD (k) hD (k)
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Figure 1: Eigenvalues in the complex plane for wave number £ = 5 and radius R = 2. Red circles
mark analytically calculated eigenvalues and blue crosses numerically computed eigenvalues of
discretizations. (a) Eigenvalues of the near field operator N and its discretization Njgg. (b)
Eigenvalues of the modified near field operator TN and its discretization T2 N19p.

respectively, see [12, Section 3.3| and |16l Section 1.5]. Comparing both expressions, we find that
scaling the radii of the eigenvalues A, by k? ]h%l)(kR)P /(4m)? precisely yields the eigenvalues
tn. Note that this factor could also be derived from Theorem since g € dom(Z) we have
that Z2Z*g = {k2]h7(11)(kR)]2g,T, n € Ng, /m| < n}. Obviously, the scaling factor does not
change the phases of the eigenvalues. We would further like to point out that even for the
other scatterers considered below the eigenvalues of the discretization of T'N retained the same
phases as the eigenvalues of the discretization of F'. In particular, the smallest phase among
all eigenvalues of Tz, Ny and Fyy, larger than the noise level of these discretization always
agreed roughly up to discretization error.

Finally, we numerically verify the inside-outside duality for near field data. For that purpose
we need to calculate the smallest phase of all the elements of the numerical range of the matrix
representation A of Tz, Nay,, given by W(A) = {(Av,v) : v € C", ||v|| = 1}. The algorithm
we use to compute this numerical range follows [6]. The essential idea is to first rotate A by
multiplying a factor exp(—it) to A and second to decompose the rotation exp(—it)A into its
real and imaginary part, i.e. exp(—it)A = H; + 1K, with self-adjoint operators

exp(—it)A + (exp(—it)A)*

Ht: D) ) Kt:

exp(—it)A — (exp(—it)A)*
2i )

We denote by pimax(t) the largest eigenvalue of H; and by P; the orthogonal projection from
CM: onto the eigenspace {v € CM' : Hyv = pipax(t)v} and calculate (not necessarily differ-
ent) eigenvectors v;" and v; corresponding to jimax(t), which are also eigenvectors of the (not
necessarily different) smallest and largest eigenvalue of P.K;P,. For t € [0,27], the numbers
(Av},v;) and (Av; ,v; ) then belong to the boundary of the numerical range of A, and W (A)
is the convex hull of all these numbers, see [0, Theorem 3].

Due to numerical inaccuracies, finding the smallest phase in this set is not an obvious task,
as becomes apparent when comparing the numerical ranges of (the matrix representations of)
T12N1o9 and Fia9. As a scattering object, we choose the unit cube [0,1]* and plot the the
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boundaries of these two numerical ranges in Figure 2[a) and (b). While the boundary of the
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Figure 2: The numerical ranges of Fio¢ and T72/N19¢ for the unit cube as obstacle, wave number
k = 1.5 and measurements taken on the sphere with radius R = 2. (a) Boundary of the
numerical range of Fjg. Black dots mark the numerically computed eigenvalues of Fio. (b)
Boundary of the numerical range of T12Ni99. Black dots mark the numerically computed
eigenvalues of T12N190.

numerical range of Fig in Figure 2fa) shows that the numerical range is indeed the convex
hull of the eigenvalues of Fioy, see Lemma (d), the inaccuracies in the computation of the
numerical approximation of the operator 715 show up in the plot of the numerical range of
T15N199 in Figure (b) In particular, the boundary of the numerical range of T75N19¢ between
0 and the corner with smallest phase fails to be straight, such that it is not obvious how to
stably determine the element in W (772 N199) possessing the smallest phase.

For this reason, we opted for the simple idea to use that eigenvalue of T12 N19g as an indicator
for interior eigenvalues that possesses the smallest phase among all eigenvalues of T2 N9 larger
than the discretization error. (The discretization error is estimated via the absolute value
of the smallest negative imaginary part of these eigenvalues.) In all our computations, this
eigenvalue coincided with that boundary point of the numerical range of T12/N199 possessing
the smallest phase among all corner-like boundary points where boundary curvature peaks.
This not surprising, since points in the boundary of the numerical range with infinite curvature
are eigenvalues of the corresponding operator by Lemma (b)

The subsequent Figure [3|indicates that replacing the smallest phase of the numerical range
by smallest phase of the eigenvalues of T79N19g yields simple-to-compute and accurate indicator
for Dirichlet eigenvalues of the unit sphere and the unit ball. For these particular scattering
objects, we can analytically calculate the square root of the Dirichlet eigenvalues kg) of the
unit ball. For the unit ball B, the eigenvalues are given as positive roots of spherical Bessel
functions and the first three eigenvalues are the squares of

D =x, kP ~449, B~ 576,

For the cube C = [0,1]® the wave numbers k¢ at which k2 is an interior Dirichlet eigenvalue
are given by ko = v/k1 + k2 + k3 where kq 2 3 is one of the numbers 72(n+1)%, n € Ng. Hence,
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Figure 3: Phases of the eigenvalues of 179 N129 1 for varying wave number k. Near field data is
measured on the sphere Sg of radius two. (a) Scattering from the unit ball B;(0). Blue circles
mark position of the exact square roots kp to Dirichlet eigenvalues. (b) Scattering from the unit
cube [0, 1]3. Blue circles mark position of the exact square roots ko to Dirichlet eigenvalues.

the first three Dirichlet eigenvalues are the square of the numbers
KD = V3r~ 544, KD =Ver~770, kP =37 ~0942.

Indeed, one can see in Figure [3| that the smallest phase converges to zero if and only if &2 is a
Dirichlet eigenvalue.
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Figure 4: (a) The non-convex scattering object. (b) Phases of the eigenvalues of T'Ny(k) for
varying wave number k. The blue circle on the 0-axis marks the extrapolated position of the
square root of the Dirichlet eigenvalue.

Finally, we provide an example for a non-convex scatterer D for which the Dirichlet eigen-
values of —A are not known analytically; the object is plotted in Figure Eka) and, roughly
speaking, consists of the unit square with a smaller cylinder on top. Due to numerical inac-
curacies at larger wave numbers, we only aim to approximate the smallest wave number kg
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such that kg is a Dirichlet eigenvalue. For this purpose, we take the last two smallest phases
before the first phase jump at about 5.25, see Figure (b), and linearly extrapolate the line
through these points with the 0-axis. This technique, which showed to yield stable results in

[2]‘]’

then provides the approximation kg ~ 5.19 for the smallest Dirichlet eigenvalues of the

plotted domain.
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